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The purpose of this paper is to challenge the existing paradigm on which
contemporary models of generalised uncertainty relations (GURs) are based, that
is, the assumption of modified commutation relations. We review an array of
theoretical problems that arise in modified commutator models, including those
that have been discussed in depth and others that have received comparatively
little attention, or have not been considered at all in the existing literature, with the
aim of stimulating discussion on these topics. We then show how an apparently
simple assumption can solve, or, more precisely, evade these issues, by generating
GURs without modifying the basic form of the canonical Heisenberg algebra. This
simplicity is deceptive, however, as the necessary assumption is found to have
huge implications for the quantisation of space-time and, therefore, gravity. These
include the view that quantum space-time should be considered as a quantum
reference frame and, crucially, that the action scale characterising the quantum
effects of gravity, B, must be many orders of magnitude smaller than Planck’s
constant, f~107%! x i, in order to recover the present day dark energy density. We
argue that these proposals should be taken seriously, as a potential solution to the
pathologies that plague minimum length models based on modified commutators,
and that their implications should be explored as thoroughly as those of the existing
paradigm, which has dominated research in this area for almost three decades.

KEYWORDS

generalised uncertainty relations, generalised uncertainty principle, extended uncertainty
principle, modified commutation relations, minimum length, minimum momentum,
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1 Introduction

Thought experiments in quantum gravity suggest the existence of generalised uncertainty
relations (GURs) (Maggiore, 1993; Adler and Santiago, 1999; Scardigli, 1999; Bolen and
Cavaglia, 2005; Bambi and Urban, 2008; Park, 2008) and two of the most widely studied
GURs are known as the generalised uncertainty principle (GUP) and the extended uncertainty
principle (EUP). These may be written as

i h i 2G 2
Ax ZKPJSJ[I-FO‘O%(APJ) ]) (11)
and
h i i\2
Aijmaj[l+2Y]0A(Ax) ], (1.2)

respectively, where «; and 7, are numerical constants of order unity. The GUP implies the
existence of a minimum length scale of the order of the Planck length (Maggiore, 1993;

01 frontiersin.org


https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org/journals/astronomy-and-space-sciences#editorial-board
https://doi.org/10.3389/fspas.2023.1118647
https://crossmark.crossref.org/dialog/?doi=10.3389/fspas.2023.1118647&domain=pdf&date_stamp=2021-10-15
mailto:matthewjlake@narit.or.th
mailto:anucha@stanfordalumni.org
https://doi.org/10.3389/fspas.2023.1118647
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/fspas.2023.1118647/full
https://www.frontiersin.org/articles/10.3389/fspas.2023.1118647/full
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles

Lake and Watcharapasorn

Adler and Santiago, 1999; Scardigli, 1999) whereas the EUP implies a
minimum momentum scale of the order of the de Sitter momentum
(Bolen and Cavaglia, 2005; Bambi and Urban, 2008; Park, 2008) For
later convenience, we define the Planck and de Sitter scales as

Ipy = VhG/3 =10"Fcm,  mp = \he/G = 107°g,
lig = \3/A= 10%%cm, mgyg = (h/c) VA/3 = 10’“g,

where A =10"%cm™2 is the cosmological constant (Betoule et al.,

(1.3)

2014; Aghanim et al., 2021). Assuming both minimum length and
momentum scales suggests the extended generalised uncertainty
principle (EGUP),

Ax'Ap; 2 26@ [1 + aO;—g(Apj)z + ZnOA(Axi)z] , (1.4)
but Eqgs. 1.1-1.4 are heuristic and it remains an open problem how to
derive the GUP, EUP and EGUP rigorously, from a modified quantum
formalism.

Until recently, the only method considered in the existing
literature was to modifiy the canonical commutation relations such
that (Tawfik and Diab, 2014; Tawfik and Diab, 2015)

[&.p;] = ihd'; T [X,P;] = ind'F(P.X), (1.5)
which gives rise to GURs via the Schrodinger-Robertson relation
(Robertson, 1929; Schrodinger, 1999) Throughout this work we
use capital letters to denote modified operators, that give rise to
modified commutators, and lower case letters to denote their canonical
quantum counterparts. Unfortunately, this apparently reasonable
assumption has been shown to give rise to a variety of pathologies
(Hossenfelder, 2013; Hossenfelder, 2014; Tawfik and Diab, 2014).
These strongly suggest that modified commutator models are not
mathematically self-consistent (Lake, 2020; Lake et al., 2023).

In this paper, we review six fundamental problems encountered by
GUR models based on modified commutation relations.

. Violation of the equivalence principle,

. Violation of Lorentz invariance in the relativistic limit,

. The ‘soccer ball’ problem for multi-particle states,

The reference frame-dependence of the ‘minimum’ length,
. The background geometry is not quantum,

. The mathematical inconsistency of modified phase space volumes.

The first three of these have been discussed at length in the
literature (see, for example (Hossenfelder, 2013; Hossenfelder, 2014;
Tawfik and Diab, 2014) and references therein) and we review them
only briefly. The fourth and fifth problems were discussed previously in
(Lake, 2020) but, to the best of our knowledge, have not been discussed
elsewhere. The sixth and final problem raised in this short review has,
surprisingly, not been considered before. Nonetheless, we argue that it
represents the most serious objection yet raised against the modified
commutator paradigm.

We review each problem, sequentially, in Sections 2.1-2.6. In
Section 3, we consider the relative importance of each, and ask
whether or not such problems could instead be viewed as features,
rather than bugs, of a viable extension of canonical quantum
mechanics. An alternative model, that circumvents these issues
without the use of modified commutation relations, is reviewed in
Section 4. Our conclusions are summarised in Section 5.
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2 Problems with modified
commutators

2.1 Violation of the equivalence principle

In canonical quantum mechanics (QM), the Heisenberg equation
for the time evolution of an arbitrary Hermitian operator O is

(2.1)

where H = p?/(2m) + V(%). For the position operator X'(t) this gives

y

==, (2.2)
m

d

—Xx (¢

prell
where right-hand side follows from the form of the canonical position-
momentum commutator, [&', ﬁj] = ihd! jf[. From Eq. 2.2, it follows that
the acceleration of the position expectation value of a quantum particle
is independent of its mass:

) dp 2
ai= L% _dX (23)
mdt 4
For the generalised operators X' and P satisfying the modified
commutator
[X.P] = ihd',G(P), 2.4)
the Heisenberg equation for X'(t) is
d i P
—X ()= —G(P), 2.5
X (0=—G(P) (2.5)

so that, for G(P) # 1, the particle experiences a mass-dependent
acceleration:
_1d¥ 1 [ax pde(P)
m dt G(ﬁ) d¢ m dt

A

(2.6)

Although there is no universally agreed upon formulation of the
equivalence principle (EP) for quantum systems (Paunkovic and
Vojinovic, 2022), it is clear that such acceleration violates any sensible
definition of the EP in the quantum regime, and, crucially, no
experimental evidence has yet been found to support its existence.

