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The Gaussian sum cubature Kalman filter (GSCKF) based on Gaussian mixture model (GMM) is a critical nonlinear non-Gaussian filter for data fusion of global navigation satellite system/strapdown inertial navigation systems (GNSS/SINS) tightly coupled integrated navigation system. However, the stochastic model of non-Gaussian noise in practical operating environments is not static, but rather time-varying. So if the GMM of GSCKF cannot be adjusted adaptively, it will lead to a decrease in estimation accuracy. To address this issue, we propose a novel adaptive GSCKF (AGSCKF) based on the dynamic adjustment of GMM. By analyzing the impact of GMM displacement parameter on the fitting accuracy of non-Gaussian noise, a novel algorithm for GMM displacement parameter adaptive adjustment is proposed using a cost function. Then this novel algorithm is applied to overcome the limitations of GSCKF under time-varying non-Gaussian noise environment, thereby improving the filtering performance. The simulation and experimental results indicate that the proposed AGSCKF exhibits significant advantage in changeable environments affected by time-varying non-Gaussian noise, which is applied to GNSS/SINS tightly coupled integrated navigation system data fusion can improve estimation accuracy and adaptability without sacrificing significant computational complexity.
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1 INTRODUCTION
The global navigation satellite system and strapdown inertial navigation system (GNSS/SINS) tightly coupled integrated navigation system data fusion is one of the key technologies in many fields, including unmanned aerial vehicles (UAVs), which enables precise navigation, guidance, and control capabilities (Grewal et al., 2020; Gyagenda et al., 2022; Boguspayev et al., 2023). The mathematical model for GNSS/SINS tightly coupled integrated navigation system data fusion is inherently nonlinear, and despite advances in navigation technology, its nonlinear characteristics cannot be eliminated. Therefore, the nonlinear filter remains a crucial technique in the field of GNSS/SINS tightly coupled integrated navigation system data fusion for UAVs (Groves, 2008; Li and Chen, 2022; Xiao et al., 2024).
1.1 Nonlinear filter
Extended Kalman filter (EKF) is a widely used nonlinear filter for GNSS/SINS tightly coupled integrated navigation systems data fusion, but its engineering application is limited by linearization errors and complex updating processes of Jacobian matrix (Wang et al., 2018). Thus, Unscented Kalman filter (UKF) is proposed to approximate the state estimation and its covariance through a set of sampling points by unscented transforms (UT). Compared to EKF, UKF does not require updating Jacobian matrix, and its accuracy can reach second-order Taylor series expansion or even higher. However, the parameters of UKF do not have deterministic values, and the computation increases dramatically with the increase of the dimension of state estimation (Rhudy et al., 2011; Hu et al., 2020). Quadrature Kalman filter (QKF) using Gaussian Hermitian quadrature rule can achieve high estimation accuracy. But as the number of state parameters increases, the required quadrature points will exponentially increase, resulting in that the computational complexity of QKF is higher than that of EKF and UKF (Monfort et al., 2015). To address the dimensionality curse in QKF, researchers have devised cubature Kalman Filter (CKF). Within the CKF framework, the utilization of the third-order spherical cubature rule not only possesses a more rigorous mathematical foundation compared to the UT employed in UKF, but also demonstrates a reduction in computational resources and an increase in computational efficiency during state estimation under comparable conditions, as compared to both UKF and QKF. Additionally, by integrating a square-root filtering approach, CKF exhibits superior numerical stability when confronted with nonlinear challenges, in contrast to the UKF. Currently, CKF has been widely used in fields such as navigation positioning, target tracking, and guidance and control system due to its advantages of superior estimation accuracy, remarkable numerical stability, and minimal computational requirements (Arasaratnam and Haykin, 2009; Sindhuja et al., 2023). And yet CKF assumes that the random model in the filter is white Gaussian noise. In practical application, it is common for the random model to deviate from the assumption of white Gaussian noise, which inevitably affects the accuracy of filtering estimation (Sun et al., 2022; Tang et al., 2023; Wang et al., 2023). Therefore, mitigating the impact of non-Gaussian noise on the estimation accuracy of CKF has been a prominent research topic in the field of GNSS/SINS tightly coupled integrated navigation data fusion.
