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Introduction: An elastic-degenerate (ED) string is a sequence of sets of strings. It can also be seen as a directed acyclic graph whose edges are labeled by strings. The notion of ED strings was introduced as a simple alternative to variation and sequence graphs for representing a pangenome, that is, a collection of genomic sequences to be analyzed jointly or to be used as a reference.Methods: In this study, we define notions of matching statistics of two ED strings as similarity measures between pangenomes and, consequently infer a corresponding distance measure. We then show that both measures can be computed efficiently, in both theory and practice, by employing the intersection graph of two ED strings.Results: We also implemented our methods as a software tool for pangenome comparison and evaluated their efficiency and effectiveness using both synthetic and real datasets.Discussion: As for efficiency, we compare the runtime of the intersection graph method against the classic product automaton construction showing that the intersection graph is faster by up to one order of magnitude. For showing effectiveness, we used real SARS-CoV-2 datasets and our matching statistics similarity measure to reproduce a well-established clade classification of SARS-CoV-2, thus demonstrating that the classification obtained by our method is in accordance with the existing one.Keywords: elastic-degenerate string, intersection graph, pangenome comparison, matching statistics, SARS-CoV-2
1 INTRODUCTION
Many biomedical applications of bioinformatics face the twofold challenge of analyzing an ever-increasing number of genome sequences and the need to choose which genome should be used as the reference. Generalizing other definitions, in The computational Pangenomics Consortium (2018), a pangenome was defined as “any collection of genomic sequences to be analyzed jointly or to be used as a reference,” somewhat merging the two above-mentioned challenges into that of analyzing a pangenome. When projected within a single species, a pangenome represents a collection of sequences that are (part of whole) genomes originating from different individuals or strains of a single clade or population.
Currently, pangenomics constitutes an important paradigm shift within genomics to deal with the widespread availability of human sequencing data and the discovery of large-scale genomic variation in many eukaryotic species; see Paten et al. (2017); Liao et al. (2023). In contrast to a linear reference, a pangenome reference aims to compactly represent the variation within a population by encoding the commonalities and differences among the underlying sequences. This gives rise to different pangenome representations, usually edge- or node-labeled directed graphs (Baaijens et al., 2022; Carletti et al., 2019). The most widely-used pangenome representations are variation graphs (see Garrison et al., 2018a; Eizenga et al., 2021) and sequence graphs (see Rakocevic et al., 2019).
The computational challenges posed by pangenomes often result in a trade-off between the efficiency and accuracy of the methods and the information content of the chosen representation. A simpler acyclic alternative to the aforementioned representations is the notion of elastic-degenerate string (ED string); see Iliopoulos et al. (2021). When compared to more powerful representations, ED strings have the algorithmic advantage of supporting both theoretically (Aoyama et al., 2018; Bernardini et al., 2019; 2022)) and practically (Grossi et al., 2017; Pissis and Retha, 2018; Cisłak et al., 2018) fast on-line pattern matching, also for the approximate case (Bernardini et al., 2017; 2020). Moreover, they support fast dynamic-programming-based alignment, as shown in Mwaniki et al. (2023); Mwaniki and Pisanti (2022), and short-read mapping; see Büchler et al. (2023).
An ED string is a concatenation of [image: image] sets of strings (inspect Figure 1). Every set of strings encodes a collection of consecutive columns of an underlying multiple sequence alignment (MSA), from left to right. Every set encodes the commonalities or differences of the underlying sequences which are represented by the MSA. Formally, an ED string [image: image] is a sequence of [image: image] sets [image: image] containing [image: image] strings in total whose cumulative length is [image: image]. We call [image: image], [image: image], and [image: image] the length, the cardinality and the size of [image: image], respectively. An ED string [image: image] compactly represents all strings that can be spelled concatenating, for [image: image], a string chosen from set [image: image]. For example, the string [image: image] is one of the strings represented by the ED string of Figure 1. Every ED string can also be viewed as an edge-labeled directed acyclic graph (DAG). As an example, Figure 1 shows the DAG of a simple ED string: the DAG has [image: image] nodes as the ED string has length [image: image]. The ED string may also be viewed as a nondeterministic finite automaton (NFA) Hopcroft et al. (2003) with extended transitions. By extended, we mean multi-letter transitions, instead of single-letter ones.