This argument assumes that the generalised Hamiltonian takes the
form H = P*/(2m) + V(X) and that a well defined Heisenberg picture
exists in the generalised theory, but both of these are reasonable
assumptions. Similar analyses demonstrate that the EP is also violated
in models with modified commutators characterised by the functions
G(X) and G(X,P). It is therefore impossible to obtain the GUP, EUP,
or EGUP from modified commutator models without violating the
founding principles of classical gravity and, most likely, any viable
generalisation of the these principles that includes the quantum realm
(Paunkovic and Vojinovic, 2022).

2.2 Violation of Lorentz invariance

We recall that the canonical Heisenberg algebra is simply an f-
scaled representation of the shift-isometry algebra of Euclidean space
and of space-like slices of flat space-time in the relativistic limit, i.e., it
is the translation subgroup of the full Poincaré group that characterises
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the symmetries of Minkowski space, including translations, Lorentz
boosts and rotations. Therefore, any modification of the Heisenberg
algebra implies the violation of translational symmetry unless we
choose to interpret it as a manifestation of a modified de Broglie
relation. In this case, the physical momentum p is a nonlinear function
of the wavenumber k, but the latter may still be identified with the
shift-isometry generator of the background space, k = d..

Unfortunately, both these scenarios lead to inconsistencies. In
the first, in which we interpret the modified Heisenberg algebra
as a manifestation of broken translation invariance, one faces a
problem in defining the classical limit of the theory. Implementing
a canonical quantisation scheme {O,,0,}p = limh_ﬂ)%[(h)l,()ﬂ and
requiring the correspondence principle (Rae, 2002) to hold implies
an equivalent modification of the canonical Poisson brackets. This
violates Galilean invariance, even for classical macroscopic systems,
and, hence, Poincaré invariance in the relativistic limit. To date,
no evidence for the breaking of Poincaré invariance, including shift
invariance, has been found, although bounds on the symmetry
breaking parameters have been determined from a wide range of
experiments (Gupta et al., 2022).

In the second scenario, one encounters problems related to
the nonlinearity of p(k), where p = (py,—p) and k = (kj,—k) denote
the relativistic 4-momentum and its corresponding wave number,
respectively. (From here on, we neglect space-time indices for the sake
of notational convenience.) When p(k) is nonlinear it is unclear if
we should require the physical momentum p or wave number k, also
known as the pseudo-momentum, to transform under the Poincaré
group. Choosing the wave number as the Lorentz invariant quantity,
the Lorentz transformations become nonlinear functions of k and the
transformation of the sum k; +k, is no longer equal to the sum of
the transformations of k; and k,, individually. Likewise, choosing p
as the Lorentz invariant variable, which is physically more reasonable,
a similar problem occurs and the transformation of p; + p, is no longer
equal to the sum of the individual transformations of p, and p,. Each
case requires the definition of a new nonlinear addition law, either
for the pseudo-momenta, or for the physical momenta, respectively
(Hossenfelder, 2013).

In the latter case, the new sum rule for the physical momenta
is independent of the chosen inertial frame, by construction, but a
new problem is created. If the nonlinear composition function has a
maximum at the Planck momentum, as implied by consistency with
the GURs generated by the modified de Broglie relation, then the
sum of momenta will never exceed this maximum value. The Planck

momentum, mpc = 10° g cm™

, is large for fundamental particles with
rest masses m < mp but very small for macroscopic objects with
rest masses M > myp), which may easily exceed it at ordinary non-
relativistic velocities. The problem of reproducing a sensible multi-
particle limit when choosing the physical momentum to transform
under modified (nonlinear) Lorentz transformations is known as the
‘soccer ball problem’ (Hossenfelder, 2013; Hossenfelder, 2014). This
will be considered in more detail in the following section, in which we
outline a recently proposed solution (Amelino-Camelia, 2017), and its
critique.

From the remarks above it is clear that the introduction of
nonlinear de Broglie relations p(k) in non-relativistic QM requires
that p = (py,—p) must be a nonlinear function of k = (k;,—k) in the
relativistic limit. This makes Lorentz violation unavoidable unless one
introduces a new nonlinear composition law, either for the pseudo-
momentum k, or the physical momentum p(k). However, this leads
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to new problems, and it is not clear whether sensible multi-particle
limits of such theories exist (Hossenfelder, 2013; Hossenfelder, 2014).
In Section 2.3 we argue that, despite valiant attempts (Amelino-
Camelia, 2017), the soccer ball problem has not, in fact, been solved.
This shows that a sensible relativistic limit of an arbitrary GUR
model cannot be obtained by introducing a nonlinear composition
law for Lorentz boosts, and one is left with Lorentz violation as the
only possible outcome of such theories. Though not absolutely ruled
out experimentally, the parameters characterising such violations are
severely constrained by observations (Pérez de los Heros and Terzic,
2022).

Nonetheless, this does not necessarily mean that GURs imply
Lorentz violation. The problem, here, is the derivation of GUP- and
EUP-type relations from the assumption of a modified Heisenberg
algebra. In Section 3 we show how the GUP, EUP and EGUP can be
derived from an alternative mathematical structure, which leaves the
canonical Heisenberg algebra unchanged except for a simple rescaling
ofthe form /1 — fi + 3, and which, therefore, is compatible with Lorentz
symmetry in the relativistic regime.

2.3 The soccer ball problem

A brief overview of the soccer ball problem was given in the
previous section, in connection with the issue of Lorentz violation,
and we will not repeat it here. Instead, we focus on the main
proposal for a solution of the problem (Amelino-Camelia, 2017) and
show that, unfortunately, this is not compatible with general GUR
models.

In (Amelino-Camelia, 2017) an ingenious solution to the soccer
ball problem was proposed by Amelino-Camelia, who argued that
the common formulation of the problem was, in fact, “a case
of mistaken identity”. In his proposal, the generalised momentum
operators of a given modified commutator model are considered
as the generators of ‘generalised” spatial translations, by definition.
This requires the unitary operator U(X) = exp[(i/h)X.P] to leave
the modified [Xi,Pj], X', %] and [Pi,P]-] commutators, as well as
the multi-particle Hamiltonian of the model, =Y} 1lA’i/ 2m;) +
V(X,X,,...Xy), where the subscript I labels the particle number,
invariant.

Amelino-Camelia’s key observation was that, if these invariances
hold in a given model, then the corresponding Noether charge for
an N-particle state is represented by the operator Pry, = YN P,
which automatically commutes with the Hamiltonian: [Py, H] = 0.
The usual law of linear momentum addition then holds for multi-
particle states but a different nonlinear addition law, derived from the
notion of spatial locality, holds for transfers of momentum between
individual particles, due to the interactions specified by H.In general,
this requires the interaction potential V(X,,X,,...Xy) to be carefully
chosen so that Y dV/0X; =0, but this was shown to be possible
in a specific example model containing two particles with equal
masses, m, = mp = m, interacting in a 2-dimensional plane (Amelino-
Camelia, 2017).

