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This research investigates the response of rails on geocell-stone column composite

reinforced foundation beds under a moving load. Improved earth bed has been

considered to respond only to compressive forces. The granular mat below the rail

has been idealized as a Pasternak shear layer and geocell reinforcement as an infinite

beam with finite bending stiffness. Soft soil and stone columns have been symbolized

by Winkler springs of different stiffnesses. Analysis has been carried out with due

consideration to viscous damping in the system. The governing differential equations

have been established and simplified for general use with the help of dimensionless

parameters. These equations have been solved in presence of appropriate boundary

conditions by utilizing Finite difference method in combination with iterative Gauss-Seidel

procedure. Inclusion of stone columns has been observed to significantly affect the onset

of separation between rail and the soil layer underneath. Various parameters namely,

applied load and its velocity, stiffnesses of top, bottom soil layers and stone columns,

damping ratio, relative flexural rigidity, depth of placement of geocell, configuration

of stone columns have been found to affect the response of soil-foundation system

significantly. Improvement in the properties of soil by means of higher value of relative

compressibility resulted in typical reduction of 50% in maximum deflection. It has been

observed that the region of detachment reduces on increasing the depth of placement

of the bottom beam. Sensitivity analysis highlighted the greater sensitivity of upward

deflection as compared to the downward deflection of rail with respect to all the

parameters except for relative compressibility of the soil and relative stiffness of the

stone columns.

Keywords: rail tracks, tensionless foundation, moving load, geocell, stone columns

INTRODUCTION

With the rapid infrastructural development worldwide, use of ground improvement techniques
has increased drastically to enhance the suitability of construction activities over soft soils.
Increased speed of trains in case of high-speed rail transportation systems may result in excessive
settlement near poor soil strata. In this regard, various case studies have reported the utilization of
appropriate ground improvement techniques like geosynthetic reinforcement layer, stone columns,
prefabricated vertical drains (PVD) etc. (Arulrajah et al., 2009; Zhuang and Wang, 2017; Cui et al.,
2018). Amongst the available techniques, stone columns and geosynthetic reinforcement have
gained more popularity amongst geotechnical engineers due to their overall economy and ease
in construction.

https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org/journals/built-environment#editorial-board
https://www.frontiersin.org/journals/built-environment#editorial-board
https://www.frontiersin.org/journals/built-environment#editorial-board
https://www.frontiersin.org/journals/built-environment#editorial-board
https://doi.org/10.3389/fbuil.2019.00122
http://crossmark.crossref.org/dialog/?doi=10.3389/fbuil.2019.00122&domain=pdf&date_stamp=2019-10-16
https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org
https://www.frontiersin.org/journals/built-environment#articles
https://creativecommons.org/licenses/by/4.0/
mailto:priti_mahesh2001@yahoo.com
https://doi.org/10.3389/fbuil.2019.00122
https://www.frontiersin.org/articles/10.3389/fbuil.2019.00122/full
http://loop.frontiersin.org/people/790478/overview
http://loop.frontiersin.org/people/779373/overview


Bhatra and Maheshwari Rails on Reinforced Tensionless Foundations

For unreinforced foundation beds, train-track-soil dynamic
interaction have been studied by representing the system as
an infinite beam resting on one or two parameter foundation
system subjected to concentrated moving load (Kenney, 1954;
Fryba, 1972; Kerr, 1974; Duffy, 1990; Jaiswal and Iyengar, 1997;
Mallik et al., 2006; Basu and Rao, 2013). However, none of these
studies considered ground improvement and therefore, may not
be suitable in case of weak strata. In order to take care of this
issue, Maheshwari and Khatri (2013) studied behavior of rails for
improved ground i.e., geosynthetic membrane and stone column
reinforced composite foundation.

Many researchers have carried out experimental and
numerical studies to develop better understanding of these
techniques. The experimental study conducted by Raymond
(2002) and Indraratna et al. (2015) indicated the importance
of bending stiffness of the reinforcement layer which can be
incorporated in analytical models by idealizing it as a beam.
This consideration results in a double beam model which were
used to simulate pavement or foundation beam lying over
geocell improved earth bed subjected to static load (Maheshwari
and Viladkar, 2009; Zhao et al., 2016; Zhang et al., 2018).
Other engineering systems were also studied by utilizing such
models to understand the behavior of response under moving
load considering perfect contact between the top beam and
neighboring material (Hussein and Hunt, 2006; Yuan et al., 2009;
Auersch, 2012; Mohammadzadeh et al., 2014; Deng et al., 2017).