[image: Figure 1]FIGURE 1 | An example of an MSA (top left) and its corresponding (non-unique) ED string [image: image] of length [image: image], cardinality [image: image] and size [image: image] (top right), and edge-labeled DAG for [image: image]. Note that [image: image] denotes the empty string. The DAG can also be viewed as an NFA with extended (multi-letter) transitions.
Any pangenome representation aims to improve the downstream analyses of genomic data by removing biases inherent in the use of a linear single-genome representation (Baaijens et al., 2022). For example, pangenomes allow for representing haplotype-resolved data with genome phasing, as shown in Bonizzoni et al. (2016). Using linear genomes as a reference, determining at which chromosomal copy (i.e., paternal or maternal) the different alleles are located, may be erroneous or incomplete due to reference bias. Genotyping (the task of reconstructing the allele variants that characterize an individual) can be improved by using a pangenome representation as a reference, which removes the bias of using a single linear genome as a reference to map the reads coming from an individual’s sample. Pangenomes also allow for accurate read alignment as certain genome regions are important yet challenging to assemble using classic read alignment tools, because of the bias of using a single linear reference genome (Garrison et al., 2018b; Liao et al., 2023). This explains the high level of attention paid in recent years to the task of sequence-to-graph comparison; see, e.g., Büchler et al. (2023); Equi et al. (2023); Mwaniki et al. (2023); Li et al. (2020); Gibney et al. (2022); Jain et al. (2020); Rautiainen et al. (2019); Rautiainen and Marschal (2020). In phylogenetic analyses, the aim is to study the evolutionary relationships among different groups of organisms (e.g., species or population variants). This was traditionally performed using a sample sequence per organism that is somewhat representative of the group or population, and then inferring a tree or a graph based on pairwise distances or similarities among these samples. This task can be biased if the sample linear genome turns out not to be the most representative, whereas a pangenome can compactly represent the entire population.
Our Contributions. Here, we make an important step from the above-mentioned sequence-to-graph (i.e., sequence-to-pangenome) comparison towards graph-to-graph (pangenome-to-pangenome) comparison1. In particular, we assume that the two pangenomes to be compared are represented by means of two ED strings: [image: image] and [image: image]. We first recall a very fast and low memory consumption method from Gabory et al. (2023) to determine whether [image: image] and [image: image] have a nonempty intersection, that is, whether the two pangenomes share a genome. This method relies on a powerful representation of all string fragments that are in both [image: image] and [image: image], that is, of the complete set of sequences shared by the two pangenomes; this representation was named by Gabory et al. (2023) an intersection graph of [image: image] and [image: image]. From thereon, we develop a novel method for pangenome comparison via ED strings, based on an extension to ED strings of the well-known notion of Matching Statistics on standard strings (cf. the book Gusfield (1997)). We define two versions of Matching Statistics for ED strings.
[image: image] ED Matching Statistics as the theoretically most straightforward notion that extends the standard one: for every [image: image] of [image: image], where [image: image] is the length of [image: image], we report in [image: image] the length of the longest string starting at the [image: image]th set of [image: image] that is also a substring of [image: image].
[image: image] Breakpoint Matching Statistics as a notion specifically designed for genomic variants: for every [image: image] of [image: image], we report in [image: image] the length of the longest string starting at the [image: image]th set of [image: image] that is also a substring of [image: image] and that is within pairs of breakpoints that have been detected by the multiple alignment underlying the pangenome.
The output is the Matching Statistics array [image: image] (resp. [image: image]) of size [image: image] that specifies maximal local matches of [image: image] with respect to [image: image]. The Matching Statistics array [image: image] (resp. [image: image]) of [image: image] with respect to [image: image] is defined dually: for every [image: image] of [image: image], where [image: image] is the length of [image: image], we report the longest string starting at the [image: image]th set of [image: image] that fulfills the corresponding requirements with a substring of [image: image]. We then suggest to use the Matching Statistics to define the following measures.
[image: image] Similarity measure [image: image] (resp. [image: image] between [image: image] and [image: image] as the sum of the average values of arrays [image: image] and [image: image] (resp. of arrays [image: image] and [image: image]);
[image: image] Distance measure [image: image] (resp. [image: image]) between [image: image] and [image: image] based on [image: image] (resp. on [image: image]).