Unfortunately for GUP models, in the example system considered
in (Amelino-Camelia, 2017), the definition of generalised spatial
translation required to maintain the linear addition law for multi-
requires the relation [Xi,Pi] =0 to hold, for some i € {A, B}, for both
particles. In this case, there is no Heisenberg uncertainty principle, in
at least one of the spatial dimensions, let alone a GUP, even though
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a minimum length-scale [ still appears in the model via the position-
position commutator, [X},X7] = ilX].

This illustrates a more general point: it is by no means certain
that a particular modified momentum operator, corresponding to
a particular modification of the canonical Heisenberg algebra,
and, therefore, a particular form of GUR, is compatible with
a linear addition law for multi-particle states, derived via the
procedure outlined in (Amelino-Camelia, 2017). In our view, this
is not a weakness of Amelino-Camelia’s method, which successfully
demonstrates that certain classes of modified commutator models do
not, in fact, suffer from a soccer ball problem after all. Instead, it is
an inherent weakness of models that seek to derive the GUP, EUP
or EGUP from modified commutation relations. In this respect, the
analysis given in (Amelino-Camelia, 2017) still represents a huge step
forward in understanding this problem, and we may apply Amelino-
Camelia’s procedure to any prospective GUP model based on modified
commutators, using it to rule out the ones that give rise to these kinds
of inconsistencies in the multi-particle limit.

In summary, although consistency with Amelino-Camelia’s
procedure represents a useful criterion for identifying physically
viable theories, it is clear that arbitrary deformations of the canonical
Heisenberg algebra are not consistent with the existence of a linear
momentum addition law for multi-particle states. Further work is
therefore needed to determine which GUR models truly suffer from a
soccer ball problem and which ones do not. Though some GUP-type
models may be free from this pathology, it is likely that a great many
are still afflicted by it. It is therefore clear that the soccer ball problem
has not been resolved, in general, for arbitrary GUP, EUP or EGUP
models based on modified commutation relations.

2.4 Reference frame-dependence of the
‘'minimum’ length

In their pioneering and hugely influential work (Kempfetal.,
1995), Kempf, Mangano and Mann (KMM) gave the first truly
rigorous treatment of modified commutator models, showing how
they can be derived from the Hilbert space structure of a modified
quantum formalism. Their key observation was that modified
commutators correspond to modified phase space volumes. For
example, the commutator

[X.P,] =o', (1+aP?), 2.7)
where & = a(mpc) > and «, is a dimensionless constant of order one,

which leads to the GUP-type relation
i h i 2 A2
AXDP 2 28 (14 a(8,P) + (B ), (2.8)

corresponding to a modified normalisation condition and a modified
resolution of the identity of the form

3
(P|P'y = (1 +aP?)8*(P-P'), JlP)(Pld—P =1 (2.9
(1+aP?)
Similarly, the commutator
[X,P)] = ihd', (1+ X)L, (2.10)

where 7 = WOZSS and 7, is a dimensionless constant of order unity,
which leads to the EUP-type relation

AXA,P; > gat‘j (1n](a,%) +03)), @.11)
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corresponding to the modified phase space structure

X
(1+4X%)

In general, introducing a modified momentum space volume
G(P)'d®P (G(P) # 1) yields a GUP-type relation, though in this
case the position space representation is not well defined, whereas
introducing a modified position space volume G(X) 'd*X (G(X) # 1)
yields an EUP-type relation, although the momentum space

XXy = (1+7X%) 8 (X-X"), JlX)(Xl =I. (212

representation is not well defined. For an EGUP-type relation,
characterised by the function G (X,P) # 1, neither the position nor
momentum space representations are well defined and one must
instead introduce a generalised Bargman-Fock representation (Kempf,
1997).

To illustrate the problems with these type of constructions, we
will focus on the most famous example, proposed in the original
KMM paper (Kempf et al., 1995), i.e., the GUP-type relation Eq. 2.8.
It is straightforward to show that Eq. 2.8 implies the existence of
a ‘minimum’ position uncertainty, (Aw}(i)mm, and a corresponding
critical value of the momentum uncertainty, (Aij)cm, of the form

(Ain)min =hya(1+a(Py), (Aij)cm =1/ (1 +a(Pyy).

(2.13)

The problem with these expressions is that, while the standard
deviations on the left-hand sides should be manifestly frame-
independent, the quantities on the right are not, since (f’)i, is not
invariant under Galilean velocity boosts.

To show this more concretely, let us consider the action of the
unitary operator (Lake, 2020)

2
1+ aP 2|P—P'>.

U(P')IP) = m

(2.14)

This generates Galilean velocity boosts, which remain consistent with
the modified momentum space volume Eq. 2.9, and reduces to the
canonical boost operator U(p’ )Ip) =p-p’) when a = 0. Its action on
the moments of the generalised momentum operator,

. d’p
B, - JPj|P><P|—(1+aP2), (2.15)
gives
P U(P)PUT(P') = (P+P')", (2.16)

for n € N, and it is straightforward to demonstrate that this leaves AV,P]-
unchanged. The modified commutator Eq. 2.8 then transforms as

[X,B] =t (P [X,B]U" (B) = ind (1+a(B+P')*)1,  (217)

which leads to P’-dependence of the corresponding uncertainty
principle. Since A P; is invariant, it is clear that this must be due to
the P’-dependence of A, X".

Next, let us denote the boosted position uncertainty as AWX/ e,
sothat A, X" (0) = A, X', where A X' is the position uncertainty given
in Eq. 2.8. We then have

AX'(P') > 2;;})1 & (1+af(a,) + (B, +P')]).

(2.18)
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Hence, even if y(P) is symmetric in the original frame of observation,
such that (f’)w =0, the minimum position uncertainty seen by an
observer moving with relative velocity V' = P'/m is

(8,5) 5, () =V (1422 ).

For |P'| < 1/+/a = mpc the boost-dependent term is, of course, very

aP/Z

1+ — 2.19
3 (2.19)

small, but its presence clearly violates the Galilean boost invariance
that emerges from the low velocity limit of Lorentz invariance. Its
presence is therefore at odds with the founding principles of both
special and general relativity, even for one-particle states. Analogous
reasoning demonstrates the frame-dependence of the ‘minimum’
momentum implied by the EUP-type relation Eq. 2.11, which is no
longer invariant under spatial translations.

Though it is possible that boost and/or translation invariance may
be broken due to quantum effects on the geometry of spacetime, we
note that there is, intrinsically, nothing quantum mechanical about
the physical space background of the KMM model. The geometry
remains classical but its symmetries are unknown, as is the exact form
of the classical metric, g;;(X), to which they correspond. In Section 2.5
and Section 2.6, we consider the implications of both these points
and argue that they lead to further inconsistencies in the modified
commutator paradigm.