1.2 Mproved cubature Kalman filter
In recent years, various optimized algorithms for CKF have been proposed to address the issue of non-Gaussian noise in states estimation. A strong tracking CKF with multiple sub-optimal fading factor is introduced to tackle the discrepancy between theoretical and practical models of measurement noise in GNSS/SINS tightly coupled integrated navigation systems, which significantly enhances the accuracy of navigation estimation (Huang et al., 2016). Furthermore, a robust CKF based on M-estimation is presented, which can reduce the impact of non-Gaussian measurement noise interference. This filter redefines the innovation sequence using the M-estimate of Huber’s equivalent weight function, enhancing the robustness of the GNSS/SINS tightly coupled integrated navigation system data fusion (Wang et al., 2020). Additionally, an adaptive CKF based on Mahalanobis distance is designed to address the unknown noise statistics. By employing the Mahalanobis distance of innovations to determine the random model of filter, this filter improves the positioning accuracy of GNSS/SINS tightly coupled integrated navigation systems (Zhang et al., 2021). However, these above optimized algorithms for CKF approximate the true distribution of non-Gaussian through the Gaussian distribution approximation method with a larger variance, which may result in inaccurate estimated variance for state estimation (Legin et al., 2023; Dong et al., 2023).
Lately, the Gaussian mixture model (GMM) derived from the multimodal approximation method has emerged as a promising approach to solve non-Gaussian noise problems. Compared to the Gaussian distribution approximation method with a larger variance, the GMM offers higher accuracy in this regard (Alspach and Sorenson, 1972; George et al., 2022). By decomposing the probability density function (PDF) of non-Gaussian noise into multiple Gaussian components using GMM, Gauss-Hermite sum filter can be derived. Combining GMM with CKF yields the Gaussian sum CKF (GSCKF), which has been applied to GNSS/SINS tightly coupled integrated navigation data fusion, thereby contributing to improved navigation positioning accuracy (Bai et al., 2022). Since 2023, numerous improved algorithms for GSCKF have emerged in rapid succession, finding their applications within the domain of non-Gaussian nonlinear systems. These refined algorithms encompass: Credible GSCKF, Observability-Based GSCKF, quaternion constrained GSCKF, and so on (Ge et al., 2024; Jiang et al., 2024; Dai et al., 2024; Li et al., 2020). However, due to the non-stationary nature of practical operation environments of GNSS/SINS tightly coupled integrated navigation systems, the statistical characteristics of non-Gaussian noise also change over time (Zhou et al., 2024; Lin et al., 2023; Chen et al., 2023). Although the above research has to some extent improved the estimation accuracy of GNSS/SINS tightly coupled integrated navigation systems data fusion using GSCKF affected by non-Gaussian noises, the GMM modeling parameters in GSCKF cannot change with the statistical characteristics of non-Gaussian noise, and this limitation will lead to a decrease in estimation accuracy, which may seriously cause divergence.
1.3 Motivation and contributions
The motivation for this study stems from the intricate and dynamic nature of practical operating environments in GNSS/SINS tightly coupled integrated navigation system. These environments introduce time-varying non-Gaussian noise characteristics that exhibit stochastic behavior. Consequently, the inability of the GMM employed within GSCKF to adapt dynamically results in a degradation of estimation accuracy. Addressing the challenges posed by such time-varying non-Gaussian noise is crucial for maintaining the performance of GSCKF. Therefore, inspired by the research in reference (George et al., 2022; Dai et al., 2024; Lin et al., 2023; Panda et al., 2024a; Panda et al., 2024b), we propose a novel Adaptive GSCKF(AGSCKF), specifically designed to mitigate the adverse effects of time-varying non-Gaussian noise, thereby enhancing the performance of GNSS/SINS tightly coupled integrated navigation system.
The contributions of this work are concisely summarized as follows.
1) A novel AGSCKF is proposed, building upon the framework of GSCKF. This filter specifically targets the statistical properties of time-varying non-Gaussian noise, mitigating the adverse effects on the estimation accuracy of GSCKF.
2) The innovation of AGSCKF lies in its integration of a cost function-based adaptation algorithm. This algorithm dynamically optimizes the displacement parameter of GMM in real-time, ensuring precise tracking of the statistical characteristics of time-varying non-Gaussian noise.
3) Simulation and experimental analyses have been conducted to demonstrate the superior performance of AGSCKF, particularly in enhancing the estimation accuracy and adaptability of the GNSS/SINS tightly coupled integrated navigation system in time-varying non-Gaussian noise scenarios.
Collectively, these contributions highlight the superior performance of AGSCKF compared to CKF and GSCKF in addressing data fusion for GNSS/SINS tightly coupled integrated navigation systems in challenging environments.
