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We review basic results on the Bose–Einstein condensate dark matter (BECDM)
model. Self-gravitating BECs experience a collisionless process of gravitational
cooling and violent relaxation, leading to BECDM halos with a “core-envelope”
structure. The quantum core (soliton), which is the ground state of the
Gross–Pitaevskii–Poisson (GPP) equations, may solve the core–cusp problem
of the cold dark matter (CDM) model. The approximately isothermal envelope,
resulting from the quantum interferences of the excited states, is similar to the
Navarro–Frenk–White (NFW) profile of CDM halos and accounts for the flat
rotation curves of the galaxies. We derive the core mass–radius relation, the
halo mass–radius relation, and the core mass–halo mass relation of BECDM
halos. We show that the core mass increases with the halo mass and we discuss
the possibility that it collapses above a maximum mass arising from general
relativity or from the attractive self-interaction of the bosons. We discuss the
secular evolution of BECDM halos induced by the formation of granules (or
quasiparticles) in the envelope, and we mention the analogy with the evolution
of globular clusters. We also discuss the basic elements of BECDM cosmology.
Throughout this review, we emphasize the importance of the maximum mass
of dilute axion stars with an attractive self-interaction [P.H. Chavanis, Phys. Rev.
D 84, 043531 (2011)] and its consequences.

KEYWORDS

self-gravitating systems, Bose–Einstein condensates, scalar field, dark matter,
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1 Introduction

Even after 100 years of research, the nature of dark matter (DM) remains elusive. The
cold dark matter (ΛCDM) model works extremely well at large (cosmological) scales and
can account for precise measurements of the cosmic microwave background (CMB) from
the Wilkinson Microwave Anisotropy Probe (WMAP) (Hinshaw et al., 2009) and Planck
missions (Ade et al., 2014; Ade et al., 2016). However, in addition to the lack of evidence for
any CDM particle such as a weakly interacting massive particle (WIMP) with a mass in the
GeV–TeV range, the CDM model faces serious problems at small (galactic) scales.

One of these problems is the “core-cusp problem” (Moore et al., 1999). ClassicalN-body
numerical simulations (Navarro et al., 1996) lead to DM halos with a universal density
profile called the Navarro–Frenk–White (NFW) profile. The density decreases at large
distances as r−3 and presents a r−1 cusp at the center. On the other hand, the results of
observations can be fitted by the empirical Burkert profile (Burkert, 1995). The density also
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decreases at large distances as r−3 but, contrary to the NFW profile,
it presents a core at the center. Therefore, the observations favor a
core with an approximately constant density instead of a cusp.

Another problem is the “missing satellites problem”
(Kauffmann et al., 1993; Klypin et al., 1999; Kamionkowski and
Liddle, 2000). For a cold classical gas, the Jeans length vanishes or
is extremely small (λJ ≃ 0), implying that structures can form at all
scales as a result of gravitational collapse. However, observations
reveal that, contrary to the prediction of the CDM model, there
are no halos below a certain scale. These ultracompact dark matter
(UDM) halos correspond typically to dwarf spheroidal galaxies
(dSphs) like Fornax. To be specific, we shall assume that Fornax
is the smallest halo observed in the universe. We will call it the
“minimum halo” and take

(Mh)min ∼ 10
8 M⊙, (rh)min ∼ 1kpc (1)

for its characteristicmass and characteristic radius (this corresponds
to a typical density ρ ∼ 10−18 g/m3 and a typical surface density Σ ∼
100 M⊙/pc2). These values can certainly be refined, but they will be
sufficient (and practical) for our purposes.

The “small-scale crisis of CDM” (Bullock and Boylan-Kolchin,
2017) is somehow related to the assumption that DM is pressureless.
A first possibility to solve the CDM crisis is to take into
account the feedback of the baryons that can transform cusps
into cores (Romano-Díaz et al., 2008; Pontzen and Governato,
2014; Oñorbe et al., 2015). Another possibility is to consider self-
interacting dark matter (SIDM) (Spergel and Steinhardt, 2000) or
warm dark matter (WDM) (Bode et al., 2001), where a pressure
arises as a result of particle dispersion. In that case, we have to
deal with a gas at nonzero temperature (T ≠ 0). The Jeans length
is increased, possibly solving the missing satellite problem. On the
other hand, SIDM and WDM halos present an isothermal core,
possibly solving the core–cusp problem. The problems of the CDM
model may also be solved by taking into account the quantum (or
wave) nature of the DM particle. Indeed, in quantum mechanics, an
effective pressure is present even at zero temperature (T = 0). This
quantum pressure may balance the gravitational attraction at small
scales and solve the CDM crisis.

Some authors have considered the case where the DM particle is
a fermion, like amassive sterile neutrino. In thismodel, gravitational
collapse is prevented by the quantum pressure arising from the
Pauli exclusion principle. Other authors have considered the case
where the DM particle is a boson like the QCD axion1 or like an
ultralight axion (ULA) or an axion-like particle (ALP) predicted by
string theory. In thismodel, gravitational collapse is prevented by the
quantumpressure arising from theHeisenberg uncertainty principle
or by the scattering of the bosons when their self-interaction
is repulsive. In these quantum (fermionic and bosonic) models,
the minimum halo is interpreted as the ground state of the self-
gravitating quantum gas at T = 0. As we shall see, this constraint
determines the typical characteristics of the DM particle.

1 The QCD axion is a pseudo-Nambu–Goldstone boson of the

Peccei–Quinn phase transition associated with a U(1) symmetry, which

was proposed as a possible solution to the strong charge parity (CP)

problem in quantum chromodynamics (QCD).

We shall not review the literature on fermionic and bosonic DM
in detail here because this literature is extensive, and this review
has already been done in our previous contributions where we cite
numerous references. A short history of fermionic DM can be found
in the introductions of Chavanis (2006), Chavanis et al. (2015a),
Chavanis et al. (2015b), Chavanis (2020d), Alberti and Chavanis
(2020b), Chavanis (2023d), Chavanis (2022g) and a short history
of bosonic DM can be found in the introductions of Chavanis
(2011c), Chavanis (2016a), Chavanis (2018b), Chavanis (2019d),
Chavanis (2020c), Chavanis (2023c). It is fascinating to note that
the basic equations governing self-gravitating Fermi and Bose gases
have been used to describe not only astrophysical objects (white
dwarfs, neutron stars, fermion stars, boson stars, axion stars, and
DM halos) but also extended elementary particles with an effective
gravity accounting, for example, for the strong interaction (see the
discussion in the introduction of Chavanis (2023c)). To some extent,
the two communities working on these similar equations do not
know each other.

In this paper, we focus on bosonic DM. At T = 0, bosons form
Bose–Einstein condensates (BECs), and they are described by a
single wavefunction ψ(r, t) called the condensate wavefunction.2

This wavefunction can be interpreted as a scalar field (SF). Due
to the very large occupation number, the SF can be treated as a
classical field. The bosons may be noninteracting, or they may have
a repulsive or an attractive self-interaction (for example, the QCD
axion has an attractive self-interaction). On astrophysical scales, one
must generally take into account gravitational interactions between
the bosons. The evolution of the wave function of self-gravitating
BECs is then governed by the Schrödinger–Poisson (SP) equations
when the bosons are noninteracting (Ruffini and Bonazzola, 1969;
Membrado et al., 1989b; Widrow and Kaiser, 1993; Sin, 1994; Ji
and Sin, 1994; Hu et al., 2000; Guzmán and Ureña-López, 2004;
Sikivie and Yang, 2009) or by the Gross–Pitaevskii–Poisson (GPP)
equationswhen the bosons are self-interacting (Guzmán andUreña-
López, 2006; Böhmer and Harko, 2007; Chavanis, 2011c; Chavanis
and Delfini, 2011; Chavanis, 2011a; Chavanis, 2012b; Rindler-
Daller and Shapiro, 2012). In general relativity, one must use the
Klein–Gordon–Einstein (KGE) equations (Kaup, 1968; Ruffini and
Bonazzola, 1969; Baldeschi et al., 1983; Colpi et al., 1986; Seidel
and Suen, 1994; Lee and Koh, 1996; Guzmán and Matos, 2000;
Goodman, 2000; Peebles, 2000; Arbey et al., 2001; Arbey et al.,
2003). DM halos made of BECs can thus be viewed as gigantic
bosonic atoms where the bosonic particles are condensed in a
single macroscopic quantum state. The wave properties of the SF
are negligible at large (cosmological) scales where the SF behaves
as CDM, but they gain importance at small (galactic) scales where
they can prevent gravitational collapse, providing halo cores and
suppressing small-scale structures. This can solve the CDM small-
scale crisis such as the core–cusp problem and the missing satellite

2 The condensation occurs when the particles in the gas become

correlated in a quantum mechanical manner, i.e., when the de Broglie

thermal wavelength of a particle λdB = (ℏ2/mkBT)
1/2 turns out to be

greater than the mean interparticle distance l = n−1/3 (i.e., nλ3dB > 1). In

the nonrelativistic regime, the exact condensation temperature is given

by Tc = 2πℏ2n2/3/[mkBζ(3/2)2/3], where ζ(3/2) = 2.612 … is the value of

the Riemann zeta function at s = 3/2.
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problem. The bosonic model is also called wave DM, fuzzy dark
matter (FDM), quintessential DM, ultralight dark matter (ULDM),
BECDM, ψDM, SFDM, etc. In the present review, following our
previous works, we shall use the name BECDM.

The evolution of a self-gravitating BEC presents three
main periods:

(i) Initially, the universe (assumed to be made of bosons in
the form of BECs) is spatially homogeneous. If slightly
perturbed,3 it experiences a quantum Jeans instability, leading
to the growth of the perturbations and the formation of
condensations (clumps) (Jeans, 1902; Khlopov et al., 1985;
Bianchi et al., 1990; Hu et al., 2000; Sikivie and Yang, 2009;
Chavanis, 2011c; Chavanis, 2012b; Suárez and Matos, 2011;
Suárez and Chavanis, 2015a; Suárez and Chavanis, 2018;
Chavanis, 2020b; Chavanis, 2021a). This corresponds to the
linear regime of structure formation describing the initiation
of the large-scale structures of the universe.

(ii) When the density contrast reaches a sufficiently large value,
the condensations (overdensities) decouple from the Hubble
flow, experience free fall and virialization, and grow through
collisions, merging, and accretion before being diluted by the
expansion of the universe. This corresponds to the nonlinear
regime of structure formation, leading to theDMhalos that are
observed today.4 BECDMhalos are formed by a dissipationless
(“collisionless”) relaxation process called gravitational cooling
(Seidel and Suen, 1994) or violent relaxation (Lynden-Bell,
1967). By this process, BECDMhalos acquire a “core-envelope”
structure with a quantum core (soliton) surrounded by an
extended quasi-isothermal envelope that results from the
quantum interferences of the excited states.This core–envelope
structure has been evidenced in numerical simulations of
the SP, GPP, and KGE equations (Seidel and Suen, 1994;
Schive et al., 2014a; Schive et al., 2014b; Schwabe et al., 2016;
Mocz et al., 2017; Mocz et al., 2018; Veltmaat et al., 2018;
Mocz et al., 2019; Mocz et al., 2020; Veltmaat et al., 2020;
Glennon and Prescod-Weinstein, 2021; Mocz et al., 2023;
Liu et al., 2023; Nori et al., 2023; Painter et al., 2024). The
quantum core (soliton) results from the balance between the
gravitational attraction and the quantum pressure arising from
the Heisenberg uncertainty principle or the self-interaction of
the bosons. This is the ground state of the SP, GPP, or KGE
equations. The envelope results from the balance between the
gravitational attraction and an effective thermal pressure. The
quantum core may solve the core–cusp problem of the CDM
model and the approximately isothermal envelope, which is
similar to the classical NFW profile, accounts for the flat

3 These perturbations may come from quantum fluctuations produced

during the inflation. In this sense, the universe is never exactly

homogeneous. It is spatially homogeneous only in an average sense.

We speak of the homogeneous background.

4 Spherical DM halos are connected by filaments. This network pattern

with a filamentary structure is similar to the initiation of a vasculature

in biology (see Gamba et al. (2003), Chavanis and Sire (2007), Chavanis

and Sire (2008) for the development of the analogy between gravity

and chemotaxis).

rotation curves of the galaxies at large distances (Chavanis,
2019d).5 The mass of the quantum core Mc increases with
the halo mass Mh. The minimum halo (Mh)min corresponds
to a purely solitonic core without envelope (Mc =Mh). This
is the ground state of the SP, GPP, or KGE equations. One
interesting problem is to determine the core mass–halo mass
relation Mc(Mh) of BECDM halos and see what happens
when the core mass becomes sufficiently large (Chavanis,
2019d; Chavanis, 2019a; Chavanis, 2020a; Chavanis, 2021a;
Chavanis, 2023c; Padilla et al., 2021).

(iii) The envelope of BECDM halos has a granular structure
as a result of quantum fluctuations (Schive et al., 2014a;
Schive et al., 2014b; Hui et al., 2017). These granules (or
quasiparticles) induce the secular evolution of the envelope
(Levkov et al., 2018; Bar-Or et al., 2019; Marsh and Niemeyer,
2019; El-Zant et al., 2020; Bar-Or et al., 2021; Chavanis, 2021b).
During this “collisional” process, someparticles of the envelope
condense and the mass of the soliton increases, being fed by
the envelope (Levkov et al., 2018; Eggemeier and Niemeyer,
2019; Chen et al., 2021; Chen et al., 2022). This scenario
was originally introduced to describe the Bose–Einstein
condensation and the formation of axion stars in virialized
DM halos and axion miniclusters (Levkov et al., 2018). It
was then applied to the formation of inflaton stars in inflaton
clusters (Musoke et al., 2020; Niemeyer and Easther, 2020;
Eggemeier et al., 2021; Eggemeier et al., 2022).

There have been several recent reviews on the scalar field, fuzzy,
ultralight, wave, or BEC dark matter model and on axion stars
(Suárez et al., 2014; Rindler-Daller et al., 2014; Chavanis, 2015d;
Marsh, 2016; Lee, 2018; Braaten and Zhang, 2019; Niemeyer, 2020;
Chavanis, 2023b; Ferreira, 2021; Hui, 2021; Visinelli, 2021; Khoury,
2022; Matos et al., 2024; Padilla et al., 2024). In this paper, we
review the basic aspects of self-gravitating BECs. We discuss results
(mainly centered on our own contributions) that have not been
treated in detail in the previous reviews.We only quote the literature
closely related to these topics and refer to other reviews and to
the introductions in our papers (Chavanis, 2011c; Chavanis, 2016a;
Chavanis, 2018b; Chavanis, 2020c; Chavanis, 2023c) for additional
references on a broader context.

This review is organized as follows. Section 2 discusses the
KGE and GPP equations governing self-gravitating BECs in the
relativistic and nonrelativistic regimes, respectively. In the following
sections, we focus on the nonrelativistic limit. Section 3 introduces
the Madelung (1927) hydrodynamic representation of the GPP
equations (Böhmer and Harko, 2007; Sikivie and Yang, 2009;
Chavanis, 2011c; Chavanis and Delfini, 2011; Chavanis, 2011a;
Chavanis, 2012b; Rindler-Daller and Shapiro, 2012). Section 4
discusses the ground state of the GPP equations, called a soliton.

5 Fermionic DM halos have a similar core–envelope structure, except

that the soliton is replaced by a “fermion ball” similar to a white dwarf

or a neutron star (Chavanis, 2022g). This core–envelope structure,

involving a fermion ball surrounded by an isothermal envelope, directly

results from the Fermi–Dirac distribution function coupled to gravity.

Because of its isothermal distribution function, fermionic DM is an

example of WDM.
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This ground-state solution describes either the minimum halo
or the quantum core of large DM halos. The core mass–radius
relation can be obtained exactly by solving the GPP equations
numerically, or approximately (analytically) by using a variational
approach based on a Gaussian ansatz (Chavanis, 2011c; Chavanis
and Delfini, 2011). In the case of self-gravitating BECs with no
self-interaction or with a repulsive self-interaction, we recall the
existence of a maximum mass set by general relativity (Kaup, 1968;
Ruffini and Bonazzola, 1969; Colpi et al., 1986; Chavanis and Harko,
2012). In the case of self-gravitating BECs with a strongly attractive
self-interaction, we show that equilibrium states exist only below
a maximum mass obtained in (Chavanis, 2011c; Chavanis and
Delfini, 2011) that has a nonrelativistic origin. It corresponds to
the maximum mass of dilute axion stars (Chavanis, 2023b). We
introduce an interpolation formula that connects these different
limiting masses (Chavanis, 2023c). We also discuss the outcomes
of the collapse above the maximum mass, leading to a dense axion
star, a bosenova, a black hole, axion drops, fast radio bursts, etc
(Braaten et al., 2016; Chavanis, 2016a; Chavanis, 2018b; Cotner,
2016; Davidson and Schwetz, 2016; Eby et al., 2016; Helfer et al.,
2017; Levkov et al., 2017; Michel and Moss, 2018; Visinelli et al.,
2018). Section 5 describes the core–envelope structure of BECDM
halos resulting from gravitational cooling (Seidel and Suen, 1994)
and violent relaxation (Lynden-Bell, 1967). We introduce a coarse-
grained Wigner equation and derive hydrodynamic equations as
well as a generalized GPP equation relaxing toward an equilibrium
state with a core–envelope structure (Chavanis, 2022a). In Section 6,
we develop a predictive model of BECDM halos (Chavanis, 2019d).
In this model, the quantum core (soliton), corresponding to the
ground state of the GPP equation, can solve the core–cusp problem.
It is surrounded by an isothermal envelope that accounts for the
flat rotation curves of the galaxies. By using the observational fact
that the surface density of DM halos is universal (Kormendy et al.,
2004; Spano et al., 2008; Donato et al., 2009) we obtain the
halo mass–radius relation. Then, by using a “velocity dispersion
tracing” relation justified by thermodynamical arguments based on
a maximum entropy principle (most probable state), we obtain a
general coremass–halomass relation valid for bosons with repulsive
or attractive self-interactions (Chavanis, 2019d; Chavanis, 2019a;
Chavanis, 2020a; Chavanis, 2021a; Chavanis, 2023c; Padilla et al.,
2021). Previously known results (Schive et al., 2014b) are recovered
in particular limits of this relation. In the case of a repulsive self-
interaction, we show by a general argument that the quantum core of
realistic BECDM halos can never overcome the maximum mass set
by general relativity and collapse toward a black hole by this process.
In the case of an attractive self-interaction, we determine the halo
mass abovewhich the soliton (“axion” star) overcomes themaximum
mass of Chavanis (2011c) and collapses. Section 7 discusses the
secular evolution of BECDM halos due to the granular structure
of the envelope (quasiparticles) (Schive et al., 2014a; Schive et al.,
2014b; Hui et al., 2017) and the resulting increase in mass of the
soliton by Bose–Einstein gravitational condensation (Levkov et al.,
2018; Eggemeier and Niemeyer, 2019; Chen et al., 2021; Chen et al.,
2022). We show that these results can be understood in terms
of a kinetic theory based on the bosonic Landau equation (Bar-
Or et al., 2019; Bar-Or et al., 2021; Marsh and Niemeyer, 2019; El-
Zant et al., 2020; Chavanis, 2021b) and that BECDM halos behave
in a sense like globular clusters in astrophysics. We thus suggest the

possibility that they experience a gravothermal catastrophe stopped
by quantum mechanics (Heisenberg’s uncertainty principle) or by
repulsive scattering.This provides anothermeans to form a solitonic
core (Chavanis, 2019d). This quantum core becomes unstable
if the halo mass is sufficiently large, leading to a supermassive
black hole (SMBH). Section 8 discusses basic results of BECDM
cosmology. We determine the Jeans length and the Jeans mass of a
spatially homogeneous self-gravitating BEC (Khlopov et al., 1985;
Bianchi et al., 1990; Chavanis, 2011c). Then, we take into account
the expansion of the universe and discuss the different stages taking
place during the cosmological evolution of a spatially homogeneous
BECDM universe (Li et al., 2014; Suárez and Chavanis, 2017).
Finally, we consider the growth of perturbations in an expanding
universe filled with BECDM and again identify different regimes of
evolution (Chavanis, 2012b; Suárez and Chavanis, 2015a).

2 From the KGE equations to the GPP
equations

We assume that DM is made of spinless bosons in the form
of BECs at T = 0. Basically, the wavefunction (or SF) φ(xμ) of a
BEC in general relativity is governed by the KGE equations (see
Chavanis and Matos (2017), Chavanis (2022c), Chavanis (2023c)
and references therein)

□φ+ m
2c2

ℏ2 φ+ 2 dV
d|φ|2

φ = 0, (2)

Rμν −
1
2
gμνR =

8πG
c4

Tμν, (3)

where□ = DμD
μ is the d’Alembertian operator in a curved spacetime

with metric gμν (Dμ is the covariant derivative), Rμν is the Ricci
tensor, V(|φ|2) is the self-interaction potential of the bosons, m is
their mass, and

Tμν =
1
2
(∂μφ∗∂νφ+ ∂νφ∗∂μφ)

−gμν[
1
2
gμν∂μφ

∗∂νφ−
m2c2

2ℏ2 |φ|
2 −V(|φ|2)]

(4)

is the energy-momentum (stress) tensor of the SF. These equations
have been introduced in the context of boson stars, first in the
noninteracting case (Kaup, 1968; Ruffini and Bonazzola, 1969) and
then for a self-interaction of the form Colpi et al. (1986):

V(|φ|2) = λ
4ℏc
|φ|4, (5)

where λ is the dimensionless self-interaction constant. This |φ|4

potential is the leading term in the expansion of an arbitrary
self-interaction potential V(|φ|2) for small field values. In the
aforementioned papers, the SF φ is complex and the conservation
of the charge or the conservation of the particle number (provided
that anti-bosons are counted negatively) ensures the stability of the
boson stars below a maximum mass of general relativistic origin
(see Section 4.5). The case of a real SF has also been considered,
in particular in relation to axions. However, relativistic boson stars
described by a real SF are usually unstable (see the discussion in the
introduction of Chavanis (2023c) and references therein).

This review especially focuses on the nonrelativistic limit of the
KGE equations, which is suitable to describe BECDM in most cases
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of interest. By making the Klein transformation6

φ (r, t) = ℏ
m
e−imc2t/ℏψ (r, t) , (6)

where ψ is the pseudo-wavefunction, we can first transform the KG
Equation 2 into the general relativistic GP equation (Chavanis and
Matos, 2017; Matos et al., 2019)

iℏc ∂0ψ− ℏ
2

2m
□ψ+ 1

2
mc2 (g00 − 1)ψ+ iℏc

2

2
□t ψ−m dV

d|ψ|2
ψ = 0.

(7)

Then, by taking the nonrelativistic limit c→+∞ of this wave
equation and of the Einstein field equations [see Chavanis andMatos
(2017), Suárez and Chavanis (2015a), Suárez and Chavanis (2015b)
and Appendix B of Chavanis (2023c) for details], we obtain the GPP
equations (Chavanis, 2011c; Chavanis and Delfini, 2011)

iℏ
∂ψ
∂t
= − ℏ

2

2m
Δψ+m dV

d|ψ|2
ψ+mΦψ, (8)

ΔΦ = 4πG|ψ|2. (9)

These equations describe a nonrelativistic self-gravitating BEC
at T = 0 in the context of Newtonian gravity. Here Φ(r, t) is the
gravitational potential produced by the mass density of the BEC
ρ(r, t) = |ψ|2 through the Poisson Equation 9. For a complex SFφ, the
potential V(|ψ|2) in the GP Equation 8 coincides with the potential
V(|φ|2) in the KG Equation 2, provided that we substitute |φ| = ℏ

m
|ψ|

deduced from Equation 6.
For the standard BEC, we have

V(|ψ|2) =
2πasℏ

2

m3 |ψ|
4, (10)

where as is the scattering length of the bosons (it is related to the
dimensionless self-interaction constant introduced above by λ/8π =
asmc/ℏ = as/λC, where λC = ℏ/mc is the Compton wavelength of
the bosons). The interaction between the bosons is repulsive when
as > 0 and attractive when as < 0. The GP Equation 8 with the |ψ|4

self-interaction potential from Equation 10 can be directly obtained
from the mean field Schrödinger equation valid for N≫ 1 bosons
in interaction (Bogoliubov, 1947), by assuming that the short-range
potential of interaction between the bosons can bemodeled by a pair
contact potential of the form u(r− r′) = gδ(r− r′) with a coupling
constant g = 4πasℏ2/m3 (see Sec. II. A. of Chavanis (2011c) and
references therein).