2.5 The background geometry is not
quantum

In the existing literature, there are many references to the
‘quantum’ geometry obtained by introducing modified phase space
volumes, as in the KMM model (Kempf et al., 1995). This motivates
a class of so-called nonlocal gravity models that, it is claimed, follow
from the ‘quantum gravity’ corrections implied by GURs. In this
section, we examine the link between modified commutation relations
and the proposed nonlocality of the background geometry, and find
that this claim does not hold up to scrutiny. Instead, we find that
the background geometry implied by modified phase space volumes
is certainly ‘classical, in the sense that it does not admit quantum
superpositions of states, but that, unlike classical geometries proper,
it is not well defined by an appropriate class of symmetries or a metric
function, g;;(X). These latter considerations are dealt with in detail in
Section 2.6.

Much of the literature on nonlocal gravity models is motivated
by the observation that modified momentum space volumes, such as
those leading to the GUP-type model proposed in (Kempf et al., 1995),
can be obtained by acting with an appropriate nonlocal operator on the
position space representations of the canonical QM eigenfunctions,
(x|x') = 6° (x—x') and (x|p) = (27th) >2e®*"_ A simple example is the
operator ¢"®, where I is a fundamental length scale, usually identified
with the Planck length, and A is the Laplacian. For convenience, we
rewrite this in the spectral representation as

(= e ailh, (2.20)
where H, = p?/2m is the canonical free particle Hamiltonian and
At =2m1%/h is the characteristic time scale associated with  and the
particle mass m. The operator { reduces to ¢”® in the wave mechanics
picture but we may use Eq. 2.20 to define its action directly on the
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canonical eigenstates, |x) and |p), instead of the eigenfunctions, (x|x")
and (x|p).

This may not seem, at first, like an important distinction, but it is
crucial to recognise that |x) and y(x) have dimensions of (length)™"
whereas (x|x') and |¢(x)|* have dimensions of (length)>. Therefore,
the position eigenfunction has the dimensions of a probability density,
whereas the position eigenvector has the dimensions of a quantum
probability amplitude. This matters because probability densities,
including the Dirac delta, are inherently classical in nature, even when
they are derived from an underlying quantum mechanical amplitude.
It is elementary to rewrite any classical probability distribution as
the square of a complex distribution, p(x) = p,, (x) = |w(x)|*, but this
does not imply that it is quantum mechanical in origin. Furthermore,
even if it is quantum mechanical in origin, measurements that
depend on |y(x)|* alone destroy all phase information, and are
operationally indistinguishable from outcomes that depend only on
classical probabilities (i.e., those based on incomplete information
about the system) (Isham, 1995).

Because of this, delocalising the canonical eigenfunctions, rather
than the eigenstates, maps classical point charges to classical charge-
densities of nonzero volume, but does not introduce a genuine
quantum state, i.e., a vector in a complex Hilbert space, corresponding
to the quantum state of the background geometry. Though it is not
very flattering to state it in this way, applying the operator ¢ to
8 (x—x') blows up classical point-masses to classical golf balls or
grapefruits, but does not achieve much else. Furthermore, it is not at
all clear whether a classical geometry, in which each zero-dimensional
point has somehow been blown up to the size of a three-dimensional
grapefruit (or Planck volume), is really a well defined object. In the
final subsection, Section 2.6, we will argue that modified phase space
volumes cannot be consistently defined in a physical geometry, but,
before that, we consider the action of { on (x|x') and (x|p) in more
detail and show, explicitly, that the nonlocal geometry generated by
this action is classical.

In the usual approach to nonlocal geometry models, the braket

(XIZ |x") is used to define a set of generalised basis vectors, |X) and |P),
such that
3 7 R A
(i = ey = (= ) et

2n0

3
= (XIX) = ( 1 ) e OXTR, (221)

V2no

and

I 3
) e—p2/262eip.x/h
V2rh

3
1 >e—P2/2F;leiP.X/h,
2mh

(xI{Ip) = " (xIp) = (

= (X|P) = < (2.22)

where we have rewritten o=/ and defined 6=h/ V21, for later
convenience. In other words, the nonlocal operator { maps the Dirac
delta to a finite-volume Gaussian of width o via

S 1 3 "2
Cxlxy =8 (x—x') = (XIX'Y = <—> e~ (X-X)/20%, (2.23)

20

and Eq.2.22 shows its corresponding action on the plane wave
(x|p) = (27h)>2e®*" Consistency then requires the |P) eigenstates
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to satisfy the modified normalisation condition and modified
resolution of the identity

(PIP'y = P75 (P - PY), j PY(Ple PP PP =T, (2.24)
Expanding e”127 o first order generates the GUP-type relation of
the KMM model (Kempf et al., 1995), but the full expressions differ
nonperturbatively.

It is then claimed that the link between GURs and nonlocal gravity
is provided by the semi-classical approach (Nicolini and Niedner,
2011; Lake, 2022a) in which the classical curvature of space-time is
sourced by the expectation value of the energy-momentum operator
for the quantum matter fields, (T ”">w' In the weak field limit, the semi-
classical field equations reduce to Poisson’s equation, with the square
of the wave function as a source term, neglecting the subdominant
dark energy contribution (Moller, 1962; Rosenfeld, 1963; Kelvin et al.,
2020),

V2D = 47Gm|y|. (2.25)
It is then noted that the zero-width limit of the wave function,
A, X — 0, yields a delta function source,
. 2_ 53 1
A%(“iol‘”' =5 (X-X). (2.26)
The standard procedure, therefore, is to substitute the limiting value
Eq. 2.26 into Eq. 2.25 and, interpreting the former as the position
eigenfunction of a quantum mechanical wave function, to act on it
with the nonlocal operator ¢ On this basis, it is often claimed that
GURs imply nonlocal gravity and, furthermore, that the latter arises
from ‘quantunmy’ corrections to the classical geometry. There are two
main problems with this interpretation. First, that in the semi-classical
approach on which itis based the geometry is still classical and, second,
that 8° (X - X') is alimiting value of |y/|* (not ), which is operationally
indistinguishable from a classical finite-density mass distribution.

We stress, again, that the action of the nonlocal operator on
a Dirac delta source term blows up a classical point mass into a
classical blob of finite density. If the blow up is sufficiently strong, in
some sense, the classical matter fluid acquires an effective equation
of state which makes it stiff enough to resist gravitational collapse,
curing the ‘singularity problem’ (Nicolini, 2012), but this has nothing
to do with any quantum properties, either of the matter, or of the
background geometry. The claim that the GURs imply nonlocal gravity
is therefore somewhat inaccurate. Instead, it is more accurate to
claim that classical nonlocal gravity models, such as those defined
by Eq.2.21 and Eq.2.22, or similar constructions, and modified
commutator models, such as the GUP- and EUP-type relations defined
by Eq. 2.9 and Eq. 2.12, respectively, stem from the same underlying
assumptions, that is, assumed modifications of the classical phase
space volumes, over which both classical densities and quantum
mechanical amplitudes (wave functions) must be integrated.