Both distance measures can be trivially computed in [image: image] time from [image: image] and [image: image], and both similarity measures can be trivially computed in [image: image] time from [image: image] and [image: image] (resp. [image: image] and [image: image]). The algorithmic challenge is thus: how can we efficiently compute the Matching Statistics arrays? While an algorithm based on classic product automaton techniques (Lawson, 2004) would require [image: image] time in the worst case, our method achieves this in [image: image] worst-case time, where [image: image] and [image: image] are the sizes of [image: image] and [image: image], respectively, and [image: image] and [image: image] are the cardinalities of [image: image] and [image: image], respectively. We achieve this via the above-mentioned intersection graph of [image: image] and [image: image]. The running time of our algorithm is good in the following sense: if each of the ED strings, [image: image] and [image: image], represents a pangenome of closely-related genomes, then the cardinalities [image: image] and [image: image] are expected to be asymptotically much smaller than the sizes [image: image] and [image: image], respectively.
We also implemented the entire pipeline in C++ as a software tool for pangenome comparison, which is publicly available at https://github.com/urbanslug/junctions under GNU GPL v3.0.
We evaluated the efficiency and effectiveness of the developed methods using both synthetic and real datasets. For efficiency, we compared the runtime of the intersection graph against the classic product automaton construction. As expected, the intersection graph is faster by up to one order of magnitude. For effectiveness, we used real SARS-CoV-2 datasets and our Breakpoint Matching Statistics method to reproduce a well-established clades classification of SARS-CoV-2, thus demonstrating that the classification obtained by our method is in accordance with the existing classification.
In Section 2, we describe and analyze our methods. In Section 3, we present our results. We conclude this paper in Section 4.
2 METHODS
In this section we recall from Gabory et al. (2023) the ED String Intersection problem for two ED strings (Section 2.1) and the notion of intersection graph (Section 2.2). We then extend the Matching Statistics problem on two standard strings (Gusfield, 1997) to two ED strings defining the ED Matching Statistics and Breakpoint Matching Statistics problems, and show how to solve them using an intersection graph (Section 2.3). We also formally define our similarity and distance measures for ED strings (Section 2.4).
Let us begin with some basic definitions and notations from Gabory et al. (2023). An alphabet [image: image] is a finite nonempty set of elements called letters. By [image: image] we denote the set of all strings over [image: image] including the empty string [image: image] of length 0. An elastic-degenerate string (ED string, in short) [image: image] is a sequence [image: image] of [image: image] finite sets, where [image: image] is a subset of [image: image]. The total size of [image: image] is defined as [image: image], where [image: image] is the total number of empty strings in [image: image]. By [image: image] we denote the total number of strings in all [image: image], i.e., [image: image]. We say that [image: image] has length [image: image], cardinality [image: image] and size [image: image]. The language of [image: image] is defined as [image: image], where [image: image] denotes the string concatenation.
2.1 ED strings intersection
Let us start by formally defining the ED String Intersection problem.
ED String Intersection (EDSI)
Input: Two ED strings, [image: image] of length [image: image], cardinality [image: image] and size [image: image], and [image: image] of length [image: image], cardinality [image: image] and size [image: image].
Output: YES if [image: image] and [image: image] have a nonempty intersection, NO otherwise.
This EDSI problem can be efficiently solved using the notion of compacted nondeterministic finite automaton (compacted NFA). A compacted NFA is a 5-tuple [image: image], where [image: image] is a finite set of states; [image: image] is an alphabet; [image: image], is an extended transition function, [image: image] is the power set of [image: image]; [image: image] is the starting state; and [image: image] is the set of accepting states. Such an NFA can also be represented by a standard (uncompacted) NFA, where each extended transition is subdivided into standard one-letter transitions (and [image: image]-transitions), [image: image]. The states of a compacted NFA are called explicit, whereas the states obtained from these subdivisions are called implicit. In both cases, given an (compacted or not) NFA [image: image], we define the language accepted by [image: image], denoted by [image: image], as the set of strings that can be read from the starting state to an accepting state.
We next define the path-automaton of an ED string.
Definition 1. (Path-automaton of an ED string). Let [image: image] be an ED string of length [image: image], cardinality [image: image], and size [image: image]. The path-automaton of [image: image] is the compacted NFA consisting of [image: image] states and [image: image] transitions defined as follows:
[image: image] [image: image] is the number of explicit states, numbered from one through [image: image]. State one is the starting state and state [image: image] is the accepting state. State [image: image] is the state in-between [image: image] and [image: image].
[image: image] [image: image], where [image: image] is the number of extended transitions from state [image: image] to state [image: image] labeled with the strings in [image: image].
The path-automaton of [image: image] accepts exactly [image: image]. The uncompacted version of this path-automaton has [image: image] states and [image: image] transitions.
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