Nevertheless, all above-mentioned studies considered the
foundation bed to be in perfect contact with the infinite beam.
As the soil essentially reacts only in compression, the above
consideration contradicts the actual scenario where the rail is
found to show a tendency to lift off the ground at rear as well
as in front of applied load. Some of the works that considers
this tensionless behavior for unreinforced earth beds include
Rao (1974), Torby (1975), Lin and Adams (1987), Coşkun
(2000), Chen and Chen (2011) and He et al. (2016) among
others. For reinforced earth beds, Maheshwari et al. (2004,
2005) considered the tensionless foundations for geosynthetic
membrane reinforced earth bed. Bhatra and Maheshwari (2019)
considered finite bending stiffness of geosynthetics. Further,
Maheshwari (2014) studied effect of inclusion of stone columns
in such systems.

Review of literature shows that although analysis of infinite
beams subjected to moving load for stone columns has already
been carried out, the combined application of it with geocell
is yet to be explored for such systems. In view of this, the
authors proposed studying the behavior of rails under moving
load on stone column-geocell composite earth beds which
reacts to compressive forces only. Detailed parametric study
and sensitivity analysis has been carried out to understand the
influence of spacing, diameter and stiffness of stone columns
on response of the system. The impact of other parameters like
applied load and its velocity, stiffnesses of top and the bottom soil
layers, damping, relative flexural rigidity, and depth of placement
of geocell on the proposed system has also been presented in
the study.

Few assumptions have been made in modeling and analysis
of the system: (i) some components like cross-ties could not

be modeled employing the present approach, (ii) degradation
in the properties of geocell and granular material between rail
and the geocell with time has not been considered, (iii) quasi-
stationery state has been considered, (iv) smear effect due to
installation of stone columns has been neglected. Although, the
employed approach has few limitations, however, analysis being
simple, it is easier to get an overall picture of the response of
soil-foundation system under consideration. Detailed parametric
study helps in getting the idea about effect of various parameters
and accordingly track design can be carried out.

MODELING

Figure 1 represents the longitudinal section of a rail lying on
granular mat and stone column-geocell composite improved
soft soil bed. The rail as well as geocell composite with infill
soil have been represented as infinite beams with flexural
rigidity E1I1, E2I2 and mass per unit length ρ1, ρ2, respectively.
The interface resistance for the beams with the soil has been
assumed to be zero. The granular fill has been sandwiched
between these two infinite beams having thickness h and shear
modulus G. Stone columns with diameter, d and spacing,
s have symmetrically been placed below the bottom beam.
The applied load Q, has been considered to move with
constant velocity v. Flexural responses of beams have to be
determined and the effect of various parameters needed to
be discussed.

ANALYSIS

The conceptual idealization of physical model (Figure 2) depicts
the granular mat by a Pasternak shear layer (Selvadurai, 1979).
The compressible nature of the fill/mat has been represented
by stiffness k1. The poor soil and stone columns have been
represented as Winkler springs of stiffnesses k2 = ks and
k2 = kc, respectively. Viscous damping coefficients c1and
c2 for upper and the lower soil layers, respectively, have
also been considered in the analysis. An evenly distributed
surcharge load γ1h over the full length of bottom beam
has been accounted for, where h denotes the location of
reinforcing beam with respect to top beam and γ1is the unit
weight of the granular fill material. It is evident for track
foundation system that when the load moves, rail tends to
rise up at certain regions due to its inherent bending stiffness
leading to its separation from the soil below. To include this
effect appropriate contact conditions have been considered in
the analysis.

