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This theoretical work investigates different models to predict the redshift of fast radio bursts (FRBs) from their observed dispersion measure (DM) and other reported properties. We performed an extended revision of the FRBs with confirmed galaxy hosts in the literature and built the most updated catalog to date. With this sample of FRBs, we propose four models that relate the DM and z: a linear trend (inspired by the Macquart relation), a log-parabolic function, a power law, and an interpolation for DM that includes z and the position of the host galaxy of the transient. The latter model has the highest success rate according to the metrics implemented: likelihood, median of the z difference, and the Akaike and Bayesian information criteria. Although the performance of model D is closely followed by the power law and linear models, the former has the advantage of accounting for anisotropies in the dispersion measure due to the angular coordinates. Conversely, the log-parabolic formula performs poorly in this task but provides a good prediction for FRBs with low DM at a low redshift. Additionally, we use the reported galaxy properties of the hosts to establish a connection between the observed DM with the star formation rate (SFR) and stellar mass (Ms) of the galaxies where the FRBs reside. In both cases, we find a weak correlation. Although the studied correlations are well-motivated, the sample of FRBs is not statistically significant enough to draw solid conclusions in this second part of our work. With the advent of new facilities devoted to studying the localization and nature of these transients, we will get access to new data that will enrich the proposed models and give us hints on the astrophysical origin and evolution of FRBs.
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1 INTRODUCTION
Fast radio bursts (FRBs) are bright radio transients with a typical fluence rate of ≳ 1 Jy per millisecond. Since the first discovery of the first FRB in 2007 by Lorimer et al. (2007), there have been thousands of reports of these transients (Petroff et al., 2016; Collaboration et al., 2021), yet their astrophysical origin is still elusive to astronomers (Keane et al., 2012; Thornton et al., 2013). A likely cause of an FRB explosion is a magnetar (Bochenek et al., 2020; Wang et al., 2022), a highly magnetized neutron star produced by a core-collapse supernova explosion. However, this hypothesis is still under debate mainly because of the detection of repeater FRBs, which are signals that show a recurrence in time. The first repeating transient, FRB20121102A, opened the question of whether there is a bimodal population of FRBs with repeating and non-repeating signals and, if so, what astrophysical processes drive such diversity in these objects (Palaniswamy et al., 2018). However, recent statistical probes made with data from the Canadian Hydrogen Intensity Mapping Experiment (CHIME)/FRB events do not show a clear bimodality between the repetition rates of repeaters and nonrepeating sources (Collaboration et al., 2023).
The dispersion measure (DM) is one of the main observables studied for these radio signals. It is defined as the integrated column density of the free electrons along the sight line (Niino, 2020). The DM is calculated as the delay between the highest and lowest frequencies of the burst, caused by the scattering of the signal due to the matter content of the different environments that light has to go through in its path to our detectors. The observed DM is the sum of various contributions with different astrophysical origins: DMhost (dispersion due to the FRB host galaxy), an additional contribution due to the intergalactic medium (IGM; in the literature, it is found interchangeably as DMIGM or DMcosmic), and the dispersion of light emitted by the transient due to our own Milky Way, DMMW.
[image: image]
To date, about 50 of these FRBs have been localized, and their parent galaxies have been observed at different wavelengths, providing astronomers with more tools to characterize these transients and reveal their nature and origin. Nonetheless, identifying the FRB host galaxy is still quite challenging and demands efforts on multiple fronts due to their randomness and ultra-short duration; thus, the study of FRB redshift models from the observed dispersion measure is a pressing matter. Macquart et al. (2020) proposed a DM–z relation (the so-called Macquart relation), and since then, other works have updated the relation with new localized FRBs (Cui et al., 2022; Baptista et al., 2023). A different program was devoted to quantifying the components of the dispersion measure from the intergalactic medium (IGM; (Pol et al., 2019; Batten et al., 2021; Medlock and Cen, 2021; Zhang et al., 2021; Zhu and Feng, 2021; Mo et al., 2023)) or the host galaxy (Jaroszyński, 2020; Zhang et al., 2020; Wang and Yu, 2023) using hydrodynamical simulations. Similarly, Bhattacharya et al. (2021) used a Monte Carlo approach to model the possible dependences of the FRB populations on the star formation rate as a function of redshift z or spatial density. On the other hand, Xu et al. (2021) pointed out the presence of large fluctuations in the observed dispersion measure at similar redshifts in the first release of the CHIME catalog (Collaboration et al., 2021), which may indicate that the DM–z relationship needs to take into account angular dependences and not only the radial distance from the FRB to the observer. The latter effect is likely due to the distinctive paths the FRB light crosses through the intergalactic medium and its specific electron density.
