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Introduction
This work describes the calibration of a laboratory plasma impedance probe, a diagnostic to accurately measure the plasma density using resonances in the self-impedance spectrum that are introduced when the probe is immersed in a plasma. This paper focuses on calibration techniques that are essential for typical laboratory plasmas with resonant frequencies above 100 MHz, which corresponds to plasma densities above 108 cm-3 and have been used for plasma densities from 105 to 1010 cm-3 that are found in typical laboratory plasmas. 
Methods
The approach uses a calibration circuit included in the measurement circuitry, along with careful characterization of the RF paths after the calibration plane to account for the parasitic impedances. The calibration algorithm is derived and an example step-by-step calibration is presented. Calibration procedures are validated with test loads, numerical simulations, and theoretical models.
Results
The calibration procedure successfully recovered the impedance of a test load with an average error of 1%. Using a full three-port balun model, the vacuum impedance of the dipole was accurately recovered. Plasma density measurements derived from the calibrated impedance spectrum agreed well with Langmuir probe measurements, while uncalibrated spectra resulted in significant overestimation of plasma density. Monte Carlo simulations demonstrated that using six calibration standards in the SOL calibration significantly improved the accuracy of the calibration coefficients and reduced error in the recovered test load impedance.
Discussion
The calibration procedure described in this manuscript provides accurate impedance measurements in laboratory plasmas, enabling reliable extraction of plasma parameters. The importance of accurate calibration is highlighted with high-frequency measurements using balanced dipole antennas as an example. The use of multiple calibration standards and the full three-port balun model significantly improves measurement accuracy.
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1 INTRODUCTION
A plasma impedance probe uses measurements of the impedance spectrum for an antenna immersed in a plasma to infer plasma parameters. The presence of the plasma introduces resonances into the impedance spectrum that are not present when the antenna is in vacuum. The frequencies at which these resonances occur allow us to determine the plasma density (Balmain, 1964), plasma potential (Walker et al., 2010), and electron temperature (Bishop and Baker, 1972; Walker et al., 2008). The impedance spectrum can be calculated from measurements of the reflection coefficient, S11 measured by a vector network analyzer (VNA), or from direct measurements of the voltage and current in the circuit at each frequency. The methods described in this work are applicable to both measurement techniques.
The typical impedance probe analysis is valid for the antenna and plasma system, but does not account for the measurement circuitry, cabling, or parasitic impedances present in the system. The cumulative effect of these can result in shifting the frequencies of the resonances of interest or in the introduction of new resonances. For impedance probes used to measure space plasmas, the frequencies of interest are relatively low (less than 15 MHz) and calibration is typically performed by measuring a set of calibration standards across the antenna feed prior to final integration of the antenna (Young, 2020; Swenson et al., 2003). However, for laboratory plasmas instruments where we are required to measure in the GHz range, even an adapter or a length of transmission line on the order of 1 cm can cause errors of 60% or more (Brooks et al., 2023). For accurate plasma parameter measurements, it is essential that we develop techniques to mitigate these effects using modeling, calibration, and network de-embedding. Although it is clear that calibration is necessary for accurate plasma impedance probe measurements, it must also be approached with great care due to the ability to drastically change the impedance spectrum. A poorly calibrated probe can lead to errors of the same size or greater than an uncalibrated probe. For example, a simple circuit of a resistor to ground can have parasitic impedances yielding a resonant frequency. Proper calibration can eliminate the resonance and recover the largely ideal resistor impedance.
Similar techniques to those used to calibrate impedance probes measuring space plasmas have been used for laboratory plasma impedance probes (Blackwell et al., 2005; Bilén et al., 1999; Hopkins and King, 2014). These probes have typically used monopole antennas built using a short coaxial transmission line as the feed. These techniques work well as they provide a repeatable, well-defined connection for attaching calibration standards. However, the reference electrode for a monopole antenna is not well defined and can change due to interactions with the plasma. For this reason, we prefer to use dipole antennas for our impedance probes. The requirement of a balanced dipole antenna does not allow us to employ the simpler calibration techniques used previously.