In both cases, the number of degrees of freedom remains the same
as in the corresponding local theory and no new quantum degrees
of freedom, capable of corresponding to the quantum state of the
geometry, are introduced. Thus, although the background geometry
of modified commutator models is ‘honlocal) in some sense, it is not
nonlocal due to quantum effects. Furthermore, it is by no means clear
whether such ‘classical nonlocality’ is well defined. We address this
point, in detail, in the following section.
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2.6 Mathematical inconsistency of modified
phase space volumes

In the standard prescription, GURs require modified commutators
and modified commutators require modified phase space volumes,
yielding a one-to-one correspondence between the two. For example,
for the KMM GUP-type model, this relation is as follows (Kempf et al.,
1995):

(2.27)

[X',P)] = ind';(1+aP*)T & D= J%|P)<P|1i1i

(1+aP?)

In this section, we explore a number of subtle points that, although
implicit in the construction above, and others like it, have not been
explicitly considered in the existing literature.

To begin, we note that models of this form are based on a
canonical quantisation procedure that maps classical Poison brackets
to commutators, {xi, pj}PB — %[Xi,Pj], and classical Hamiltonians
to quantum Hamiltonians, H = |p|2/(2m) + V(x) — H=P]*/2m) +
V(X). Next, we recall that the phase space of classical mechanics,
on which these maps are defined, is a symplectic manifold, and,
furthermore, that symplectic geometry is a notoriously ‘loose’ form
of geometry. Unlike the more familiar Riemannian geometry, which
corresponds to our experience of everyday life, symplectic structures
do not carry any notion of distance, but volumes can be defined
through the introduction of an appropriate symplectic 2-form
(Frankel, 1997; Nakahara, 2003).

Defining a new symplectic 2-form defines a new volume element,
but this in no way disturbs the symplectic structure of classical
Hamiltonian systems (Frankel, 1997; Nakahara, 2003). When the
canonical quantisation procedure is applied, this symplectic structure
is taken over, unchanged, by the corresponding quantum theory.
Hence, if the volume element in the classical phase space is, say,
(1+aP?)'d®xd®P, the phase space volume in the corresponding
quantum theory is, simply, (1+aP?)'d*P. It is then assumed
that the quantum state vector can be expanded in the ‘usual
form, except for the modification of the volume element, |y) =
Jl//(P)|P>(1 +aP?)'d®P, without issue. But is this really the
case?

To answer this question, we must consider the meanings of the
symbols P and P, appearing in Eq.2.27, carefully. This is more
difficult than it seems, since it is seldom explicitly stated, in the
existing GUP literature, what exactly these symbols represent. The
most probable reason for this is that, of course, everyone already
‘knows’ what they mean: P is a momentum space displacement
vector and P is its vector operator counterpart. The former may be
written as

P=Pe(X)= PyeX (X) + Pye? (X) + P,e? (X), (2.28)

where (X,Y,Z) denote global Cartesian coordinates and
(¥ (X), e (X), % (X)) denote the tangent vectors, to the lines X = const,
Y = const, and Z = const, at any point X € R® in physical space. P is
then constructed in like manner, by replacing the components P; with
the operators P;, defined in Eq. 2.27.

The problems with this construction are as follows.

1. Global Cartesian coordinates only exist in Euclidean space
(Frankel, 1997; Nakahara, 2003),

. Euclidean space is a Riemannian geometry, not a symplectic
geometry,
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3. It therefore possesses a metric, gij(X):(ei(X),ej(X», which

generates both a notion of distance, dL = ﬁgij(X)dX"de, and a
notion of volume, dV = \/§d3X, where g(X) = det gl-j(X) is the
determinant of the metric,

4. In the global Cartesians the metric of Euclidean space is
8,7 = (ei(X),ej(X)), since €,(X) = e; (X') for all X,X' € R?andiec
{X,Y,Z}, giving det Sij(X) =1,

5. This gives rise to the distance element L = VX? + Y2 + Z2 and the
volume element dV = dXdYdZ,

6. The corresponding magnitude of the momentum vector Eq. 2.18

isP= Pfg + P%, + P:ZZ and the volume element in momentum space
is dV = dPydPydP,, since the tangent space is isomorphic to the
physical Euclidean space (Frankel, 1997; Nakahara, 2003),

7. Neither of these expressions are flexible.

Unlike volume elements derived from symplectic 2-forms, the
Euclidean volume element is fixed by the underlying geometry, as
well as the chosen coordinate system. The tangent space geometry
in which the momentum vector P is defined is also fixed, and,
in global Cartesians, the lines of constant X, Y and Z lie parallel
to the trajectories for which Py, Py and P, are conserved.
Thus, for the coordinates assumed in the relation AWXiAWsz
gﬁij(l + oc[(Aq,P)2 + (f’)i]) Eq. 2.8, which is derived from the modified
phase space structure Eq. 2.27, i.e., i,j € {X,Y,Z}, where (X,Y,Z2)
denote global Cartesians, the volume element of physical space is
fixed as dXdYdZ and the corresponding momentum space volume is
dPydPydP,.

Put simply, if (X,Y,Z) represent global Cartesian coordinates
in physical space, (Pyx,Py,P;) represent global Cartesians in the
conjugate momentum space. This leads to a contradiction, indicating
the inconsistency of modified phase space volumes like the one
outlined above. If we assume that the subscripts i and j in AV,X"
and AWPJ» refer to global Cartesian coordinates, then the momentum
space integration measure is simply d*P. Conversely, if we abandon
this assumption and define P* such that P> =P’ = Y7 P?, without
specifying the coordinates (X', X2,X?), we are faced with an even
bigger problem: in this case, we cannot make any physical predictions
at all!

As stated in the Introduction, we believe that this constitutes
the most serious criticism of the modified commutator/modified
phase space paradigm yet formulated in the literature. It has
immediate real world implications since, to the best of our knowledge,
existing experimental bounds on the GUP parameter a have all
been obtained by adopting two contradictory assumptions: 1) that
the GUP arises from a modified commutation relation, and 2)
that the modified commutation relation holds for the uncertainties
AWXi and Aij where i,j€{X,Y,Z} refer to global Cartesian
coordinates (Pikovski et al., 2012; Bosso etal.,, 2017; Kumar and
Plenio, 2018; Girdhar and Doherty, 2020; Cui et al., 2021; Sen et al.,
2022).

In Section 4, we show how to derive the GUP, EUP and
EGUP for Cartesian uncertainties, without introducing modified
commutation relations or phase space volumes. The new model avoids
the inconsistencies inherent in these models, in an almost trivial
way, but is found to have exceedingly nontrivial implications for the
quantisation of the background geometry. Before that, in Section 3,
we consider whether the problems outlined here might instead be
considered as ‘features, rather than ‘bugs, of modified commutator
models.
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3 Bug or feature?