2 BACKGROUND AND PROBLEM FORMULATION
2.1 Mathematical models for GNSS/SINS tightly coupled integrated navigation system
The GNSS/SINS tightly coupled integrated navigation system exhibits excellent navigation accuracy and robustness against interference. Nevertheless, in the presence of high maneuvering, conventional linearized models tend to compromise the accuracy of estimation, necessitating the nonlinear mathematical model (Groves, 2008). The nonlinear mathematical model for GNSS/SINS tightly coupled integrated navigation system includes the state-space model and the measurement model.
The state estimation [image: image] at epoch k-1 encompasses attitude, velocity, position, gyroscope drift, accelerometer drift, GNSS clock bias, and GNSS clock drift. The state-space model can be mathematically expressed by Equation 1.
[image: image]
where [image: image] is a nonlinear function, [image: image] is the noise coefficient matrix, [image: image] is the process noise, Assuming that [image: image] is characterized as white Gaussian noise, it can be represented mathematically as [image: image].
The measurement model is expressed by Equation 2.
[image: image]
where [image: image] is the measurement composed of pseud-orange and pseud-orange rate corrected by satellite clock bias, ionospheric delay, and tropospheric delay. [image: image] is a nonlinear function. [image: image] is the measurement noise caused by GNSS receiver, multipath effects, and orbit prediction residuals. Since [image: image] does not conform to white Gaussian noise, it is classified as non-Gaussian noise. Its distribution can be closely approximated by two Gaussian components (Bai et al., 2022).
[image: image]
where [image: image] is the Gaussian component of mean [image: image] and variance [image: image] at epoch [image: image], [image: image] denotes the Gaussian component of mean [image: image] and variance [image: image], and [image: image] represents a factor with unmeasurable and time-varying characteristics, setting [image: image].
2.2 Cubature Kalman filter
CKF is a Gaussian filter that enables the approximation of the PDF of nonlinear functions through a set of cubature points. This approach avoids the need for linearization of the nonlinear function, thereby enhancing the accuracy and reliability of states estimation. By utilizing this method, the CKF offers significant advantages over traditional linearized filters in terms of its ability to handle non-linear systems with high dimensional states estimation. The specific implementation steps of CKF are as follows.
Step 1: Initialization.
Set [image: image], [image: image] and [image: image], where [image: image] is the expected value, [image: image] represents the Cholesky decomposition, and [image: image].
Step 2: Calculate the sampling points.
Let state estimation at epoch [image: image] expressed as [image: image], and its covariance is computed as
[image: image]
The third-order spherical phase diameter cubature rule is employed to generate a set of cubature points [image: image]
[image: image]
In Equation 5, [image: image] denotes the total number of cubature points, [image: image], [image: image]. [image: image] is the dimension of the state estimation. In other words, the total number of cubature points is twice the dimension [image: image] of the state estimation.
Step 3: Prediction.
The estimation of cubature points [image: image] and propagation cubature points [image: image] are calculated separately.
[image: image]
[image: image]
Calculate the state prediction [image: image] and its covariance [image: image]
[image: image]
[image: image]
where [image: image] is the covariance of process noise.
Step 4: Update.
Calculate measurement prediction [image: image], its corresponding covariance [image: image], and cross-covariance [image: image], respectively.
[image: image]
[image: image]
[image: image]
where [image: image], [image: image], [image: image].
Update the filter gain [image: image], state estimation [image: image], and its covariance [image: image] separately.
[image: image]
[image: image]
[image: image]
2.3 Gaussian sum cubature Kalman filter
CKF is a nonlinear filter that assumes the random model is white Gaussian noise. However, in practical operating environments, the measurement noise encountered in GNSS/SINS tightly coupled integrated navigation systems exhibits non-Gaussian characteristics. Consequently, it becomes imperative to combine CKF with GMM to develop states estimation of the GSCKF. The GSCKF enables CKF to effectively address the challenges posed by non-Gaussian noise, thereby enhancing the accuracy and reliability of state estimation for GNSS/SINS tightly coupled integrated navigation systems data fusion.
The distribution of measurement noise is depicted as non-Gaussian noise in Equation 3. However, due to the unmeasurable and time-varying characteristics of the factor [image: image], [image: image] is often decomposed into two Gaussian distributions with equidistant distributions as illustrated below:
[image: image]
where [image: image] represents a Gaussian component characterized by its mean [image: image] and variance [image: image]. Similarly, [image: image] denotes another Gaussian component defined by its mean [image: image] and variance [image: image].