The governing differential equation of motion based on
the idealized model for top and the bottom beam can be
expressed as: -

E1I1
∂4y1

∂x4
+ ρ1

∂2y1

∂t2
+ j(x, t)

[

c1
∂(yg − y2)

∂t
+ k1(yg − y2)

−Gh
∂2(yg − y2)

∂x2

]

= Q(x, t)+ ρ1g (1)
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FIGURE 1 | Longitudinal section of rail resting on geocell-stone column composite reinforced earth bed.

FIGURE 2 | Idealized representation of the problem.

E2I2
∂4y2

∂x4
+ ρ2

∂2y2

∂t2
+ c2

∂y2

∂t
+ k2y2 − j(x, t)

[

c1
∂(yg − y2)

∂t

+k1(yg − y2)− Gh
∂2(yg − y2)

∂x2

]

= γ1h+ ρ2g (2)

Where, the deflections of top and the bottom beam have been
denoted by y1 and y2, respectively, and deflection of ground
surface by yg . g is the acceleration due to gravity and a contact
function j(x, t) has been included in the equations to represent
the tensionless behavior of the soil. Also, it should be noted
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that k2 = ks in soft soil region and k2 = kc within the stone
column region.

The separation between top beam and the geocell-stone
column composite foundation soil can be mathematically
expressed as:

When y1 ≥ 0, j(x, t) = 1 and yg = y1
and when y1 < 0, j(x, t) = 0 and yg = y2

}

(3)

Solution of Developed Equations
In order to simplify the problem, a new variable ξ has been
defined as ξ = x–vt, i.e., the distance from point of action of load
in the quasi-stationary state. Equations (1) and (2) can now be
modified as

E1I1
d4y1

dξ 4
+ ρ1v

2 d
2y1

dξ 2
+ j(ξ )

[

−c1v
d(yg − y2)

dξ
+ k1(yg − y2)

−Gh
d2(yg − y2)

dξ 2

]

= Q(ξ )+ ρ1g (4)

and

E2I2
d4y2

dξ 4
+ ρ2v

2 d
2y2

dξ 2
− c2v

dy2

dξ
+ k2y2 (5)

−j(ξ )

[

−c1v
d(yg − y2)

dξ
+ k1(yg − y2)− Gh

d2(yg − y2)

dξ 2

]

= γ1h+ ρ2g

The above equations can be rephrased by utilizing the
dimensionless parameters mentioned below:

ξ∗= ξ
L ; Y1 =

y1
L ; Y2 =

y2
L ; Yg =

yg
L ; ρ

∗
1 =

ρ1v
2

k1L2
; ρ∗

2 =
ρ2v

2

k2L2
;

I∗1 =
E1I1
k1L4

; I∗2 =
E2I2
k2L4

; c∗1 =
c1v
k1L

; c∗2 =
c2v
k2L

; Q∗ =
Q

k1L2
; G∗ = Gh

k1L2
;

w∗
1 =

ρ1g
k1L

; w∗
2 =

ρ2g
k2L

; γ ∗
1 =

γ1
k2
; H = h

L ; r =
k1
k2
; R =

E1I1
E2I2

and

α =
kc
ks
, where L is half length of the beam. Thus, the generalized

differential Equations (4) and (5) in non-dimensional form can
be expressed as:

d4Y1

dξ∗4
+

ρ∗
1

I∗1

d2Y1

dξ∗2
+

j(ξ∗)

I∗1

[

(Yg − Y2)− c∗1
d(Yg − Y2)

dξ∗

−G∗
d2(Yg − Y2)

dξ∗2

]

=
Q∗(ξ∗)

I∗1dξ
∗

+
w∗
1

I∗1
(6)

and

d4Y2

dξ∗4
+

ρ∗
2

I∗2

d2Y2

dξ∗2
−

c∗2
I∗2

dY2

dξ∗
+

Y2

I∗2
−

j(ξ∗)r

I∗2

[

(Yg − Y2) (7)

−c∗1
d(Yg − Y2)

dξ∗
− G∗

d2(Yg − Y2)

dξ∗2

]

=
w∗
2

I∗2
+

γ ∗
1 H

I∗2

Equations (6) and (7) are discretised for an internal node, i using
finite difference method and can be written as:

Y1,i =
1

A2

[

Q∗(1ξ∗)3

I∗1
+

w∗
1(1ξ∗)4

I∗1
− (Y1,i+2 + A1Y1,i+1

+A1Y1,i−1 + Y1,i−2 + A3Y2,i+1 + A4Y2,i + A5Y2,i−1

+A6Yg,i+1 + A7Yg,i + A8Yg,i−1)

]

(8)

and

Y2,i =
1

B2

[

γ ∗
1 H(1ξ∗)4

I∗2
+

w∗
2(1ξ∗)4

I∗2
− (Y2,i+2 + B1Y2,i+1

+B3Y2,i−1 + Y2,i−2 + B4Yg,i+1 + B5Yg,i + B6Yg,i−1)

]

(9)

Where,

A1 =
1

I∗1

[

−4I∗1 + ρ∗
1 (1ξ∗)2

]

;

A2 =
1

I∗1

[

6I∗1 − 2ρ∗
1 (1ξ∗)2

]

;

A3 =
j(ξ∗)

I∗1

[

0.5c∗1(1ξ∗)3 + G∗(1ξ∗)2
]

;

A4 =
j(ξ∗)

I∗1

[

−(1ξ∗)4 − 2G∗(1ξ∗)2
]

;

A5 =
j(ξ∗)

I∗1

[

−0.5c∗1(1ξ∗)3 + G∗(1ξ∗)2
]

;

A6 =
j(ξ∗)

I∗1

[

−0.5c∗1(1ξ∗)3 − G∗(1ξ∗)2
]

;

A7 =
j(ξ∗)

I∗1

[

(1ξ∗)4 + 2G∗(1ξ∗)2
]

;

A8 =
j(ξ∗)

I∗1

[

0.5c∗1(1ξ∗)3 − G∗(1ξ∗)2
]

;

B1 =
1

I∗2

[

−4I∗2 + ρ∗
2 (1ξ∗)2 − 0.5c∗2(1ξ∗)3

−j(ξ∗)r
{

0.5c∗1(1ξ∗)3 + G∗(1ξ∗)2
}]

;

B2 =
1

I∗2

[

6I∗2 − 2ρ∗
2 (1ξ∗)2 + (1ξ∗)4

+j(ξ∗)r
{

(1ξ∗)4 + 2G∗(1ξ∗)2
}]

;

B3 =
1

I∗2

[

−4I∗2 + ρ∗
2 (1ξ∗)2 + 0.5c∗2(1ξ∗)3

+j(ξ∗)r
{

0.5c∗1(1ξ∗)3 − G∗(1ξ∗)2
}]

;

B4 =
j(ξ∗)r

I∗2

[

0.5c∗1(1ξ∗)3 + G∗(1ξ∗)2
]

;

B5 =
j(ξ∗)r

I∗2

[

−(1ξ∗)4 − 2G∗(1ξ∗)2
]

;

B6 =
j(ξ∗)r

I∗2

[

−0.5c∗1(1ξ∗)3 + G∗(1ξ∗)2
]

Mathematical expressions in Equation (3) can be modified as:

For Y1,i ≥ 0, j(ξ∗) = 1 and Yg,i = Y1,i

and when Y1,i < 0, j(ξ∗) = 0 and Yg,i = Y2,i

}

(10)
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Boundary Conditions
Extent of the beams has been considered such that it behaves
as an infinite beam (Selvadurai, 1979). Boundary conditions
has been assumed according to Vlasov and Leontiev (1966)
so as to obtain the solution of developed equation systems.
The boundary conditions in non-dimensional form have been
represented as:

For the top beam

d3Y1
dξ∗3

− G∗

I∗1

d(Yg−Y2)

dξ∗
= 0

d2Y1
dξ∗2

= 0







(11)

For the bottom beam

d3Y2
dξ∗3

+ rG∗

I∗2

d(Yg−Y2)

dξ∗
= 0

d2Y2
dξ∗2

= 0







(12)

Convergence Study and Input Parameter
Details
Based on the mathematical model established above, a computer
code has been developed. The entire extent of track-foundation
system (−L ≤ x ≤ L) has been discretised by utilizing finite
difference method. It has been found that there is negligible
change (<1–2%) in the deflection profile when the number of
nodes is increased from 5,001 to 8,001 nodes. Hence, the mesh
with 5,001 nodes has been considered for the analysis. The
tolerance factor has been specified to be 10−6 for the analysis
based on convergence study.