Remark: For a real SF, like the one describing axions, the
counterpart of Equation 6 is

φ (r, t) = 1
√2

ℏ
m
[e−imc2t/ℏψ (r, t) + eimc2t/ℏψ(r, t)∗] . (11)

This transformation allows us to separate the fast oscillations of
the SFwith proper pulsationω0 =mc2/ℏ caused by its restmass from
the slow evolution of ψ(r, t). In the nonrelativistic limit c→+∞ we
can neglect the oscillatory terms that average out to 0 (fast oscillation
regime), and we obtain the GPP Equations 8, 9. In the present
case, the potential V(|ψ|2) is obtained by first substituting φ from
Equation 11 into the potential V(φ2) and then by averaging over

6 A short history of the early development of quantum mechanics

(Schrödinger, KG and Dirac wave equations) is given in the

introductions of Chavanis and Matos (2017), Chavanis, In preparation.

the oscillations (see Secs. II and III of Chavanis (2018b), Appendix
A of Chavanis (2020c), and Appendix C of Chavanis (2023c) for
details). Therefore, V(|ψ|2) is different from the potential that one
would naively obtain by directly substituting intoV(φ2) the quantity
φ2 ≃ ℏ2

m2 |ψ|
2 (already averaged) obtained from Equation 11 as we can

do when φ is complex. Indeed, V(φ2) ≠ V(φ2). For the instantonic
potential of axions

V(φ) =
m2c f2

ℏ3 [1− cos(
ℏ1/2c1/2φ

f
)]− m

2c2

2ℏ2 φ2, (12)

where f is the axion decay constant, one obtains by this procedure a
self-interaction potential of the form

V(|ψ|2) =
m2c f2

ℏ3
[[

[

1− ℏ3c
2 f2m2 |ψ|

2 − J0(√
2ℏ3c|ψ|2

f2m2 )
]]

]

, (13)

where J0(x) is Bessel’s function. By expanding this potential for
|ψ|2 ≪ f2m2/ℏ3c, we obtain the |ψ|4 potential of Equation 10 with
as = − ℏc

3m/(32π f2) < 0. This shows that the self-interaction of
axions is attractive.

3 Quantum hydrodynamics

In astrophysics, one is used to describe stars, DM, and even
the universe as a whole in terms of fluid equations. At first sight,
the BECDM model relies on a completely different formalism since
we now have to work in terms of a complex wavefunction ψ(r, t)
whose evolution is governed by the GPP Equations 8, 9. However,
by using the Madelung (1927) transformation, the GPP equations
can be written in the form of quantum hydrodynamic equations for
a potential flow. To that purpose, we write the wavefunction under
the polar form

ψ (r, t) = √ρ (r, t)eiS(r,t)/ℏ, (14)

where ρ(r, t) = |ψ|2 is the density of the BEC and S(r, t) is the action
from which we define the velocity field

u = ∇S
m
. (15)

The velocity field is irrotational (∇× u = 0). It can be shown
that the GPP Equations 8, 9 are equivalent7 to hydrodynamic

7 Actually, the Madelung hydrodynamic equations are not fully equivalent

to the Schrödinger equation (Bialynicki-Birula and Bialynicka-Birula,

1971; Wallstrom, 1994). To achieve perfect equivalence, we must

assume that p =mu is equal to a gradient ∇S. Furthermore, we

must add by hand a quantization condition ∮mu ⋅dl = nh, where n

is an integer, as in the old Bohr–Sommerfeld quantum theory. This

ensures that the wavefunction is single-valued (indeed ψ∝ eiS/ℏ with

S/ℏ = θ =mod[2π] implies ∮p ⋅dl = ∮∇S ⋅dl = ℏ∮∇θ ⋅dl = 2πnℏ = nh). Using

the Stokes theorem, we obtain ∫(∇×u) ⋅dS = nh/m. The vorticity ∇×

u vanishes everywhere, except on certain singular points where it

has δ-type singularities. These arguments led Onsager (1949) and

Feynman (1955), Feynman (1958) to conjecture that superfluids like 4He

can sustain singular-point vortices with circulation quantized in units

of h/m. The point vortices can group themselves to produce a
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equations of the form (see Chavanis (2011c), Chavanis (2017b) and
references therein)

∂ρ
∂t
+∇ ⋅ (ρu) = 0, (16)

∂S
∂t
+
(∇S)2

2m
+mΦ+mV′ (ρ) +Q = 0, (17)

∂u
∂t
+ (u ⋅∇)u = −1

ρ
∇P−∇Φ− 1

m
∇Q, (18)

ΔΦ = 4πGρ, (19)

where

Q = − ℏ
2

2m
Δ√ρ

√ρ
= − ℏ

2

4m
[
Δρ
ρ
− 1

2
(∇ρ)2

ρ2 ] (20)

is the quantum potential taking into account the Heisenberg
uncertainty principle and

P (ρ) = ρV′ (ρ) −V (ρ) = ρ2[
V (ρ)
ρ
]
′

(21)

is the pressure arising from the self-interaction of the bosons.8 For
the standard BEC, using Equations 10, 21, the equation of state is

P =
2πasℏ2

m3 ρ2, (22)

corresponding to a polytrope of index n = 1 (quadratic equation of
state). For an attractive self-interaction between the bosons (as < 0),
the pressure is negative.

Equations 16–19 have a clear physical interpretation.
Equation 16 is the continuity equation, Equation 17 is the quantum
Hamilton–Jacobi (or Bernoulli) equation, Equation 18 is the
quantum Euler equation, and Equation 19 is the Poisson equation.
We will call them the quantum Euler–Poisson equations. For ℏ =
0 and P = 0, we recover the classical hydrodynamic equations of
the CDM model.

In the context of BECDM, the hydrodynamic representation
of the GPP equations through the Madelung transformation was
first considered by Böhmer and Harko (2007), Sikivie and Yang
(2009), Chavanis (2011c), Chavanis and Delfini (2011), Chavanis
(2011a), Chavanis (2012b), Rindler-Daller and Shapiro (2012). It is
also possible to write the KGE equations in the form of quantum
hydrodynamic equations by using the de Broglie transformation
(de Broglie, 1927b; de Broglie, 1927c; de Broglie, 1927a). In the
context of BECDM, the hydrodynamic representation of the KGE
equations was first considered by Suárez and Matos (2011), Suárez
and Matos (2014), Suárez and Chavanis (2015a), Suárez and
Chavanis (2015b) in the weak gravity limit and by Chavanis
and Harko (2012), Chavanis (2015c), Chavanis and Matos (2017),
Matos et al. (2019), Chavanis (2022c), Chavanis (2023c) in a
curved spacetime with an arbitrary metric (possibly including

macroscopic rotation of the BEC. These types of arguments (including

the electromagnetic field) were also developed by Dirac (1931) in his

theory of magnetic monopoles.

8 This relation, which can be rewritten as V(ρ)/ρ = −∫ρP(ρ′)d(1/ρ), is

equivalent to the first principle of thermodynamics d(u/ρ) = −Pd(1/ρ)

for a barotropic gas at T = 0, where V(ρ) plays the role of the density

of internal energy u [see Appendix H in Chavanis (2021a)].

the electromagnetic field).9 In this review, we will essentially
use the hydrodynamic representation of the GPP equations (see
Chavanis (2011c), Chavanis (2017b) for the expression of the
following results using the wave representation).We stress, however,
that the fluid approach cannot resolve interference patterns at very
small scales, in regions where the quantum pressure becomes ill-
defined due to the vanishing of the wavefunction and the density.
This is in general accompanied by the formation of singularities and
topological defects like vortex lines.

Remark: We note that the quantum force in Equation 18 can be
written as (Takabayasi, 1952)

− 1
m
∇Q = −1

ρ
∂jP

Q
ij , (23)

where

PQij = −
ℏ2

4m2 ρ ∂i∂j ln ρ = ℏ2

4m2 (
1
ρ
∂iρ∂jρ− ∂i∂jρ) (24)

is an anisotropic quantum pressure tensor. Therefore, the
quantum Euler Equation 18 may be rewritten as

∂ui
∂t
+ uj∂jui = −

1
ρ
∂iP− ∂iΦ−

1
ρ
∂jP

Q
ij . (25)

This shows that the quantum force is equivalent to an anisotropic
pressure force. This remark will make more sense in Section 5.

4 Soliton

In this section, we consider the ground state of the GPP
equations, which is usually referred to as a soliton. As explained
in the introduction, this ground state solution can either describe
the minimum halo of typical mass (Mh)min ∼ 10

8 M⊙ and typical
radius (rh)min ∼ 1 kpc, which is a pure soliton with no envelope, or
the quantum core of larger DM halos (Mh > (Mh)min)which possess
an extended envelope.

4.1 Equilibrium state

In the hydrodynamic representation of the GPP equations, the
equilibrium state of a BECDM halo is determined by the condition
of quantum hydrostatic equilibrium

∇P+ ρ∇Φ+
ρ
m
∇Q = 0. (26)

This equation describes the balance between the pressure
due to the self-interaction of the bosons, the gravitational force,
and the quantum force arising from the Heisenberg uncertainty
principle. The quantum force always tends to stabilize a BECDM

9 The Madelung and the de Broglie hydrodynamic equations (which aim

at a causal interpretation of quantum mechanics) were much criticized

by the founders of quantum mechanics, notably by Pauli, because

their interpretation is not clear in the case of a single particle like an

electron. However, they take more sense in the case of BECs with

many bosons (N≫ 1) in the same quantum state that form a quantum

fluid (see Chavanis and Matos (2017), for discussions and references).

They are now commonly adopted by the BEC community.
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halo with respect to gravitational collapse. A repulsive self-
interaction also stabilizes a BECDM halo similarly to the Pauli
exclusion principle for fermionic DM. By contrast, an attractive
self-interaction adds its effect to the gravitational attraction and
destabilizes a BECDM halo above a maximum mass (see below).
By combining Equation 26 with the Poisson Equation 19, we obtain
the fundamental differential equation of quantum hydrostatic
equilibrium (Chavanis, 2011c; Chavanis, 2017b)

−∇ ⋅ (∇P
ρ
)+ ℏ2

2m2 Δ(
Δ√ρ

√ρ
) = 4πGρ. (27)

For the standard BEC, using Equation 22, it becomes

−
4πasℏ2

m3 Δρ+ ℏ2

2m2 Δ(
Δ√ρ

√ρ
) = 4πGρ. (28)

The solution of this equation without node corresponds to
the ground state of the GPP equations (soliton). This differential
equationhas been solvednumerically inChavanis andDelfini (2011)
in the general case of a repulsive or an attractive self-interaction (or
no self-interaction as in Membrado et al. (1989b)).10

For noninteracting self-gravitating BECs, a Gaussian density
profile of the form (Chavanis, 2011c)

ρ = ρ0e
−r2/R2

(29)

provides a relatively good fit of the soliton up to a few halo radii. A
more accurate fit of the form

ρ =
ρ0

[1+ (r/R)2]8
(30)

was later proposed by Schive et al. (2014a), Schive et al. (2014b).
The radius R and the central density ρ0 of the soliton can be
determined in each case from the exact mass–radius relation
given by Equation 34 below (see Sec. III.B.1. of Chavanis (2019d)
for details). We find R = 0.420 R99 = 4.18 ℏ2/(Gm2M) and ρ0 =
0.180 M/R3 = 0.00246 G3m6M4/ℏ6 = 0.750 ℏ2/(Gm2R4) with
the Gaussian fit and R = 0.869 R99 = 8.64 ℏ2/(Gm2M) and ρ0 =
3.14 M/R3 = 0.00487 G3m6M4/ℏ6 = 27.2 ℏ2/(Gm2R4) with the
more accurate fit. The two fits are compared, together with the
exact numerical profile, in Figure 1 adapted from Chavanis (2019d).

In the Thomas–Fermi (TF) limit where the quantum potential
can be neglected (Tkachev, 1986; Membrado et al., 1989a; Lee
and Koh, 1996; Goodman, 2000; Arbey et al., 2003; Böhmer and
Harko, 2007; Chavanis, 2011c), the density profile has a compact
support. It is analytically expressed as

ρ (r) = ρ0
sin (πr/RTF)
πr/RTF

. (31)

This is the well-known density profile of a polytrope of index n =
1 (Chandrasekhar, 1957). In that case, Equation 28 is equivalent to
the Lane–Emden equation of index n = 1. The density vanishes at a
finite radius RTF given by Equation 35 below. The central density is
ρ0 = πM/(4R

3
TF).

Remark: In Appendix E of Chavanis (2019a), we have shown that,
in the noninteracting case, the soliton resulting from the equilibrium
between the gravitational attraction and the quantum repulsion

10 The density profile of the soliton can also be obtained by directly

solving the GPP equations for the wavefunction (Guzmán and Ureña-

López, 2006).

FIGURE 1
Normalized density profile of the soliton from Chavanis and Delfini
(2011) (here ρ0 is the central density, and rh is the radius, where the
central density is divided by 4). It is compared with the Gaussian profile
considered in Chavanis (2011c) and with the empirical profile
proposed by Schive et al. (2014a); Schive et al. (2014b).

(Heisenberg’s uncertainty principle) is similar to a polytrope of index
γ = 3/2 (i.e., n = 2) with an effective equation of state

P = (2πGℏ
2

9m2 )
1/2

ρ3/2 (32)

depending on the gravitational constant G. Therefore, to compute
the structure of the soliton, instead of solving Equation 27 with
the quantum term, we can solve Equation 27 without the quantum
term but with the pressure from Equation 32. The effective n = 2
polytropic equation of state (Equation 32) introduced in Chavanis
(2019a) has been used in Schobesberger et al. (2021) to show that
vortices should not arise in solitonic cores in the absence of self-
interaction.

4.2 Mass–radius relation

The mass–radius relation of BECDM halos at T = 0 (ground
state) representing the minimum halo or the quantum core (soliton)
of larger DM halos has been determined in Chavanis (2011c),
Chavanis and Delfini (2011) for bosons with repulsive or attractive
self-interactions (or no self-interaction as in Membrado et al.
(1989b)). It can be obtained by solving the differential Equation 28
numerically (Chavanis and Delfini, 2011) or by minimizing the
energy functional with a Gaussian ansatz for the wavefunction
(Chavanis, 2011c) (see Appendices 1, 2). The variational approach
gives an approximate analytical solution of the GPP equations.11

11 In a recent paper, Indjin et al. (2024) have refined this variational

approach by using an ansatz for the wavefunction that depends

on the self-interaction parameter g. See also the paper by

Eby et al. (2018a) who compared different ansätze. The form of

the mass–radius relation can be determined from a general f-ansatz

(Chavanis, 2021a; Chavanis, 2023c).
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Based on these works, the mass–radius relation of self-
gravitating BECs can be parametrized by a function of the form

M =
a ℏ2

Gm2R

1− b2 asℏ
2

Gm3R2

. (33)

The value of the coefficients a and b can be obtained from the
Gaussian ansatz (Chavanis, 2011c) (see Appendix 2). They can
also be determined so as to recover the exact mass–radius relation
obtained numerically (Chavanis and Delfini, 2011) in appropriate
asymptotic limits (see Chavanis (2021a); Chavanis (2023c) for
details). In this section, we consider a vanishing or a repulsive self-
interaction (as ≥ 0). The case of an attractive self-interaction (as < 0)
is treated in the following section.

In the noninteracting case, the mass–radius relation is given by
(Membrado et al., 1989b; Chavanis and Delfini 2011)

M = 9.95 ℏ2

Gm2R99
, (34)

where R99 represents the radius containing 99% of the mass. The
scaling of Equation 34 can be obtained qualitatively by writing that
the radius of the soliton is of the order of the de Broglie wavelength
λdB = h/(mv), where the velocity is identified with the velocity
dispersion v ∼ (GM/R)1/2 obtained from the virial theorem.

In the TF limit where we can neglect the quantum potential,
the equilibrium states have a unique radius (independent of the
halo massM) given by (Tkachev, 1986; Membrado et al., 1989a; Lee
and Koh, 1996; Goodman, 2000; Arbey et al., 2003; Böhmer and
Harko, 2007; Chavanis, 2011c)

RTF = π(
asℏ

2

Gm3)
1/2

= (π
8
)

1/2√λ
MP

m
λC, (35)

where MP = (ℏc/G)1/2 = 2.18× 10−5 g = 1.22× 1019 GeV/c2 is the
Planck mass.

The mass–radius relation with as > 0 is represented in
Figure 2. The radius decreases monotonically from +∞ to RTF
as the mass increases. Therefore, RTF represents the minimum
radius of a BECDM halo with a repulsive self-interaction. An
equilibrium state exists for any mass M and is dynamically stable.
There is a transition mass Mt ∼ ℏ/√Gmas corresponding to a
radius Rt ∼ (asℏ2/Gm3)1/2 and a density ρt ∼ Gm

4/a2
sℏ

2 (these
transition scales can be equivalently written as Mt ∼MP/√λ,
Rt ∼ √λ

MP
m
λC, and ρt ∼ Gm

6c2/λ2ℏ4). The noninteracting limit
is valid when M≪Mt, and the TF limit is valid when M≫Mt
(Chavanis, 2011c; Chavanis, 2021a).

If we apply Equation 34 to the minimum halo of typical
mass M ∼ 108 M⊙ and typical radius R ∼ 1 kpc, we get m = 2.92×
10−22 eV/c2. This gives the typical value of the boson mass in
the noninteracting limit. However, this small mass value is in
tension with Lyman-α forest observations as it suppresses small-
scale density fluctuations (Hui et al., 2017).

If we apply Equation 35 to the minimum halo of typical mass
M ∼ 108 M⊙ and typical radius R ∼ 1 kpc, we get as/m3 = 3.28×
103 fm/(eV/c2)3 (or λ/m4 = 4.18× 10−4 (eV/c2)−4). We may then
use other relations to obtain the values of m and as individually,
as detailed in Chavanis (2021a). For example, by using the Bullet
Cluster constraint σ/m ≤ 1.25 cm2/g, where σ = 4πa2

s is the self-
interaction cross section of the bosons (Randall et al., 2008), we find
that m ≤ 1.10× 10−3 eV/c2 and as ≤ 4.41× 10−6 fm (or λ ≤ 6.18×

FIGURE 2
Mass–radius relation of self-gravitating BECs with repulsive
self-interaction (as > 0) (Chavanis and Delfini, 2011). The mass is

normalized by Ma = ℏ/√Gmas and the radius by Ra = (asℏ
2/Gm3)1/2.

There is a stable equilibrium state for any mass M.

10−16). This gives the maximum value of the boson mass and of its
self-interaction.

More generally, by fixing the values of M and R in Equation 33
to those of the minimum halo (see Equation 1), we can obtain
a relation between the mass m and the scattering length as of
the DM particle (see Figure 3). This is a constraint that these
two parameters must satisfy (Chavanis, 2019a; Chavanis, 2021a).
There is a transition scattering length (as)t = 3.18 (ℏ

2R/GM3)1/2 =
8.13× 10−62 fm (or λt = 252 ℏc/GM2 = 3.02× 10−90 independent
of R) corresponding to a mass mt = 3.15 (ℏ

2/GMR)1/2 = 2.92×
10−22 eV/c2.12 The noninteracting limit corresponds to as ≪ (as)t
(or λ≪ λt), and the TF limit corresponds to as ≫ (as)t (or λ≫
λt). According to the above results, in the case of a repulsive self-
interaction, we have the bounds 2.92× 10−22 eV/c2 ≤m ≤ 1.10×
10−3 eV/c2 and 0 ≤ as ≤ 4.41× 10−6 fm (or 0 ≤ λ ≤ 6.18× 10−16).
We see that, depending on the strength of the self-interaction,
the mass of the boson can vary by 18 orders of magnitude.13

Therefore, a repulsive self-interaction may solve the tensions of the

12 We stress the very small value of λt = 252(MP/M)2 = 3.02×

10−90 (Chavanis and Delfini, 2011). This shows the relevance of the TF

approximation which is valid as soon as λ≫ 10−90.

13 In a very interesting paper, Delgado and Muñoz Mateo (2023)

determined the core mass and core radius of several DM-dominated

halos by fitting their rotation curves with the velocity profile from

Equation A8 and located them on the M(R) curve of Figure 2 (see their

Figure 4). They found that the observational data fall either deep in the

TF regime (constant core radius) or just at the transition between the

TF regime and the noninteracting regime. They extracted the values

m ≃ 2.2× 10−22 eV/c2 and as ≃ 7.8× 10−77 m for the mass and scattering

length of the DM particle, respectively. These values are close to the

transition scales mt = 2.92× 10−22 eV/c2 and (as)t = 8.13× 10
−62 fm (see

above) corresponding to the BECt model of Chavanis (2021a).
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FIGURE 3
Mass m of the DM particle as a function of the scattering length as in
order to match the characteristics of the minimum halo (Chavanis,
2019a; Chavanis, 2021a). The mass is normalized by m0 = (aℏ2/GMR)1/2

and the scattering length by a′∗ = (a3/2/b2)(ℏ2R/GM3)1/2. The stable part
of the curve starts at the critical minimum halo point ((as)c,mc). It
differs from the minimum of the curve as(m), as detailed in
Chavanis (2019a); Chavanis (2021a).

noninteracting BECDM model by allowing a (much) larger mass of
the bosonic particle (Chavanis, 2021a).

We can also use the Gaussian ansatz to obtain the pulsation of
the soliton as a function of the self-interaction parameter as [see
Chavanis (2011c), Appendix F of Chavanis (2021a), and Appendix
2]. In the noninteracting case, it is given by

ωGauss = 1.90 (
GM
R3

99
)

1/2

= 1.22 √Gρ0, (36)

which is in fair agreement with the numerical valueω = 1.025 √Gρ0
obtained in Veltmaat et al. (2018) (see their Equation 16). In the
TF limit, the Gaussian ansatz yields ωGauss = 1.78 (GM/R

3
TF)

1/2 =
2.01 √Gρ0. We can obtain the exact value of ω by solving the
Eddington equation of pulsation, giving ω = 1.94 (GM/R3

TF)
1/2 =

2.19 √Gρ0. For the minimum halo, we obtain a pulsation period
T ≃ π(R3/GM)1/2 ≃ 148 Myrs. It is of the order of the dynamical
time tD ∼ 1/√Gρ ∼ (R3/GM)1/2 = 47.2 Myrs.

4.3 Maximum mass of dilute axion stars

Self-gravitating BECs with an attractive self-interaction (as < 0)
can be at equilibrium only below a maximum mass given by
(Chavanis, 2011c, Chavanis and Delfini, 2011)

MNR
max = 1.012

ℏ

√Gm|as|
. (37)

The corresponding radius is

R∗99 = 5.5 (
|as|ℏ2

Gm3 )
1/2

. (38)

We note that MNR
max = 5.57 ℏ2/(Gm2R99

∗ ). Since axions have an
attractive self-interaction, the mass from Equation 37 represents the

maximummass of dilute axion stars.14 Thismaximummass was first
identified by Chavanis (2011c). It has a nonrelativistic origin, being
essentially due to the attractive self-interaction of the bosons. In
this sense, it is fundamentally different from the maximum mass of
white dwarfs (Chandrasekhar, 1931), neutron stars (Oppenheimer
and Volkoff, 1939), boson stars (Kaup, 1968; Ruffini and Bonazzola,
1969; Colpi et al., 1986; Chavanis and Harko, 2012), soliton stars
(Lee, 1987a; Lee, 1987b; Friedberg et al., 1987; Lee and Pang, 1987),
and oscillatons (Seidel and Suen, 1991; Alcubierre et al., 2003),
which is due to special or general relativity (see Table 1).