[image: image]
where [image: image] and [image: image] correspond to the maximum eigenvalue and the corresponding eigenvector of [image: image], respectively. [image: image] is the GMM displacement parameter that influences the mean distance between the two Gaussian components, [image: image]. In practical computations, [image: image] is typically set to 0.5 (Sun et al., 2020; Yu et al., 2023). As depicted in Figure 1, the decomposition process of GMM is illustrated as below.
[image: Figure 1]FIGURE 1 | The decomposition process of GMM.
In Figure 1, the blue solid line [image: image] represents the PDF of non-Gaussian noise, while the brown solid lines [image: image] and brown dotted lines [image: image] represent the two Gaussian components obtained through GMM decomposition respectively, with displacement parameter [image: image]. It can be seen that the probability density distribution after decomposition by GMM is close to the non-Gaussian noise in Equation 3. Therefore, GSCKF has better filtering performance than CKF owing to its accuracy random model under non-Gaussian noises scenarios.
The general implementation procedures of GSCKF can be described as follows. Firstly, based on GMM, the decomposition of non-Gaussian noise is performed using Equations 16, 17. Then, CKF is performed by employing Equations 4–15, and the state estimation of two components at the next epoch can be gotten separately. Finally, based on the weights of different components, a weighted combination is carried out to obtain the final state estimation and its covariance as outputs.
2.4 Flaws and shortcomings
The Allan variance analysis reveals that the measurement noise of GNSS/SINS tightly coupled integrated navigation systems is non-Gaussian in nature, rather than white Gaussian noise. Additionally, the mathematical statistical characteristics of non-Gaussian noise exhibit time-varying behavior due to changes in the practical operation environment over time (Tang et al., 2023; Zhang et al., 2020; Elmezayen and El-Rabbany, 2021; Taghizadeh and Safabakhsh, 2023). Although non-Gaussian noise can be approximated by Equation 17, the dynamic nature of the practical operation environment of GNSS/SINS tightly coupled integrated navigation systems introduces uncertainties in the factor, which makes the time-varying characteristics of [image: image]. Therefore, it limits the optimality of the GMM displacement parameter when setting, as shown in Equation 17. In other words, if the GSCKF based on GMM with a fixed GMM displacement parameter is directly applied to GNSS/SINS tightly coupled integrated navigation systems data fusion, it may not effectively cope with time-varying non-Gaussian noise, resulting in random model mismatches, reduced estimation accuracy, and even divergence in severe cases.
3 GAUSSIAN SUM CUBATURE KALMAN FILTER WITH TIME-VARYING NON-GAUSSIAN NOISE
To address the challenge of deteriorating estimation accuracy of GSCKF, where in the measurement noise is time-varying non-Gaussian noise, this section proposes a novel adaptive GSCKF (AGSCKF) based on the adaptively adjustment of the GMM displacement parameter. According to the impact analysis of GMM displacement parameter on the accuracy of GMM modeling, the AGSCKF employs an adaptive algorithm to select the optimal GMM displacement parameter between two Gaussian components to track changes in the statistical characteristics of non-Gaussian noise. As a result, the derivation of the AGSCKF for GNSS/SINS tightly coupled navigation system data fusion is achieved when measurement noise becomes time-varying non-Gaussian noise.
3.1 Analysis of the GMM displacement parameter on the accuracy of GMM modeling
The GSCKF decomposes non-Gaussian noise through GMM to obtain an approximate model by Equation 17, which makes the decomposed mixed model close to the non-Gaussian noise model in Equation 3. However, the time-varying [image: image] in Equation 3 also introduces uncertainty for [image: image] in Equation 17. And in the decomposition process of GMM, Equation 17 typically determines the GMM displacement parameter as [image: image], which is not optimal. If [image: image], the effect of [image: image] is stronger than that of [image: image]; while [image: image], the effect of [image: image] is smaller than that of [image: image]. So, it is required that when non-Gaussian noise varies, the GMM displacement parameter can be adjusted adaptively.