The range of parameters have been assumed as per the Indian
railway track conditions and the values considered have been
given in Table 1. The magnitude of viscous damping (c1 and c2)
has been calculated with the help of the following expressions:

c1 = 2ζ1
√

k1ρ1 and c2 = 2ζ2
√

k2ρ2 (13)

RESULTS AND DISCUSSION

Validation
In the absence of experimental data in existing literature for
validation purpose, the same has been done by comparing the
results with those given by Hussein and Hunt (2006). The latter
discussed and analyzed floating slab track model to determine
the behavior of response and critical velocity of the system
by utilizing Fourier transformation method. In the study, a
plot of displacement of the rails vs. velocity of applied load
was obtained for the following set of parameters: E1I1 = 10
× 106 N-m2, E2I2 = 1,430 × 106 N-m2, ρ1 = 100 kg/m,
ρ2 = 3,500 kg/m, k1 = 40 × 106 N/m2, k2 = 50 × 106

N/m2, ζ1 = ζ2 = 5%, as considered by Hussein and Hunt
(2006), to estimate critical velocity of the system. In order
to verify proposed formulation, response obtained by current
study for the similar conditions has been plotted and good
agreement has been observed between the results as shown
in Figure 3. Thus, verifying the adopted solution technique
and methodology.

TABLE 1 | Input parameters.

Parameters Notation Value Unit

Applied load Q 100–250 (Bhatra and

Maheshwari, 2019)

kN

Mass per unit length of

the top beam

ρ1 60 (Bhatra and

Maheshwari, 2019)

kg/m

Mass per unit length of

the bottom beam

ρ2 43 (Indraratna et al.,

2015)

kg/m

Relative compressibility

of soil

r = k1/ k2 5–20 (Das, 1999) –

Relative stiffness of stone

column with respect to

surrounding soil

α = kc/ ks 10–100 (Das, 1999) –

Diameter of the stone

column

d 0.12–1.2 (IS 15284

(Part 1), 2003)

m

Spacing to diameter ratio

of the stone columns

s/d 2–4 (IS 15284 (Part 1),

2003)

–

Relative flexural rigidity of

the beams

R = E1 I1/ E2 I2 2,400–5,400 (Shahu

et al., 2000; Bhatra and

Maheshwari, 2019)

–

Damping ratio ζ 0–25 (Vucetic and

Dobry, 1991)

%

FIGURE 3 | Validation.

When top beam is getting lifted from the ground surface due
to tensionless nature of the foundation, the deflection in upward
direction has been taken as negative deflection for presenting all
the results.

Ground Improvement
The effect of inclusion of stone column on deflection profile of
top beam for the parameters: Q = 175 kN, v = 36 m/s, k1 =

150 MN/m3, r = 10, E1I1 = 4,470 kN-m2, R = 3,000, G = 650
kN/m2, γ = 18 kN/m3, ρ1 = 60 kg/m, ρ2 = 43 kg/m, ζ = 10%, h
= 0.15m, α = 25, s/d = 2.5, and d/L = 0.004 has been shown in
Figure 4. It has been observed that maximum non-dimensional
deflection of top beam reduces by 58% indicating substantial
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FIGURE 4 | Deflection of top beam: the effect of stone column inclusion.

improvement of the earth bed upon inclusion of stone columns.
Furthermore, uplift of top beam has been observed to increase by
33% due to inclusion of stone columns.

Influence of Tensionless Nature of
Foundation
Figure 5 presents the comparison between normalized deflection
profiles of top beam for tensionless foundation case with that
for the perfect contact case (i.e., foundation reacts both in
compression and tension). The value of parameters considered
have been stated in the figure. It has been found that the
maximum downward normalized deflection is mildly affected
showing an increase from 1.72 × 10−5 to 1.79 × 10−5 i.e.,
only 4%, when the earth bed is considered to react only
in compression. However, the maximum normalized upward
deflection has been significantly affected due to tensionless
behavior of foundation showing an increase from 3.6 × 10−7

to 8.3 × 10−6. It is evident that on considering tensionless
behavior of the foundation bed, the maximum normalized
upward deflection is immensely affected compared to the
maximum normalized downward deflection. In view of this,
tensionless behavior of soil should be considered while analyzing
such systems.