The mass–radius relation with as < 0 is represented in Figure 4.
WhenM <MNR

max, there exist equilibrium states.The equilibrium
states with R > R99

∗ are stable (minimum of energy at fixed mass),
and the equilibrium states with R < R99

∗ are unstable (maximum of
energy at fixed mass) (Chavanis, 2011c; Chavanis and Delfini, 2011;
Chavanis, 2018b; Chavanis, 2023c).15 Therefore,R99

∗ is theminimum
radius of stable equilibrium states.This stability result can be directly
established from the topology of the series of equilibria by using
the Poincaré turning point criterion (Poincaré, 1885),16 theWhitney
theorem (Whitney, 1955), the Derrick theorem (Derrick, 1964), or
the Wheeler theorem (Harrison et al., 1965), stating that the change
in stability occurs at the turning point of mass dM/dR = 0 (see
Chavanis (2011c), Chavanis and Delfini (2011), Chavanis (2018b),
Chavanis (2023c), and references therein). The stability of the axion
star can also be obtained by computing the squared pulsation
ω2 and investigating its sign (the squared pulsation is positive
for stable configurations, negative for unstable configurations,
and vanishes for marginally stable configurations). By using the
Gaussian ansatz (see Chavanis (2011c), Chavanis (2016a), Chavanis
(2020c), Chavanis (2017b) and Appendix 2), we can derive a
relation between the squared pulsation ω2 and the slope of the
mass–radius relation dM/dR. For the standard BEC (n = 1), it reads
(see Equation A17)

dM
dR
= −m

2MR3

ℏ2 ω2. (39)

This relation shows that the equilibrium state is stable when
dM/dR < 0 and unstable when dM/dR > 0. The pulsation vanishes
at the maximum mass: ω = 0 at M =MNR

max. We also find that the
pulsation is maximum at M̃ = 0.9717 MNR

max and R̃99 = 1.272 R99
∗ ,

with the value ωmax = 0.100 Gm2/|as|ℏ = 1.87 (GM̃/R̃
3
99)

1/2

obtained with the Gaussian ansatz [see Chavanis (2011c), Chavanis
(2016a) and Appendix F of Chavanis (2021a)]. The evolution of the
pulsation as a function of the radius is represented in Figure 5. It is
in good agreement with the numerical results obtained in Glennon
and Prescod-Weinstein (2021).

There is no equilibrium state with M >MNR
max. In that case,

the BEC is expected to collapse (Chavanis, 2016a). The typical

14 Dilute axion stars can be described by the nonrelativistic GPP equations

with an attractive |ψ|4 potential. The case of dense axion stars is

discussed in Section 4.4.

15 The noninteracting limit corresponds to R≫ R99
∗, and the

nongravitational limit corresponds to R≪ R99
∗. In the nongravitational

limit, a BEC with an attractive self-interaction is always unstable.

16 A detailed exposition of the Poincaré theory of linear series of equilibria

is given in Appendix C.2 of Alberti and Chavanis (2020b).

Frontiers in Astronomy and Space Sciences 09 frontiersin.org

https://doi.org/10.3389/fspas.2025.1538434
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org


Chavanis 10.3389/fspas.2025.1538434

TABLE 1 MaximummassMmax of different types of fermion and boson stars. It is interesting to note that all the scalingsMP,M
2
P/m,M3

P/m
2, andM4

P/m
3

are represented. We have also indicated the minimum radius R∗ and the maximum compactness Cmax =GMmax/R∗c
2 of the star. The compactness of a

Schwarzschild black hole is CS = 1/2. The Buchdahl inequality for a barotropic relativistic star imposes C ≤ 4/9 = 0.444. The ratio between the star radius
R and the Schwarzschild radius RS = 2GM/c2 is R/RS = Rc2/(2GM) = 1/(2C). It is restricted by the Buchdahl inequality R ≥ (9/8)RS, so a barotropic
relativistic star cannot be a black hole.

Mmax R∗ Cmax R∗/RS

White dwarfs (Chandrasekhar, 1931) 3.10 M3
P/(μH)

2 0 ∞ 0

Neutron stars (Oppenheimer and Volkoff, 1939) 0.384 M3
P/m

2 3.35 (ℏ3/Gm4c)1/2 0.114 4.37

Mini boson (mini soliton) stars (Kaup, 1968; Ruffini and Bonazzola, 1969) 0.633 M2
P/m 6.03 ℏ/mc 0.105 4.76

Massive boson stars (Chavanis and Harko, 2012; Colpi et al., 1986) 0.0612 √λM3
P/m

2 0.383 √λ(ℏ3/Gm4c)1/2 0.160 3.13

Soliton star (Friedberg et al., 1987; Lee, 1987a; Lee, 1987b; Lee and Pang, 1987) M4
P/m

3

Oscillatons (real SF) (Alcubierre et al., 2003; Seidel and Suen, 1991) 0.606 M2
P/m

Dilute axion stars (Chavanis, 2011c; Chavanis and Delfini, 2011) 5.07 MP/√|λ| 1.10 √|λ|(ℏ3/Gm4c)1/2 4.61 (m/MP)2/|λ|

FIGURE 4
Mass–radius relation of self-gravitating BECs with attractive
self-interaction (as < 0) (Chavanis and Delfini, 2011). The mass is

normalized by Ma = ℏ/√Gm|as| and the radius by Ra = (|as|ℏ2/Gm3)1/2.
There exists a maximum mass MNR

max (Chavanis, 2011c). For M <MNR
max,

there are two equilibrium states. On the stable branch (S), the system,
when slightly perturbed, oscillates about its equilibrium state. On the
unstable branch (U), different evolutions are possible depending on
how the mass M compares with the critical mass Mc = (√3/2)MNR

max

(Chavanis, 2016a; Chavanis, 2020c) at which the energy of the
unstable state vanishes: (i) for M <Mc, the unstable system can either
collapse or explode and disperse away (instead of exploding, it may
migrate toward the stable equilibrium state through gravitational
cooling). (ii) For Mc <M <MNR

max, the unstable system can either
collapse or oscillate about the stable steady state (the oscillations may
be damped by gravitational cooling, leading to the migration of the
system toward the stable equilibrium state). There is no equilibrium
state for M >MNR

max. In that case, the system collapses. These different
regimes (oscillations, explosion, and collapse) have been confirmed
numerically in Glennon and Prescod-Weinstein (2021).

collapse time can be estimated with the Gaussian ansatz. Close to
the maximum mass, it scales as (Chavanis, 2016a)

tcoll
tD
∼ 2.90178 …

(M/MNR
max − 1)

1/4
(M→MNR+

max ) , (40)

where tD = 3√2|as|ℏ/Gm2 is the dynamical time (see Appendix 2).
The collapse time for M→MNR+

max has the same scaling as the
period of oscillations about the equilibrium state for M→MNR−

max
(Chavanis, 2016a; Chavanis, 2020c):

T
tD
∼ 3.73600 …

(1−M/MNR
max)

1/4
(M→MNR−

max ) . (41)

We also note that dilute axion stars are metastable (local but
not global minima of energy at fixed mass). Because of quantum
fluctuations, they can penetrate the barrier of energy by tunnel effect
and collapse. The calculation of their lifetime (Chavanis, 2020c),
which is given by the WKB formula, is an interesting problem in
physics. It can be performed by using the instanton theory, leading
to an expression of the form (Chavanis, 2020c)

tlife
tD
∼ 0.0465
√N
(1− M

MNR
max
)
−7/8

e
17.1 (1− M

MNR
max
)

5/4
N
, (42)

where the coefficients are determined by the Gaussian ansatz (see
Appendix 2). We note that the detailed expression of the lifetime
of dilute axion stars is unnecessary because it scales as tlife ∼
eN tD. This exponential scaling is typical of systems with long-range
interactions (Chavanis, 2005). SinceN is gigantic (N ∼ 1057 for QCD
axion stars and N ∼ 1096 for axion stars made of ULAs–see below),
metastable states are actually stable states.17 The metastable lifetime
is reduced only extremely close to the maximum mass. Actually,
because of quantum fluctuations, the critical mass of collapse
(obtained when the exponential term in Equation 42 is of order
1) is MNR

crit ∼M
NR
max(1− 0.103 N−4/5) (Chavanis, 2020c). In practice,

it is indistinguishable from MNR
max. On the other hand, by using

finite size scaling arguments, one can show that the collapse time
scales like tcoll ∼ N1/5 tD exactly at the maximum mass M =MNR

max,
instead of being infinite according to Equation 40. Similar results

17 The detailed expression of the lifetime of dilute axion stars could

be useful in order to interpret future laboratory experiments of self-

gravitating BECs with an effective gravity. In that case, the number N of

bosons will be relatively small, and the fluctuations will be important.

Frontiers in Astronomy and Space Sciences 10 frontiersin.org

https://doi.org/10.3389/fspas.2025.1538434
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org


Chavanis 10.3389/fspas.2025.1538434

FIGURE 5
Squared pulsation (obtained from the Gaussian ansatz) as a function of
the radius for self-gravitating BECs with as < 0
(Chavanis, 2011c; Chavanis, 2016a). The squared pulsation vanishes at
R99
∗ and is maximum at R̃99 (see the text).

with, however, different exponents (3/2, 2/3, and 1/6 instead of 5/4,
4/5, and 1/5) are obtained by investigating the effect of thermal
fluctuations (Chavanis, 2020c; Chavanis, in preparation). Because
of thermal fluctuations, dilute axion stars can overcome the energy
barrier and collapse. In that case, the lifetime of axion stars is
given by the Kramers formula, which can also be derived from the
instanton theory (Chavanis, in preparation).

It is instructive to write the maximum mass and the minimum
radius of dilute axion stars in different forms (Chavanis, 2011c;
Chavanis, 2016a; Chavanis, 2018b)

MNR
max = 5.073

MP

√|λ|
= 10.15

f
MPc

2

M2
P

m
, (43)

R∗99 = 1.1 √|λ|
MP

m
λC = 0.55

MPc
2

f
λC, (44)

where f = (ℏc3m/32π|as|)
1/2 =mc2/(2√|λ|) is the axion decay

constant. We note that the maximum mass MNR
max depends only

on |λ|. Assuming naively |λ| ∼ 1, Formula 43 suggests that the
maximum mass of dilute axion stars is of the order of the Planck
mass. Furthermore, the nonrelativistic limit is valid for |λ| “large”
(see below). Therefore, we would naively expect that the maximum
mass of dilute axion stars is smaller than the Planck mass. That
would make these objects relevant to particle physics (MNR

max ≪MP)
rather than astrophysics (MNR

max ≫MP).18 However, “large” means
nothing in itself. We must specify a reference value. Now, the precise
criterion of validity of the nonrelativistic limit is |λ| ≫ (m/MP)

2,
i.e., |as| ≫ 2Gm/c2 or f ≪MPc

2 (see Equation 140 in Chavanis
(2023c) and Section 4.6 below). Since the axion mass m is much
smaller than MP, the nonrelativistic approximation is valid even
when |λ| is extremely small as compared to unity (e.g., up to 10−100!),

18 Recall that the KGE and GPP equations have sometimes been used

in the context of particle physics (independently from the context

of boson stars) in order to describe classically extended particles

consisting, e.g., of confined quarks with an effective gravity accounting

for strong interactions (see the introduction of Chavanis (2023c)).

allowing us to have a large maximum mass MNR
max of the order of the

mass of astrophysical bodies (see the examples below).
For QCD axions with m ∼ 10−4 eV/c2 and as ∼ −5.8× 10−53 m

(corresponding to λ ∼ −7.39× 10−49 and f ∼ 5.82× 1010 GeV), we
get MNR

max = 6.46× 10−14 M⊙ and R99
∗ = 227 km, which are of the

order of the mass and size of asteroids. This leads to the notion of
“axteroids.”

For ULAs, we can have a much larger maximum mass, of
the order of galactic masses (or, more precisely, of their DM
quantum cores). Its precise value depends on the values of m and
as, which are not well-known. Taking m = 2.92× 10−22 eV/c2 and
as = − 3.18× 10

−68 fm (corresponding to λ = − 1.18× 10−96 and f =
1.34× 1017 GeV) predicted in Chavanis (2019a), Chavanis (2021a)
from particle physics and cosmology constraints (see Sec. VII.C of
Chavanis (2019a) and Sec. IV.D of Chavanis (2021a)), we getMNR

max =
5.10× 1010 M⊙ and R99

∗ = 1.09 pc.19

In these two examples, the nonrelativistic approximation is
justified because |λ| ≫ (m/MP)2 ∼ 10−64 and 10−100, respectively (the
second approximation is marginally valid). The amazingly small
value of λ was first emphasized in Chavanis (2011c), Chavanis and
Delfini (2011), Chavanis (2018b).

Remark: For the minimum halo of typical mass M ∼ 108 M⊙
and typical radius R ∼ 1 kpc to be stable (see Figure 3), we must
have −1.11× 10−62 fm ≤ as ≤ 0 (corresponding to −3.07× 10−91 ≤
λ ≤ 0 or f ≥ 1.97× 1014 GeV) and 2.19× 10−22 eV/c2 ≤m ≤ 2.92×
10−22 eV/c2 (Chavanis, 2021a). We note that m does not change
substantially from the noninteracting case, while as (or λ and f) can
change by many orders of magnitude.

4.4 Outcome of the collapse

When M >MNR
max, there is no equilibrium state, and the dilute

axion star collapses (Chavanis, 2016a).20 Theoutcome of the collapse
above the maximum mass has been discussed by several authors
(Braaten et al., 2016; Davidson and Schwetz, 2016; Cotner, 2016;
Chavanis, 2016a; Eby et al., 2016; Levkov et al., 2017; Helfer et al.,
2017; Chavanis, 2018b; Visinelli et al., 2018;Michel andMoss, 2018),
and different scenarios have been developed:

(i) The first possibility is to form a dense axion star (Braaten et al.,
2016).When the star becomes overdense as a consequence of the
collapse, oneneeds to take intoaccounthigher-order terms in the

19 The maximum mass can be smaller if f is smaller. For example, taking

f ∼ 1014 GeV (Mocz et al., 2023) or f ∼ 1015 GeV (Painter et al., 2024),

one gets MNR
max = 3.78× 107 M⊙ and MNR

max = 3.78× 108 M⊙, respectively.

However, small values of f may be in tension with the constraint

1016 GeV ≤ f ≤ 1018 GeV expected in particle physics ( f is bounded

above by the reduced Planck mass and below by the grand unified

scale of particle physics) (Hui et al., 2017).

20 An axion star may grow overcritical (M >MNR
max) through accretion or

through a succession of collisions and mergers with astrophysical

sources (other axion stars, ordinary stars, neutron stars…) (Raby, 2016;

Eby et al., 2017; Eby et al., 2018b). We use here the word axion “star”

in a loose sense. It could also refer to the quantum core of DM halos.

A more general term could be “axion ball” or “boson ball.”
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expansion of the self-interaction potential. The next-order term
is a |φ|6 term. A repulsive |φ|6 self-interaction (Braaten et al.,
2016; Eby et al., 2016; Chavanis, 2018b) can stabilize the star
against complete collapse and lead to a dense axion star. The
mass–radius relation of dilute and dense axion stars has been
obtained in Braaten et al. (2016) by solving the GPP equations
numerically and inChavanis (2018b) by using aGaussian ansatz
(see Figure 6).21 Phase transitions between dilute and dense
axion stars have been studied in Chavanis (2018b). Dilute axion
stars collapse above a maximum mass MNR

max and become dense
axion stars. Dense axion stars explode below a minimum mass
Mmin,dense and disperse away. Dense axion stars collapse above
a maximum mass MGR

max,dense of general relativistic origin [see
Chavanis, (2018b) and Appendix D of Chavanis (2020c) for
moredetails]. Interestingly, themass–radiusrelationofdiluteand
dense axion stars shares formal similaritieswith themass–radius
relation of compact objects going from white dwarfs to neutron
stars (Harrison et al., 1965) (see Sec. XI.C of Chavanis (2018b)).

(ii) The second possibility is a bosenova phenomenon
(Levkov et al., 2017) if special relativity is taken into account
in the wave equation. The collapse of the axion star may be
accompanied by a burst of relativistic axions when the density
reaches high values. In that case, the implosion of the core
is followed by an explosion of the halo, like in supernovae
(Chavanis et al., 2019). This may lead to an emission of radio-
photons via parametric resonance (Hertzberg et al., 2020).

(iii) The third possibility, in the case where general relativity is
taken into account, is the formation of a black hole if the
mass of the axion star is sufficiently large or if the self-
interaction is sufficiently weak ( f ≫MPc

2). This possibility has
been demonstrated numerically in Helfer et al. (2017), Michel
and Moss (2018).

(iv) The axion starmay also fragment in several stable pieces (axion
drops) of mass M′ <MNR

max, thereby preventing its complete
collapse (Davidson and Schwetz, 2016; Cotner, 2016). This
result suggests that some astrophysical objects made of
self-gravitating BECs with an attractive self-interaction may
present several cores (solitons) instead of just one. This
possibility was mentioned in Chavanis (2018b). The collapse
of the soliton and the formation of multi-boson stars in
miniclusters by a process of fragmentation when the bosons
have an attractive self-interaction and Ms >MNR

max has been
shown in the numerical simulations of Chen et al. (2021),
Chen et al. (2022), Glennon and Prescod-Weinstein (2021),
Mocz et al. (2023), Painter et al. (2024).

21 Visinelli et al. (2018) and Eby et al. (2019b), Eby et al. (2019a) argue that

relativistic effects are crucial on the branch of dense axion stars, while

self-gravity is negligible. As a result, dense axion stars correspond to

“pseudobreathers” or “oscillons,” which are described by the sine-

Gordon equation. For a real SF, these objects are known to be

unstable and to decay via emission of relativistic axions on a timescale

much shorter than any cosmological timescale. This conclusion is,

however, contested by Braaten and Zhang (2019). On the other

hand, dense axion stars may be stable in the relativistic regime if

they are made of a complex SF. In that case, they are called “axion

boson stars” (Guerra et al., 2019).

FIGURE 6
Mass–radius relation of self-gravitating BECs with an attractive |φ|4

self-interaction and a repulsive |φ|6 self-interaction obtained from the
Gaussian ansatz (Chavanis, 2018b). Close to MGR

max,dense, the actual
mass–radius relation M(R) should form a spiral like in Figure 7. The
stability of the solutions can be determined by applying the Poincaré
turning point criterion (Chavanis, 2018b). The branch of dilute axion
stars is stable until the maximum mass MNR

max, and then it becomes
unstable until the minimum mass Mmin,dense. The branch of dense
axion stars is stable between the minimum mass Mmin,dense and the
maximum mass MGR

max,dense, and then it becomes unstable along the
presumed spiral.

(v) Finally, it has been proposed that fast radio bursts, whose origin
is one of themajormysteries of high energy astrophysics, could
be caused by axion stars that have reached the maximum mass
MNR

max and collapsed (see Raby (2016), Di (2024), Di et al. (2024)
and references therein).

4.5 Maximum mass of boson stars in
general relativity

Wehave seen that the radius of Newtonian self-gravitating BECs
with a repulsive self-interaction (or no self-interaction) decreases
as their mass increases. General relativity must be taken into
account when the radius of the object R becomes comparable to its
Schwarzschild radiusRS = 2GM/c2. In that case, there is amaximum
mass of general relativistic origin above which no equilibrium state
is possible. Above thatmass, the star is expected to collapse and form
a black hole.

The maximum mass and the minimum radius of a
noninteracting boson star at T = 0 set by general relativity are
(Kaup, 1968; Ruffini and Bonazzola, 1969)

MGR
max,NI = 0.633

ℏc
Gm
= 0.633

M2
P

m
, (45)

RGR
min,NI = 6.03

ℏ
mc
= 9.53

GMmax

c2
. (46)

The minimum radius of the boson star is of the order of
the Compton wavelength λC = ℏ/mc of the particle. The scalings
of Equations 45, 46 can be obtained qualitatively by equating the
mass–radius relation from Equation 34 with the Schwarzschild
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relation R ∼ GM/c2, as explained in Appendix B of Chavanis (2011c)
[see also Chavanis (2023c)]. For m ∼ 1 GeV/c2 (nucleon mass),
we get MGR

max,NI ∼ 8.46× 10
−20 M⊙ corresponding to a miniboson

star (Kaup, 1968; Ruffini and Bonazzola, 1969). The maximum
mass becomes comparable to the solar mass MGR

max,NI ∼M⊙ for m ∼
10−10 eV/c2. For a DM boson of mass m = 2.92× 10−22 eV/c2 (see
above),oneobtainsMGR

max,NI = 2.90× 10
11 M⊙ andR

GR
min,NI = 0.132 pc.

The maximum mass and the minimum radius of a self-
interacting boson star or BEC star at T = 0 in the TF limit set by
general relativity are (Colpi et al., 1986; Chavanis and Harko, 2012)

MGR
max,TF = 0.307

ℏc2√as
(Gm)3/2

= 0.0612 √λ
M3

P

m2 , (47)

RGR
min,TF = 1.92 (

asℏ
2

Gm3)
1/2

= 0.3836 √λ
MP

m
λC

= 6.25
GMmax

c2
. (48)

The minimum radius of a boson star in the TF limit is of the
same order as its radius in the nonrelativistic limit (see Equation 35).
On the other hand, for λ ∼ 1, the scaling M3

P/m
2 of the maximum

mass of a self-interacting boson star is the same as for fermion
stars (see Section 6.7). The scalings of Equations 47, 48 can be
obtained qualitatively by equating the radius from Equation 35 with
the Schwarzschild relation R ∼ GM/c2, as explained in Appendix B
of Chavanis (2011c) [see also Chavanis (2023c)]. For m ∼ 1 GeV/c2

(nucleon mass) and λ ∼ 1, the maximum mass MGR
max,TF ∼M⊙ is of

the order of the solar mass, like the Chandrasekhar mass of white
dwarfs or the Oppenheimer–Volkoff mass of neutron stars. This
corresponds to a massive boson star (Colpi et al., 1986; Chavanis
and Harko, 2012).22 The TF approximation is justified because λ ∼
1≫ (m/MP)

2 ∼ 10−38 (see Section 4.6). For a DM boson with ratio
as/m3 = 3.28× 103 fm/(eV/c2)3 (see above), one obtains MGR

max,TF =
2.04× 1015 M⊙ and RGR

min,TF = 611 pc.
One can show [see Appendix C of Chavanis

(2020a) and Section 6.4 below] that themass of the quantum core of a
DMhaloisalwaysmuchsmaller thanthemaximummasssetbygeneral
relativity. Therefore, the soliton can be treated in the nonrelativistic
limit and does not collapse toward a black hole by this process.

Remark: The maximum mass (Equation 47) of self-interacting
boson stars can be obtained either by solving the KGE
equations (Colpi et al., 1986) or from a fluid approach (Chavanis
and Harko, 2012). Indeed, in the TF regime, one can show [see
Suárez and Chavanis (2017), Chavanis (2022c), Chavanis (2023b)
and Appendix B.8 of Chavanis (2023c) for details] that the SF
behaves as a relativistic fluid with an equation of state (Colpi et al.,
1986; Chavanis and Harko, 2012)

P = m3c4

72πasℏ2(
√1+

24πasℏ2

m3c4
ϵ− 1)

2

, (49)

where ϵ is the energy density. At low densities ϵ ∼ ρc2 ≪m3c4/asℏ2,
we recover the quadratic equation of state (Equation 22) of a
nonrelativistic BEC (polytrope of index n = 1). At high densities
ϵ≫m3c4/asℏ2, we get a linear equation of state P ∼ ϵ/3 similar
to the equation of state of the radiation (ultrarelativistic regime).

22 These results were first obtained qualitatively in Tkachev (1986).

FIGURE 7
Mass–radius relation of general relativistic BEC stars with a repulsive
|φ|4 self-interaction in the TF limit (Chavanis and Harko, 2012).

The structure of a general relativistic BEC star can, therefore, be
determined by solving the Tolman–Oppenheimer–Volkoff (TOV)
equations with the equation of state from Equation 49. This
has been done by Chavanis and Harko (2012). The mass–radius
relation has the form of a spiral (see Figure 7), similar to the
one found for neutron stars (see Figure 2 in Chavanis (2023d))
and for relativistic stars with a linear equation of state (Chavanis,
2002; Chavanis, 2008).23 Chavanis and Harko (2012) applied this
model to boson stars, condensate DM stars, BECDM halos, and
neutron stars (see also Chavanis (2015c) for a related study).
They proposed that neutron stars may have a superfluid core
in which neutrons form Cooper pairs and behave as bosons of
mass 2mn (where mn is the neutron mass). In this sense, neutron
stars (which are made of fermions) behave as boson stars or
BEC stars. Since the maximum mass of general relativistic BEC
stars depends on the self-interaction parameter, it can be larger
than the Oppenheimer–Volkoff limit MOV = 0.384 (ℏc/G)3/2/m2

n =
0.710 M⊙ obtained when the neutron star is modeled as an ideal
Fermi gas. This could explain certain observations of neutron stars
with a mass ∼2 M⊙ (Lattimer and Prakash, 2011), which cannot be
explained with the Oppenheimer–Volkoff model.