The general approach that we take to calibration of a laboratory plasma impedance probe is based on the short-open-load (SOL) calibration (Kruppa and Sodomsky, 1971) and fixture de-embedding techniques making use of the transmission matrix (T-matrix) (Bauer and Penfield, 1974). However, the use of a balun to make a balanced dipole antenna in our impedance probe design requires us to de-embed a three-port network. The presence of the unbalanced port breaks the two-port symmetry on which the T-matrix de-embedding is based.
2 MATERIALS AND EQUIPMENT
Our laboratory measurement electronics consists of an RF I-V measurement circuit and an on-board calibration circuit. Each of which will be described in detail below. The plasma impedance probe can be operated in two distinct modes. The first uses a VNA to provide the RF signal to the probe and measures the reflection coefficient for the network. In practice this provides excellent dynamic range for the measurement but acquisition times are limited by the Intermediate Frequency (IF) bandwidth setting of the instrument. The second uses a function generator to provide the stimulus and an oscilloscope to measure the current and voltage outputs from the RF I-V measurement circuit. The calibration procedures will be described using the RF I-V measurement method in the main text, and a description using a VNA will be described in the Supplementary Appendix.
The RF I-V method typically is used to measure impedances in frequency ranges from 1 MHz to 3 GHz. It provides better accuracy and a wider impedance range than the reflection coefficient method used by VNAs, (Keysight Technologies) when measuring impedances far from the characteristic impedance of the system Z0. The reduced accuracy of the reflection coefficient method when measuring impedances far from Z0 can be seen from the expression for the reflection coefficient Γ in terms of the impedance Z.
Γ=Z−Z0Z+Z0(1)
As the impedance gets large or very small, the reflection coefficient asymptotically approaches ±1 respectively, and exhibits the largest sensitivity at Z0. The measurement sensitivity for the RF I-V method is constant over a wide range of impedances due to the linear relationship expressed in Ohm’s Law.
The RF I-V measurement circuit consists of two RF transformers: one in series whose voltage on the secondary is proportional to the current and one in parallel to measure the voltage. Placing the voltage measurement in parallel with the series combination the current measurement and the dipole will reduce the accuracy of the voltage measurement. Conversely, placing the current measurement in series with the parallel combination of the voltage measurement and the antenna will reduce the accuracy of the current measurement. Since, the currents are expected to be small at the plasma frequency, we used the former arrangement with the current measurement directly in series with the antenna, as shown in Figure 1.
[image: Schematic of a complex RF circuit with multiple labeled components. The circuit includes ports, switches, standards, and a balun. A red dashed line indicates the calibration plane.]FIGURE 1 | The RF I-V and on-board calibration circuit. A network of eight RF switches allows us to make measurements of a test load that is used to verify calibration, six calibration standards, and the dipole antenna. Red dashed line indicates the location of the calibration plane, which occurs at port1c. The remainder of the circuit is modeled using a combination of network characterization and idealized models.The on-board calibration circuit was designed to allow for calibration of the impedance probe up to port1c, as indicated in Figure 1. It consists of an 8-channel RF switch that allows us to connect the RF I-V circuit to one of eight loads: a tank circuit test load that simulates the resonant behavior of typical laboratory plasmas, one of six calibration standards, and the dipole antenna. The test load is used to verify that an accurate calibration was made to port1c. When the impedance probe is installed in the SPSC, there is a significant length of cable between the RF source for the probe and the antenna. In addition, the main plasma source is a bank of hot tungsten filaments, where the infrared radiation can lead to substantial heating of the cables and other equipment. Calibrations conducted at room temperature at atmospheric pressure were observed to no longer be valid when the plasma source was in operation. This was the main motivation for the inclusion of the on-board calibration circuit.