Parametric Study
Magnitude of Moving Load (Q)
Figures 6, 7 present the effect of magnitude of moving load
on deflection and the bending moment profiles of top beam,
respectively, for input parameters mentioned in the figures. It
has been found that maximum downward as well as upward
deflection reduces by 60 and 83%, respectively, when the
magnitude of moving load is varied from 250 to 100 kN. Also,
for the same variation, a reduction of 61 and 51% has been
observed for maximum positive and negative bending moment
in top beam.

FIGURE 5 | Deflection of top beam for perfect contact case and tensionless

foundation case.

FIGURE 6 | Deflection of top beam for various magnitudes of applied load.

On further investigation with the same set of input values,
it has been found that top beam begins to lift off the ground
at a lower value of Q = 68 kN with the inclusion of stone
columns. Without stone column, the onset of detachment has
been observed at a higher value, Q = 124 kN which may be
due to the reduced stiffness of the system which allowed more
downward deflection of the top beam.

Relative Compressibility of Soil (r)
Figure 8 shows the result of variation in relative compressibility
of soil on the deflection profile of the top beam. An increase of
48 and 12% in maximum downward and upward deflection of
the top beam, respectively, has been found corresponding to an
increase in ratio, r from 5 to 20. It can be concluded from these
results that the downward deflection of top beam is more affected
by the above variation compared to upward deflection which has
further been discussed during the sensitivity analysis.
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FIGURE 7 | Bending moment profile of top beam for various magnitudes of

applied load.

FIGURE 8 | Deflection profile of top beam at different values of r.

Relative Stiffness of Stone Columns (α)
Deflection profile of the top beam for different values of α has
been presented in Figure 9. On increasing α from 10 to 100,
maximum downward deflection has been found to decrease by
25% whereas maximum upward deflection has been observed to
increase by 22%. It has been observed that for higher increment
of α i.e., from 50 to 100, the decrease in maximum downward
deflection in only 4% as compared to 16% reduction when α

is increased from 10 to 25. For the similar variation, increment
of 2 and 14%, respectively, has been observed for maximum
upward deflection. From these observations, it can be concluded
that at a higher value of α, effect of its increment diminishes on
the deflection.

Configuration of Stone Columns
The influence of variation in spacing at a specific diameter
on deflection profile of the top beam has been presented in
Figure 10A. On varying s/d ratio from 3.5 to 2, maximum
downward and upward deflection has been found to decrease

FIGURE 9 | Deflection profile of top beam for various values of α.

by 50 and 75%, respectively. This decrement in deflection for
both the directions is justified as the number of stone columns
increases on reducing s/d ratio.

Figure 10B describes the effect of variation in diameter of
stone columns on deflection profile of top beam for the set of
input values stated in the figure. It has been found that maximum
downward and upward deflection nominally decreases by 1.5
and 7%, respectively, when d/L ratio is increased from 0.0008
to 0.0016. However, on further increase in d/L ratio to 0.0048
and 0.008, the maximum deflection values increase by 58
and 80%, respectively. This may be due to the fact that now
sufficient amount of soft soil material has been replaced by stiffer
stone columns and in spite of reduction in number of stone
columns, the deflections reduce upon increasing the diameter of
stone columns.

Relative Flexural Rigidity of Beams (R)
Figure 11 shows the influence of relative flexural rigidity of
beams on the deflection profile of top beam for considered set of
input parameters. It has been found that maximum downward
and upward deflection reduce by 28% and 66% on increasing
ratio, R from 2,400 to 5,400. This reduction may be because
higher values of R denotes lower flexibility of the top beam and
consequently, the lower deflections.