4.6 Interpolation formula for the maximum
mass of boson stars with repulsive or
attractive self-interactions

In the case of boson stars with a repulsive self-interaction
(as ≥ 0), when the scattering length as increases from 0 to infinity,
there is a transition between the general relativistic maximum mass
of noninteracting boson stars (see Equation 45) and the general
relativistic maximum mass of self-interacting boson stars in the TF
limit (see Equation 47). An interpolation formula between these two

23 It is also similar to the caloric curve of self-gravitating isothermal

spheres (see Figure 3 in Chavanis (2023d)).
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masses has been proposed under the form (Chavanis, 2023c)

Mmax = 0.633
ℏc
Gm
√1+ 0.235

asc
2

Gm
(50)

with corresponding radius

R∗ = 6.03
ℏ
mc
√1+ 0.101

asc
2

Gm
. (51)

As expected, the maximum mass and the minimum radius
increase as the self-interaction becomes more and more repulsive
since the pressure due to the self-interaction opposes itself to the
gravitational attraction and stabilizes the boson star.

In the case of dilute axion stars with an attractive self-interaction
(as ≤ 0), when |as| increases from 0 to infinity, there is a transition
between the general relativistic maximum mass of noninteracting
boson stars (see Equation 45) and the nonrelativistic maximum
mass of dilute axion stars due to the attractive self-interaction of the
bosons (see Equation 37). This transition has been studied in detail
in Chavanis (2018b). An interpolation formula between these two
masses has been proposed under the form (Chavanis, 2023c)

Mmax = 0.633
ℏc
Gm

1

√1+ 0.391 |as|c
2

Gm

(52)

with corresponding radius

R∗ = 6.03
ℏ
mc
√1+ 0.833

|as|c2

Gm
. (53)

As expected, the maximum mass decreases while the minimum
radius increases as the self-interaction becomes more and more
attractive since the negative pressure due to the self-interaction adds
itself to the gravitational attraction and destabilizes the axion star.

We see that the transition between these two regimes (weak self-
interaction and strong self-interaction) occurs for a scattering length
of the order of

(as)t =
2Gm
c2
= rS. (54)

The noninteracting limit corresponds to |as| ≪ (as)t, and
the strongly self-interacting limit (TF limit when as > 0 and
nonrelativistic limit when as < 0) corresponds to |as| ≫ (as)t. The
abovementioned formulae can also be expressed in terms of λ and
f. The corresponding transition scales are

λt
16π
= Gm

2

ℏc
= ( m

MP
)

2
, (55)

ft =
MPc

2

8√π
∼ 1018 GeV. (56)

The noninteracting limit corresponds to |λ| ≪ λt or f ≫ ft,
and the strongly self-interacting limit corresponds to |λ| ≫
λt or f ≪ ft. We note that (as)t is of the order of the
Schwarzschild radius of the boson rS = 2Gm/c2, λt is of the
order of the gravitational coupling constant αg = Gm2/ℏc =
(m/MP)2, and ft is of the order of the Planck mass–energy
MPc

2 ∼ 1019 GeV (note that ft is independent of the mass m of
the boson) (Chavanis, 2023c).

The results of this section together with those of Section 4.4
allow us to construct the phase diagram of boson stars with
a |φ|4 (and a |φ|6) self-interaction. It is represented in Figure 8
(see Chavanis (2018b), Chavanis (2023c) for details). For as ≥ 0

FIGURE 8
Phase diagram of boson stars with a |φ|4 self-interaction. We have
represented the maximum mass Mmax above which the boson star
becomes unstable as a function of the scattering length (see
Equations 50, 52). This maximum mass is MGR

max,NI (Kaup, 1968; Ruffini
and Bonazzola, 1969) when as = 0 (noninteracting limit), MGR

max,TF
(Colpi et al., 1986; Chavanis and Harko, 2012) when as ≫ (as)t
(repulsive case, TF limit), and MNR

max (Chavanis, 2011c; Chavanis and
Delfini, 2011) when |as| ≫ (as)t (attractive case, nonrelativistic limit). We
have added (dashed line) the mass MGR

max,dense above which dense axion
stars (as < 0) with a repulsive |φ|6 self-interaction become general
relativistically unstable and collapse toward a black hole. This phase
diagram displays a triple point at (as,M) ∼ [−rS,MKaup] separating boson
stars (or dilute axion stars), black holes, and dense axion stars (or
bosenova) (Helfer et al., 2017; Chavanis, 2018b).

(repulsive case) and for |as| ≪ (as)t in the attractive case (as ≤ 0),
we form a boson star when M <MGR

max and a black hole when
M >MGR

max. For |as| ≫ (as)t in the attractive case (as ≤ 0), we form
a dilute axion star when M <MNR

max, a dense axion star or a
bosenova when MNR

max <M <M
GR
max,dense, and a black hole when M >

MGR
max,dense (see Section 4.4).

5 Core–envelope structure of BECDM
halos

5.1 Violent relaxation and gravitational
cooling

A self-gravitating BEC that is initially out-of-equilibrium
undergoes a rapid relaxation toward a virialized state with a
core–envelope structure. The quantum core (soliton) corresponds
to the ground state of the KGE or GPP equations discussed
in the previous section. It is surrounded by an extended
envelope arising from the quantum interferences of excited
states. This relaxation process was first identified by Seidel and
Suen (1994), who numerically solved the KGE equations with
spherical symmetry and showed the formation of a soliton
(boson star) accompanied by an outward traveling scalar wave
radiation. They called it “gravitational cooling.” They mentioned
the similarity of this process with the “violent relaxation” of
collisionless stellar systems discussed by Lynden-Bell (1967).
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In this sense, the core–envelope structure of the equilibrium
(virialized) state can be interpreted as being the “most probable
state” reached by the system as a result of a violent relaxation.
It can be understood from a maximum entropy principle based
on the Lynden–Bell entropy. The relaxation of BECDM halos
governed by the SP equations was illustrated more recently by
Schive et al. (2014a), Schive et al. (2014b) with use of spectacular
colorful numerical simulations. They clearly showed the formation
of a solitonic core surrounded by an NFW-like envelope. They
also discovered that the envelope possesses a fluctuating granular
structure.

5.2 Wigner–Kramers equation

In order to theoretically understand this core–envelope
structure and make the link with previous works on the theory of
violent relaxation, we have to introduce a phase-space description
and use a set of equations similar to the Vlasov–Poisson equations
governing the evolution of collisionless stellar systems. This
can be accomplished in the framework of the Wigner–Poisson
equations. It can be shown [see Appendix A of Chavanis
(2022a)] that the Schrödinger equation is equivalent to the
Wigner equation

∂ f
∂t
+ v ⋅

∂ f
∂r
− im4

(2πℏ)3ℏ
∫eim(v−v

′)⋅y/ℏ

×[Φ(r+
y
2
, t)−Φ(r−

y
2
, t)] f (r,v′, t) dydv′ = 0,

(57)

where the Wigner distribution function is defined by

f (r,v, t) = m3

(2πℏ)3
∫dy eimv⋅y/ℏψ∗(r+

y
2
, t)ψ(r−

y
2
, t). (58)

One can check that ∫ f dv = |ψ|2 = ρ and that
1
ρ
∫ fv dv = ∇S/m = u, as in standard kinetic theory [see

Appendix A of Chavanis (2022a)]. In the semiclassical
limit ℏ→ 0, the Wigner equation reduces to the Vlasov
equation (see Mocz et al. (2018), Chavanis (2022a),
Widrow and Kaiser (1993), Uhlemann et al. (2014) for
a discussion on the Schrödinger–Poisson–Vlasov–Poisson
correspondence).

Like in the case of collisionless stellar systems (Lynden-
Bell, 1967), we need to introduce a coarse-grained
description in order to describe the relaxation of the
system toward a quasiequilibrium state. By analogy with
our former paper (Chavanis et al., 1996) on the kinetic
theory of the violent relaxation of stellar systems, we
introduced in Chavanis (2022a) a coarse-grained Wigner equation
of the form

∂ f
∂t
+ v ⋅

∂ f
∂r
− im4

(2πℏ)3ℏ
∫eim(v−v

′)⋅y/ℏ

×[Φ(r+
y
2
, t)−Φ(r−

y
2
, t)] f (r,v′, t) dydv′

= ∂
∂v
⋅ [D(

∂ f
∂v
+ β fv)]. (59)

The effective collision term on the right hand side of Equation 59
parameterizes the process of violent relaxation in terms of a
Fokker–Planck (Kramers) operator. Therefore, Equation 59 can be

called the Wigner–Kramers equation.24 The friction coefficient and
the diffusion coefficient are linked by a form of Einstein relation
ξ = βD, where β =m/kBT is an effective inverse temperature. The
Einstein relation expresses the fluctuation–dissipation theorem.
At equilibrium, the diffusion and the friction balance each
other, leading to a virialized state described by a Boltzmann-like
distribution

fth = A e−βϵ, (60)

which corresponds to the dilute (nondegenerate) limit of the
Lynden–Bell distribution (here ϵ = v2/2+Φ is the individual energy
by unit of mass). The Boltzmann distribution from Equation 60 can
be interpreted as a maximum entropy state (most probable state) in
the sense of Lynden-Bell (1967).

The Wigner–Kramers Equation 59 well accounts for the
core–envelope structure of BECDM halos. The advection (Wigner)
term on the left-hand side characterizes the quantum core (soliton)
studied in Section 4, while the collision (Kramers) term on the right-
hand side characterizes the envelope. If we take into account tidal
effects from other galaxies and use the fact that quantum effects are
negligible in the envelope in an average sense (i.e., apart from the
presence of granules considered in Section 7), we can show that the
distribution function governed by theWigner–Kramers Equation 59
relaxes, in the envelope, toward the King distribution

f = A[e−β(ϵ−ϵm) − 1] (ϵ ≤ ϵm) , (61)

f = 0 (ϵ ≥ ϵm) , (62)

which is a truncated Boltzmann distribution (King, 1965). A more
elaborate model would be the fermionic King model (Chavanis,
1998) taking into account the effects of degeneracy in the sense
of Lynden–Bell. These degeneracy effects arising from the coarse-
grained Vlasov and Wigner equations are similar to those arising
from the Pauli exclusion principle in quantum mechanics, but we
will not consider them here (see Chavanis (2022a)).

Remark: The connection between the wave description (in
terms of ψ) and the kinetic description (in terms of f) has been
discussed in Lin et al. (2018), Yavetz et al. (2022), Chavanis (2022a),
Galazo García et al. (2024), Álvarez-Rios et al. (2024). Using this
connection, Lin et al. (2018) have shown that the time-average
distribution function in the envelope of BECDM halos obtained in
numerical simulations is well-fitted by the King (or fermionic King)
model (Chavanis, 1998). This gives further support to the claims
made in Chavanis et al. (2015a) and Chavanis et al. (2015b) that the
(fermionic) King model may be a good model for the envelope of
DM halos (see below).

5.3 Hydrodynamic equations

We can derive a hierarchy of hydrodynamic equations by
taking the successive moments of the Wigner–Kramers Equation 59

24 We have neglected degenerate effects in the sense of Lynden–Bell.

More general kinetic equations are the fermionic Wigner–Kramers

equation and the fermionic Wigner–Landau equation (see Chavanis

(2022a) for details).
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(Chavanis et al., 1996; Mocz et al., 2018; Chavanis, 2022a), also
called the quantum damped Jeans equations. With introduction of
the density ρ = ∫ f dv and the velocity field u = 1

ρ
∫ fv dv, the first

moment returns the equation of continuity (Equation 16), and the
second moment yields an equation of the form

∂u
∂t
+ (u ⋅∇)u = −1

ρ
∂jPij −∇Φ− ξu, (63)

where Pij = ∫ f(v− u)i(v− u)j dv is the pressure (or stress) tensor.
This hierarchy of equations can be closed by making a local

thermodynamic equilibrium (LTE) approximation. In Mocz et al.
(2018), Chavanis (2022a), we argued heuristically that the pressure
tensor Pij has two components: a quantum pressure component like
in Equation 25 and a thermal pressure component arising from the
process of violent relaxation.Therefore, we proposed to approximate
the pressure tensor in Equation 63 by Pij = P

Q
ij + Pth(ρ)δij, where PQij

is the anisotropic quantum pressure tensor from Equation 24 and
Pth(ρ) is the effective thermal pressure (in the sense of Lynden–Bell)
arising from the isothermal distribution from Equation 60. It
is given by

Pth (ρ) = ρ
kBT
m
. (64)

Combining the previous results, and adding the pressure due
to a possible self-interaction between the bosons, we deduce that
the quantum hydrodynamic equations parameterizing the complex
dynamics of BECDM halos in our model are

∂ρ
∂t
+∇ ⋅ (ρu) = 0, (65)

∂u
∂t
+ (u ⋅∇)u = −1

ρ
∇Pth −

1
ρ
∇Pint −

1
m
∇Q−∇Φ− ξu. (66)

In the quantum damped Euler Equation 66, the friction term
forces the system to relax toward an equilibrium state in which
the pressure balances the gravitational attraction.25 The resulting
DM halo has a core–envelope structure. The quantum pressure and
the self-interaction pressure (in the repulsive case) stabilize the
system against gravitational collapse and lead to a central density
core (soliton) instead of a cusp. Quantum effects can thus solve
the core–cusp problem of CDM. On the other hand, quantum
effects are negligible as a first approximation in the envelope.
An isothermal envelope leads to flat rotation curves like in the
CDM model.26

25 The Kramers equation and the damped Euler equations

satisfy a form of H-theorem for the Lynden–Bell entropy

(Chavanis et al., 1996; Chavanis, 2022a).

26 The density profile of the self-gravitating isothermal sphere decreases

at large distances as ρ ∼ r−2 (Chandrasekhar, 1957), leading to a constant

circular velocity: vc(r) = √GM(r)/r→ cst. Many authors consider that

the envelope of BECDM halos is described by the NFW profile, like

for CDM halos, with a density decreasing as r−3 at large distances.

However, this profile has no theoretical justification. By contrast, an

isothermal distribution is justified by statistical mechanics as being

the most probable equilibrium state. There are results from numerical

simulations of the SP equations tending to corroborate the fact that the

envelope of BECDM halos is isothermal. For example, Veltmaat et al.

(2018) find that the velocity distribution in the envelope is Maxwellian.

Some comments are as follows:

(i) We note that the anisotropic quantum tensor from Equation
24, which is equivalent to the quantum potential from
Equation 20, can be interpreted as a stress tensor of the
form Pij = ∫ f(v− u)i(v− u)j dv, i.e., Pij = ρ(⟨vivj⟩ − ⟨vi⟩⟨vj⟩)
[see Appendix A of Chavanis (2022a)].This provides a physical
interpretation of the quantumpotential (or quantum tensor) in
terms of kinetic theory.

(ii) To obtain the simple isothermal equation of state (Equation
64), we have assumed that the distribution function in the
envelope can be represented by a Boltzmann-like distribution
(see Equation 60). We recall, however, that an isothermal
distribution cannot be valid at infinitely large distances since
it yields DM halos of infinite mass (Chandrasekhar, 1957;
Binney and Tremaine, 1987). In principle, we should use
the King distribution function (see Equations 61, 62), or
the fermionic King distribution function (Chavanis, 1998),
for which the density drops to 0 at a finite radius. This
would give a more complicated (nonlinear) equation of
state, generalizing Equation 64, which would account for the
fact that the envelope is not exactly isothermal. Actually,
depending on the degree of central concentration, the King
distribution evolves from a polytrope of index n = 5/2 to an
isothermal distribution (n→+∞). Accordingly, the density
of the envelope decreases as ρ ∼ r−α with an exponent
evolving between α ≳ 4 (similar to Hénon’s isochrone profile
Henon (1959)) and α = 2 (isothermal profile Chandrasekhar
(1957), Binney and Tremaine (1987)), as shown in Figure 20
of Chavanis et al. (2015a), before abruptly falling down
to 0. This degree of freedom may account for a variety
of envelopes (see Figure 9).27 In particular, at the critical
point of instability (gravothermal catastrophe) discussed in
Section 7.7, the density slope is close to α = 3 (similar to the
modified Hubble profile (Binney and Tremaine, 1987)) and
the marginal King distribution resembles the Burkert profile
(Burkert, 1995) (see Figure 18 in Chavanis et al. (2015a) and
Figure 1 in Chavanis (2022g)), which has a central core and
decreases at large distances as ρ ∼ r−3, like the NFW profile
(Navarro et al., 1996).

For virialized spherical halos, according to the Jeans theorem (Binney

and Tremaine, 1987), this implies that the envelope is isothermal,

being described by the Boltzmann distribution from Equation 60. On

the other hand, Mocz et al. (2018) find that the density of BECDM

halos decreases at large distances as r−2, which is characteristic of an

isothermal distribution.

27 The recent results of Gaia DR3 (Jiao et al., 2023) indicate that the

rotation curve of the Milky Way decreases more rapidly than previously

thought. In the framework of the King model (Chavanis et al., 2015a),

this suggests that the halo is more “polytropic” than “isothermal” (see

Figs. 21 and 27 in Chavanis et al. (2015a)) in the sense that it is

strongly concentrated (see Krut et al. (2025) for fermionic DM halos).

It has been suggested (Chavanis et al., 2015a; Chavanis et al., 2015b;

Simon-Petit et al., 2019) that the virialized state resulting from violent

relaxation could correspond to Hénon’s isochrone profile with a r−4

density decay (Henon, 1959).
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FIGURE 9
Normalized density profiles of the classical King model in logarithmic
scales for different values of the central concentration (adapted from
Chavanis et al., 2015a). Dotted line: modified Hubble profile. Dashed
line: Burkert profile. Dashed–dotted line: Hénon’s isochrone profile.
The critical King profile is relatively close to the Burkert profile up to
10 rh (Chavanis et al., 2015a).

(iii) We have closed the hierarchy of hydrodynamic equations
at the level of the momentum equation (second moment)
by assuming a uniform temperature T (isothermal model).
We can also consider a more general model with a space-
dependent temperature T(r, t) and close the hierarchy of
hydrodynamic equations at the level of the energy equation
(third moment), as detailed in Chavanis et al. (1996) and
in Appendix D.4 of Chavanis (2022a). This corresponds to
a microcanonical (fixed energy) description instead of a
canonical (fixed temperature) description.

Remark: In the strong friction limit ξ→+∞, we can
neglect the inertial term (l.h.s.) in the damped quantum Euler
Equation 66 and substitute the resulting equation into the continuity
Equation 65, thereby obtaining the quantum Smoluchowski
equation (Chavanis, 2011b; Chavanis, 2017b)

ξ
∂ρ
∂t
= ∇ ⋅ (∇Pint +∇Pth +

ρ
m
∇Q+ ρ∇Φ). (67)

The friction term in the damped quantum Euler equation,
therefore, allows us to establish a link between quantum mechanics
and Brownian theory. However, the strong friction limit is usually
not relevant in astrophysics. Rather, the low friction limit is
found relevant. Therefore, in the present context, the relation
to Brownian theory is just formal (see Chavanis (2023a) for
more details about the analogy between generalized equations in
quantum mechanics and Brownian theory and for a short history of
these topics).

5.4 Generalized wave equation

Based on the aforementioned results derived from the coarse-
grainedWigner (orWigner–Kramers) equation, we have introduced
a generalized wave equation (Chavanis, 2017b; Chavanis, 2019d;
Chavanis, 2022a)

iℏ
∂ψ
∂t
= − ℏ

2

2m
Δψ+m dV

d|ψ|2
ψ+mΦψ+ kBT ln(|ψ|2)ψ

−iℏ
2
ξ[ln(

ψ
ψ∗
)−⟨ln(

ψ
ψ∗
)⟩]ψ,

(68)

which is equivalent through the Madelung transformation to the
damped Euler Equations 65, 66. This wave equation can be viewed
as a generalized GP equation that includes a thermal term and a
friction term resulting from the processes of gravitational cooling
and violent relaxation. The thermal term, which is associated to
the isothermal equation of state (Equation 64), is equivalent to a
logarithmic potential

Vth =
kBT
m
|ψ|2 [ln(|ψ|2) − 1] . (69)

The friction term also leads to a logarithmic nonlinearity but of
a different nature.

Interestingly, we can derive this generalized wave equation (in
the noninteracting case) from a completely different formalism
based onNottale’s theory of scale relativity (Nottale, 2011; Chavanis,
2017a; Chavanis, 2018a). We know that the Schrödinger equation
can be derived from Newton’s equation by using a principle
of scale covariance (Nottale, 2011). Similarly, the generalized
wave Equation 68 can be derived from Newton’s equation with
a linear friction by writing it under the form (Chavanis, 2017a;
Chavanis, 2018a)

DV
Dt
= −∇Φ−Re (γV) , (70)

where D/Dt is a scale-covariant derivative, V is a complex velocity
field, and γ = ξ+ 2ikBT/ℏ is a complex friction coefficient. The real
part in Equation 70 is necessary to satisfy the conservation of the
normalization condition. After simple algebraic manipulations (see
Chavanis (2017a), Chavanis (2018a) for details), one can show
that Equation 70 is equivalent to Equation 68, where the friction
and thermal terms are related to the real and imaginary parts of
the complex friction coefficient, respectively. This generalized wave
equation (and its relativistic extension) can also be justified from
Nelson’s stochastic quantum mechanics (Nelson, 1966; Chavanis,
2024a; Chavanis, In preparation). In these stochastic approaches,
the source of the noise giving rise to quantum mechanics may
have several origins. In Nottale’s theory, it is due to the structure
of spacetime itself or to a chaotic dynamics that makes the
trajectories of the particles nondifferentiable. In Nelson’s theory,
the source of the noise is left unspecified, but some authors
have suggested that it could be related to the fluctuations of the
electromagnetic field (zero point energy), leading to the concept of
stochastic electrodynamics (de la Peña et al., 2015). Alternatively,
it may be due to the fluctuations of the gravitational field or
to the fluctuations of the metric in general relativity (Calogero,
1997; Feynman et al., 1995). Therefore, quantum mechanics may
have a stochastic interpretation (see Chavanis (2024a) for a more
detailed discussion and for additional references). These theories
have been used to determine the Planck constant in terms of
cosmological quantities or, conversely, to provide an explanation for
the mysterious Eddington (1931) relation28

28 We have written here the refined Eddington relation obtained in

Chavanis (2019c), Chavanis (2022f), Chavanis (2024b), and Chavanis
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Λ =
G2m6

e

α6ℏ4 = 1.36× 10
−52 m−2 (71)

between the cosmological constant (vacuum energy) and the mass
of the electron me = 9.11× 10−28 g = 0.511 MeV/c2.

6 Predictive model of BECDM halos

In this section, following Chavanis (2019d), we develop a
predictive model of BECDM halos with a core–envelope structure.

6.1 Equilibrium state

An equilibrium state of the generalized GPP Equations 9,
68 (equivalent to Equations 19, 65, 66) is determined, in the
hydrodynamic representation, by the condition of quantum
hydrostatic equilibrium from Equation 26, where the pressure
P = Pth + Pint contains a thermal term and a self-interaction term.
For the standard BEC, we obtain an equation of state of the form
(Chavanis, 2019d; Chavanis, 2022a)

P = ρ
kBT
m
+

2πasℏ2

m3 ρ2. (72)

It has a linear part Pth = ρkBT/m and a quadratic part Pint =
2πasℏ2ρ2/m3.The linear part corresponds to an isothermal equation
of state with an (effective) temperature T. It takes into account
the process of violent relaxation. The quadratic part corresponds
to a polytropic equation of state with index n = 1. It takes into
account the self-interaction of the bosons. The condition of
quantum hydrostatic equilibrium describes the balance between
the thermal pressure, the pressure due to the self-interaction of
the bosons, the gravitational force, and the quantum force arising
from the Heisenberg uncertainty principle. For the standard BEC,
the fundamental differential Equation 27 of quantum hydrostatic
equilibrium is

−
kBT
m

Δ ln ρ−
4πasℏ2

m3 Δρ+ ℏ2

2m2 Δ(
Δ√ρ

√ρ
) = 4πGρ. (73)

It can be expressed under the formof a generalized Lane–Emden
equation (Chavanis, 2019d; Chavanis, 2022a). The quadratic
equation of state and the quantum potential dominate in the core
where the density is high, and the isothermal (linear) equation of
state dominates in the envelope where the density is low. As a result,
the BECDM halo presents a quantum core (soliton) surrounded
by an isothermal envelope. This composite model of BECDM
halos with a core–envelope structure has been studied in detail
in Chavanis (2019d).29

(2024c). This relation provides a remarkable agreement with the

observations and solves the cosmological constant problem.