Switch1h of the 8-channel RF switch is connected to the unbalanced side of a balun. The balanced ports are connected to two SMA bulkhead connectors labeled as port1d and port1e in Figure 1, which allow for accurate characterization of the 3-port network between port1c, port1d, and port1e. Then, two semi-rigid coaxial transmission lines, labeled stem1a and stem1b, form the feed of the dipole antenna, drawn in Figure 2. The shield and dielectric of the semi-rigid coaxial lines are cut back approximately 1.9 cm and 1.3 cm respectively. The 1.3-cm exposed center conductor is inserted into 1.3-cm diameter and 5-cm long aluminum rod, which serves as a dipole element.
[image: Diagram of two parallel vertical gray cylinders, each 5.1 centimeters tall and 1.3 centimeters wide, connected to horizontal brown rectangular beams measuring 5.1 centimeters wide and 1.3 centimeters tall.]FIGURE 2 | Drawing of the dipole antenna used for the plasma impedance probe. The dipole elements are hollowed out aluminum rods that are attached to the center conductors of the semi-rigid coax stems via set screws.The probe was tested in the NRL Space Physics Simulation Chamber (SPSC), a large volume vacuum chamber used to replicate ionospheric and magnetospheric plasmas in the laboratory. It consists of two parts: a 0.55-m diameter, 2-m long source chamber section and a 2-m diameter, 5-m long main chamber section. The two sections are separated by a large gate valve that allows them to be operated independently or as a whole. The chamber is surrounded by 12 individually controlled, water-cooled electromagnets that can be used to generate arbitrary axial field shapes (Tejero and Gatling, 2009). Typical vacuum base pressure is 10–6 Torr. When in operation, the chamber is back-filled with Argon gas at operating pressures around 10–4 Torr. The hot filament plasma source in the main chamber can create plasmas with densities from 105 to 1010 particles per cm3. Uniform magnetic fields up to 200 G can be created in main chamber to confine the plasma, but it is typically operated with magnetic field values from 20 to 80 G. Under these conditions, a laboratory plasma impedance probe will need to sweep the drive frequency from approximately 1 MHz to 1 GHz.
3 METHODS
Our approach to calibration is to first use measurements of the on-board calibration standards to conduct a 1-Port SOL calibration, which establishes our calibration plane at port1c shown in Figure 1. Then, we develop a general model for the network from port1c to the antenna as a function of the dipole impedance. The model incorporates measured characterization of the balun and ideal models of the stems. Then, we use a nonlinear fit of the dipole measurement to the general model to extract the impedance of the antenna.
The dipole impedance is measured in vacuum, where we have very good estimates of the expected impedance, due to previously conducted finite element simulations of both a monopole (Brooks et al., 2023) and dipole (Gatling et al., 2024) antenna in vacuum that yielded very good agreement with measured values. We can repeat the process in a plasma environment, and use the resulting impedance spectrum to extract the plasma parameters. Here is the algorithm for measuring plasma density with a calibrated impedance probe:
	1. Conduct a 2-port calibration on the VNA using a VNA calibration kit
	2. Remove the jumper between port1b and port1c
	3. Connect the VNA port1 to port1c
	4. Use the switch to sequentially measure the reflection coefficient of the test load Γtestloads, six on-board standards Γstd1s…Γstd6s, and the dipole Γdipoles
	5. Use Equation 14 to convert to impedance Ztestloads, Zstd1s…Zstd6s, and Zdipoles
	6. Remove the stems from port1d and port1e
	7. Connect the VNA port2 to port1d and terminate port1e with 50 Ω
	8. Measure the full 2-port S-parameters of balun1 Scc, Scd, Sdc, Sdd
	9. Move VNA port2 to port1e and terminate port1d with 50 Ω
	10. Measure the full 2-port S-parameters of balun1 Scc, Sce, Sec, See
	11. Move VNA port 1 to port1d and terminate port1c with 50 Ω
	12. Measure the full 2-port S-parameters of balun1 Sdd, Sde, Sed, See
	13. Disconnect VNA cables, 50 Ω termination
	14. Reconnect jumper between port1b and port1c, and reconnect stems to port1d and port1e
	15. For each frequency of interest	a. Use the function generated to apply a signal to port1a