Depth of Placement of Lower Beam (h)
Figure 12 presents the effect of location of bottom beam on
the deflection profile of top beam. It has been observed that
the variation in depth of bottom beam have substantial effect
on upward deflection compared to the downward deflection
which is negligibly affected. As the location of bottom beam
has been varied from 0.05 to 0.45m, maximum upward
deflection of top beam has been found to reduce by 29%. It
has also been observed that region of separation between top
beam and the ground reduces on lowering the bottom beam
till h = 0.57m beyond which perfect contact is developed
between them.
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FIGURE 10 | (A) Deflection of top beam at different s/d values. (B) Deflection

of top beam for various d/L values.

Velocity of Applied Load (v)
Figure 13 shows the influence of velocity of moving load on
deflection profile of the top beam. The maximum downward
deflection of the top beam has been observed to increase by
only 3% due to variation in load velocity from 0 to 80 m/s.
However, the maximum upward deflection increases by 7% when
v is increased from 0 to 40 m/s and shoots up to 22% increment
on increasing the load velocity to 80 m/s.

Damping Ratio (ζ )
At lower velocity, it has been observed that bending of beams
remain unaffected by variation in damping coefficients. At higher
values of velocity (v = 85 km/h), on varying damping ratio from
0 to 25%, the maximum upward deflection has been found to
increase by 8%. However, the maximum downward deflection
of the top beam has still been observed to be unaffected by
the variation. In view of nominal influence, this has not been
depicted here.

FIGURE 11 | Deflection of top beam at different values of R.

FIGURE 12 | Deflection of top beam for different depths of placement of the

bottom beam.

FIGURE 13 | Deflection of top beam at different velocities of applied load.
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FIGURE 14 | Sensitivity analysis: (A) downward deflection, (B) upward deflection of top beam.

Sensitivity Study
Figures 14A,B show the typical plot of sensitivity analysis for
maximum downward and upward deflection of top beam,
respectively, for the following input values: Q = 175 kN, v = 36
m/s, k1 = 150 MN/m3, r = 10, E1I1 = 4,470 kN-m2, R = 3,000,
G = 650 kN/m2, γ = 18 kN/m3, ρ1 = 60 kg/m, ρ2 = 43 kg/m,
ζ = 10%, h = 0.15m, α = 25, s/d = 2.5 and d/L = 0.004. For

the study, the maximum values of top beam deflection in both
the directions for each ±20 and ±10% variations from the mean
values have been obtained. These responses have been weighted
with respect to maximum deflection in either direction for the
mean value of respective parameters. It has been observed that
the maximum upward deflection of top beam is substantially
sensitive toward a greater number of parameters compared to

Frontiers in Built Environment | www.frontiersin.org 9 October 2019 | Volume 5 | Article 122

https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org
https://www.frontiersin.org/journals/built-environment#articles


Bhatra and Maheshwari Rails on Reinforced Tensionless Foundations

its maximum downward deflection. However, the sensitivity of
maximum downward deflection has been found to be more
toward relative compressibility of the soil and relative stiffness
of the stone column compared to its counterpart. Configuration
of stone columns has been found to be one of the most influential
parameter affecting the response of soil-foundation system.

Practical Relevance
A practitioner can consider the input values conforming to
conditions on site and determine the deflection and bending
moment values of the rails. Under the circumstances, where this
deformation works out to be more than the allowable values
as per required track performance (Beranek, 2000), the non-
dimensional charts based on the parametric study can be used to
consider befitting improvement characteristics like appropriate
configurations of stone columns, depth of placement and rigidity
of geocell layer, thickness of granular layer etc. so that the
resulting response of rails are within the permissible limit.

In addition to this, the sensitiveness of the rail deflection
toward variation in different parameters has been highlighted
during the sensitivity analysis giving the idea of the impact of that
particular parametric variation on the response of rail.

CONCLUSIONS

A study has been proposed in order to analyze the combined
effect of stone column and geocell improved beds for rails lying
over it exposed to moving point load. Tensionless behavior of
earth beds has been modeled and included in the analysis. Based
on results, the following conclusions can be deduced:

(i) Inclusion of stone columns resulted in 58% reduction in
maximum downward deflection of top beam indicating
significant improvement from settlement point of view.

(ii) Beginning of parting between top beam and the ground
surface has been observed at a lower value of Q = 68 kN
due to increased stiffness of the foundation on inclusion of
stone columns.