This work builds on these efforts and presents several models that relate DM (and other FRB physical properties) with their confirmed redshift. We aim to provide a robust method to predict transients’ redshift and help astronomers program their observational campaigns.
The remainder of this paper is arranged as follows: § 2 presents the FRB catalog used throughout the paper. Section 3 offers different models to relate DM–z: a linear trend (an extension of the Macquart relation), a log-parabolic function, a power-law functional form, and a novel approach that explores DM = DM (z, RA, and DEC). In addition, we show the predictions for the known z value and evaluate the goodness of the models with the median of the differences in z, the likelihood, and Akaike and Bayesian information criteria. Finally, we introduce two possible correlations of the galaxy properties with the observed DM beyond z. In Section 4, we summarize our findings and discuss the caveats of the models.
2 FRB CATALOG
We set up an FRB catalog from the Transient Name Server (TNS) (Yaron et al., 2020) updated to February 21, 2024. The set of FRBs contains 941 entries and 34 variables. Nonetheless, we only focus on the following properties: the name of the FRB, the position in the sky of the object (RA and DEC), whether the FRB is a repeater or not, the dispersion measure and its error (DM ±ΔDM), the telescope that made the detection of the transient, the associated reference for each object, and last but not least, if the FRB has a known galaxy host, in addition to other physical properties of the FRB.
With the FRB host information, we create a subsample of FRBs with a confirmed galaxy host (thus, its redshift is known). There are 48 FRBs in this category, but only 24 FRBs are unique since 8 of these instances are repeaters. We treat the repeating FRBs as the same object and take the mean DM for each transient. The resulting FRB subsample is presented in Table 1.
It is worth noting that FRBs with the † symbol in Table 1 correspond to transients whose optical counterparts are galaxy clusters, not single galaxies.
TABLE 1 | List of FRBs with known galaxy hosts to date. Columns 1 to 6 correspond to the name of the FRB, right ascension, declination, DM, the error of the DM, and the reference associated with the reported FRB. The redshift and redshift errors of the optical counterpart of each FRB are presented in columns 7 and 8. Columns 9 to 11 show whether the FRB is a repeater, the peak flux, and the time width of each transient. The information in the last two columns was taken from https://www.herta-experiment.org/frbstats/catalogue since most publications report either the inferred fluence or one of the two properties of the FRB.
[image: Table 1]3 FRB REDSHIFT ESTIMATES FROM THE DISPERSION MEASURE
3.1 DM–z relationship
Based on the observed dispersion measure (and ΔDM) of the 22 known FRBs with galaxy hosts, we exclude the last two FRBs presented in Table 1, whose hosts are galaxy clusters. We explore different models to infer the FRB redshift and the corresponding error.
Model A:
The simplest model to find an estimated redshift from DM is through a linear relationship, a reasonable assumption since the dispersion measure is an indicator of the distance, and the distance grows linearly with z at a low redshift. This functional form was first presented by Macquart et al. (2020), and subsequent work in this direction was done by Cui et al. (2022). The linear model is summarized using the following relationship:
[image: image]
The best-fit parameters for the linear model are a = 1021.36 pc/cm3 and b = 221.99 pc/cm3. We show the DM–redshift relationship with model A in Figure 1.
[image: Figure 1]FIGURE 1 | DM–redshift relationship for localized FRBs predicted by the linear model (refer to Eq. 2). Hereafter, the 22 FRBs reported in Table 1 are presented as black dots with their corresponding errors. The forecast from the linear model is shown as a continuous blue line, and the upper and lower limits are displayed using dashed lines. The Macquart relation is presented as a reference using a red line, and the relationship derived by Cui et al. (2022) is shown in dark red.
Interestingly, Figure 1 demonstrates that our constraint for the slope in model A is quite close to the value from the Macquart relation, despite the latter being proposed with a third of the data used in this document.