29 The equation of state (Equation 72) and the corresponding

generalized Lane–Emden equation introduced in Chavanis (2019d),

Chavanis (2022a) have been used in Dawoodbhoy et al.

(2021), Shapiro et al. (2022), Pils and Rindler-Daller (2022), and

Foidl et al. (2023) to approximate their accurately simulated halo

profiles (see also Korshynska et al. (2023)). Their studies confirm that

In the quantum core, we can ignore the thermal pressure, and
we recover the equations of Section 4 describing the soliton. The
equilibrium of the core is due to the balance between the self-
interaction pressure, the quantum pressure, and the gravitational
attraction. The quantum core (soliton), which is the ground state of
the GPP equations, may solve the core–cusp problem of CDM. The
core mass–radius relation is given by Equation 33.

In the envelope, we can ignore quantum effects as well as the
self-interaction of the bosons, and Equation 73 reduces to

−
kBT
m

Δ ln ρ = 4πGρ. (74)

This equation is equivalent to the Boltzmann–Poisson (or
Emden) equation, which describes a classical self-gravitating
isothermal gas (Chandrasekhar, 1957). The equilibrium of the
envelope is due to the balance between the effective thermal
pressure and the gravitational attraction. The Boltzmann–Poisson
(or Emden) equation has no simple analytical solution and
must be solved numerically. However, its asymptotic behavior
is known analytically (Chandrasekhar, 1957). The density of a
self-gravitating isothermal halo decreases as ρ(r) ∼ kBT/(2πGmr2)
for r→+∞, corresponding to an accumulated mass M(r) ∼
2kBTr/(Gm) increasing linearly with r. This leads to flat rotation
curves v2(r) = GM(r)/r→ v2∞ = 2kBT/m in qualitative agreement
with the observations. Therefore, the approximately isothermal
envelope, resulting from the quantum interferences of the
excited states, is similar to the NFW envelope of classical
CDM halos and accounts for the flat rotation curves of
the galaxies.

The equilibrium state of a BECDM halo can also be obtained
by maximizing the Lynden–Bell entropy at fixed mass and energy
(Chavanis, 2022a).30 This variational principle determines the most
probable state of the system. It directly leads to Equation 73 and
provides, in addition, a condition of thermodynamical stability:
Only BECDM halos that are entropy maxima at fixed mass and
energy are thermodynamically stable in the sense of Lynden–Bell.
Actually, the statistical mechanics of self-gravitating systems is
complicated because of incomplete relaxation, evaporation, and the
gravothermal catastrophe (see Chavanis (2019d), Chavanis (2022a)
and the reviews Padmanabhan (1990), Katz (2003), Chavanis (2006)
for more details of these issues).31

The differential Equation 73 has been solved numerically in
Chavanis (2019d); Chavanis (2018a). A density profile with a
core–envelope structure is represented in Figure 10.

an isothermal equation of state correctly describes the envelope of

BECDM halos.

30 We call it the Lynden–Bell entropy (for the coarse-grained distribution

function f) instead of the Boltzmann entropy (for the fine-grained

distribution function f) because, in the present context, the equilibrium

state of a DM halo results from a process of collisionless violent

relaxation, not a process of collisional relaxation (Chavanis, 2022d).

31 A short history of the statistical mechanics of self-gravitating systems

is given in the introductions of Alberti and Chavanis (2020a), Alberti

and Chavanis (2020b), and Chavanis (2020e).
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FIGURE 10
Density profile of a DM halo of mass Mh = 1012 M⊙ (the typical mass of
the Milky Way). The full line corresponds to the core–envelope
solution of the BECDM model in the TF limit with as/m3 = 3.28×
103 fm/(eV/c2)3. The dashed line corresponds to the purely isothermal
solution without the quantum core. We see that the two profiles
approximately match each other for r ≳ 10 kpc. As
discussed in Section 5.3, the isothermal envelope should be replaced
by a more general King profile.

6.2 Halo mass–radius relation

To determine the halo mass–radius relation, we use
the observational evidence that the surface density of DM
halos has the universal value (Kormendy et al., 2004;
Spano et al., 2008; Donato et al., 2009)

Σobs
0 = ρ0rh = 141

+83
−52 M⊙/pc2, (75)

where ρ0 is the central density and rh is the halo radius, where the
central density is divided by 4, i.e., such that ρ(rh) = ρ0/4.

In the case of BECDM halos, we must be careful to correctly
define what we call the “central” density. If we were to apply
the relation from Equation 75 to the quantum core (soliton) of
BECDM halos with ρ0 being the true central density at r = 0, we
would encounter a problem because the mass–radius relation of
the soliton is not consistent with a universal surface density [see
Appendix L of Chavanis (2019d) and Sec. IX of Chavanis (2022g)].32

Indeed, in the noninteracting case, the mass–radius relation from
Equation 34 implies Σ0 ∼M/R

2 ∼M3, and in the TF limit, the
relation from Equation 35 implies Σ0 ∼M/R2 ∼M.33 These scalings
suggest that the surface density of DM halos increases with the
massM instead of being constant. This problem was first mentioned
in Chavanis et al. (2015b), Chavanis (2017b), and it has also been
pointed out later by other authors (Deng et al., 2018; Burkert, 2020).
Following Sec. VII of Chavanis (2019d), we shall assume that the
relation from Equation 75 applies to the envelope surrounding the

32 Equation 75 with ρ0 = ρ(0) is valid only for the

minimum halo (see Equation 1) which is a pure soliton

without envelope.

33 Similarly, for fermionic DM halos, using the mass–radius relation from

Equation 89, we find Σ0 ∼M/R2 ∼M5/3 (Chavanis, 2022g).

soliton. In that case, ρ0 is not the true central density (i.e., the central
density of the soliton) but the density of the envelope at the contact
with the soliton.

Assuming that the envelope is isothermal, we
obtain the halo mass–radius relation (Chavanis, 2019d;
Chavanis, 2022g)

Mh = 1.76 Σ0r
2
h. (76)

We also find that kBT/m = 0.954 GΣ0rh = 0.719 G√Σ0Mh.These
scalings can be obtained qualitatively from the relations Σ ∼M/R2 ∼
1 and kBT/m ∼ v

2 ∼ GM/R. If the envelope is not exactly isothermal
(see the comment (ii) in Section 5.3), we would obtain a halo
mass–radius relation similar to Equation 76 but with a slightly
different prefactor.

Remark: In the isothermal envelope model, the temperature
must change from halo to halo according to the law T∝
M1/2

h (see above) in order to yield a universal surface density.
Alternatively, a universal surface density directly results from a
logotropic equation of state of the form P = A ln (ρ/ρP) with an
“effective temperature” A, which is the same for all the halos. The
logotropic DM model has been introduced and studied in Chavanis
(2015b), Chavanis (2016b), Chavanis and Kumar (2017), Chavanis
(2019c), Chavanis (2022c), Chavanis (2022e), and Chavanis (2022f).
Interestingly, this model provides a prediction of the value of
the universal surface density Σ0 without the free parameter.
Specifically, Σ0 can be expressed in terms of the cosmological
constant as

Σth
0 = 0.01955

c2√Λ
G
= 133 M⊙/pc2, (77)

where ΣΛ = c2√Λ/G = 6792 M⊙/pc2 is the surface density of the
universe (Chavanis, 2024b). The prefactor in Equation 77 is
predicted by the logotropic model. Remarkably, this theoretical
prediction is in very good agreement with the observational value
from Equation 75. Furthermore, as noted in Chavanis (2019c),
Chavanis (2022f), Chavanis (2024b), the surface density ofDMhalos
turns out to be of the same order as the surface density of the
electron

Σe =
me

r2e
= 54.9 M⊙/pc2, (78)

where me = 9.11× 10−28 g = 0.511 MeV/c2 is the mass of the
electron and re = 2.82× 10−15 m is the classical electron radius
defined by mec

2 = e2/re. If we identify the two expressions
Equations 77, 78, writing Σe ∼ ΣΛ, we obtain the Eddington relation
from Equation 71 in order of magnitude. Conversely, using the
accurate Eddington relation (Equation 71) from Chavanis (2019c),
Chavanis (2022f), Chavanis (2024b), and Chavanis (2024c), we
find that Σe ≃ αΣΛ ≃ 0.373 Σ0 (Chavanis, 2024c). This relation
may also be interpreted in terms of the holographic principle
(Chavanis, 2019c; Chavanis, 2024b).

6.3 Core mass–halo mass relation

An important challenge of the BECDM model is to predict
the relation between the core mass Mc and the halo mass Mh. In
Chavanis (2019d), Chavanis (2019a), Chavanis (2020a), Chavanis
(2021a), Chavanis (2023c), we have derived the core mass–halo
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mass relation of BECDM halos (without or with the presence
of a central black hole) from a thermodynamical approach. We
have obtained a general relation Mc(Mh) valid for bosons with a
repulsive or an attractive self-interaction (or no self-interaction),
and also for fermions. To obtain this relation, we have first shown
Chavanis (2019d); Chavanis (2019a) that the maximization of the
Lynden–Bell entropy at fixed mass and energy (most probable state
in the microcanonical ensemble) leads to the “velocity dispersion
tracing relation” according to which the velocity dispersion in the
core v2c ∼ GMc/Rc is of the same order as the velocity dispersion in
the halo v2h ∼ GMh/rh. This relation can be written as34

vc ∼ vh ⇒
Mc

Rc
∼
Mh

rh
. (79)

Combining the velocity dispersion tracing relation from
Equation 79 with the core mass–radius relation Mc(Rc) from
Equation 33 and with the halo mass–radius relation Mh(rh) from
Equation 76, we obtain the core mass–halo mass relation Mc(Mh)
under the form35

Mc = 2.23
ℏΣ1/4

0 M1/4
h

G1/2m
(1+ 1.06

as
m

Σ1/2
0 M1/2

h )
1/2
. (80)

Writing Mc =Mh for the minimum halo (pure soliton without
envelope), we obtain the equation

(Mh)
3/2
min = 4.99

ℏ2Σ1/2
0

Gm2 [1+ 1.06
as
m

Σ1/2
0 (Mh)

1/2
min] . (81)

This equation determines the mass (Mh)min of the minimum
halo as a function of m and as. Conversely, for a given value of
(Mh)min deduced from the observations (see Equation 1), it provides
a relation between m and as (Chavanis, 2019a). This leads to results
qualitatively equivalent to those of Section 4.2 since the values of
(Mh)min and (rh)min adopted in Equation 1 for theminimumhalo are
consistent with the relation from Equation 75 (see Chavanis (2021a)
for a detailed discussion).

For noninteracting bosons, the core mass–halo mass relation is

Mc = 2.23(
ℏ4Σ0Mh

G2m4 )
1/4

. (82)

For as = 0, we find from Equations 1, 81 that the mass of the
boson is m = 2.25× 10−22 eV/c2. For a DM halo of mass Mh =
1012 M⊙ similar to the one that surrounds our galaxy, we obtain a
core mass Mc = 109 M⊙ and a core radius Rc = 63.5 pc.

For bosons with a repulsive self-interaction in the TF limit, the
core mass–halo mass relation is

Mc = 2.30(
ℏ2Σ0asMh

Gm3 )
1/2

. (83)

34 This relation was empirically introduced in Mocz et al. (2017),

Bar et al. (2018) without rigorous justification. In Chavanis (2019d),

Chavanis (2019a), we provided a thermodynamical justification.

We determined the actual core mass Mc of a BECDM halo by

maximizing the Lynden–Bell entropy S(Mc) at fixed total mass and

total energy and showed that it satisfies the velocity dispersion tracing

relation from Equation 79.

35 The numerical values in this expression rely on the Gaussian ansatz.

As a result, the values of the parameters obtained below slightly differ

from the “exact” values given in the previous sections.

FIGURE 11
Core mass Mc as a function of the halo mass Mh for different values of
as (m is determined by Equation 81). The mass is normalized by (Mh)min

(typically (Mh)min ∼ 10
8 M⊙). We have plotted the position of the

minimum halo mass (Mh)min (common origin) and the position of the
maximum halo mass (Mh)max (bullets) above which the quantum core
becomes unstable when as < 0 (see Section 6.5). We have indicated
the curve corresponding to the noninteracting case (see Equation 82)
and the curve corresponding to the TF limit (see Equation 83). The
transition between these two regimes occurs at a ratio
(as/m)t ∼ 1/(Σ0Mh)

1/2 in a given halo or at a halo mass
(Mh)t ∼ (m/as)

2/Σ0 for given particle parameters.

Note that the core radius Rc does not change with Mh (see
Equation 35). In the TF limit, we find from Equations 1, 81 that
as/m3 = 4.35× 103 fm/(eV/c2)3. For a DM halo of mass Mh =
1012 M⊙ similar to the one that surrounds our galaxy, we obtain a
core mass Mc = 1010 M⊙ and a core radius Rc = 635 pc.

In these two examples, the quantum core represents a
bulge or a nucleus. It cannot mimic an SMBH because it is
too much extended (Rc2/GM ∼ 106 ≫ 1). A central SMBH like
Sagittarius A∗(see Section 6.8) has to be introduced by hand in
the model (Chavanis, 2020a).

The general core mass–halo mass relation from Equation 80 is
plotted in Figure 11 adapted from Chavanis (2019a) for an arbitrary
(repulsive or attractive) self-interaction.

Remark:Ourresults (Chavanis, 2019d;Chavanis, 2019a;Chavanis,
2020a) have been rederived and confirmed by Padilla et al. (2021)
repeating thesamearguments (compareFigure 2 inPadillaetal. (2021)
to Fig. 19 in Chavanis (2019a)). Their scalings appear different from
ours at first sight because their relations are expressed in terms of the
virial mass instead of the halo mass (see Section 6.6), but the results
turn out to be fully equivalent.

6.4 Collapse toward a black hole?

In the case of BECDM halos made of bosons with a repulsive
self-interaction (or no self-interaction), the mass of the quantum
core (soliton) increases monotonically with the halo mass (see
Figure 11). Therefore, for sufficiently large halos, the core mass
Mc will overcome the maximum mass MGR

max set by general
relativity (see Section 4.5) and collapse toward a black hole. Let us
see if this scenario is possible in practice.
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According to Equations 45, 47, 82, 83, the mass of the
soliton would be equal to the general relativistic maximum mass
(Mc =MGR

max) in a DM halo of mass

(Mh)max ∼ 0.01
c4

G2Σ0
= 3.09× 1022 M⊙. (84)

Strikingly, this expression is independent of the characteristics of
the DM particle (Chavanis, 2020a). Such a large halo mass is clearly
unrealistic (the biggest DM halos observed in the universe have a
mass Mh ∼ 1014 M⊙). Actually, using the relation from Equation 77,
we see that the mass from Equation 84 is of the order of the mass of
the universe MΛ = c2/(G√Λ) = 6.43× 1022 M⊙ (Chavanis, 2024b).
Therefore, the quantum core present at the center of a BECDM
halo with a repulsive self-interaction (or no self-interaction) is
always much below the general relativistic maximum mass, so it
can never collapse toward a black hole by this process of violent
relaxation.36 This conclusion was first reached in Appendix C
of Chavanis (2020a) and recovered later in Padilla et al. (2021)
in a less direct manner. Since Mc ≪MGR

max in all realistic DM
halos, a nonrelativistic approach is justified to describe BECDM
halos (see Section 7.7 for another scenario where general relativistic
effects may be important).

Remark: When these arguments are applied to the
context of inflaton clusters that could form in the very early
universe (Musoke et al., 2020; Niemeyer and Easther, 2020;
Eggemeier et al., 2021; Eggemeier et al., 2022) it is possible
that the solitonic cores (inflaton stars) of sufficiently massive
inflaton clusters may overcome the critical mass MGR

max set
by general relativity and lead to the formation of primordial
black holes (PBHs), as discussed in Padilla et al. (2022),
Chavanis (2023c).

6.5 Collapse toward a dense axion star?

In the case of BECDM halos made of bosons with an attractive
self-interaction (axions), the core mass–halo mass relation (see
Figure 11) presents amaximumwhen the quantumcoremass (dilute
axion star) reaches the critical value from Equation 37, at which
it becomes unstable and collapses (Chavanis, 2011c; Chavanis,
2016a).37 According to Equations 37, 80, the collapse of the core,
leading to the formation of a dense axion star, a bosenova, or a black
hole (Braaten et al., 2016;Davidson and Schwetz, 2016; Cotner, 2016;
Chavanis, 2016a; Eby et al., 2016; Levkov et al., 2017; Helfer et al.,
2017; Chavanis, 2018b; Visinelli et al., 2018; Michel and Moss, 2018)
occurs in a DM halo of mass

(Mh)max = 0.223
m2

a2
sΣ0
= 141 m4c2

Σ0ℏ
2λ2 = 2255

f4

ℏ2c6Σ0
. (85)

We note that the maximum halo mass (Mh)max depends only on
f,while themaximum coremass (Mc)max fromEquation 43 depends

36 Of course, there is always the possibility that the quantum core grows

by accretion and reaches the maximum mass (see the conclusion for

references on this topic).

37 Note that the maximum of the core mass–halo mass relation Mc(Mh)

differs from the critical mass MNR
max when the DM halo contains a

central black hole (Chavanis, 2020a).

on f and m. On the other hand, the maximum core mass (Mc)max
depends only on λ, while the maximum halo mass (Mh)max depends
on λ and m.

For this phase transition (collapse) to take place in practice,
the critical halo mass (Mh)max must be smaller than the mass Mh ∼
1014 M⊙ of the biggest halos observed in the universe. This requires
that f < 4.22× 1015 GeV (corresponding to |as| > 1.10× 10−80 m
and |λ| > 1.40× 10−94 for m ∼ 10−22 eV/c2). The collapse of the
quantum core above the maximum mass MNR

max when f = 1014 GeV
or f = 1015 GeV has been evidenced in the numerical simulations of
Mocz et al. (2023) and Painter et al. (2024) (see Chen et al. (2021),
Chen et al. (2022), Glennon and Prescod-Weinstein (2021) in a
different context). However, it is not quite clear if such small values
of f are allowed in practice (see the discussion in Chavanis (2021a)).
Indeed, the constraints from particle physics and cosmology (see
footnote 19) suggest that f should be larger than f = 1016 GeV
(corresponding to |as| < 1.96× 10−81 m and |λ| < 2.5× 10−95 form ∼
10−22 eV/c2), so we do not expect the collapse of the core to occur
in realistic DM halos of mass Mh < 1014 M⊙. For example, taking
m = 2.92× 10−22 eV/c2 and f = 1.34× 1017 GeV (see above), and
considering a DM halo of mass Mh = 1012 M⊙ (the typical mass
of the Milky Way), we find Mc = 7.69× 108 M⊙ well below the
maximum mass (Mc)max = 5.10× 10

10 M⊙. However, even if Mc <
(Mc)max initially, the core mass can increase by accretion, reach the
maximum mass, and collapse (see footnote 20 and the conclusion
for references on this topic). This is a point to be studied in more
detail in future works.

Remark: For m = 2.19× 10−22 eV/c2 and f = 1.97× 1014 GeV
(corresponding to as = − 1.11× 10−62 fm and λ = − 3.07×
10−91), we find (Mh)max = (Mc)max = 10

8 M⊙ and R99
∗ = 1 kpc.

This corresponds to the condition of marginal stability of the
minimum halo (see Section 4.3), implying that the quantum core
of all the DM halos (Mh ≥ (Mh)min) would be unstable in that case.
For m = 10−22 eV/c2 and f = 1.34× 1015 GeV (corresponding to
as = − 1.09× 10−64 fm and λ = − 1.39× 10−93), we find (Mh)max ∼
1012 M⊙ (the typicalmass of theMilkyWay), (Mc)max ∼ 10

9 M⊙, and
R99
∗ ∼ 300 pc. This corresponds to the situation where the quantum

core of a DM halo similar to the one that surrounds our galaxy
would become unstable.

6.6 Virial mass

In the previous sections, we have defined the halo mass Mh
and the halo radius rh such that rh represents the distance at
which the central density is divided by 4. This corresponds to the
definition given by Burkert (1995). Some authors (Schive et al.,
2014b; Padilla et al., 2021; Padilla et al., 2022) use another
definition of the halo mass and halo radius. They introduce the
virial mass Mv and the virial radius rv through the relation
Mv =

4
3
πρ200r

3
v, where ρ200 = 200ρb is 200 times the background

density ρb of the universe. Using GMv/rv ∼ GMh/rh in consistency
with Equation 79, and combining this relation with Equation 76,
we obtain

Mh ∼
1

1.76 Σ0
(4
3
πρ200)

2/3
M4/3

v . (86)

Numerically, Mh/M⊙ = 6.01× 10
−6(Mv/M⊙)

4/3. The relation
between the halo mass Mh and the virial mass Mv exhibits the
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scaling Mh ∝M4/3
v (Chavanis, 2019d; Chavanis, 2019a; Chavanis,

2020a; Chavanis, 2021a; Chavanis, 2023c). We can use this relation
to express the previous results in terms of Mv instead of Mh.
In particular, using Equations 82, 86, we find Mc ∝M1/3

v for
noninteracting bosons in agreement with the original result of
Schive et al. (2014b) obtained from direct numerical simulations
and heuristic arguments. On the other hand, for bosons with a
repulsive self-interaction in the TF limit, using Equations 83, 86,
we predict that Mc ∝M2/3

v (Chavanis, 2019d; Chavanis, 2019a;
Chavanis, 2020a; Chavanis, 2021a; Chavanis, 2023c), a result that
has not yet been tested. The validity of these scalings has been
criticized by some authors, and the universality or nonuniversality
of the core mass–halo mass relation for BECDM halos remains an
open problem (see the review in Sec. II.B of Zagorac et al. (2023) for
a detailed discussion and a complete list of references). For example,
some authors (Mocz et al., 2017; Bar et al., 2018) have proposed an
“energy tracing relation” GM2

c/Rc ∼ GM
2
h/rh instead of the velocity

tracing relation GMc/Rc ∼ GMh/rh.

6.7 Fermionic DM halos

Although this review is devoted to the case of bosonic DM, we
briefly mention in this section what the previous results become in
the case of fermionic DM.

For degenerate fermions, the pressure is due to the Pauli
exclusion principle. The equation of state of a nonrelativistic Fermi
gas at T = 0 reads

P = 1
20
( 3
π
)

2/3 h2

m8/3
ρ5/3. (87)

This is a polytropic equation of state of index γ = 5/3 (i.e., n =
3/2). The density profile of a fermion ball (the counterpart of the
soliton) is determined by the differential equation (see Equations 27,
87)

−1
8
( 3
π
)

2/3 h2

m8/3
Δρ2/3 = 4πGρ, (88)

which is equivalent to the Lane–Emden equation of index n = 3/2
(for fermionic DM halos, the TF approximation is an excellent
approximation) (Chandrasekhar, 1957). The density profile has a
compact support. The mass–radius relation of a fermion ball reads

M = 91.9 ℏ6

G3m8R3 . (89)

The radius decreases monotonically as the mass increases. An
equilibrium state exists for any mass M, and it is dynamically
stable (using the Ledoux formula, the squared pulsation is given
by ω = 1.40 √Gρ0). If we apply Equation 89 to the minimum halo
of typical mass M ∼ 108 M⊙ and typical radius R ∼ 1 kpc, we get
m = 170 eV/c2 (Chavanis, 2021a). The mass of a fermionic DM
particle is larger than the mass of a bosonic DM particle by a factor
∼1030 (Chavanis, 2024b).

The maximum mass and the minimum radius of a fermion star
at T = 0 set by general relativity are

MGR
max = 0.384 (

ℏc
G
)

3/2 1
m2 = 0.384

M3
P

m2 , (90)

RGR
min = 3.35 (

ℏ3

Gm4c
)

1/2
= 8.73

GMmax

c2
. (91)

These results were first obtained in the case of neutron stars
(Oppenheimer and Volkoff, 1939). The scalings of Equations 90, 91
can be obtained qualitatively by equating the mass–radius relation
from Equation 89 with the Schwarzschild relation R ∼ GM/c2, as
explained in Appendix B of Chavanis (2011c). The same scalings are
obtained for special relativistic white dwarf stars (Chandrasekhar,
1931). For m ∼ 1 GeV/c2 (nucleon mass), the maximum mass
MGR

max ∼M⊙ is of the order of the solar mass. This is the typical
mass of white dwarfs and neutron stars. For a DM fermion of mass
m = 170 eV/c2 (see above), one obtains MGR

max = 2.17× 10
13 M⊙ and

RGR
min = 8.85 pc.