	b. For each of the eight switch positions, measure rfv1 and rfi1 with a scope
	c. Multiply both rfv1 and rfi1 by expiωt and integrate
	d. Take the ratio of rfv1 to rfi1 to calculate impedance


	16. Label these spectra Ztestloadm, Zstd1m…Zstd6m, and Zdipolem
	17. Use Zstd1s…Zstd6s and Zstd1s…Zstd6s to solve Equation 5 and compute the calibration coefficients α, β, and γ
	18. Use Equation 4 to recover the calibrated impedance at port1c for the test load Z1ctank and for the circuit with switch1h closed Z1c
	19. Using Z1c solve Equation 13 to compute Zdipole
	20. Find the frequency where the impedance magnitude is near a maximum and the phase is zero, this is the upper hybrid frequency fuh
	21. Use Equation 15 to extract the plasma density from the upper hybrid frequency

For completeness, we will present a review of the 1-Port SOL calibration technique. We start by collapsing all the effects from the connection to the RF source through port1a to port1c into a single two-port network that can be described by four parameters (Keysight Technologies) as shown in Equation 2. This can be expressed by the following matrix equation.
rfv1rfi1=ABCDV1cI1c(2)
By taking the ratio of the two equations, we can write an expression for the measured impedance Zrf1 in terms of the impedance at port1c Z1c.
Zrf1=DI1cDI1cADV1cI1c+BDCDV1cI1c+1=αZ1c+βγZ1c+1(3)
We can solve for the calibration coefficients α, β, and γ, by terminating port1c with at least three known loads. The SOL calibration uses ideal short, open, and an impedance matched load, which causes significant simplification to the above equation. However, since it is not possible to achieve these ideal loads over the frequency range of interest, we instead use loads that have been previously characterized such that their impedance spectrum is known. Inverting the above equation, we can solve for the impedance Z1c as a function of the calibration coefficients and the measured impedance Zrf1.
Z1c=Zrf1−βα−γZrf1(4)
Measuring three standards is sufficient for solving the three unknown calibration coefficients, however, by making measurements of more standards, it is possible to improve the accuracy of the resulting calibration (Agilent Technologies, 2006). Our system uses six calibration standards that can be used to terminate port1c. We measure the impedance of each standard Zim using the ratio of rfv1 to rfi1 and the appropriate switch setting, where i stands for one of the six calibration standards: std1 through std6. Using Zis to represent the data-based, i-th characterized standard impedance, we can rewrite Equation 3 as the following system of equations that is valid for each measured frequency.
Zstd1s1−Zstd1mZstd1sZstd2s1−Zstd2mZstd2sZstd3s1−Zstd3mZstd3sZstd4s1−Zstd4mZstd4sZstd5s1−Zstd5mZstd5sZstd6s1−Zstd6mZstd6sα βγ=Zstd1mZstd2mZstd3mZstd4mZstd5mZstd6m(5)
This overdetermined problem can be solved by using least squares. This yields the calibration coefficients that best fits the data provided. The calibration standards were chosen to maximize the spread in the complex impedances for every frequency. Further optimization is possible, but as will be shown in the next section the calibration is effective.
After applying the 1-port SOL calibration, we have established a calibration plane at port1c. Next, we must treat the 3-port network from port1c to port1d and port1e. We characterize this 3-port network using a 2-port VNA by terminating a port with the characteristic system impedance, connecting the VNA to the other two ports, and measuring the full 2-port S-parameter matrix. We repeat this process, terminating each of the other two ports successively. We collect the three 2-port S-parameters, discarding redundant measurements to arrive at the 3-port S-parameter matrix shown in Equation 6.
Sbalun1=SccScdSceSdcSddSdeSecSedSee(6)
In order to proceed, we will determine an expression for the total impedance of the system from port1c to the antenna elements. We treat the dipole antenna, element1a and element1b, as an unknown impedance Zdipole across the center conductors at the ends of stem1a and stem1b. We can model this load as a 2-port network with infinite real impedance to ground, which is shown in Figure 3a. The equivalent pi network is shown in Figure 3b. The admittance parameters for this model are given in Equation 7.