The following two models assume that the IGM term is subdominant in Eq. 1 in low dispersion measure detections, with a contribution of around 30% of the total DM (Zhu and Feng, 2021).
Model B:
Inspired by works from Pol et al. (2019) and Zhu and Feng (2021) that derive a log-parabolic function that relates DMIGM and z from numerical codes (MICE onion universe simulation and RAMSES, respectively), we explore the following assumption: 0.3 DM ∼ DMIGM at low redshifts, with the latter term described by the following function:
[image: image]
The parameters that best adjust to the observed data for this function are a = 0.06, b = 0.52, and c = 2.46. The resulting function and comparison with the data are presented in Figure 2.
[image: Figure 2]FIGURE 2 | DM–redshift relationship for FRBs with known galaxy hosts in the log parabolic model (see Eq. 3). As shown before, the FRBs are presented as black dots, model B predictions are shown as a solid blue line, and the upper and lower limits are displayed using dashed lines.
Model C:
Work from Zhang et al. (2020) and a recent adaptation to it with more FRBs by Wang and Yu (2023) proposed a power-law function for DMhost. As mentioned above, DMhost is not the only component of the observed DM, but it is the dominant term for nearby FRBs. We explore the first approximation that DM ∼ DMhost to build the DM–z relationship. We stress that more realistic modeling must consider an estimate for DMIGM.
[image: image]
It is worth mentioning that Wang and Yu (2023) modeled and reported the contribution of DMMW for 22 FRBs depending on the orientation and distance of the galaxy with respect to ours. Assuming the mean of the values reported in Wang and Yu (2023), we have set the value of DMMW = 40.68 pc/cm3 in Eq. 4. The best-fit parameters for the power-law model are a = 155.80 pc/cm3 and α = 4.58. The result for this model with the best parameters is displayed in Figure 3.
[image: Figure 3]FIGURE 3 | DM–redshift relationship for FRBs with known galaxy hosts in the power-law model or model C, as described in Eq. 4. As shown before, the confirmed FRBs are presented as black dots, the prediction from model C is shown as a continuous blue line, and the upper and lower limits are displayed using dashed lines.
Model D:
In order to capture the fluctuations in the observed DM reported by Xu et al. (2021), we formulate the last model. We aim to build a function in spherical coordinates for the dispersion measure, DM = DM(z, θ, ϕ), using the pipeline below.
(i) Transforming the coordinates reported in Table 1 (z, RA, and DEC) to spherical coordinates (z, θ, and ϕ), such that ϕ = 90° − DEC.
(ii) Under the assumption that RA, DEC, and z are variables of the scalar field DM, we create a function that interpolates DM = DM (z, θ, and ϕ). The interpolation uses the method radial basis function (RBF), which best suits the distribution of our dataset with 22 points. After testing different bases offered by SciPy, we implemented the basis cubic in the RBF.
(iii) With the interpolation mentioned above, we calculated DM from z and the angular coordinates. Nevertheless, our primary objective is to determine z for a given DM, which we will call hereafter zinter.
(iv) We define an error function Err [image: image], with i running over the 22 known FRBs to find the interpolated redshift zinter. By minimizing the error function Err, we are effectively inverting the interpolation and retrieving zinter = zinter (DM, θ, and ϕ). This final step requires tuning the starting value of the minimization process of the Err function, zo (a free parameter of the model).
(v) We repeat steps (i) to (iv) to calculate the upper and lower values of the redshift errors     Δzinter = Δzinter (DM ± fΔDM, θ, and ϕ). We introduce the factor f to have a non-negligible error in z, taking into account that the interpolation produces an extremely small numerical error. The factor f is the second free parameter of this model.
The free parameters that warrant the minimum Err in the interpolator are f = 3 and zo = 0.15. The interpolated values of zD with their errors are reported in Table 2, along with predictions from models A–C.
TABLE 2 | Predictions of the FRB redshift given in the models. The first column shows the name of the FRB, the second column shows the redshift of the host galaxy, and the third to sixth columns show the predicted redshifts with models A, B, C, and D with their corresponding errors.