The core mass–halo mass relation is (Chavanis, 2021a)

Mc = 3.83
ℏ3/2

m2 (
Σ0Mh

G2 )
3/8
. (92)

It terms of the virial mass we have Mc ∝M1/2
v . For a DM halo

of mass Mh = 1012 M⊙ similar to the one that surrounds our galaxy,
usingm = 170 eV/c2 (see above), we obtain a core massMc = 4.47×
109 M⊙ and a core radius Rc = 284 pc. The quantum core represents
a bulge or a nucleus. It cannot mimic an SMBH because it is too
much extended (Rc2/GM ∼ 106 ≫ 1).

Like in Section 6.4, we can show that the quantum core (fermion
ball) present at the center of a realistic fermionic DM halo is always
below the general relativisticmaximummass fromEquation 90, so it
can never collapse toward a black hole by this process [see Appendix
C of Chavanis (2020a)]. Since Mc ≪MGR

max in all realistic DM halos,
a nonrelativistic approach is justified to describe fermionic DM
halos (see Section 7.7 for another scenario where general relativistic
effects may be important).

We have proposed in Chavanis (2022a); Chavanis (2022g) a
generalized wave equation of the form of Equation 68 for fermionic
DM with an effective potential

V(|ψ|2) = 3
40
( 3
π
)

2/3 h2

m8/3
|ψ|10/3 (93)

accounting for the Pauli exclusion principle (see Equations 21, 87).

6.8 Can the quantum core mimic an
SMBH?

Averymassive object (Sagittarius A∗) resides at the center of our
galaxy of mass ∼1012 M⊙. This object has a mass M = 4.2× 106 M⊙
associatedwith a Schwarzschild radiusRS = 4.02× 10−7 pc. Its actual
radius is not known exactly, but itmust be less thanRP = 6× 10−4 pc,
the S2 star pericenter (RP = 1492 RS) (Gillessen et al., 2009). This
object is believed to be an SMBH, but it could also be a compact
object such as a boson star or a fermion ball.

(i) Let us first assume that this object is a noninteracting boson
star (soliton).

Using the expression of the maximum mass from Equation 45
withM = 4.2× 106 M⊙,we getmmax = 2.01× 10−17 eV/c2.This is the
maximum mass that the boson can have; otherwise, the boson star
would be unstable and would collapse toward a black hole.

Using the nonrelativistic mass–radius relation from Equation 34
withM = 4.2× 106 M⊙ and R = 6× 10−4 pc, we find that the mass of
the boson is mmin = 1.84× 10−18 eV/c2. This is the minimum mass
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that the boson can have; otherwise, the radius of the boson star
would be larger than RP = 6× 10−4 pc.

Using the core mass–halo mass relation from Equation 82
with Mc = 4.2× 106 M⊙ and Mh = 1012 M⊙, we find that m =
5.35× 10−20 eV/c2. This value is smaller than the minimum mass
mmin = 1.84× 10−18 eV/c2, implying that Rc > RP (we find Rc =
0.707 pc).

(ii) Let us now assume that the supermassive object at the center
of the galaxy is a self-interacting boson star, which can be
described with the TF approximation.

Using the expression of the maximum mass from Equation 47
with M = 4.2× 106 M⊙, we get (as/m3)min = 1.39× 10

−14 fm/
(eV/c2)3. This is the minimum value that the
ratio as/m3 can have; otherwise, the boson star
would be unstable and would collapse toward a
black hole.

Using the nonrelativistic relation from Equation 35 with R = 6×
10−4 pc, we get (as/m3)max = 1.18× 10

−9 fm/(eV/c2)3. This is the
maximum value that the ratio as/m

3 can have; otherwise, the radius
of the boson star would be larger than RP = 6× 10−4 pc.

Using the core mass–halo mass relation from Equation
83 with Mc = 4.2× 106 M⊙ and Mh = 1012 M⊙, we find that
(as/m3) = 7.65× 10−4 fm/(eV/c2)3. This value is larger than
(as/m3)max = 1.18× 10

−9 fm/(eV/c2)3, implying that Rc > RP (we
find Rc = 0.483 pc).

(iii) Finally, let us assume that the supermassive object at the center
of the galaxy is a fermion ball.

Using the expression of the maximum mass from Equation 90
with M = 4.2× 106 M⊙, we get mmax = 386 keV/c2. This is the
maximum mass that the fermion can have; otherwise, the
fermion ball would be unstable and would collapse toward a
black hole.

Using the nonrelativistic mass–radius relation from Equation 89
withM = 4.2× 106 M⊙ and R = 6× 10−4 pc, we find that the mass of
the fermion is mmin = 54.6 keV/c2. This is the minimum mass that
the fermion can have; otherwise, the radius of the fermion ball would
be larger than RP = 6× 10−4 pc.

Using the core mass–halo mass relation from Equation 92 with
Mc = 4.2× 106 M⊙ andMh = 1012 M⊙,wefind thatm = 5.55 keV/c2.
This value is smaller than the minimum mass mmin = 54.6 keV/c2,
implying that Rc > RP (we find Rc = 0.266 pc).

In conclusion, if the core mass–halo mass relations from
Equations 82, 83, 92 are valid in the present context, it is not
possible to construct a quantum core which mimics an SMBH at
the center of our galaxy (see Figure 12). It would be too extended
(Rc > RP). A possibility to escape this conclusion could be that the
core mass–halo mass relations from Equations 82, 83, 92 are not
valid (see the alternative scenario of Section 7.7, leading to different
results). However, there are other difficulties in assuming that the
quantum core of a BECDM halo or the quantum core of a fermionic
DM halo mimics an SMBH. These difficulties are discussed in detail
in Chavanis (2019d), Chavanis (2022g). In particular, if we assume
that the ground state of the self-gravitating Bose or Fermi gas
corresponds to a minimum halo of typical mass M ∼ 108 M⊙ and
typical radius R ∼ 1 kpc, we find (see Section 4.2 and Section 6.7)
that the mass of the DM particle is much smaller than the one

FIGURE 12
Core–envelope density profile of a BECDM halo with a repulsive
self-interaction (TF limit) in the scenario where the quantum core
mimics an SMBH of mass Mc = 4.2× 10

6 M⊙ like Sagittarius A∗. It is
compared with a purely isothermal profile (dashed line). We have
considered a BECDM halo of mass Mh = 10

11 M⊙. As explained in the
text, the value of the core radius resulting from Equation 83 is too
large to satisfy the constraint Rc < RP.

computed in the present section.38 In that case, the quantum core
represents a large bulge of typical size 100− 1000 pc (see Section 6.3)
rather than mimicking an SMBH of size less than RP = 6× 10−4 pc.
It is possible that the difficulties pointed out in Chavanis (2019d);
Chavanis (2022g) are not relevant or can be solved. In any case, the
suggestion that the supermassive object at the center of our galaxy
(and other galaxies) could be a boson star or a fermion ball remains
attractive. It has been developed by some authors with success (see
the review of Argüelles et al. (2023) on fermionic DM halos and a
history of the subject in Chavanis (2023d)).

7 Secular evolution of BECDM halos

7.1 Classical relaxation time

The results of the previous sections have been obtained in the
“collisionless” regime where the evolution of the system is due
to a process of gravitational cooling and violent relaxation. This
process takes place on a few dynamical times tD ∼ R/v ∼ 1/√Gρ ∼
0.1 Gyrs (to make the numerical application, we have taken R ∼
20.1 kpc, ρ ∼ 7.02× 10−3 M⊙/pc3, and v ∼ 146 km/s for a galaxy of
mass M ∼ 1012 M⊙ like the Milky Way Chavanis (2019d)). It leads
to a quasi-stationary state (or virialized state) with a core–envelope
structure. On a longer timescale, the bosons in the envelope undergo

38 Conversely, the values of the DM particle mass computed in

the present section lead to a minimum halo of mass (Mh)min ∼

1 M⊙ and radius (rh)min ∼ 0.05 pc (Chavanis, 2019d; Chavanis, 2022g)

much smaller than the mass of the halos observed in the

Universe (see Equation 1). Therefore, this scenario cannot apparently

solve the missing satellite problem.
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a “collisional” evolution due to gravitational encounters, which
operates on a slow (secular) timescale. The classical relaxation time
scales as (Chandrasekhar, 1942; Binney and Tremaine, 1987)

tR ∼
v3

G2ρm lnΛ
∼ N

ln N
tD, (94)

where lnΛ ∼ ln (R/b90) ∼ ln N is the Coulomb logarithm (b90 ∼
Gm/v2 is the distance at which the particles engaged in a collision
are deflected by approximately 90o, R is the system’s size, and N
is the number of particles). For CDM made of classical particles
of mass m ∼ 1 GeV/c2 − 1 TeV/c2, implying N ∼ 1066 − 1069 for a
typical DM halo of massMh ∼ 1012 M⊙, the relaxation time is much
larger than the age of the universe by many orders of magnitude
so that gravitational encounters (fluctuations, finite N effects, etc.)
are completely negligible. CDM halos are essentially collisionless.
However, in the case of bosons, there is a huge reduction in the
relaxation time because of Bose enhancement (or Bose stimulation).

7.2 Granules and quasiparticles

As shown by Schive et al. (2014a), Schive et al. (2014b),
quantum wave interferences produce time-dependent small-scale
density granules of the size λdB = h/(mv) ∼ 1 kpc of the solitonic
core (we have taken m ∼ 10−22 eV/c2). These granules have
been clearly evidenced in numerical simulations of the SP
equations (Schive et al., 2014a; Schive et al., 2014b; Schwabe et al.,
2016; Mocz et al., 2017; Mocz et al., 2018; Veltmaat et al., 2018;
Mocz et al., 2019; Mocz et al., 2020; Veltmaat et al., 2020). They
have been interpreted by Hui et al. (2017) as quasiparticles with an
effective mass

meff ∼ ρλ
3
dB ∼

ρh3

v3m3 ∼ 10
7 M⊙ ≫m, (95)

which depends on the local halo density ρ and velocity dispersion
v. The effective mass meff corresponds to the mass of the bosonic
gas contained within the de Broglie sphere. BECDM halos therefore
behave as classical self-gravitating systems (similar to globular
clusters) made of quasiparticles with an effective radius λdB ∼ 1 kpc
and an effective mass meff ∼ ρλ

3
dB ∼ 10

7 M⊙ (see the justification
of this effective mass from kinetic theory given in Section 7.4
below). Because of Bose enhancement, these quasiparticles aremuch
heavier than the bosons (meff ≫m). As a result, Bose enhancement
strongly accelerates the collisional relaxation. For meff ∼ 107 M⊙,
we find that the number of quasiparticles is Neff ∼ 10

5, so that the
relaxation time from Equation 94 with m replaced by meff and N
by Neff is considerably reduced and becomes comparable to the age
of the universe or even smaller (especially in the core of the galaxy
where the density is high and tD is small).

7.3 Heating and cooling

The evolution of test particles of mass mt in a BECDM halo due
to “collisions” with quasiparticles of mass meff has been analyzed by
Bar-Or et al. (2019), Bar-Or et al. (2021). The granules can cause
the diffusion (heating) of light test particles such as stars (with
mt ≪meff) on a secular timescale. This process can heat and expand
the central regions of a stellar system embedded in the halo. On

the other hand, heavy test particles such as black holes or globular
clusters (with mt ≫meff) experience dynamical friction (cooling).
The variation of the effectivemassmeff(r) of the quasiparticles across
the system (due to the spatial variation of the density ρ and velocity
dispersion v of the DM halo) can stall the inspiral of the massive
objects toward the center of the galaxy at the distance where the
effectivemass of the quasiparticlesmeff(r) becomes equal to themass
mt of the test particles. A similar description of heating and cooling
in BECDM halos has been developed by Marsh and Niemeyer
(2019), El-Zant et al. (2020), and Chavanis (2021b).

7.4 Kinetic theory based on the bosonic
Landau equation

The granules (quasiparticles) also induce a secular evolution
of the BECDM halo itself. This evolution can be described by the
bosonic Landau equation Chavanis (2021b):

∂ f
∂t
= 2πG2 lnΛ ∂

∂vi
∫dv′

u2δij − uiuj
u3

×{mf′(1+
f′

η0
)

∂ f
∂vj
−mf(1+

f
η0
)
∂ f′

∂v′j
},

(96)

where u = v′ − v is the relative velocity of the particles engaged
in an encounter, η0 = gm

4/h3 is the phase space density, and
lnΛ ∼ ln (R/λdB) is the quantum Coulomb logarithm with λdB now
replacing b90. Equation 96 differs from the classical Landau equation
by the presence of the factor mf(1+ f/η0) instead of mf that takes
into account Bose enhancement. Since f/η0 ≫ 1, the bare mass m
of the bosons is multiplied by a factor χ ∼ f/η0 ∼ ρh

3/(v3m4) so
that meff ∼ χm ∼ ρh3/(v3m3) ∼ ρλ3

dB, as stated in Equation 95 above
(for m ∼ 10−22 eV/c2, we find χ ∼ 1095). The relaxation time is
therefore given by

tR ∼
v3

G2ρmeff lnΛ
∼ v3

G2ρmχ lnΛ
∼ v6m3

G2ρ2h3 lnΛ
. (97)

It corresponds to the relaxation time of a classical collisional stellar
system (e.g., a globular cluster) from Equation 94 with an effective
particle mass given by Equation 95. As discussed above, everything
happens as if the envelope of the BECDM halo contained Neff =
M/meff = N/χ≪ N classical quasiparticles of mass meff instead of N
quantum particles of mass m.

7.5 Growth of the soliton

This kinetic description was originally introduced by
Levkov et al. (2018) who used it to investigate the condensation
phenomenon and the growth of the soliton due to collisions between
quasiparticles. The relaxation time tR characterizing the secular
evolution of the envelope of the BECDM halo also determines the
typical condensation time by gravitational encounters. This is the
typical time required to form the soliton through Bose–Einstein
gravitational condensation. On this secular (kinetic) timescale,
a fraction of the bosons of the envelope condenses (because
T≪ Tc) and “feeds” the soliton. As a result, the mass of the
soliton increases, while the envelope of the DM halo is slowly
depleted. The secular growth of the soliton has been further
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studied by Eggemeier and Niemeyer (2019) and Chen et al. (2021),
Chen et al. (2022). They showed that the core accretes matter from
the surrounding with a slow but permanent growth that goes
initially as t1/2 (Levkov et al., 2018) and then as t1/8 (Eggemeier
and Niemeyer, 2019; Chen et al., 2021) once the virial velocity of
the soliton and the envelope coincide (vc ∼ vh). The corresponding
saturation mass satisfies the scaling Mc ∝M1/3

v , similar to the
one found in Schive et al. (2014b) in the collisionless regime
(see Section 6.6).

We stress that this mechanism of condensation, which operates
on a secular timescale, is physically different from the processes of
gravitational cooling and collisionless violent relaxation discussed
in Section 5.1 which operate on a much shorter timescale (a
few dynamical times). In the present case, the formation and
growth of the soliton is due to the condensation caused by
gravitational interactions (collisions). There are therefore two
distinct mechanisms (collisionless vs. collisional) to form the soliton
(see the introduction of Chavanis (2021b) for more details). The
distinction between the phase of violent relaxation (formation of
the soliton) and the phase of slow collisional relaxation (formation
and/or growth of the soliton) is illustrated numerically in Seidel and
Suen (1994), Schive et al. (2014a), Schive et al. (2014b), Schwabe et al.
(2016), Mocz et al. (2017), Mocz et al. (2018), Veltmaat et al.
(2018), Mocz et al. (2019), Mocz et al. (2020), Veltmaat et al. (2020),
Glennon and Prescod-Weinstein (2021),Mocz et al. (2023), Liu et al.
(2023), Nori et al. (2023), Painter et al. (2024) and in Levkov et al.
(2018), Eggemeier and Niemeyer (2019), Chen et al. (2021),
Chen et al. (2022), respectively.

7.6 Self-interacting dark matter

For completeness, we mention another possible scenario of
evolution of BECDM halos (Chavanis, 2019d). If the bosons have
a strongly repulsive self-interaction, the collisional evolution of the
envelope may be driven by self-interactions instead of gravitational
encounters.39 This is usually referred to as self-interacting dark
matter (SIDM) (Spergel and Steinhardt, 2000). The evolution of
SIDM halos can be described by the ordinary Boltzmann kinetic
equation. If the particles are self-interacting, with a scattering
length as, they experience a relaxation due to direct “collisions”
with a cross-section σ = 4πa2

s . As discussed previously, a relevant
situation corresponds to bosons with a mass m = 1.10× 10−3 eV/c2

and scattering length as = 4.41× 10−6 fm determined by the Bullet
Cluster constraint σ/m = 1.25 cm2/g (see Section 4.2). In that case,
the relaxation time due to self-interaction (neglecting here Bose
enhancement) is

tself ∼
m
ρvσ
∼ 3.66 Gyrs. (98)

39 These comments also apply to fermionic DM (Chavanis, 2022g)

for which gravitational encounters are completely negligible

(Bose enhancement which increases the effective mass of the

particles is replaced by Pauli blocking, which reduces the

effective mass of the particles and increases the gravitational

relaxation time (Chavanis, 2021b)).

Since the Bullet Cluster constraint determines σ/m, the value
of the relaxation time due to self-interaction is independent of the
mass of the DM particle. It is comparable to the age of the universe
(especially in the core of the galaxy where the density is high). In
comparison, the relaxation time due to gravitational encounters is
tgr ∼ 1081 tD ∼ 1089 yrs.

Remark: If we account for Bose enhancement, the relaxation
time scales generically as tR ∼m/(χρvσ) ∼m5v2/(ρ2σh3). In
the general case, the bosons experience a relaxation due
to their self-interaction with a cross-section σself = 4πa2

s ,
leading to tself ∼m/(χρva2

s ) ∼m5v2/(ρ2a2
sh

3), and a relaxation
due to gravitational scattering with a Rutherford cross-
section σgr ∼ G2m2 lnΛ/v4, leading to tgr ∼ v3/(χρG2m lnΛ) ∼
m3v6/(G2ρ2h3 lnΛ). The total cross-section is σtot = σgr + σself, and
the relaxation time is tR = tgrtself/(tgr + tself) (Chen et al., 2022;
Kirkpatrick et al., 2022). For QCD axions and ULAs, Levkov et al.
(2018) showed that the collisional relaxation due to the self-
coupling is slower than the collisional relaxation due to
two-body gravitational encounters. Indeed, for m = 2.92×
10−22 eV/c2 and as = − 3.18× 10−68 fm, we have tself/tgr ∼
σgr/σself ∼ G

2m2 lnΛ/(a2
s v

4) ∼ 1010. However, for bosons with
m = 1.10× 10−3 eV/c2 and as = 4.41× 10−6 fm, we find the
opposite. Self-interaction wins over gravity by tgr/tself ∼ σself/σgr ∼
a2
s v

4/(G2m2 lnΛ) ∼ 1077.

7.7 Gravothermal catastrophe

Gravitational encounters between quasiparticles or collisions
between bosons due to their self-interaction induce the secular
evolution of a BECDM halo on a relevant timescale and establish
an isothermal distribution, especially in the core of the halo where
the density is high and the relaxation time is short. If we account for
evaporation and tidal effects, this collisional evolution can provide
another justification of the King distribution (see Equations 61,
62 without the bar on f). In that case, BECDM halos behave
similarly to globular clusters with additional specificities due
to quantum mechanics. Because of collisions and evaporation,
they slowly follow a series of equilibria (the King sequence)
toward configurations of higher and higher central density (see
Figure 13). At some point, when the central density reaches a
critical value corresponding to the minimum energy in the series of
equilibria (caloric curve), theDMhalo becomes thermodynamically
unstable and experiences a gravothermal catastrophe
(Lynden-Bell and Wood, 1968).

Most DM halos are close to the point of marginal stability.
The marginal King density profile, which is flat at the center
and decreases approximately as ρ ∼ r−3 at large distances (before
decreasing to 0 at the tidal radius) (Chavanis et al., 2015a), is
similar to the modified Hubble profile (Binney and Tremaine,
1987), which is itself relatively similar to the Burkert profile
(Burkert, 1995) that gives a good fit of many DM halos (see
Figure 18 of Chavanis et al. (2015a), Figure 1 of Chavanis (2022g),
and Figure 9 of this paper for a comparison between these
different profiles). Therefore, as suggested in Chavanis et al.
(2015a), Chavanis et al. (2015b), Chavanis (2019d), and
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FIGURE 13
Series of equilibria (caloric curve) of the classical King model
(Chavanis et al., 2015a; Chavanis et al., 2015b) giving the inverse
temperature β as a function of minus the energy −E. It has a snail-like
(spiral) structure, but only the part of the curve up to MCE is stable in
the microcanonical ensemble (note that between CE and MCE, the
specific heat is negative). At the point of minimal energy Ec, the system
undergoes a gravothermal catastrophe and collapses.

Chavanis (2022g), the marginal King profile may justify the
empirical Burkert profile of DM halos.40

If the BECDM halo is not too massive, the gravothermal
catastrophe is stopped by quantum mechanics (Heisenberg’s
uncertainty principle) or by the repulsive self-interaction of
the bosons. This leads to BECDM halos with a core–envelope
structure made of a bosonic condensate (soliton) surrounded by
an approximately isothermal envelope or, more realistically, a King
envelope (Chavanis, 2019d). Therefore, the soliton may result from
the gravothermal catastrophe stopped by quantum mechanics or by
repulsive scattering. This scenario provides another mechanism for
the formation of a solitonic core (Chavanis, 2019d). Depending on
the characteristics of the DM particle (mass, scattering length…),
the condensed object (soliton) may mimic an SMBH at the center of
a galaxy or represent a large DM bulge (see Section 6.8).41

If the BECDM halo is sufficiently massive, the gravothermal
catastrophe may be followed by an instability of general relativistic
origin (Balberg et al., 2002), leading to the formation of an
SMBH instead of a quantum core (soliton). This soliton/SMBH
transition (Chavanis, 2019d) occurs when the mass of the
solitonic core overcomes the maximum mass MGR

max set by
general relativity (see Section 4.5). As a result, medium-sized
galaxies like the Milky Way may harbor a soliton (mimicking an
SMBH or representing a bulge), while very large galaxies should
harbor an SMBH of mass MGR

max (for noninteracting BECs with
m = 2.92× 10−22 eV/c2, one finds MGR

max,NI = 2.90× 10
11 M⊙). This

scenario could account for the mass of SMBHs (quasars) in active

40 The Burkert profile is similar to the NFW profile (Navarro et al., 1996)

at large distances, but it presents a central core instead of a r−1 cusp

when r→ 0 in agreement with the observations.

41 In the second case, we need to assume the presence of a primordial

central SMBH to account for the observations.

galactic nuclei (AGNs) like the one recently photographed in M87
(Mh ∼ 1013 M⊙ and MBH ∼ 1010 M⊙).

Note that during the gravothermal catastrophe and the
gravitational collapse, the envelope remains unaltered. Therefore,
the resulting structure is a marginal King profile (with a flat core
and a ρ ∼ r−3 envelope), similar to the Burkert profile, containing
either a central condensed object (soliton) or an SMBH (Chavanis,
2019d). The density in the envelope may also decay more rapidly
than r−3 according to the recent results of Gaia DR3 discussed in
footnote 27.

Similar results are obtained for fermionic DM where the soliton
is replaced by a fermion ball (Bilic et al., 2003; Destri et al.,
2013; Chavanis, 2006; Chavanis et al., 2015a; Chavanis et al.,
2015b; Ruffini et al., 2015; Chavanis and Alberti, 2020; Alberti and
Chavanis, 2020b; Chavanis, 2020d; Chavanis, 2020e; Argüelles et al.,
2021; Chavanis, 2023d; Chavanis, 2022g; Argüelles et al., 2023).42

We refer to Chavanis (2019d), Chavanis (2022g), Chavanis (2023d),
Argüelles et al. (2023) and references therein for more details about
this scenario valid for fermionic and bosonic DM. At this stage,
it is not possible to favor fermionic DM over bosonic DM or
the converse. Note that fermionic and bosonic DM halos involve
particles with a very different mass differing by 30 orders of
magnitude (see Section 4, Section 6.7 andChavanis, 2024b). It is also
possible that DM is made of several types of fermions and bosons,
as suggested in Sec. XII.E of Chavanis (2022g).