It could be argued that a number of the problems discussed above
represent features, rather than bugs, of the modified commutator
paradigm. For example, it is widely accepted that some kind of
breakdown of the EP and/or Lorentz invariance must occur due
to quantum gravitational effects. Therefore, it may be regarded
as unsurprising that minimum length models based on modified
commutators generate both as a matter of course. From this viewpoint,
such features acquire the status of ‘smoking guns, i.e., predictions of
new physics in the low-energy regime that any self-consistent model
of high-energy quantum gravity must successfully reproduce.

These are strong claims, and, here, we argue that such claims
require strong motivations, which are currently lacking in existing
models. Furthermore, it is necessary to prove beyond doubt
that such modifications of the canonical formalism do not give
rise to internal inconsistencies, even within their domain of
applicability.

As an analogy, there are an infinite number of ways to break the
Poincaré group symmetries of Minkowski space, but only one of these
gives rise to a self-consistent limit in the non-relativistic regime, i.e.,
the Galilean group of Euclidean space, with time as a parameter. By
contrast, arbitrary violations of Poincaré symmetry do not give rise
to well-defined geometries of any kind. Similarly, the breaking of a
given symmetry, or equivalence, in a physical theory, is not the same
as introducing a well-motivated generalisation of the original model.
Since there are an infinite number of ways to break anything, why
should this or that violation be preferred? Is the resulting model self-
consistent? Below, we briefly consider the ‘bug or feature’ argument for
each of the problems raised in Sections 2.1-2.6.

1. Violation of the EP: That the EP must break down due to quantum
gravity effects is certain, but this is so for a very simple reason -
the standard EP, as formulated in general relativity, is an inherently
classical concept. It concerns the equivalence between classical
gravity and classical accelerated frames of reference, which, by
definition, excludes the concept of quantum superposition. In
the quantum gravitational regime, we expect classical geometries
to be replaced by quantum superpositions of geometries, and
classical accelerated frames of reference to be replaced by quantum
superpositions thereof, but is this the same as simply breaking
the equivalence between the existing classical concepts? While it
is possible, and even likely, that an appropriate course-graining
over such superpositions could give rise to discrepancies with the
existing classical theory, it is by no means clear what form these
ought to take. In the absence of any indication from a specific
model in the UV sector, we argue that the prediction of mass-
dependent accelerations, in a classical background ‘geometry,
without a well-defined symmetry group, should be treated with
extreme caution.! Nonetheless, it must be admitted that this
remains a theoretical possibility, which cannot be excluded a priori,
at the present time.

2. Violation of Lorentz invariance: Similar arguments can be made
regarding the violation of Lorentz invariance in the relativistic
limit. We expect the quantisation of the geometric background

1 We recall that modifications of the canonical Heisenberg algebra imply the
violation of Galilean symmetries.
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to introduce space-time superpositions, generalising the classical
concept of a sharp space-time point and, with it, the concept of a
sharply-defined classical frame of reference, whether accelerated
or inertial, to include superpositions. But this is not the same as
simply breaking Lorentz symmetry in a still-classical background,
especially when it is not clear whether the broken symmetry
group corresponds to a well-defined geometry or not. In general,
deforming an algebra of group generators does not yield a
well-defined group, and, hence, the resulting operators do not
correspond to a well-defined geometry. It is not analogous to
the shift from relativistic space-time to non-relativistic space-
plus-time, but a far more ambiguous procedure. Nonetheless, it
must again be admitted that an appropriate course-graining over
superpositions in the low-energy limit of quantum gravity may, in
fact, violate Lorentz invariance in a way predicted by some classes
of modified commutator models.

. The soccer ball problem: It must also be admitted that the partial
resolution of the soccer ball problem, presented in (Amelino-
Camelia, 2017), provides a potential way out of the problems
above. In this approach, the issue of the background geometry
is moot, since the generalised momentum operators of the
modified commutation relation are required to generate modified
(non-Galilean) symmetries of the Hamiltonian. They may then
be regarded as the symmetry generators of a modified (non-
Euclidean) geometry, by definition. However, this places severe
constraints on the form these generators may take, and, as shown
in Section 2.3, not all such modifications are compatible with
the existence of the GURs suggested by quantum gravity thought
experiments. Therefore, at present, it is not clear whether this
problem should be regarded as a bug, or a feature, of modified
commutator models.

. The reference frame dependence of the minimum length: The
situation is different in the case of the reference frame dependence
of the minimum length (momentum) scale, predicted by the GUP
(EUP). This clearly represents a mathematical inconsistency of
modified commutator models, since a mere shift in the coordinate
origin, or Galilean velocity boost v — v' < ¢, radically alters the
values of the position and/or momentum uncertainties of the
quantum wave packet. The standard measure of the statistical
variance of a random variable, (AO)? = (0?) — (0)?, is constructed
to be manifestly invariant under such transformations. If this
invariance no longer holds in modified commutator models, it
is unclear how to measure the spread of the wave function in a
coordinate-independent way. This undoubtably counts as a ‘bug’

. The background geometry is not quantum: We may also ask if
the classically nonlocal background geometry of the KMM model
(Kempfetal, 1995), and others like it, could emerge from a
more fundamental underlying quantum theory? Theoretically, the
answer is again ‘yes, but the same could be said of any (totally
arbitrary) modification of the canonical quantum formalism.
The most important point here is that, at present, no concrete
proposal for such a model has been presented in the GUP
literature (Hossenfelder, 2013; Tawfik and Diab, 2014; Tawfik
and Diab, 2015). It had been hoped that the nonlocal operator,
Eq. 2.20, provided such alink, between the coarse-grained classical
structure and an underlying probabilistic (i.e., quantum) model,
but this assumption was debunked in Section 2.5. The confusion
in the literature stemmed from a confusion between classical
probability densities and quantum probability amplitudes. The
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status of this problem, therefore, resembles that of problems
1-2. Theoretically, the classically nonlocal geometry produced
by the action of Eq.2.20 may emerge from an appropriate
coarse-graining over quantum probability amplitudes, but no
concrete mathematical structure, able to reproduce this, has been
discovered.

. The mathematical inconsistency of modified phase space volumes:
In the Introduction, we claimed that this, deceptively simple
argument, represents the most serious objection yet raised to
the modified commutator paradigm. In short, it is certainly not
a feature, but a bug, since it represents a serious mathematical
inconsistency of such models. In light of this, the previous five
points raised above may be considered moot, since only one
inconsistency is required to render a physical theory untenable. It
is therefore of the utmost importance to establish whether or not
this objection can be circumvented in some way.

4 Deriving the GUP, EUP and EGUP
without modified commutators

It is straightforward to show that the GUP and EUP can be
obtained, at least approximately, from far more ‘natural’ looking
expressions, in which the variances of independent random variables
add linearly. For example, let us consider the simplest scenario in
which the back reaction of the wave function on the geometry
is considered negligible, so that the latter undergoes quantum
fluctuations which are independent of y(x).