In Figure 2, [image: image] represents non-Gaussian noise in Equation 3, while [image: image] and [image: image] represent the two components in Equation 3. As shown in Figure 2A, when [image: image], the GMM modeling result of Equation 17 is represented by the area enclosed by [image: image], [image: image] and the x-axis. The overlap between this area and the area enclosed by [image: image], [image: image] and the x-axis is the actual estimation result, denoted as M. The higher the overlap, the higher the estimation accuracy. On the other hand, when [image: image], the actual estimation result, denoted as N in Figure 2A. Comparing M and N, it can be observed that the degree of overlap of M is lower than that of N, indicating that the estimation result shown in Figure 3D is better than that shown in Figure 3A.
[image: Figure 2]FIGURE 2 | Relationship between the GMM displacement parameter and GMM modeling. (A) [image: image] (B) [image: image] (C) [image: image]. (D) [image: image] (E) [image: image] (F) [image: image].
[image: Figure 3]FIGURE 3 | The flowchart of the proposed AGSCKF.
Further, as the effect of [image: image] weakens ([image: image] changes from 0.20 to 0.10), the mean centers of [image: image] and [image: image] shift towards each other. The estimation result repressed as M′ when [image: image] in Figure 3C, and the estimation result repressed as N′ when [image: image] in Figure 3F. It is observed that the overlap degree of M′ is higher than that of N′, indicating that the estimation accuracy in Figure 3C is superior to that in Figure 3F when [image: image].
This demonstrates that when non-Gaussian noise varies, adaptive adjustments in the GMM displacement parameter [image: image] can effectively track the time-varying nature of non-Gaussian noise, resulting in a more reasonable GMM decomposition process and a closer fit to the actual non-Gaussian noise. By incorporating this approach into the GSCKF, more accurate stochastic models can be obtained, thereby enhancing the accuracy of GSCKF estimation.
3.2 Adaptive algorithm for the GMM displacement parameter
An adaptive algorithm is devised to address the real-time estimation challenge of the GMM displacement parameter under time-varying non-Gaussian noise condition. This algorithm employs the maximum value of the cost function as the optimal criterion and adaptively selects the optimal parameter within a specified range. The cost function is defined as follows:
[image: image]
Subsequently, the corresponding value of the GMM displacement parameter [image: image] within its range of variation [image: image] can be calculated. The GMM displacement parameter that corresponds to the maximum value [image: image] is identified as the optimal parameter value [image: image] by Equation 19.
[image: image]
where [image: image].
3.3 The process of AGSCKF
The proposed AGSCKF is derived by incorporating the adaptive algorithm for the GMM displacement into GSCKF. The specific implementation steps of the AGSCKF are as follows.
Step 1: Set the step size of displacement parameter’s changes [image: image] and displacement parameter’s range of variation [image: image].
The choice of step size has a significant impact on the accuracy of proposed AGSCKF. A smaller step size generally leads to higher accuracy, albeit at the cost of increased computational complexity.
Step 2: Let [image: image], and the maximum likelihood function is given by [image: image].
Step 3: The state prediction [image: image], measurement prediction [image: image], and its corresponding covariance [image: image], cross-covariance [image: image] are computed utilizing Equations 4–12.
Step 4: To determine whether GMM decomposition is necessary, the nonlinearity [image: image] is calculated by Equation 20.
[image: image]
where [image: image]. Set [image: image] is threshold. If [image: image], it is hypothesized that the high nonlinearity is exhibited in the presence of non-Gaussian noise, necessitating GMM decomposition. Consequently, the algorithm proceeds to the iteration of step 5. In contrast, if [image: image], GMM decomposition is not performed, the state estimation [image: image] and its corresponding covariance [image: image] at the subsequent epoch can be obtained using Equations 13–15.
Step 5: The following iteration (sub-step 1 to sub-step 5) is executed until [image: image].

Sub-step 1: The state prediction [image: image], the measurement prediction [image: image], and its corresponding covariance [image: image] and [image: image] are calculated by Equations 4–15.
Sub-step 2: The state prediction [image: image], the measurement prediction [image: image], and its corresponding covariance [image: image] and [image: image] are obtained by Equations 4–15.
Sub-step 3: In the presence of two Gaussian components, the cost function in Equation 18 is modified by Equation 21.

[image: image]
where [image: image] is the weight of components, and [image: image] is the covariance of measurement noise, superscript represent different components.

Sub-step 4: If [image: image], reset [image: image], and [image: image].
Sub-step 5: Update the GMM displacement parameter [image: image] by Equation 22.

[image: image]

Step 6: Based on the weights of components, calculate the state estimation [image: image] and its covariance [image: image] by Equations 23–26.