Yant1=1Zdipole−1Zdipole−1Zdipole1Zdipole(7)
[image: Diagram showing two circuit representations. Figure a illustrates a dipole impedance labeled as “Z_dipole” in series. Figure b shows its reciprocal, with the admittance “1/Z_dipole” in parallel, including two vertical lines with admittances labeled “0 S”.]FIGURE 3 | (a) 2-port network model for the antenna with impedance Zdipole between the center conductors of the coaxial stems and infinite impedance between the antenna and the outer conductors of the stems. (b) Corresponding effective pi-network of admittances with zero conductance between the center and outer conductors of the stems.The final result of the calibration procedure is to determine the unknown impedance of the antenna Zdipole. We model stem1a and stem1b as lossless coaxial transmission lines with Teflon dielectric and relative dielectric constant ϵ=2.1. This yields an effective wave vector k=ϵω/c, where ω is the angular frequency of the RF signal and c is the speed of light. The Y-parameter matrix for stem1a and stem1b with length L can be written as shown in Equation 8.
Ystem1a,b=1Z01−e−2kL1+e−2kL−2e−2kL−2e−2kL1+e−2kL=YffYfgYfgYff(8)
We also write the 3-port S-parameter matrix for the balun1 network in terms of its admittance parameters as given in Equation 9a. Equations for converting S-parameters of a 3-port network to Y-parameters is given in the Supplementary Appendix. Figure 4 shows a network schematic combining the four networks, balun1, stem1a and stem1b, and the antenna. This leads to the following system of equations and constraints.
I1cI1dI1e=YccYcdYceYdcYddYdeYecYedYeeV1cV1dV1e(9a)
I1fI1g=YffYfgYfgYffV1fV1g(9b)
I1hI1i=YffYfgYfgYffV1hV1i(9c)
I1jI1k=1/Zdipole−1/Zdipole−1/Zdipole1/ZdipoleV1jV1k(9d)
V1f=V1dV1g=V1j V1h=V1eV1k=V1i I1f=−I1dI1g=−I1j I1h=−I1eI1k=−I1i(9e)
[image: Diagram showing a circuit with four components: balun1, stem1a, stem1b, and ant1, connected in a closed loop. Arrows indicate electrical currents and voltages at various points, labeled I1c, V1c, I1d, V1d, I1e, V1e, I1f, V1f, I1g, V1g, I1h, V1h, I1i, V1i, I1j, V1j, and I1k, V1k.]FIGURE 4 | Network diagram model of the antenna, coaxial stems, and balun portion of the switch matrix of the on-board calibration circuit, indicating the voltage and current at each port. We use the convention of positive current flows in to each port.We simplify the expressions, given in Equations 9a–e, by equating potentials and currents that merge to arrive at an effective 1-port network for the system. The resulting expression simplifies Equation 9a to Equation 10 given Equations 11, 12.
I1c=Y1cV1c,(10)
where Y1c=Ycc+YcdM11−1Ydc+M22−1Yec+YceM21−1Ydc+M22−1Yec(11)
and M=−Ydd−Yde−Yff−Yfg−Yed−Yee−Yff−YfgYfg0Yff+1/Zdipole−1/Zdipole0Yfg−1/ZdipoleYff+1/Zdipole.(12)
The left-hand-side of Equation 11 is equal to 1/Z1c, where Z1c is the calibrated measured impedance when switch1h is closed, calculated using Equation 4. Equating the two and subtracting to get on to the same side, we arrive at the following expression:
Ycc+YcdM11−1Ydc+M22−1Yec+YceM21−1Ydc+M22−1Yec−1Z1c=0(13)
The nonlinear expression in Equation 13 has only one unknown Zdipole, and we use the Levenberg-Marquardt algorithm to iteratively solve it for the impedance of the dipole. In the next section, we go through the calibration process step-by-step to arrive at a calibrated measurement of Zdipole and extract plasma parameters.