[image: Table 2]To measure the success rate of the models, we compute the median of the redshift difference for each model as follows:
[image: image]
where zpred; i is the predicted redshift for each model. Additionally, we calculate the likelihood [image: image], the Akaike information criterion (AIC), and the Bayesian information criterion (BIC) as follows:
[image: image]
The AIC is defined by the expression:
[image: image]
where K is the number of parameters of each model and [image: image] is the likelihood calculated above. The models A to D have K = 2, 3, 2, and 2 free parameters, respectively.
The BIC is defined as
[image: image]
The parameter n represents the number of observations (in our case, n = 22).
In order to rank the proposed models, we demand three conditions that need to be fulfilled simultaneously: i) the lowest median of the redshift difference [image: image], ii) the maximum likelihood [image: image], and the lowest values for the Akaike and Bayesian information criteria. These metrics ensure that the model fits well with the observed data, has the minimum difference between the observed and predicted z for 50% of our sample, and also that the model contains only the necessary number of free parameters without over-fitting the data. Table 3 presents the results of the applied metrics.
TABLE 3 | Statistical metrics implemented to quantify the success rate of each model’s predictions.
[image: Table 3]Revisiting the three criteria demanded to rank the performance of the models, we found that model D (i.e., the interpolation) has the best success rate at fitting the observed data since it shows the largest likelihood while minimizing the AIC and BIC, in addition to offering the smallest median difference between the “true” and the predicted redshifts reported in Table 1. Models C (the power law) and A (the Macquart relation) closely follow the performance of model D, with similar results for the metrics applied. Conversely, model B has minimal likelihood and poor results for the Akaike and Bayesian information criteria. The latter is a consequence of a small likelihood and the largest set of free parameters.
We find some insightful pointers on the performance of the models based on the outcome from metrics (Thornton et al., 2013)-(8) and Tables 2, 3. First, all the methods proposed have some dispersion concerning the observed data. However, the interpolation and the power-law model are the ones that better fit zFRB compared with the log-parabolic models. It is worth noting that the predicted redshift differs significantly with respect to the true z for all models due to the small sample of known FRBs that we included to build the models. The predictions from all models will improve with more confirmed counterparts to the observed FRBs.
On the other hand, the linear and power-law models are susceptible to small values of DM, and they cannot predict physical redshifts in a few instances (represented by – in Table 2). These cases are either a NAN or a negative redshift.
Moreover, the model with the worst performance in predicting the redshift for these FRBs is the log-parabolic function. There are very large residuals for some zFRB and zB, primarily due to the assumption that led us to propose model B: that the observed DM could be described as a fraction of DMIGM. The latter hypothesis breaks down for farther FRBs, in which DMIGM plays a more dominant role in the total dispersion measure when the cosmic distance significantly grows.
Furthermore, we highlight that all models fail to predict data points with large DM and small z, particularly for FRB20190520B (DM = 1204.7 pc/cm3). The log-parabolic model also fails catastrophically to predict the latest data point included in this study, which was reported recently by Gordon et al. (2023) and Ryder et al. (2023). Nonetheless, models A, C, and D did an excellent job anticipating this detection with a very high z value.
Additionally, we remark on one strength of model D compared with models A, B, and C: this is the only one that can predict significant differences in the dispersion measure from similar redshifts. Focus on the following pairs of FRBs: 20180301A–20180924B (zhost;i ∼ 0.32–0.33), 20190608B–20220914A (zhost;i ∼ 0.11), and in particular in 20191228A–20190520B (zhost;i ∼ 0.24); these pairs have quite different reported DMs, but their host redshifts are quite close, despite small changes in the decimal figures of the redshift. Unlike the first three models presented in this document, model D captures large fluctuations in the dispersion measure, a clear indication that we need to include angular anisotropies (among other FRB properties) to reconstruct the DM. Notably, the last pair mentioned above have a factor 4 difference in their dispersion measures. Is this massive ratio due to angular fluctuations in the FRB position? or are there other properties responsible for it? For instance, 20190520B is a repeater but 20191228A is not. Is this latter feature relevant to modeling the dispersion measure and, therefore, predicting the true redshift?