[image: image]
[image: image]
[image: image]
[image: image]
Through the aforementioned calculation procedures, it becomes evident that the GMM displacement parameter can be adaptively adjusted, thereby bringing the non-Gaussian noise model shown in Equation 17 closer to that shown in Equation 3. This approach effectively addresses the limitations of GMM modeling inherent in the GSCKF. Consequently, the AGSCKF proposed in this section is theoretically expected to exhibit superior estimation accuracy compared to the GSCKF. The flowchart for the proposed AGSCKF is illustrated in Figure 3.
4 PERFORMANCE EVALUATION AND DISCUSSIONS
The proposed AGSCKF has been thoroughly assessed through simulations and experiments for GNSS/SINS tightly coupled integrated navigation system data fusion. In this section, the comparison and analysis of the proposed AGSCKF with CKF and GSCKF are discussed.
4.1 Simulations and analysis
The proposed AGSCKF is assessed for the data fusion of an UAV utilizing a GNSS/SINS tightly coupled integrated navigation system. The simulate trajectory of UAV flight, which includes various maneuvering states such as climbing, level flight, turning, and descending, is depicted in Figure 4. The initial attitude of UAV is all 0° in pitch, row and yaw respectively; the initial velocities are set as 0 m/s, 120 m/s and 0 m/s in the east, north and up respectively; the initial position is set as 110.20°, 34.00° and 2,000 m in longitude, latitude and altitude respectively. The simulated sensor’s parameters for the GNSS/SINS tightly coupled integrated navigation system are listed in Table 1. The GNSS measurement utilized in the simulation was derived from satellite constellations and epoch information obtained on 28 July 2023. Simulation duration is 1,000 s. Computer utilized in simulations encompasses an Intel Core i7-12700 CPU, 128 GB DDR4 memory, and Matlab R2020b software.
[image: Figure 4]FIGURE 4 | UAV flight trajectory.
TABLE 1 | Sensor’s parameters.
[image: Table 1]The initial parameters for three different algorithms (CKF, GSCKF and AGSCKF) are given in Table 2. The measurement non-Gaussian noise is generated by Equation 27.
[image: image]
where [image: image]. In order to evaluate the performance of three different algorithms in terms of time-varying non-Gaussian noise, two different changes were implemented to the measurement non-Gaussian noise, respectively. During the epoch period from 401 s to 500 s and the epoch period from 601 s to 800 s, the measurement non-Gaussian noise is generated by Equation 28.
[image: image]
where [image: image].
TABLE 2 | Initial parameters for the algorithms.
[image: Table 2]The attitude error curves and positioning error curves of various algorithms (CKF, GSCKF, and AGSCKF) are illustrated in Figure 5. As can be observed from it, prior to the occurrence of changes for non-Gaussian noise statistical properties (0 s–400 s), the estimation error of CKF is highest of the three, while the estimation accuracies of GSCKF and AGSCKF are nearly equal and superior to that of CKF. This phenomenon can be attributed to the fact that GSCKF and AGSCKF employ GMM to model non-Gaussian noise, thereby mitigating its impact on estimation accuracy and ensuring enhanced attitude and positioning accuracy of GNSS/SINS tightly coupled integrated navigation systems operating in non-Gaussian noise environments.
[image: Figure 5]FIGURE 5 | Estimation errors by the CKF, GSCKF and proposed AGSCKF for simulations. (A) Attitude (B) Position.
However, upon the occurrence of changes for non-Gaussian noise statistical properties (401 s–500 s, and 601 s–800 s), a significant increase in estimation error is observed for GSCKF as compared to AGSCKF. The discrepancy is caused by the change of non-Gaussian noise and the inability of the GMM displacement parameter of GSCKF to adapt accordingly, which leads to deterioration of estimation accuracy due to inaccurate GMM modeling for GSCKF. In contrast, the AGSCKF employs adaptive corrected GMM displacement parameter to achieve real-time tracking of time-varying non-Gaussian noise, thereby achieving more stable estimation performance than GSCKF.
In order to exemplify the impartiality of algorithm comparison, the root mean square error (RMSE) with 100 Monte-Carlo simulations is used to quantify the estimation accuracy of all the algorithms, which is defined by Equation 29.
[image: image]
where [image: image] is the total number of Monte Carlo simulations; [image: image] is the reference; [image: image] is the state estimation. And the time consumption per epoch is calculated for the quantitative comparison of the computational complexity of various algorithms.