In this case, (Axw)2 denotes the variance of the canonical
probability density |y(x)|*, where x € R? are the possible measured
values of the particle’s position in classical three-dimensional space.
These are the canonical quantum degrees of freedom. In order to
describe quantum fluctuations of the background we must introduce
new degrees of freedom which are capable of describing superpositions
of geometries, as expected in a viable theory of quantum gravity
(Marletto and Vedral, 2017; Lake et al, 2019).

The additional fluctuations in the measured position of the
particle, due to quantum fluctuations of the geometry in which
it ‘lives, may be described by an additional variance, (Agx’ )%
This denotes the variance of the non-canonical probability density
lg (x' —x)|*, where |x'-x| quantifies the size of the fluctuation,
i.e., the degree to which the measured position of the particle is
perturbed by the quantum nature of the background. (For simplicity,
we may imagine |g (x' —x)|* as a three-dimensional Planck-width
Gaussian distribution.) This corresponds to a new composite wave
function, W(x,x’), which describes the propagation of a quantum
particle in a quantum background, rather than a fixed classical
geometry:

¥(xx')=y(x)gkx -x). (4.1)

The possible measured positions of the particle are then given by the
values of x' € R?, rather than x, and g (x' — x) may be interpreted as
the quantum probability amplitude for the coherent transition x — x’
in a smeared superposition of geometries (Lake et al., 2019; Lake et al.,
2020). From here on, we refer to g as the ‘smearing function. The total
variance for a position measurement in the smeared space is then,
simply

(Agx'))? = (wa’i)z + (Agx’i)z. (4.2)
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Setting Axg, =y, taking the square root of Eq.4.2 and Taylor
expanding to first order then yields the GUP. However, in this case,
the relevant uncertainties are well defined, as the standard deviations
of probability densities, unlike the heuristic uncertainties given in
Eq. 1.1.
A similar construction in momentum space,
¥ (

p:p)=9Pg(p -p), (4.3)

yields

(A\ypjf)2 = (Awp]f)2 + (Agp]f)z. (4.4)
Setting Apé: mgygc, taking the square root of Eq.4.4 and Taylor
expanding to first order then yields the EUP. Again, the relevant
uncertainties are well defined, as the standard deviations of the
probability densities pr(p)l2 and |g(p’ —p)|2, unlike the heuristic
uncertainties in Eq. 1.2.

But what, exactly, are the functions §/(p) and g(p’ — p)? How are
they related to y(x) and g (x' —x)? In canonical QM, {(p) is the k-
scaled Fourier transform of y(x) and, to emphasize this point, we
rewrite it with an appropriate subscript as

3
\/1 )J‘/’(X)e’%"""d&.
27h

The canonical de Broglie relation p = ik ensures that the exponent

WNE@AW:( (4.5)

is independent of PlancK’s constant, but / necessarily appears in
this expression through the normalisation constant V2>, This is
because |y) represents the state of a canonical quantum particle and
h sets the (action) scale at which quantum effects become significant
in canonical quantum matter (Rae, 2002).

However, were we to assume, likewise, that g(p’ — p) is given by
the canonical hi-scaled Fourier transform of g (x’ — x), we would obtain
the expression Eq. 4.4 with A p" = mpc not Agp' = mysc! This leads
to an EUP-type expression with a ‘minimunm’ momentum equal to the
Planck momentum and, hence, a minimum energy equal to the Planck
energy, a minimum energy density equal to the Planck density, efc.,
which is clearly at odds with empirical data. Therefore, we must instead
assume a decomposition of the form

3

1 Jg(xl ~x) e FPRI ) g3
27

g -p) =g -p)=
(4.6)

with 8 # h. It is straightforward to show that, in order to recover both
the GUP Eq. 1.1 from Eq. 4.2 and the EUP Eq. 1.2 from Eq. 4.4, we
must set

A" = 0, = |20k, Agpjf =y = \[6nMgsc, Vij, (4.7)
together with
/3 = 2ag6g. (4.8)
For &y, 17,~O(1), this gives
Pa 61
B=2+2h=10""xh, (4.9)
Pl
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where p, =A*/(87G) =107 gecm™ is the dark
density  (Riessetal, 1998;  Perlmutteretal, 1999) and
pp = ¢ /(BG?) = 10 g cm™ is the Planck density. Taken together,

Eq. 4.5 and Eq. 4.6 are equivalent to imposing the modified de Broglie

energy

relation,

p=hk+p(k -k), (4.10)
where the non-canonical term can be understood, heuristically, as
the additional momentum ‘kick’ imparted to the canonical quantum
state, by a fluctuation of the background (Lake et al., 2019; Lake et al.,
2020).

Eq. 4.2 and Eq. 4.4 can also be recovered, with the appropriate
minimum values Eq. 4.7, from the canonical-type braket
constructions

(AX')” = CHI(X) 1Y) - CHIX 1Y), (4.11)

(AgP,)* = CFI(B))’ 19y - (Y1), (4.12)

1 i I —
where we have relabelled Ayx" = Ay X" and Ayp; = AyP;, for the salfg
of notational convenience. The appropriate generalised operators, X'
and Pj, representing position and momentum measurements in the
smeared superposition of geometries, are given by

e jx’i|x,x’>(x,x'|d3xd3 ' (4.13)

Pj = Jp]’ Ipp"><{pp’|d*pd®p’, (4.14)

where |x,x') == |x) ® |x') and the basis |pp’) is entangled,
3

jJ|X,X’>e*iP.Xe’é(P”P)‘(X”X)CPXdSXI. (4.15)

ppy=| —
271\/%
(We emphasize this by not writing a comma between p and p'.)

However, the position and momentum space bases may be
symmetrized, such that |x,x") — |x,x'—x) and |pp’) — |p.p’' - P)>
by means of an appropriate unitary transformation (Lake etal.,
2020). Formally, this is analogous to the unitary transformation
defined in (Giacomini et al.,, 2019), which is intended to represent
a switch between quantum reference frames (QRFs), but with the
substitution 3 & h. This implies that, in the quantum mechanical
‘smeared space’ defined by our model, each ‘smeared point’ may be
considered as a QRE, whose quantum uncertainties are controlled
by the quantum of action for geometry, 8, rather than that for
canonical quantum matter, i (Lake, 2021a; Lake, 2021b; Lake,
2022b).