4 RESULTS
4.1 Step 4: characterize the standards
In order to characterize the on-board calibration standards and the balun1 network, we remove the SMA jumper between port1b and port1c. We attach a calibrated vector network analyzer to port1c and make S11 measurements with the RF switch in each of its eight positions over the frequency range 10 Mhz–500 MHz. We convert these to impedance using the inverse of Equation 1, where we take the characteristic impedance of the system Z0=50 Ohms.
Z=Z0S11+1S11−1(14)
A summary of the characterization of the standards is presented in Figure 5, where the real part of the impedance is plotted on the x-axis and the imaginary part of the impedance is plotted on the y-axis for each standard parameterized by the frequency. The large symbol denotes the value of the impedance at the start frequency. This plot illustrates the range of complex impedances covered by the standards. Avoiding bunching of the standards for any given frequency will result in more accurate calibrations (Agilent Technologies, 2006). These measurements also provide reference impedances for the antenna and the test load to use for comparisons to calibrated measurements of the same. However, it is important to recognize that over this frequency range, the antenna measurement will incorporate effects from the ambient environment. Consequently, a calibrated antenna measurement might deviate from the reference if the conditions were not the same.
[image: Nyquist plot with multiple colored curves representing different standards labeled from std1 to std6. The x-axis is the real part of impedance (Ohm) on a logarithmic scale, and the y-axis is the imaginary part of impedance (Ohm) ranging from negative four hundred to positive four hundred.]FIGURE 5 | Plot of real and imaginary parts of the impedance for the six on-board calibration standards at each frequency. The large symbol for each set is the impedance of each standard at the start frequency. More effective calibrations are achieved by separating the standard impedances on this plane at each frequency.4.2 Steps 8–12: characterize the balun1 network
With Port 1 of the VNA connected to port1c, the stems and antenna elements are removed at port1d and port1e. A 50 Ω terminator is connected to port1e and Port 2 of the VNA is connected to port1d. We measure the full 2-port S-parameters with the switch1h closed. This process is repeated measuring the S-parameters with the VNA connected to port1c and port1e and again with it connected to port1d and port1e, moving the 50 Ω terminator to the unused port each time. At the end of this process, we arrive at the 3-port S-parameters for the network balun1. Figure 6 shows the real and imaginary parts of the first row from the 3 × 3 S-parameter matrix, including the redundant measurement of Scc, as a representative example. The two measurements of Scc (top row) are within half a percent. Scd and Sce (bottom row) are 180° out of phase and their magnitudes are within half a percent, as is expected from a balun.
[image: Four line graphs depict real and imaginary parts of complex functions over frequency. Top left shows Real(S_cc), top right shows Imag(S_cc), bottom left shows Real(S_cd, S_ce), and bottom right shows Imag(S_cd, S_ce). Both graphs use solid and dashed lines for different datasets between 0 to 500 MHz.]FIGURE 6 | The first row of the network balun1 3 × 3 S-parameter matrix, including the redundant measurement of Scc (top two plots). The measurements are consistent with the expected behavior of a balun, with the input from port1c split equally and 180° out of phase (bottom two plots).4.3 Steps 15–18: measure standards with system and calibrate to port1c
We replace the SMA jumper between port1b and port1c and reattach the antenna and stems to port1d and port1e. We connect a function generator to port1a and rfv1 and rfi1 to an oscilloscope. We step through frequency from 10 MHz to 500 MHz and simultaneously record rfv1 and rfi1 with the RF switch in each of its eight positions. We extract the real and imaginary components of rfv1 and rfi1 by multiplying each with exp−iωt and integrating over the time record. We calculate the complex impedance from the ratio of rfv1 to rfi1, which eliminates the factor of the total time. Using the impedance measurements of the six on-board calibration standards and the characterization of the standards from our initial step, we use Equation 5 to calculate the three calibration coefficients. We apply Equation 4 using the calibration coefficients to the measured impedance of the test load. A comparison of the results is shown in Figure 7 with the uncalibrated impedance (solid green), calibrated impedance (solid blue), and reference impedance (dashed orange). The calibration to port1c has successfully recovered the test load impedance. The average error between the calibrated impedance and the reference impedance is approximately 1%.