As shown in Table 3, the yaw is taken as an example. Prior to the occurrence of changes for non-Gaussian noise statistical properties (0 s–400 s), the estimation accuracy of GSCKF and AGSCKF are relatively close (0.317′ and 0.298′), both of which are higher than that of CKF (0.365′). When the first occurrence of changes for non-Gaussian noise statistical properties (401 s–500 s), AGSCKF achieves higher estimation accuracy due to real-time correction of GMM displacement parameter by AGSCKF. Compared to GSCKF and CKF, it has increased by 0.035′ and 0.080′, respectively. When the second occurrence of changes (601 s–800 s), the accuracy advantage of AGSCKF estimation is significant, with AGSCKF improving 0.034′ and 0.081′ compared to GSCKF and CKF, respectively.
TABLE 3 | (a): RMSEs of attitude errors (′). (b) RMSEs of position errors (′).
[image: Table 3]As depicted in Table 4 and Figure 6, it reveals that the changes of computation time for all three algorithms are relatively similar in all different epoch periods. Take epochs 601 s–800 s as example, the analysis of the average time spent per epoch reveals that CKF has the shortest computational time (5.84 ms) among all the algorithms. In contrast, the computational time of GSEKF is significantly larger than that of CKF by at least 135.66% times (7.92 ms). This is due to the complex computational process of GSCKF involved in distributed filtering and global point estimation at each epoch. Furthermore, the computational time of AGSCKF is at least 284.42% longer (16.61 ms) than that of CKF because AGSCKF needs to update the GMM displacement parameter by iteration.
TABLE 4 | The average time spent per epoch (ms).
[image: Table 4][image: Figure 6]FIGURE 6 | Relative computational complexity of the three different algorithms.
4.2 Experiments and analysis
This section presents the analysis and verification of the performance of the proposed AGSCKF through experiments. The experimental data was collected from a GNSS/SINS tightly coupled integrated navigation system mounted on UAVs. The experiment was conducted on 18 Oct 2023, at Zhengzhou, China. Table 5 shows the parameters of the SINS device and GNSS receiver in the GNSS/SINS tightly coupled integrated navigation system.
TABLE 5 | Parameters of GNSS/SINS tightly coupled navigation system.
[image: Table 5]The initial position of the UAV was at latitude 34.654°, longitude 109.193°, and altitude 3,783 m, with initial velocities of 180 m/s, 60 m/s, and 40 m/s in the east, north, and up directions, respectively. The other initial parameters were consistent with those utilized in the simulations. A continuous data collection was conducted for a duration of 3,000 s, encompassing various maneuvering states such as climbing, level flight, turning, and descending. To ensure accurate results, a GNSS reference station was placed on the ground within a maximum distance of 20 km from the UAV. The differential data calculation result between the GNSS receiver on the UAV and the GNSS reference station served as the reference value. Subsequent post-processing yielded a differential positioning result with an accuracy better than 0.1 m. Three different algorithms same with simulation were employed for data fusion (CKF, GSCKF, and AGSCKF).
To assess the non-Gaussian and time-varying nature of GNSS measurement noise in experimental data, the statistical analysis was conducted on the pseudo-range noise of GNSS. The non-Gaussian nature of noise was measured using kurtosis. When [image: image], the noise follows a Gaussian distribution; otherwise, it can be concluded that the noise does not follow a Gaussian distribution. When [image: image], the noise obeys a super-Gaussian distribution or a thick-tailed distribution; when [image: image], the noise obeys a sub-Gaussian distribution (Celikoglu and Tirnakli, 2018; Hatem et al., 2022). Table 6 presents the statistical characteristics of pseudo-range noise for the G22 satellite during different epoch periods.
TABLE 6 | Statistical characteristics analysis of G22 pseudo-range noise.
[image: Table 6]As depicted in Table 6, the kurtosis of the pseudo-range noise generated by the G22 satellite is noticeably less than 3 within the epoch intervals of [201,300] (s) and [1,301, 1,400] (s), indicating a negative kurtosis. This suggests that the G22 pseudo-range noise exhibits significant non-Gaussian characteristics. Conversely, the kurtosis of satellite’s pseudo-range noise within the epoch intervals of [801, 900] (s) and [1,101, 1,200] (s) are close to 3. As such, the G22 pseudo-range noise exhibits relatively weak non-Gaussian characteristics. This observation highlights the temporal variation in the statistical characteristics of non-Gaussian noise from measurement, which can be characterized as time-varying non-Gaussian noise.