At first glance, the introduction of a second quantisation scale
for geometry appears to contradict a rather large body of existing
literature which claims that Planck’s constant is unique. A closer
look at this literature, however (for example, see (Sahoo, 2004;
Deser, 2022) and references therein), shows that only quantisation
schemes of the form p=rhk, p’ =h'k/, with A’ #h, where p and
p’ refer to the momenta of different species of material particles,
are ruled out by existing no-go theorems. The crucial mathematical
difference between these models and the modified de Broglie
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relation Eq. 4.10 is the presence of relative variables, k' —k, in the
latter. Physically, this is directly related to our treatment of the
composite matter-geometry system as a QRE in which the relative
variable x’ —x describe quantum fluctuations of the smeared spatial
points (Lake etal,, 2019; Lake etal, 2020). This physical picture
leads directly to a well-defined EGUP since Egs. 4.2 and 4.4, 4.7
and 4.11, 4.12 can also be combined, directly, to give (Lake et al.,
2020):

h i 2G 2 i
561-[1+0c0%(Aq,Pj) +2n,A(Ag X)L (4.16)

AyX'AyP; 2

Crucially, it is straightforward to show that the smeared space
position and momentum operators Eqs. 4.13-4.14 obey the following
commutation relations:

(4.17)

(4.18)

Since these are just a rescaled version of the canonical Heisenberg
algebra, with i hi+ 3, we obtain the ‘expected’ quantum gravity
phenomenology, i.e., the GUP, EUP and EGUP Eq. 4.16, without
introducing any of the pathologies associated with standard
modified commutator models (Lake, 2019; Lake, 2020). The physical
interpretation of this rescaled algebra is subtle and the interested
reader is referred to the more in-depth and complete works (Lake,
2020; Lake et al., 2020) for further details.

The price we have to pay for this neat solution is the introduction of
a second quantisation constant for geometry, f < A, which is directly
related to the dark energy scale. With this in mind, we note that
the product of the position and momentum uncertainties in smeared
space, A\l,XiAq,Pj in the EGUP Eq. 4.16, is minimized when (see
(Lake et al., 2019) for details):

(4.19)

For the minimum values given by Eq. 4.7 this yields

AgX =1, = cAyP = m = \[mpmggc® = 107%eV,

(4.20)

lPlldS = O.Imm,

where we have neglected to label dimensional indices. The
corresponding energy density is

B cAyP _mye Act - 2
~ =L =p
(AyX) B G

v (4.21)

so that any field which minimizes the smeared-space uncertainty
relations must, necessarily, possess an energy density comparable
to the present day dark energy density, p, = 107" gcm™. In this
scenario, the immense difference between the matter and geometry
quantisation scales may be regarded as ‘fundamental, while the
immense difference between the Planck density and the observed
vacuum density is an emergent phenomenon, stemming, ultimately,
from the quantum properties of space-time (Lakeetal, 2019;
Lake et al., 2020; Lake, 2021a).
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5 Discussion

In the first part of this paper we outlined six major pathologies
that afflict models of generalised uncertainty relations (GURs) based
on modified commutation relations. The first two of these, namely,
violation of the equivalence principle and violation of Lorentz
invariance in the relativistic limit, have been addressed at length in
the existing literature (Hossenfelder, 2013; Hossenfelder, 2014; Tawfik
and Diab, 2014) and we summarised them only briefly. The third,
the so-called soccer ball problem for multi-particle states, has also
been considered in detail and a would-be solution was proposed in
(Amelino-Camelia, 2017). Though ingenious, and valid within its
domain of applicability, we showed that the solution put forward in
(Amelino-Camelia, 2017) does not apply, in general, to arbitrary GUR
models based on modifications of the canonical Heisenberg algebra.
The fourth and fifth problems, the reference frame-dependence of
the would-be ‘minimum’ length and the inherently classical nature
of the background geometry in modified commutator models, were
considered previously in (Lake, 2020), but have not, to the best of
our knowledge, been addressed elsewhere. Finally, we argued that
there is, in fact, a sixth problem that appears in modified commutator
models, which, remarkably, has not been considered at all the existing
literature.

This problem is nothing less than the mathematical inconsistency
of the modified phase space volumes from which modified
commutators, and hence GURs, are usually derived. The essence of
the problem is that the position-space coordinates X', corresponding
to the quantum uncertainty AX’, are assumed to represent global
Cartesians, X' € {X,Y,Z}. The associated distance and volume
measures in real space are then given by L= VX2+Y2+Z? and
V= dPydPydP,, respectively. This immediately rules out the existence
of modified X-space volumes and, hence, modified algebras leading to
EUP-type uncertainty relations. Likewise, if X’ € {X, Y, Z} form a global
Cartesian coordinate system in real space then the conjugate momenta
P; € {Py, Py, P}, corresponding to the quantum uncertainty AP;, must
form a global Cartesian coordinate system in momentum space.
The associated distance and volume measures are P = ﬂPi + P%, + Pé
and V =dPydPydP,. This immediately rules out the existence of
modified P-space volumes and, hence, modified algebras leading
to GUP-type uncertainty relations. To make matters worse, the
usual approach in the literature is to assume the validity of the
standard X- and P-space distance measures while simultaneously
adopting modified volume forms. This procedure is mathematically
inconsistent.

If, instead, we choose to abandon the assumption that X' and PJ
label global Cartesians in position and momentum space, respectively,
we are faced with the following very difficult question: what, exactly, do
they represent? This question is exceedingly difficult because, unless
it can be answered concretely, abstract mathematical expressions
of the form AXiAPj > (h/2)6ijG(X,l3) cannot be used to make any
valid physical predictions. We believe that this deceptively simple
observation represents the most serious objection to the modified
commutator paradigm yet raised in the literature and that, taken
together, the six pathologies described herein ought to signal the
‘death knell’ of modified commutator models. Though some have been
discussed only recently, all six were inherent in such models from their
conception nearly three decades ago, and appear no closer to being
solved today than they were in the mid-1990s. Indeed, substantial

frontiersin.org


https://doi.org/10.3389/fspas.2023.1118647
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles

Lake and Watcharapasorn

evidence now suggests that at least some of these pathologies cannot
be consistently resolved.

We believe that this, accumulated evidence, should strongly
motivate the GUR research community to seek alternative
mathematical structures which are capable of generating the same
phenomenology, without the inconsistencies, ambiguities, and
headaches associated with modified commutation relations. To this
end we outlined one such formalsim, originally proposed in a series
of works coauthored by one of us (Lake, 2019; Lake etal.,, 2019;
Lake, 2020; Lake et al., 2020; Lake, 2021a; Lake, 2021b; Lake, 2022a;
Lake, 2022b; Lake et al., 2023), in the second part of this paper.
Whether, ultimately, this model has anything to do with physical
reality, or not, is perhaps less important than what is demonstrates:
that GUP, EUP and EGUP phenomenology can be obtained without
assuming modified commutation relations of a non-Heisenberg type.
This demonstrates, by means of an explicit example, the logical
independence of GURs and modified algebras. The latter certainly
do imply the former (though not, as we have seen, in a self-consistent
formulation) whereas the former do not, in fact, require them. This is a
common misconception in the existing literature, in which these two
distinct mathematical structures are often conflated. There is no one-
to-one correspondence between GURs and modified commutation
relations and the two are not logically equivalent. This opens up an
intriguing and exciting possibility, namely, that other mathematical
structures, not yet discovered, are also capable of generating GURs
without modified commutators. Potentially, these may tell us a great
deal about the structure of low-energy quantum gravity and, hence,
about the possible structure of a unified theory. We implore the
phenomenological research community to search for them, earnestly,
and to explore their implications as thoroughly as they have explored
the implications of modified commutation relations, over the past
quarter of a century.
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