[image: Two graphs depict impedance data versus frequency in megahertz. The left graph shows real impedance, with three lines: green (uncalibrated), blue (calibrated), and orange (reference). The right graph shows imaginary impedance, featuring the same three data sets. The calibrated and reference data closely align, while the uncalibrated data diverges. A legend distinguishes the line colors.]FIGURE 7 | The real and imaginary parts of the calibrated impedance of the test load (solid blue) compared to the reference impedance (orange dashed) and uncalibrated impedance (solid green). The calibration procedure accurately recovers the test load impedance.4.4 Step 19: iteratively solve for Zdipole
Figure 8 shows a comparison of the real and imaginary parts of the impedance of the dipole antenna in vacuum determined by using the full 3-port balun and nonlinear fit to Equation 11 (solid blue). We have developed a finite element framework called the plasma complete electrode model (PCEM) (Gatling et al., 2024) for modeling our impedance probes and report the PCEM simulated dipole impedance (dashed orange). The full 3-port balun model does an excellent job of recovering the predicted free space capacitance of the dipole, which deviates from the model at high frequency, where the quasi-static approximation used in the PCEM is violated. The nonlinear fit yields a large unexpected real impedance for low frequencies; however, if we use the best fit Zdipole in our model, we recover the measured impedance to within 1%. The vacuum dipole measurement calibrated only to port1c is plotted (dash-dot green) to demonstrate the effect of the balun1 network and the stems. These parasitic impedances interact with the half-wavelength dipole resonance to yield a resonance occurring near 350 MHz that is removed through the calibration process.
[image: Two graphs display impedance versus frequency. The left graph shows Real(Z) in ohms, and the right graph shows Imag(Z) in ohms. Each graph features three lines: solid blue for full cal, dashed orange for PCEM, and dotted green for port1c cal. The real part decreases sharply, while the imaginary part steadily increases across the frequency range up to 500 MHz.]FIGURE 8 | Real and imaginary impedance of the dipole antenna comparison using the 3-port balun model (solid blue) and the PCEM dipole model (dashed orange). Data only calibrated to port1c (red dots) has a resonance near 350 MHz and parasitic capacitance that is dominating the dipole. The calibration using the full balun model accurately recovers the expected dipole vacuum impedance calculated using our PCEM finite element simulation for a short dipole, until around 300 MHz where the curves start to deviate due to violation of the quasi-static approximation used in the PCEM.4.5 Steps 20–21: extract plasma parameters
We generate an Argon plasma in the SPSC and make measurements of the dipole. Figure 9 shows the magnitude and phase of the fully calibrated antenna impedance in plasma (solid orange) and the same measurement only calibrated to port1c (dashed blue). The second zero crossing in the phase, indicated by the dashed gray line, where the phase transitions from inductive (π/2) to capacitive (−π/2 is indicative of the upper hybrid resonance and is located near a maximum in the impedance magnitude. Under the cold plasma assumption, the upper hybrid frequency fuh=fpe2+fce21/2 depends on the plasma density n and the background magnetic field B0 via the plasma frequency 2πfpe=e2n/ϵ0me1/2 and the electron cyclotron frequency 2πfce=eB0/me, where e is the charge of the electron, ϵ0 is the permittivity of free space, and me is the mass of the electron.