We also report the predicted redshifts of the FRBs 20220509G and 20220914A in Table 4. These two FRBs are hosted by galaxy clusters instead of isolated galaxies. We remind the reader that we take out these two data points from the sample of FRBs to train the models since their physical properties might differ from those of FRBs hosted in galaxies. Except for model D which has very narrow error bars, models A–C predict the true redshifts of these systems within the range defined by the errors.
TABLE 4 | Redshifts predicted by the four models for FRBs hosted by galaxy clusters.
[image: Table 4]Finally, we highlight that improving the theoretical models by adding physical complexity to them is critical to recovering the variety of the transients. We will update our predictions and best-fit parameters with incoming data from newly confirmed FRB galaxy hosts.
3.2 Other properties of the galaxy hosts
Gordon et al. (2023) claimed that there is a strong connection between FRBs and recent episodes of star formation in galaxies. Thus, this could be a good indicator for galaxies hosting FRBs. We explore this correlation for our current subsample of known FRBs in Figure 4.
[image: image]
[image: Figure 4]FIGURE 4 | DM vs. SFR from the FRB and their galaxy hosts. The black data points are the 22 FRBs with confirmed hosts, and the dark red line is the functional form, as described in Eq. 9.
The best-fit parameters for the DM–SFR relationship are a = 10(2.639±0.080) and β = 0.015 ± 0.106. There is a weak correlation in the data, reflected in the best-fit line in Figure 4, mostly caused by the very few observational data points reported to date. Nonetheless, it is worth pursuing this proxy to characterize the environments where FRBs occur.
On the other hand, we examine a possible association between the stellar mass of the putative galaxies and the observed DM in Figure 5.
[image: image]
[image: Figure 5]FIGURE 5 | DM vs. stellar mass (Ms) from the FRB and their galaxy hosts. The black data points are the 22 FRBs with a confirmed host, and the blue line is the functional fit, as proposed in Eq. 10.
The best values of the function (Niino, 2020) are c = 10(3.256±0.868) and γ = −0.067 ± 0.090. Although there is no clear reason why these two variables should be linked at this point, further investigation is needed to understand a weak negative correlation between the dispersion measure exhibited by the transient and stellar mass of the host galaxy.
4 CONCLUSION
We have presented the most updated catalog of FRBs with confirmed galaxy hosts and their properties, along with four models that relate the DM and redshift z. An accurate prediction of the redshift of the transient is crucial since it allows us to improve the search of the host galaxy and study the environment where these signals are emitted.
All the models are physically motivated: the linear model (A) is inspired by the Macquart relation. It assumes that DM should be linear with z since the dispersion measure is a proxy for the distance between the FRB and observer, and at least at low redshift, z and the cosmological distances follow a proportional relationship. Model B is formulated under the assumption that at low redshift, the dispersion measure due to the IGM, DMIGM, is about a third of the observed DM (established from theoretical models); thus, we can use the functional form derived from hydrodynamical simulations to describe the IGM and its effect on the incoming FRB signal. Conversely, the third model adopts an observed DM approximate to the DMhost. On the other hand, model D explores an interpolation for the DM that considers dependence on zhost and the angular position where the FRB has been detected. We examine this possibility guided by findings from Xu et al. (2021) that reported large DM fluctuations in the sky at very similar redshifts.
We implement the likelihood, the median difference of the redshifts, and the Akaike and Bayesian information criteria to measure the success rate of each model at predicting zhost and find that the most accurate method is model D, followed by the power-law and linear models. Instead, the log-parabolic model performs very poorly at predicting the true redshift, primarily due to the underlying assumption that led us to formulate it. We conclude that a realistic description of the dispersion measure should consider the cosmic term (due to the IGM), the host galaxy DM, and the contribution from the Milky Way. Nonetheless, model B has good predicting power for redshifts of nearby FRBs (i.e., at the low redshift and low-DM regimes). We stress that all models will increase their success rate with more z from FRBs with confirmed putative host galaxies.
Finally, we investigate possible correlations between the observed DM and other known properties of the host galaxies: the SFR and their reported mass (Ms). We found a very weak correlation between the variables in the cases analyzed in this work. However, observational evidence indicates that detecting FRBs would be preferred in active environments such as galaxies with high star formation. Therefore, there is room for improvement in this aspect, with an increasing number of FRBs detected with current and future telescopes devoted to understanding these transients.
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