8 Basics of BECDM cosmology

The large-scale structures of the universe such as galaxies and
DM halos are formed in the homogeneous background by Jeans
instability (Jeans, 1902).43 For a cold classical gas, the Jeans length
vanishes or is extremely small (λJ ≃ 0), implying that structures
form at all scales. This is not what we observe (there is no DM
halo with a mass smaller than (Mh)min ∼ 10

8 M⊙), and this leads to
the small-scale problems of the CDM model such as the missing
satellite problem (see the Introduction). By contrast, when quantum
mechanics (or a repulsive self-interaction) is taken into account, the
Jeans length is nonzero, implying the absence of structures below a

42 This scenario assumes that fermionic DM is self-interacting so as to

justify its secular evolution. These ideas also apply to other models of

SIDM and WDM. Indeed, fermionic DM, SIDM, and WDM halos present

an isothermal core and may experience a gravothermal catastrophe.

For not too massive DM halos, the collapse of the core is stopped

by quantum mechanics (Pauli’s exclusion principle) or by the repulsive

self-interaction of the particles. For massive DM halos, core collapse

leads to the formation of an SMBH as proposed in Balberg et al. (2002)

and further discussed in Chavanis et al. (2015a), Chavanis et al. (2015b),

Chavanis (2020e), Chavanis and Alberti (2020), Alberti and Chavanis

(2020b), Chavanis (2023d), and Chavanis (2022g) (see in particular

Sec. XIII.D of Chavanis (2022g)).

43 A short history of the Jeans instability is given in the introductions of

Chavanis (2012a), Suárez and Chavanis (2018).
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minimum mass (Mh)min ∼ 10
8 M⊙ (for suitably chosen parameters

of the DM particle), in agreement with the observations.44

The Jeans instability of a self-gravitating BEC (or a complex SF)
with repulsive or attractive self-interactions was first considered by
Khlopov et al. (1985) and Bianchi et al. (1990) in a general relativistic
framework based on the KGE equations. The Jeans instability of a
noninteracting self-gravitating BEC in Newtonian gravity described
by the SP equations was studied by Hu et al. (2000) and Sikivie and
Yang (2009). The Jeans instability of a Newtonian self-gravitating
BEC with repulsive or attractive self-interactions described by the
GPP equations was studied by Chavanis (2011c). These results were
extended in general relativity by Suárez and Chavanis (2015a), and
Suárez and Chavanis (2018). In these different studies, the authors
determined the Jeans length and the Jeans mass of the unstable
structures and used them to obtain an estimate of the minimum
size and minimum mass of BECDM halos. These studies were
performed in a static universe. The Jeans instability of an infinite
homogeneous self-gravitating BEC in an expanding universe was
studied by Bianchi et al. (1990), Suárez andMatos (2011) and Suárez
and Chavanis (2015a) in general relativity and by Sikivie and Yang
(2009) (without self-interaction) and Chavanis (2012b) (with self-
interaction) in Newtonian gravity. These studies are valid for a
complex SF describing the wavefunction of a BEC. They rely on
a hydrodynamical representation of the wave equation. We refer
to Chavanis (2020b) for a review about the Jeans instability of
self-gravitating BECs. The Jeans instability of a real SF in general
relativity has been studied by numerous authors, and a detailed list
of references is given in Chavanis (2021a).

The Jeans instability is only valid in the linear regime of
structure formation. It describes the initiation of the large-scale
structures of the universe. The Jeans instability leads to the increase
in the perturbations and the formation of condensations (clumps).
When the density contrast reaches a sufficiently large value, the
condensations (overdensities) decouple from the Hubble flow
and experience a free fall, followed by a complicated process of
gravitational cooling (Seidel and Suen, 1994) and violent relaxation
(virialization) (Lynden-Bell, 1967). They can also grow through
collisions, merging, and accretion before being diluted by the
expansion of the universe. This corresponds to the nonlinear
regime of structure formation, leading to the DM halos that we
observe today. BECDM halos result from the balance between
the gravitational attraction, the quantum pressure arising from
the Heisenberg uncertainty principle, the pressure due to the self-
interaction of the bosons, and the effective thermal pressure. They
have a core–envelope structure with a quantum core (soliton)
surrounded by an approximately isothermal envelope due to
quantum interferences, as discussed in the previous sections.

8.1 Gravitational instability of an infinite
homogeneous BEC in a static universe

Let us apply the GPP Equations 8, 9 to the universe as a whole
in order to study the initiation of structure formation. We use a

44 WDM also implies a nonzero Jeans length due to the velocity

dispersion of the particles.

hydrodynamic approach. Specifically, following Chavanis (2011c),
we study the linear dynamical stability of an infinite homogeneous
self-gravitating BEC with density ρ and vanishing velocity u = 0
described by the quantum Euler–Poisson Equations 16–19. In this
section, we consider a static universe and make the Jeans swindle
(Binney and Tremaine, 1987). This is the generalization of the
classical Jeans problem (Jeans, 1902) to a quantum fluid.45

Considering a small perturbation about an infinite
homogeneous self-gravitating BEC, linearizing the quantum
Euler–Poisson Equations 16–19, and decomposing the perturbation
into plane waves, we obtain the generalized dispersion relation
(Chavanis, 2011c)

ω2 = ℏ
2k4

4m2 + c
2
s k

2 − 4πGρ, (99)

where c2s = P′(ρ) = ρV″(ρ) (see Equation 21) is the squared speed
of sound in the BEC. The dispersion relation from Equation 99 is
plotted in Figure 14. The medium is stable when ω2 > 0 (in that
case, the perturbation oscillates with the pulsation ω) and unstable
when ω2 < 0 (in that case, the perturbation grows exponentially
rapidly with a growth rate γ = √−ω2). In the TF limit ℏ→ 0, we
recover the Jeans (1902) dispersion relation of a classical self-
gravitating gas. In the absence of self-gravity (G = 0), we recover
the Bogoliubov (1947) dispersion relation of a nonideal boson
gas. The dispersion relation from Equation 99 originally derived
in Chavanis (2011c) has been used in Slepian and Goodman
(2012), Guth et al. (2015), Harko (2019), Berezhiani et al. (2019),
Ourabah (2020), Buehler and Desjacques (2023), Berezhiani et al.
(2023), and Glennon et al. (2024).

The generalized Jeans wavenumber kJ, corresponding to the
mode of marginal stability (ω = 0), is given by (Chavanis, 2011c)

k2
J =

2m2

ℏ2 (−c
2
s +√c4s +

4πGρℏ2

m2 ). (100)

A perturbation with wavelength λ = 2π/k is stable if λ < λJ and
unstable if λ > λJ. In the TF limit ℏ→ 0,we recover the classical Jeans
wavenumber (Jeans, 1902)

k2
J =

4πGρ
c2s
. (101)

In the noninteracting limit c2s = 0, we obtain the quantum Jeans
wavenumber (Khlopov et al., 1985)

k2
J = (

16πGρm2

ℏ2 )
1/2

. (102)

For a repulsive self-interaction (c2s > 0), the maximum growth
rate of the instability γmax = (4πGρ)

1/2 is obtained for k→ 0
(infinitely long wavelengths). For an attractive self-interaction
(c2s < 0), the system can be unstable even in the absence of self-
gravity (G = 0).46 This is a purely hydrodynamic instability, also

45 This is essentially a toy model, useful in a first approach, because it

turns out that one can never neglect the expansion of the universe

when studying the growth of structures in cosmology (see Suárez

and Chavanis (2018) for details). Therefore, the study of Section 8.3 is

more relevant.

46 For a repulsive self-interaction (c2s > 0), the system is always stable in

the absence of self-gravity (G = 0).
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FIGURE 14
Dispersion relation of a self-gravitating BEC with repulsive or attractive

self-interaction. The pulsation is normalized by ω0 = √4πGρ, the
wavenumber by k0 = (16πGρm2/ℏ2)1/4, and the scattering length by
a0 = (Gm4/4πρℏ2)1/2. For as < 0, the maximum growth rate γ∗ =
√16π2a2sℏ2ρ2/m4 +4πGρ is reached for k2∗ = 8π|as|ρ/m, which is
independent of G (Chavanis, 2011c).

called tachyonic instability for an SF. The critical wavenumber of the
instability is (Chavanis, 2011c)

k2
J =

4m2|c2s |
ℏ2 . (103)

The maximum growth rate of the instability γmax =m|c
2
s |/ℏ is

obtained for a wave number k2
m = k

2
J /2. The effect of self-gravity is

considered in Chavanis (2011c) (see also Figure 14).
From the Jeans length λJ, one can define a Jeans mass MJ ∼ ρλ

3
J .

The Jeans scalesMJ and λJ determine the typical mass and size of the
clusters that are unstable in the linear regime.These unstable clusters
undergo a process of violent relaxation in the nonlinear regime
and evolve into BECDM halos. In Chavanis (2021a), we showed
that the Jeans mass–radius relation MJ(λJ) of a self-gravitating
BEC parameterized by the mean density ρ of the universe in the
linear regime of structure formation is similar to the mass–radius
relation M(R) of the quantum core (soliton) of BECDM halos
parameterized by the central density ρ0 in the nonlinear regime of
structure formation (compare Figures 7, 9 in Chavanis (2021a) with
Figures 2, 3 in Chavanis (2011c)). Following the Jeans mass–radius
relation MJ(λJ) along the sequence of decreasing density ρ (see
Figures 7, 9 in Chavanis (2021a)) amounts to taking into account the
expansion of the universe. Following the mass–radius relationM(R)
of BECDM halos along the sequence of increasing central density
ρ0 (see Figures 2, 3 in Chavanis (2011c)) amounts to following
their “collisional” evolution in the secular regime. Similar results are
obtained for self-gravitating fermions (Suárez and Chavanis, 2018).

Remark: The study of the Jeans instability for a self-gravitating
BEC has been extended in general relativity in Suárez and Chavanis
(2018) by using a hydrodynamic representation of the KGE
equations in the weak gravity limit. The case of a dissipative self-
gravitating BEC has been considered in Chavanis (2017b), Chavanis
(2020b), andOurabah (2020).The effect of a rotation and amagnetic
field is discussed in Appendix 5.

8.2 Cosmological evolution of a BECDM
universe

The cosmological evolution of a spatially homogeneous complex
SF with a self-interaction potential V(|φ|2), possibly describing a
self-gravitating BEC, has been studied by Li et al. (2014) and Suárez
and Chavanis (2017), by using a general relativistic treatment. In the
fast oscillation regime ω≫H, where ω is the pulsation of the SF and
H the Hubble constant, the equation of state P(ϵ) of the SF is given
in parametric form by (Suárez and Chavanis, 2017)

ϵ = ρc2 +V (ρ) + ρV′ (ρ) , (104)

P = ρV′ (ρ) −V (ρ) , (105)

where ρ = m2

ℏ2 |φ|
2 = |ψ|2 is the pseudo rest-mass density of the BEC.

These equations can also be obtained in the TF approximation [see
Sec. II.D of Suárez and Chavanis (2017), Section 3.3 of Chavanis
(2022c), and Appendix B.3 of Chavanis (2023c)]. In that case,
they apply both to a spatially homogeneous SF (cosmological
background) and to a spatially inhomogeneous SF (boson star).
For a |φ|4 self-interaction, using Equations 10, 104, 105, one
obtains the equation of state from Equation 49. The pseudo rest-
mass density ρ is related to the scale factor a by (Suárez and
Chavanis, 2017)

ρ√1+ 2
c2
V′ (ρ) = ρm =

Qm
a3 , (106)

where Q is the charge of the complex SF, which is a conserved
quantity (ρm = nm is the rest-mass density). This relation is
a consequence of “spintessence” (Boyle et al., 2002). Using
Equations 104–106, one can obtain the evolution of the energy
density ϵ(a) and pressure P(a) in parametric form with parameter
ρ. When there is no self-interaction or when the self-interaction
is weakly repulsive, the SF undergoes a stiff matter era (in the
slow oscillation regime of “kination”),47 followed by a pressureless
DM era. When the self-interaction is strongly repulsive, the SF
undergoes a stiff matter era, followed by a radiation-like era due to
its self-interaction, and then by a pressureless DMera.The transition
between the weakly self-interacting regime and the strongly self-
interacting regime depends on how the scattering length of the
bosons as compares with their effective Schwarzschild radius rS =
2Gm/c2. The dynamical phase diagram of an SF with a repulsive
quartic self-interaction is represented in Figure 15. When the self-
interaction is attractive, the evolution of the SF is peculiar (Suárez
and Chavanis, 2017; Carvente et al., 2021).

Remark:The study of the cosmological evolution of a relativistic
SF with a |φ|4 potential (Li et al., 2014; Suárez and Chavanis,
2017) has been extended in Chavanis (2022b), Chavanis (2022e)
to arbitrary power-law and logarithmic self-interaction potentials
associated with isothermal, polytropic, and logotropic equations
of state. As discussed in detail in Chavanis (2022c), we must

47 A cosmology with a stiff matter era has been developed in Chavanis

(2015a) at a general level (not necessarily connected to BECs). New

analytical solutions of the Friedmann equations have been obtained

for a Universe undergoing a stiff matter era, a DM era, and a DE era

due to the cosmological constant.
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FIGURE 15
Phase diagram of a BEC universe showing the different eras of the SF
during the evolution of the universe as a function of the scattering
length of the bosons in the case of a repulsive self-interaction.

distinguish between the equation of state P(ρ) and the equation
of state P(ϵ). For example, for a power-law potential of the form
V(ρ) = K

γ−1
ργ, corresponding to the polytropic equation of state

P(ρ) = Kργ, we obtain an equation of state P(ϵ) given in the
reversed form by (Suárez and Chavanis, 2017; Chavanis, 2022b;
Chavanis, 2022c)

ϵ = ( P
K
)

1/γ
c2 +

γ+ 1
γ− 1

P. (107)

For γ = 2 and K = 2πasℏ2/m3, we recover Equation 49.
Other examples are given in Chavanis (2022b), Chavanis
(2022e), and Chavanis (2022c).

8.3 Growth of perturbations in an
expanding universe filled with BECDM

Thegrowth of perturbations in an expanding universe filledwith
BECDM has been studied in Chavanis (2012b). The expansion of
the universe avoids the Jeans swindle (Peebles, 1980). In Chavanis
(2012b), we focused on the matter era where the evolution of
the universe is described by the Einstein-de Sitter (EdS) solution,
and we used a nonrelativistic approach.48 We generalized the
classical Bonnor (1957) study to a BEC universe by taking
into account the quantum potential arising from the Heisenberg
uncertainty principle and the pressure due to the self-interaction of
the bosons.

The GPP equations in an expanding universe read
(Chavanis, 2012b; Suárez and Chavanis, 2015a; Chavanis, 2020b;
Chavanis, 2021a)

iℏ∂Ψ
∂t
+ 3

2
iℏHΨ = − ℏ2

2ma2 ΔΨ+m dV
d|Ψ|2

Ψ+mϕΨ, (108)

48 See the introductions of (Chavanis, 2013; Chavanis, 2014) for a short

history of the early development of modern cosmology.

Δϕ
4πGa2 = |Ψ|

2 − 3H2

8πG
, (109)

whereH = ȧ/a is theHubble parameter, a is the scale factor, and ρb =
3H2/8πG is the background density of the universe. The associated
quantum Euler–Poisson equations are given by (Chavanis, 2012b;
Suárez and Chavanis, 2015a; Chavanis, 2020b; Chavanis, 2021a)

∂ρ
∂t
+ 3Hρ+ 1

a
∇ ⋅ (ρv) = 0, (110)

∂Σ
∂t
+
(∇Σ)2

2ma2 +mϕ+mV′ (ρ) +Q = 0, (111)

∂v
∂t
+ 1
a
(v ⋅∇)v+Hv = − 1

ρa
∇P− 1

a
∇ϕ− 1

ma
∇Q, (112)

Δϕ = 4πGa2 (ρ− ρb) , (113)

with the quantum potential

Q = − ℏ2

2ma2

Δ√ρ

√ρ
= − ℏ2

4ma2 [
Δρ
ρ
− 1

2
(∇ρ)2

ρ2 ]. (114)

The evolution of the homogeneous background (ρ = ρb(t) and
v = 0) is determined by the EdS solution ρb ∝ a−3, a∝ t2/3, H =
2/(3t), and ρb = 1/(6πGt

2).
In the linear regime of structure formation, we showed that the

evolution of the Fourier transform of the density contrast δk(t) =
δρk/ρb is determined by (Chavanis, 2012b)

δ̈+ 2 ȧ
a
δ̇+( ℏ2k4

4m2a4 +
c2s k

2

a2 − 4πGρb)δ = 0. (115)

This equation extends the classical Bonnor (1957) equation to
a quantum (BEC) gas. It has been solved analytically in Chavanis
(2012b) by considering just the effect of the quantum potential
(noninteracting SF) or just the effect of a polytropic equation of
state corresponding to a power-law self-interaction potential (TF
limit).49 In the noninteracting regime, the solutions of Equation 115
representing the damped mode (upper sign) and the growing mode
(lower sign) are

δ (a) ∝ 1
a1/4

J±5/2(√6
k2

κ2
J

1
a1/2
) (116)

with κJ = (16πGρba
3m2/ℏ2)1/4 and kJ = κJa1/4. In the TF regime, for

the standard BEC, we find

δ (a) ∝ 1
a1/4

J±5/4(√
3
2
k
κJ

1
a
) (117)

with κJ = (4πGρb/c
2
s )

1/2 = (Gm3/asℏ2)1/2 and kJ = κJa. Equation 115
has also been solved numerically in Sec. VII of Suárez and Chavanis
(2015a) with all the terms for the standard self-interacting BEC.
All the possible regimes have been investigated depending on the
strength of the self-interaction. An interesting typical evolution is
shown in Figure 16. For a self-interacting SF, the density contrast
first displays growing oscillations in the TF regime (they grow

49 These results can be applied to the standard BEC described by the

quadratic equation of state from Equation 22 in the TF limit. They can

also be applied to fermions described by the polytropic equation of

state from Equation 87.

Frontiers in Astronomy and Space Sciences 29 frontiersin.org

https://doi.org/10.3389/fspas.2025.1538434
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org


Chavanis 10.3389/fspas.2025.1538434

FIGURE 16
Evolution of the density contrast δ(a) of a self-interacting SF. The BEC
is stable (λ < λJ(a)) in the TF and noninteracting regimes and unstable
(λ > λJ(a)) in the CDM-like regime, where λJ(a) is the Jeans length.

as a1/4 ∼ t1/6), then oscillates with a constant amplitude in the
noninteracting regime, and finally grows as a ∼ t2/3 like pressureless
DM (CDMmodel).The SF behaves like CDMat large scales (λ≫ λJ)
and is stabilized by quantum mechanics or self-interaction at small
scales (λ≪ λJ). This may solve the small-scale problems of the
CDM model. The case of an attractive self-interaction has also been
considered in Chavanis (2012b); Suárez and Chavanis (2015a). In
that case, the density perturbation increases exponentially rapidly
(instead of algebraically), and it is possible to neglect the expansion
of the universe on this timescale of exponential growth, returning
the results of Chavanis (2011c) in a static universe (see Section 8.1).

Remark:Thedifferential Equation 115 for the density contrast of
a nonrelativistic BEC in an expanding universe originally derived in
Chavanis (2012b) has been used inMarsh (2015),Marsh (2016), Fan
(2016), Desjacques et al. (2018), Brax et al. (2019), Brax et al. (2020c),
Mocz et al. (2023), Hwang and Noh (2022), Proukakis et al. (2024),
Arakawa et al. (2024), and Guth et al. (2015). It has been extended
to the context of general relativity in Suárez and Chavanis (2015a)
by using the hydrodynamic representation of the KGE equations in
the weak gravity regime.

9 Conclusion

In this paper, we have reviewed basic results on the BECDM
model. We have discussed the core–envelope structure of BECDM
halos and determined the core mass–radius relation, the halo
mass–radius relation, and the core mass–halo mass relation. We
have distinguished the violent (rapid) collisionless relaxation of
BECDM halos through gravitational cooling and their secular
(slow) collisional evolution induced by the formation of granules.
We have explained how quantum mechanics may solve certain
problems of the CDM model such as the core–cusp problem and
the missing satellite problem. We have emphasized the importance
of the maximum mass of dilute axion stars with attractive self-
interactions (Chavanis, 2011c; Chavanis and Delfini, 2011) and its

consequences.50 We have also discussed basic results of BECDM
cosmology.

Many interesting studies have been developed in relation to the
BECDM model. Although we cannot discuss them in detail, we
briefly list some of them (we apologize for the many other valuable
works that we cannot mention). They include, for example, the
effect of temperature on the formation of compact objects in self-
gravitating BECs (Slepian and Goodman, 2012; Robles and Matos,
2013; Verma et al., 2021; Proukakis et al., 2023; Shukla et al., 2024b),
models of pulsar glitches interpreted as rotating self-gravitating
BECs with a crust (Verma et al., 2022; Shukla et al., 2024a),
the infall of an SF onto a central black hole (Brax et al., 2020a;
Brax et al., 2020b), angular momentum and vortex formation in
BECDM halos (Rindler-Daller and Shapiro, 2012; Harko, 2019),
the formation of scalar clumps (solitons) in the early universe
(Amin and Mocz, 2019; Brax et al., 2020c), self-similar solutions
for FDM (Galazo-García et al., 2022), dynamical friction in FDM
(Lora et al., 2012; Berezhiani et al., 2019; Lancaster et al., 2020;
Buehler and Desjacques, 2023; Glennon et al., 2024; Bar-Or et al.,
2019; Chavanis, 2021b; Hui et al., 2017; Boudon et al., 2022;
Boudon et al., 2023), and gravitational waves from binary black
holes in a self-interacting scalar dark matter cloud (Boudon et al.,
2024). Some works more specifically related to axion stars and
their maximum mass (Chavanis, 2011c) include, for example,
the detectability of accretion-induced bosenovae in the Milky
Way (Arakawa et al., 2024; Eby et al., 2022; Maseizik et al.,
2024), the detectability of axion stars via photon emission (Bai
and Hamada, 2018; Hertzberg et al., 2020; Patkós, 2023) or by
gravitational microlensing events (Fujikura et al., 2021; Chang et al.,
2024; Yin and Visinelli, 2024), the signature in the Lyman-α
forest (Desjacques et al., 2018), the possibility that the recently
observed 2.6 M⊙ compact object in the gravitational wave event
GW190814 may be a bosonic DM admixed compact star (Lee et al.,
2021), the possibility that planet 9 may be an axion star (Di
and Shi, 2023), and the possibility that fast radio bursts may
be generated by collapsing axion stars (Raby, 2016; Di, 2024;
Di et al., 2024).

In this review, we have mainly focused on nonrelativistic
self-gravitating BECs. There is of course a huge literature
on boson stars in general relativity that we have just briefly
mentioned. We refer to the introduction of our paper Chavanis
(2023c) and to specific reviews on boson stars (Jetzer, 1992;
Liddle and Madsen, 1992; Schunck and Mielke, 2003; Liebling
and Palenzuela, 2017; Visinelli, 2021) for more details and
references. It could also be interesting to further develop the
analogies between BEC stars, superfluid stars, quark stars, and
quark matter in neutron stars (Chavanis and Harko, 2012;

50 In a sense, the maximum mass of dilute axion stars (Chavanis,

2023b) is the counterpart of the Chandrasekhar mass of white

dwarfs (Chandrasekhar, 1931) or the Oppenheimer–Volkoff mass

of neutron stars (Oppenheimer and Volkoff, 1939), but it has a

nonrelativistic origin.
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Haghani andHarko, 2022; Sharma et al., 2022; Tangphati et al., 2024;
Banerjee et al., 2025).
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Appendix 1: Energy functional

The GPP Equations 8 and 9 conserve the total mass

M = ∫|ψ|2dr (A1)

and the total energy

Etot =
ℏ2

2m2 ∫|∇ψ|
2dr+∫V(|ψ|2) dr+ 1

2
∫|ψ|2Φdr, (A2)

which is the sum of the kinetic energy Θ, the internal energy U, and
the gravitational energy W (Chavanis, 2011c; Chavanis, 2017b).

Using the Madelung transformation, these functionals can be
written in terms of hydrodynamic variables as

M = ∫ρdr, (A3)

Etot = ∫ρ
u2

2
dr+ 1

m
∫ρQdr+∫V (ρ) dr+ 1

2
∫ρΦdr, (A4)

where the first two terms in Equation A4 are the classical kinetic
energy Θc and the quantum kinetic energy ΘQ (we have Θ = Θc +
ΘQ), the third term is the internal energy U, and the fourth term is
the gravitational energy W (Chavanis, 2011c; Chavanis, 2017b).