n=2π2ϵ0mee2fuh2−fce2(15)
[image: Two side-by-side line graphs depict impedance analysis. The left graph shows impedance magnitude (\(|Z|\) in ohms) against frequency (MHz). The right graph displays impedance phase (\(\angle Z\) in radians) against frequency (MHz). Both graphs compare uncalibrated (dashed blue line) and calibrated data (solid orange line). The calibrated data peaks around 300 MHz in magnitude and shows phase variation over the frequency range.]FIGURE 9 | The magnitude and phase of the calibrated dipole impedance in a plasma. The dashed vertical gray line denotes the second zero crossing in the phase, which corresponds to the upper hybrid frequency and is used to extract the plasma density from the impedance spectrum.For this dataset, the background magnetic field was 20 G, which yields a density n=9.7×108 cm-3. This result is consistent with Langmuir probe measurements, yielding a density of 7.0×108 cm-3 and electron temperature of 0.5 eV. The Langmuir probe and impedance probe measurements were taken within 1 min of each other and were separated by approximately 10 cm. The plasma source in the SPSC is constant over a time scale of many hours and is uniform out to a radius of approximately 40 cm. If we were to use the second zero crossing for the impedance spectrum only calibrated to port1c, the resulting density estimate would be approximately 44% higher than the value extracted from the fully calibrated spectrum.
4.6 Error analysis
When initially evaluating the on-board calibration circuit, we took 100 measurements of each standard that allowed us to conduct an error analysis of the SOL calibration and to compare the effectiveness of using all six calibration standards. We use this dataset to estimate the mean and standard deviation of the underlying noise distribution. Quantile-quantile plots of our dataset are consistent with the noise being described by a bivariate normal distribution. We conduct a Monte Carlo simulation to simulate the process of calculating the calibration coefficients using the estimated noise distributions for the characterization of each standard and the measurement of each standard.
We took 100,000 samples of the noise distribution at each frequency for each measurement and constructed an ensemble of calibrations. Figure 10 shows the resulting real and imaginary parts of the standard deviation from this ensemble of the three calibration coefficients using three standards (blue) and all six standards (orange). There is a clear benefit to using all six standards to determine the calibration coefficients with the most benefit occurring for high frequencies. Figure 11 illustrates the improvement in the calibration of the test load due to using all six standards. The percent error in the calibrated test load compared to the reference as a function of frequency is plotted for the case using three standards (blue) and using all six (orange). The maximum error is reduced by 500% and the average error is reduced by 50% by using all six standards to determine the calibration coefficients.
[image: Six charts compare real and imaginary parts of sigma values against frequency in megahertz, using two standards distinguished in blue and brown. Three pairs of charts are labeled for sigma A, B, and C.]FIGURE 10 | Comparison of the standard deviation of the three calibration coefficients from the Monte Carlo simulation using three standards (blue) and all six standards (orange). The use of all six standards reduces the variability in the determination of the calibration coefficients by over a factor of two.[image: Two side-by-side graphs display percentage error against frequency in megahertz. Blue and orange areas represent three and six standards, respectively. The graphs show error distribution widening at higher frequencies.]FIGURE 11 | Percent error for the calibrated test load compared to the reference measurement as a function of frequency using the calibration coefficients derived from using three standards (blue) and all six standards (orange). The overall error in calibration of the test load is reduced using all six standards.5 DISCUSSION
We have presented a design for a laboratory plasma impedance probe that consists of an impedance measurement circuit, an on-board calibration circuit, and a dipole antenna. The design is suitable for measuring plasma densities up to 1010 cm-3. We have outlined a calibration procedure that enables impedance measurements with an accuracy of 1% and have demonstrated the effectiveness of each step leading to an example plasma measurement by accurately recovering: the test load from the initial SOL calibration and the vacuum impedance of the dipole. These examples clearly illustrate that calibration is essential for extracting useful data from the measurements and how the errors increase with higher frequency. We conducted an error analysis using Monte Carlo simulations to demonstrate the improvements in using a least squares solution using six calibration standards. While the calculations for the calibration procedure can be tedious, software packages like scikit-rf (Arsenovic et al., 2022), an open-source Python package for RF and Microwave applications, greatly simplify these calculations and parameter conversions. Supplementary Appendix contains a sample python calibration script using the scikit-rf package.
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