The positioning error curves of different algorithms (CKF, GSCKF, and AGSCKF) during the epoch period of [0, 1,500] (s) are depicted in Figure 7. As observed from it, the range of changes for the CKF positioning error curve is significantly higher than that of GSCKF and AGSCKF. This can be attributed to the fact that CKF is unable to effectively counteract the influence of non-Gaussian noise, resulting in a larger positioning error. However, due to the use of GMM in GSCKF to accurately process the random model, the impact of non-Gaussian noise is mitigated. Consequently, the positioning accuracy of GSCKF has been enhanced. Furthermore, the maximum value of the positioning error curve variation range of AGSCKF is smaller than that of GSCKF. The main reason is that AGSCKF takes into account the time-varying non-Gaussian noise and employs the adaptive algorithm of GMM displacement parameter to improve the accuracy of GMM modeling, thereby minimizing the positioning error of AGSCKF.
[image: Figure 7]FIGURE 7 | Position errors by CKF, GSCKF and proposed AGSCKF for experiment case.
To further validate the performance of the proposed AGSCKF, Table 7 presents a quantitative comparison of the RMSEs of different algorithms (CKF, GSCKF, and AGSCKF) for both 1,500 sets data and 3,000 sets data. As observed from it, an increase in navigation duration leads to a decrease in estimation accuracy for all algorithms. Specifically, when considering longitude positioning error as an example, CKF exhibits a reduction from 3.835 m to 4.067 m (about 5.70%), GSCKF shows a reduction from 3.245 m to 3.384 m (about 4.10%), and AGSCKF experiences a reduction from 2.854 m to 2.953 m (about 3.35%). It is evident that the estimation accuracy of AGSCKF consistently surpasses that of CKF and GSCKF. This highlights that AGSCKF not only possesses robust processing capabilities for time-varying non-Gaussian noise but also significantly enhances the GNSS/SINS tightly coupled integrated navigation positioning accuracy of UAVs in challenge environments. Furthermore, it maintains excellent stability of GNSS/SINS tightly coupled integrated positioning in long-sailing missions.
TABLE 7 | Comparison of estimation results with different datasets.
[image: Table 7]The computational complexity of AGSCKF is analyzed. It is observed that AGSCKF slightly increases the computation time per epoch, but does not result in a significant decrease in computational efficiency. This can be attributed to the fact that although AGSCKF requires iterative calculation of the GMM displacement parameter, relatively high-accuracy estimation can reduce the initial sensitivity of GMM and accelerate the convergence speed of GMM displacement parameter estimation.
In conclusion, the experiment confirms the same conclusion as the simulations, namely, that AGSCKF outperforms the other two algorithms (CKF and GSCKF) in terms of estimation accuracy and adaptability of GNSS/SINS tightly coupled integrated navigation data fusion.
5 CONCLUSION
The limitations of the GSCKF in the context of time-varying non-Gaussian noise of GNSS/SINS tightly coupled integrated navigation systems is analyzed theoretically. It is revealed that the GMM displacement parameter between Gaussian components significantly impact the accuracy of GMM fitting. To address this issue, a novel adaptive adjustment method for GMM displacement parameter is presented, which dynamically modifies this parameter through the cost function, thereby enhancing the rationality of the GMM decomposition process. This approach is incorporated into GSCKF to improve filtering accuracy, and effectively addresses the challenges posed by time-varying non-Gaussian noise, providing a viable solution to achieve high-accuracy estimation for GNSS/SINS tightly coupled integrated navigation systems operating in maneuvering states within challenging environments. Simulations and experiments demonstrate that the proposed AGSCKF enhances the estimation accuracy and adaptability of GSCKF in non-Gaussian noise condition, and exhibites superior stability in long-sailing missions. The research findings have significant implications for both nonlinear non-Gaussian filtering theory and GNSS/SINS tightly coupled integrated navigation systems data fusion algorithms for engineering applications.
While the proposed AGSCKF proves to be effective in modeling time-varying non-Gaussian noise in GNSS/SINS tightly coupled integrated navigation systems, it disregards the undefined noise scenarios, rendering the random model unable to adapt to the statistical characteristics of undefined noise. This limitation impairs the ability of AGSCKF proposed in this paper to effectively address undefined noise, potentially leading to a decline in estimation accuracy under severe conditions. So, the real-time dynamic GMM modeling techniques for undefined noise are very meaningful research points in the future.
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