An extremum of energy at fixed mass determines a stationary
solution of the GPP equations. However, only minima of energy
at fixed mass are dynamically stable (maxima or saddle points
of energy at fixed mass are linearly unstable). A more detailed
discussion of these results is given in Section 3.3 of Chavanis (2017b)
and in Appendix B of Chavanis (2021a).

Appendix 2: Gaussian ansatz

We can obtain an approximate analytical solution of the GPP
Equations 8 and 9 by using a Gaussian ansatz for the wavefunction
and by developing a mechanical analogy (see Chavanis (2011c)
and Section 8 of Chavanis (2017b) for details). We write the
wavefunction as

ψ (r, t) = [ M
π3/2R(t)3

]
1/2

e−r
2/2R(t)2eimH(t)r2/2ℏ, (A5)

where R(t) is the typical radius51 of the BEC and H = Ṙ/R. The
density ρ = |ψ|2 and the velocity field u = ∇S/m are given by

ρ (r, t) = M
π3/2R(t)3

e−r
2/R(t)2 , (A6)

u (r, t) =H (t)r. (A7)

We note that H is similar to the Hubble parameter in
cosmology [see Section 8.8 of Chavanis (2017b) for details].
We also note that the rotation curve vc(r) = [GM(r)/r]1/2

(where M(r) = ∫r0ρ(r
′)4πr′2dr′ is the mass contained within the

sphere of radius r) associated with the Gaussian density profile
Equation A6 reads (Chavanis, 2011c)

vc (r) = (
GM
R
)

1/2
[R
r
erf( r

R
)− 2
√π

e−(r/R)
2
]
1/2
. (A8)

51 For a Gaussian density profile, the relation between the radius R

and the radius R99 containing 99% of the mass is R99 = μR with μ =

2.38167 (Chavanis, 2011c).

With the Gaussian ansatz, we find that the energy functional
(Equation A4) can be written as a function of R and Ṙ (for a fixed
mass M) as

Etot =
1
2
αM(dR

dt
)

2
+V (R) . (A9)

The first term in Equation A9 is the classical kinetic energy Θc
while the effective potential V(R) comprises the quantum kinetic
energy ΘQ, the internal energy U, and the gravitational energy W
(see below). Therefore, Etot = Θc +V. Using Equation A9 and the
conservation of energy (see Appendix 1) we find that the evolution
of the radius R(t) of the BEC is determined by the differential
equation

αMd2R
dt2
= −dV

dR
. (A10)

This equation is similar to the equation of motion of a particle of
mass αM and position R moving in a one-dimensional potential
V(R). This equation can also be obtained from the time-dependent
quantum virial theorem [see Section 8.4 of Chavanis (2017b)
for details]

1
2
̈I = 2(Θc +ΘQ) + 3∫Pdr+W, (A11)

where I = ∫ρr2dr is the moment of inertia, or from
the least action principle in a Lagrangian approach [see
Appendix B of Chavanis (2016a)].

In the following, we shall specifically consider a standard
BEC with the self-interaction potential from Equation 10
or with the equation of state from Equation 22. In that
case, U = ∫V(ρ)dr = ∫Pdr and the effective potential V(R) =
ΘQ +U+W reads [see Section 8.2 of Chavanis (2017b) for
details]

V (R) = σ ℏ
2M

m2R2 + ζ
2πasℏ2M2

m3R3 − ν
GM2

R
(A12)

with the coefficients
α = 3

2
, σ = 3

4
, ζ = 1
(2π)3/2
, ν = 1
√2π
. (A13)

The equilibrium states are determined by the condition V′(R) =
0. This condition yields the mass-radius relation (Chavanis, 2011c;
Chavanis, 2017b)

M =
2σ
ν

ℏ2

Gm2R

1− 6πζ
ν

asℏ
2

Gm3R2

. (A14)

This relation can also be obtained from the static quantum
virial theorem (see Section 8.3 of Chavanis, 2017b for
details)

2ΘQ + 3∫Pdr+W = 0. (A15)

The mass-radius relation in the noninteracting limit, the radius
in the TF limit (in the repulsive case), and the maximum mass
Mmax and minimum radius R∗ (in the attractive case) are given
by Equations 34, 35, 37, 38 with the coefficients 2σμ/ν = 8.95,
(6πζ/ν)1/2μ = 4.125, σ/√6πζν = 1.085 and (6πζ/ν)1/2μ = 4.12 instead
of the exact values 9.95, π, 1.012 and 5.5. We see that the
prediction of the maximum mass from the Gaussian ansatz is
relatively accurate (Chavanis, 2011c).

Only minima of V(R) are dynamically stable. Therefore, the
condition of stability is V″(R) > 0. With the Gaussian ansatz, the
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squared pulsation of the BEC is ω2 = V″(R)/αM. We then find that
[see Section 8.6 of Chavanis (2017b) for details]

ω2 =
6ΘQ + 12U+ 2W

I
, (A16)

where I = αMR2. In addition, for the standard BEC (γ = 2), one
can obtain the relation [see Chavanis (2016a), Chavanis (2020c)
and Sections. 8.6 and 8.7 of Chavanis (2017b) for details and
generalizations]

dM
dR
= −αMm2R3

2σℏ2 ω
2. (A17)

This relation directly connects the stability of the self-gravitating
BEC to the slope of the mass-radius relation. The equilibrium state
is stable when dM/dR < 0 (implying ω2 > 0) and unstable when
dM/dR > 0 (implying ω2 < 0). The change of stability occurs at the
maximum mass Mmax, where dM/dR = ω = 0, in agreement with
the Poincaré turning point criterion (Poincaré, 1885). By studying
the sign of the second derivatives of V(R) or by using the identity
from Equation A17 one can analytically show (Chavanis, 2011c)
that, in the repulsive case (as ≥ 0), the equilibrium states are always
stable (see Section 4.2) and that, in the attractive case (as < 0), the
equilibrium states withR > R∗ are stable while the equilibrium states
with R < R∗ are unstable (see Section 4.3). Therefore, R∗ is the
minimum radius of stable equilibrium states.

In the noninteracting case (as = 0), using Equation A16 and the
virial theorem 2ΘQ +W = 0, we find that

ω2 = −W
I
= ν
α
GM
R3 . (A18)

Recalling that R99 = μR and ρ0 =M/(π
3/2R3) we obtain Equation

(36). In the TF limit (ℏ = 0), using Equation A16 and the virial
theorem 3U+W = 0, we find that ω2 = − 2W/I, which coincides
with the Ledoux formula for a polytrope of index n = 1. With
the exact values of W and I that can be obtained analytically,
we get ωLedoux = 1.96 (GM/R

3
TF)

1/2 = 2.21√Gρ0 (Chavanis, 2011c).
The squared pulsation is studied as a function of the radius of
the BEC in Chavanis (2011c) for an attractive or a repulsive self-
interaction.

In the case of an attractive self-interaction, expanding the
effective potential from Equation A12 to third order close
to the maximum mass Mmax, we obtain (Chavanis, 2016a;
Chavanis, 2020c)

V (R)
V0
= 1

3R3
∗
(R−R∗)3 −

2
R∗
(1− M

Mmax
)(R−R∗)

− 1
3
+ 5

3
(1− M

Mmax
), (A19)

where V0 = νGM2
max/R∗ or, more explicitly, V0 = [σ2ν1/2/(6πζ)3/2]

(ℏm1/2G1/2/|as|
3/2). Equation A19 is the normal form of a potential

V(R) close to a saddle-center bifurcation [see Figure 20 in Chavanis
(2016a)].With this approximation, the equation ofmotion Equation
A10 of the fictive particle becomes

αMd2R
dt2
= −

V0

R3
∗
(R−R∗)2 +

2V0

R∗
(1− M

Mmax
). (A20)

This equation has been studied in (Chavanis, 2016a; Chavanis,
2020c), leading to the results reported in Section 4.3. The mass-
radius relation close to Mmax, corresponding to V′(R) = 0, is given
by

R−R∗ = ±√2R∗(1−
M

Mmax
)

1/2
. (A21)

The upper sign corresponds to the stable branch R > R∗ and the
lower sign corresponds to the unstable branch R < R∗. The squared
radial pulsation of the BEC is

ω2 = ±2
√2
t2D
(1− M

Mmax
)

1/2
= 2
t2DR∗
(R−R∗) , (A22)

where we have introduced the dynamical time tD =
(α/ν)1/2(G ̃ρ0)

−1/2 = (6πζ/ν)(α/σ)1/2|as|ℏ/(Gm2) constructed with
the characteristic density ̃ρ0 =Mmax/R

3
∗ = [σν/(6πζ)

2]Gm4/(a2
sℏ

2)
(Chavanis, 2016a; Chavanis, 2020c). From these equations,
we obtain

dM
dR
= −ω

2

2
Mmaxt

2
D

R∗
, (A23)

which is a special case of the general identity from Equation A17
valid close to the critical point where Mmax = (σ/ν)ℏ2/Gm2R∗.

The Gaussian ansatz approach has been generalized in Chavanis
(2018b) to the case of a self-interaction potential comprising an
attractive |ψ|4 term and a repulsive |ψ|6 term. It has also been
generalized in Chavanis (2019b) in order to take into account the
presence of a central black hole creating a potential −GMBH/r. In
particular, we have obtained the general expression of themaximum
mass of an axion star with an attractive |ψ|4 self-interaction (as < 0)
in the presence of a central black hole. In the case where the self-
gravity of the axion star can be neglected, this general expression
reduces to [see Section 3.7.2 of Chavanis (2019b)]

Mmax =
σ2

6πζλ
ℏ2

GMBHm|as|
(A24)

with λ = 2/√π. The prefactor is equal to 3π/(16√2) = 0.416. An
application of our Equation A24 giving the maximum mass
of a dilute axion star in the presence of a central black hole
(Chavanis, 2019b) has been recently developed in Gan et al. (2024)
[see also Davies and Mocz (2020), Yin and Visinelli (2024) for
related studies].

It is also possible to generalize the theoretical
formalism developed in (Chavanis, 2017b) to a multispecies
system of self-gravitating BECs described by the coupled
GPP equations

iℏ
∂ψa

∂t
= − ℏ

2

2ma
Δψa +

ℏ3λa
2m3

ac
|ψa|

2ψa +maΦψa, (A25)

ΔΦ = 4πG∑
a
|ψa|

2. (A26)

The mass Ma = ∫|ψa|
2dr of each species is conserved as well as the

total energy

Etot =∑
a

ℏ2

2m2
a
∫|∇ψa|

2dr

+∑
a
∫
ℏ3λa
4m4

ac
|ψa|

4dr+ 1
2
∫Φ∑

a
|ψa|

2dr. (A27)

Making a Gaussian ansatz (for each species) and adapting the
procedure described in Section 8 of Chavanis (2017b) to the present
situation we readily obtain the energy function

Etot =∑
a

1
2
αMa(

dRa

dt
)

2
+V({Ra}) (A28)

with the effective potential
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V({Ra}) =∑
a
σ
ℏ2Ma

m2
aR

2
a
+∑

a
ζ
ℏ3λaM

2
a

4m4
acR

3
a

−∑
a,b

2√2νGMaMb
R2
a

(R2
a +R

2
b)

3/2
. (A29)

This potential displays a wealth of regimes.

Appendix 3: TF approximation

We assume that the bosons have a repulsive self-interaction
(as > 0). In the TF approximation, where the quantum potential is
neglected, the equilibrium state results from the balance between
the gravitational attraction and the repulsion arising from the
|ψ|4 self-interaction of the bosons. The system is equivalent
to a polytrope of index n = 1 (i.e. γ = 2) with an equation
of state of the form

P = K2ρ
2, (A30)

where the constant K2 may depend on the dimension of space d
(we leave it unspecified for the sake of generality). The condition
of hydrostatic equilibrium can be reduced to a (linear) Helmholtz
equation of the form

Δρ+
SdG
2K2

ρ = 0, (A31)

which is equivalent to the Lane-Emden equation of index n =
1 (Chavanis and Sire, 2004).

In d = 1 dimension, the density profile is given by

ρ (r) = ρ0 cos(√ G
K2

r). (A32)

The density vanishes at

RTF =
π
2
√K2

G
. (A33)

The radius is independent of the mass. The central density is related
to the mass by ρ0 = πM/(4R).

In d = 2 dimensions, the density profile is given by

ρ (r) = ρ0J0(√
πG
K2

r). (A34)

The density vanishes at

RTF = x1√
K2

πG
, (A35)

where x1 = 2.4048… is the first zero of Bessel function J0(x). The
radius is independent of the mass. The central density is related to
the mass by ρ0 = x1M/[2πJ1(x1)R2] = 0.73725M/R2.

In d = 3 dimensions, the density profile is given by

ρ (r) = ρ0

sin(√ 2πG
K2

r)

√ 2πG
K2

r
. (A36)

The density vanishes at

RTF = π√
K2

2πG
. (A37)

The radius is independent of the mass. The central density is related
to the mass by ρ0 = πM/(4R

3). With K2 = 2πasℏ2/m3 we recover the
results of Section 4 [see also Chavanis (2011c)].

Remark: In d = 2 dimensions, it is possible to take into account
the effect of a solid rotation Ω while remaining axisymmetric
(Chavanis, In preparation). For rotating polytropic cylinders of
index n = 1 the differential equation replacing Equation A31 is

Δρ+ πG
K2

ρ = Ω2

K2
(A38)

and its solution is

ρ (r) = (ρ0 −
Ω2

πG
) J0 (kr) +

Ω2

πG
, (A39)

where k = √πG/K2. The density profile vanishes at some radius R
provided that

ρ0 >
Ω2

πG
J0 (x∗) − 1
J0 (x∗)

= 1.11Ω2

G
, (A40)

where x∗ = 3.8317… corresponds to the first minimum of J0(x). In
that case, the radius R is related to the central density by

ρ0 =
Ω2

πG
J0 (kR) − 1
J0 (kR)

. (A41)

The radius of the rotating configuration lies in the interval x1 ≤ kR ≤
x∗. The density profile can be rewritten as

ρ (r) = Ω2

πG
[1−

J0 (kr)
J0 (kR)
] . (A42)

The mass and the moment of inertia are related to the radius and to
the angular velocity by

M = Ω2R2

G
[1−

2J1 (kR)
kRJ0 (kR)

] , (A43)

I = Ω2R4

2G
[1+ 4

kRJ3 (kR) − 2J2 (kR)
k2R2J0 (kR)

] . (A44)

Using the Gaussian ansatz or the Ledoux formula, the squared
pulsation is given by (Chavanis, 2017b)

ω2 = GM
2

I
− 4Ω2. (A45)

Using Equations A43–A45 we can show that ω2 > 0 implying
that the solutions are dynamically stable for any Ω (Chavanis, In
preparation).

Appendix 4: Mass-radius relation in d
dimensions

We briefly discuss the mass-radius relation of nonrelativistic
self-gravitating BECs in d dimensions [see Chavanis, In
preparation; Chavanis (2023b) for details and for the values of RTF,
Mmin, Mmax and R∗ mentioned below].

4.1 Repulsive self-interaction

When d < 4, the mass-radius relation is monotonic. There is a
stable equilibrium state for any mass M and it has a radius R ≥ RTF.
The radius decreases from infinity to RTF as the mass increases. The
branch of noninteracting bosons is stable.
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When d = 4, the mass-radius relation presents a minimum.
There is a stable equilibrium state for M ≥Mmin and it has a radius
R ≥ RTF. The radius decreases from infinity to RTF as the mass
increases from Mmin. The branch of noninteracting bosons exists at
a unique mass Mmin and it is marginally stable.

When d > 4, the mass-radius relation presents a minimum.
There is a stable equilibrium state for M ≥Mmin and RTF ≤ R ≤ R∗
(the branch R > R∗ is unstable). The radius decreases from R∗ to RTF
as themass increases fromMmin (R∗→+∞when d = 4).Thebranch
of noninteracting bosons is unstable.

These results show that the dimension of space d = 3 of
our universe is very particular as already found in the case
of fermion stars (Chavanis, 2007). In particular, noninteracting
fermion and boson stars are unstable in a universe of dimension d >
4 (they are marginally stable in d = 4).

4.2 Attractive self-interaction

When d < 2, the mass-radius relation is monotonic. There is a
stable equilibrium state for any mass M. The radius decreases from
infinity to 0 as the mass increases.

When d = 2, the mass-radius relation presents a maximum.
There is a stable equilibrium state for M ≤Mmax. The radius
decreases from infinity to 0 as the mass increases up to
Mmax. The maximum mass corresponds to the mass of a
nongravitational BEC (Townes soliton). Its exact value is Mmax =
0.465563…m/|as| (Chiao et al., 1964; Chavanis, In preparation).

When 2 < d < 4, the mass-radius relation presents a maximum.
There is a stable equilibrium state for M ≤Mmax and R ≥ R∗ (the
branch R < R∗ is unstable). The radius decreases from infinity to R∗
as the mass increases up to Mmax (R∗→ 0 when d = 2).

When d ≥ 4, there is no stable equilibrium state (when d = 4 the
branch of noninteracting bosons exists at a unique mass Mmax =
Mmin and it is marginally stable).

Appendix 5: The gravitational
instability of an infinite homogeneous
BEC when the Coriolis force is acting
and a magnetic field is present

The effect of a uniform rotation and a constant magnetic field
on the Jeans instability of an infinite homogeneous self-gravitating
system has been studied by Chandrasekhar (Chandrasekhar and
Fermi, 1953; Chandrasekhar, 1954; Chandrasekhar, 1955) for a
classical fluid. For a quantum fluid, we just have to make the
substitution

c2s → c2s +
ℏ2k2

4m2 (A46)

in the linearized hydrodynamic equations (see Section 8.1). In
this manner, the results of Chandrasekhar (Chandrasekhar and
Fermi, 1953; Chandrasekhar, 1954; Chandrasekhar, 1955) can be
generalized straightforwardly. The dispersion relation taking into
account the Coriolis force, a magnetic field and the quantum
potential is given by Equation 7 of Chandrasekhar (1954) where now

Ω2
J =

ℏ2k4

4m2 + c
2
s k

2 − 4πGρ. (A47)

As shown by Chandrasekhar (1954), the medium is stable if, and
only if, Ω2

J > 0, which is precisely the quantum Jeans criterion from
Equation 99. Therefore the condition for gravitational instability is
unaffected by Corliolis and magnetic forces. There is, however, a
particular case. This is when the direction of propagation of the
perturbation is both perpendicular to the angular velocityΩ and the
magnetic field B. In that case, the dispersion relation reduces to

ω2 = ℏ
2k4

4m2 + (c
2
s + c2A)k

2 + 4Ω2 − 4πGρ, (A48)

where cA = B/√4πρ is the Alfvén velocity. The squared Jeans
wavevector, which is determined by a second degree equation
corresponding to Equation A48 with ω = 0 is given, when it exists
and is positive, by

k2
J =
−(c2s + c2A) ±√(c

2
s + c2A)

2 − 4ℏ2

m2 (Ω2 − πGρ)

ℏ2

2m2

. (A49)

Different cases can happen depending on the signs of Ω2 − πGρ and
c2s . For example, in the classical case or in the TF regime (ℏ = 0),
when c2s > 0 and Ω2 > πGρ we see that ω2 > 0 so the medium is
stable with respect to this type of perturbations. Otherwise, the Jeans
wavenumber below which the medium is unstable is given by

k2
J =

4πGρ− 4Ω2

c2s + c
2
A

, (A50)

which is different from the usual Jeans wavenumber k2
J = 4πGρ/c

2
s .

However, the situation when the direction of propagation of the
perturbation is both perpendicular to the angular velocity Ω and
the magnetic field B is very particular (except in two dimensions)
and, if we allow k to be in any direction, the system suffers the usual
(quantum) Jeans instability.

Appendix 6: Theories of modified
gravity

There exist several theories of modified gravity. One of them
is the so-called Eddington-inspired Born-Infeld (EiBI) theory
(Bañados and Ferreira, 2010). In the Newtonian limit, the EiBI
theory generates a modified Poisson equation of the form

ΔΦ = 4πGρ+ 2πGκΔρ, (A51)

where κ is a constant with the dimension of a squared length or the
inverse of a cosmological constant (κ ∼ R2 ∼ 1/Λ). If we introduce
the “Newtonian” potential ΦN =Φ− 2πGκρ, we recover the usual
GPP Equations 8 and 9 with an additional self-interaction potential
V(|ψ|2) = πGκ|ψ|4. This is a quartic potential similar to the quartic
potential of the standard BEC from Equation 10. The corresponding
equation of state is P = πGκρ2. Therefore, all the results established
for the standard self-gravitating BEC in the Newtonian limit can be
straightforwardly applied to the EiBI theory by simply making the
substitution

as→ as +
κGm3

2ℏ2 . (A52)

The case κ > 0 corresponds to an effective repulsive self-interaction
and the case κ < 0 corresponds to an effective attractive self-
interaction. The modified potential annihilates the physical self-
interaction when κ = κc = − 2ℏ2as/Gm3.
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Another theory of modified gravity consists in replacing the
Poisson equation by the screened Poisson (or Yukawa) equation.
This type of equations can also describe interactions different from
the gravitational one. Therefore, we write it under the generic form

Δϕ− 1
L2 ϕ = gρ, (A53)

where L is a constant with the dimension of a length and g is a
coupling constant (positive or negative). In the strong screening
limit L→ 0, i.e. for a short-range interaction, we obtain

ϕ = −gL2ρ− gL4Δρ+⋯ (A54)

This is similar to the Cahn-Hilliard expansion in soft matter
physics. The first term leads to a self-interaction potential
V(|ψ|2) = − 1

2
gL2|ψ|4 corresponding to Equation 10. The second

term is new in the BEC context and was originally introduced
in Appendix N of Chavanis (2017b) [see also Chavanis (2018a),
Chavanis (2023a)]. It leads to a generalized GP equation of the form

iℏ
∂ψ
∂t
= − ℏ

2

2m
Δψ+m dV

d|ψ|2
ψ+mΦψ+mχΔ|ψ|2ψ (A55)

with χ = − gL4. The Jeans instability theory of Section 8 can
be generalized straightforwardly by simply replacing ℏ by ℏeff =
√ℏ2 − 4m2χρ (Chavanis, 2017b; Chavanis, 2023a). We see that
quantum effects disappear (ℏeff = 0) when χ = χc ≡ ℏ

2/(4m2ρ).
Furthermore, the effective Planck constant is positive for χ < χc
and imaginary for χ > χc, leading to new instabilities (Chavanis, In
preparation). It is also possible to generalize the Gaussian ansatz of
Appendix 2. We just have to add in V(R) the potential

Wχ = −κ
χM2

R5 (A56)

with κ = 3/(4√2π3/2) (Chavanis, 2017b).We then find that themass-
radius relation becomes

M =
2σ
ν

ℏ2

Gm2R

1− 6πζ
ν

asℏ
2

Gm3R2 +
5κ
ν

χ
GR4

. (A57)

Furthermore, one can show that the identity from Equation
A17 remains valid in this more general situation. Under certain
conditions, there is an extremum mass Mext at a radius R∗
determined by the second degree equation

R4
∗ +

6πζ
ν

asℏ
2

Gm3R
2
∗ −

15κ
ν

χ
G
= 0. (A58)

In the noninteracting case (as = 0), when χ > 0, there is a
maximum mass Mmax at a radius R∗ given by

R∗ = (
15κ
ν

χ
G
)

1/4
, Mmax =

3σ
2ν

ℏ2

Gm2R∗
. (A59)

Stable equilibrium states only exist forM <Mmax and R > R∗. When
χ < 0, there is a minimum radius

Rmin = (−
5κ
ν

χ
G
)

1/4
(A60)

at which M→+∞. The equilibrium states of any mass are stable.
In the nongravitational case (G = 0), when as < 0 and χ < 0, there

is a minimum mass Mmin at a radius R∗ given by

R∗ = (
15κ
6πζ

χm3

asℏ
2)

1/2

, Mmin =
3σ
6πζ

mR∗
|as|
. (A61)

Stable equilibrium states only exist for M >Mmin and R∗/√3 < R <
R∗. There is no stable equilibrium state in the other cases.

In the TF limit (ℏ = 0), the equilibrium states exist at a unique
radius determined by the second degree equation

R4 −
6πζ
ν

asℏ
2

Gm3R
2 + 5κ

ν
χ
G
= 0. (A62)
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