(iii) A prominent increase of 48% in maximum downward
deflection of top beam has been observed when relative
compressibility of soil layers is increased from r = 5 to

20. The corresponding increment in maximum upward
deflection has been found to be only 12%.

(iv) Significant reduction in maximum upward and downward
deflection has been observed when s/d is varied from 3.5 to
2. For the case of variation in diameter of stone columns,
these deflections are observed to initially reduce only to
increase later when d/L is varied from 0.0008 to 0.008 based
upon whether the phenomenon of replacement of soil by
coarser material is dominant or reduction in number of
stone columns.

(v) Maximum upward deflection of top beam has been
observed to reduce by 66% on increasing relative flexural
rigidity, R from 2,400 to 5,400.

(vi) For the top beam, the variation in location of the bottom
beam from h = 0.05 to 0.45m results in 29% reduction in
the maximum upward deflection. Furthermore, the region
of detachment between top beam and the ground has been
found to reduce on increasing the depth of placement of
the bottom beam till it develops perfect contact.

(vii) Maximum upward deflection of top beam has been found
to rise up by 22% compared to 7% initial increment when
the velocity is increased up to 80 m/s.

(viii) Sensitivity analysis conducted suggested that maximum
upward deflection of top beam is exceptionally sensitive
toward variation in most of the parameters compared to
maximum downward deflection except for the case of
relative compressibility of the soil and relative stiffness of
the stone columns.
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LIST OF NOTATIONS

A1 to A8 Coefficients of nodal deflection in the Finite Difference form

equation for the top beam.

B1 to B6 Coefficients of nodal deflection in the Finite Difference form

equation for the bottom beam

c1 Viscous damping coefficient of the granular layer

c∗1 Non-dimensional viscous damping co-efficient of the

granular layer

c2 Viscous damping coefficient of the foundation soil

c∗2 Non-dimensional viscous damping co-efficient of the

foundation soil

d Diameter of stone columns

E1 Young’s modulus of top beam material

E2 Young’s modulus of bottom beam material

G Shear modulus of granular layer

G∗ Non-dimensional shear parameter of granular layer

g Acceleration due to gravity

H Non-dimensional thickness of the granular layer

h Thickness of the granular layer

I1 Second moment of area of the top beam cross section

I∗1 Non-dimensional modulus of flexural rigidity of the top beam

I2 Second moment of area of the bottom beam cross section

I∗2 Non-dimensional modulus of flexural rigidity of the

bottom beam

i Subscript referring to nodal points

j(x,t) Contact function representing tensionless behavior

k1 Compressibility of the granular layer

k2 Compressibility of the foundation soil

kc Compressibility of foundation soil in stone column region

ks Compressibility of foundation soil in soft soil region

L Half-length of beams

Q(x,t) Applied moving load

Q∗ Non-dimensional applied moving load

R Relative flexural rigidity of the beams

r Relative compressibility of granular layer with respect to soft

soil, k1/ ks

r∗ Relative compressibility of granular layer with respect to

foundation soil, k1/ k2

s Spacing between the stone columns

t Time

v Velocity of moving load

w∗
1 Non-dimensional self-weight of the top beam

w∗
2 Non-dimensional self-weight of the bottom beam

x Horizontal space co-ordinate

Y1 Non-dimensional top beam deflection

Y2 Non-dimensional bottom beam deflection

Yg Non-dimensional deflection of the ground surface

y1 Deflection of the top beam

y2 Deflection of the bottom beam

yg Deflection of the ground surface

α Relative stiffness of stone column with respect to the

surrounding soft soil, kc/ ks

γ 1 unit weight of granular mat

(Continued)

Continued

γ ∗
1 Non-dimensional unit weight of granular mat

1ξ∗ Non-dimensional distance between Finite Difference nodes

ζ Damping ratio

ξ Distance from point of action of load at time t

ξ ∗ Non-dimensional distance from point of action of load at

time t

ρ1 Mass per unit length of the top beam

ρ∗
1 Non-dimensional mass per unit length of the top beam

ρ2 Mass per unit length of the bottom beam

ρ∗
2 Non-dimensional mass per unit length of the bottom beam
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