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The critical response is investigated for a multi-story damped bilinear hysteretic

shear building model under a multi impulse as a representative of long-period,

long-duration earthquake ground motions. The critical response for an elastic–plastic

single-degree-of-freedom (SDOF) model under a multi impulse was derived in previous

papers. However, it is difficult to derive the critical response for a multi-degree-of-freedom

(MDOF) model under a multi impulse because the phase lag among masses induces

a complicated situation. In place of deriving an explicit critical response, a criterion on

the criticality of the multi impulse for the elastic–plastic MDOF model is derived and

the properties of the critical responses are clarified. In the analysis, a new concept

of “Multi Impulse Pushover (MIP)” is introduced and the progressive performance

evaluation for the increasing input level is conducted. The analysis of energy response

(input energy, dissipated energy, etc.) and the comparison with the response to the

corresponding sinusoidal wave are made to enhance the reliability and practicality of

the proposed method using the multi impulse as a substitute of sinusoidal waves, which

are representatives of long-period, long-duration earthquake ground motions.

Keywords: critical response, bilinear hysteresis, multi-story building, multi impulse, long-duration motion,

input energy

INTRODUCTION

While near-fault ground motions with greater effect on building structures and infrastructure have
been investigated extensively all over the world (Bertero et al., 1978; Mavroeidis et al., 2004; Kojima
and Takewaki, 2015a), an interest in long-period and long-duration ground motions has not been
so much. This is because such long-period and long-duration ground motions with high intensity
occur very rarely and there are a few reports on recording such ground motions. A relatively short
history of recording earthquake ground motions and constructing structures and infrastructure
with long natural period may be another reason for such fact. The Mexico earthquake in 1985,
the Tokachi-oki earthquake in 2003, the Chuetsu earthquake in 2004 and the Tohoku earthquake
in 2011 are representatives of such rare ground motions. Damages and influences to building
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structures and infrastructure were reported, e.g., the Mexico
earthquake (Beck and Hall, 1986), the Tokachi-oki earthquake
in 2003 (Hatayama et al., 2004), the Chuetsu earthquake in 2004
(Furumura and Hayakawa, 2007), and the Tohoku earthquake
in 2011 (Takewaki et al., 2011, 2013). In particular, a historical
resonant response was recorded in a tall building over 250m high
in Osaka, Japan, during the 2011 Tohoku earthquake (Takewaki
et al., 2011). Damage was concentrated to only non-structural
elements, and no clear damage to structural components was
observed. However, the occurrence of such phenomenon had
never been predicted and the careful investigation is inevitable
from the viewpoint of resilience of important structures against
unpredictable risks (Takewaki et al., 2013). This incident
clearly indicates the warning to the response of structures and
infrastructure with long natural period under long-period and
long-duration earthquake ground motions.

In the current code for ordinary buildings in earthquake-
prone countries, limited plastic deformations are allowed for
large earthquakes with small occurrence probability to expect the
energy dissipation by structural members. To assure the seismic
safety of these buildings, non-linear time-history response
analysis is conducted. On the other hand, the closed-form
or analytical expressions for the elastic–plastic responses to
excitations equivalent to earthquake ground motions have been
derived in the past only for the steady-state responses or
transient responses to a simple harmonic wave (for example,
Caughey, 1960a,b). Since the middle of the 20th century, in
the seismic resistant design, the resonance phenomenon has
been considered as a critical key issue in the damage analysis
of structures and infrastructure. The resonant frequency should
be analyzed for a specified input level by changing the input
frequency parametrically in response to a harmonic wave
(Caughey, 1960a,b; Iwan, 1961, 1965a,b). It is desirable that no
computational iteration is needed in the analysis stage.

To respond to such complicated and tough problem, an
innovative approach using impulses as inputs, i.e., the double
impulse, was introduced by Kojima and Takewaki (2015a).
The double impulse was introduced to characterize the fling-
step ground motion. The magnitude was tuned with the
corresponding sinusoidal wave, which is a representative of near-
fault ground motions (Akehashi et al., 2018b,c). A closed-form
formulation was proposed for calculating the maximum elastic–
plastic response of an SDOF structure under the “critical double
impulse.” It was demonstrated that, because only free vibration
is induced under impulses, the energy balance theory at two
key vibration states (maximum deformation state and maximum
velocity state) enables one to derive an analytical expression.
The accuracy of the proposed approach was investigated by
comparing the derived expressions with the results of non-linear
time-history response analysis to the corresponding one-cycle
sine wave.

In a similar way, a long-period and long-duration ground
motion can be treated appropriately by introducing the multi
impulse (Kojima and Takewaki, 2015b; Akehashi et al., 2018a;
Hayashi et al., 2018; Tamura et al., 2019). When using the
multi impulse, the free vibration analysis can be conducted
without specification of input frequency before the second

impulse is applied. The analysis of the resonant case can be
done utilizing an energy balance law without solving differential
equations. The timing of the impulses can be obtained as
the time with zero restoring force in the unloading process.
To calculate the maximum elastic–plastic response after an
impulse can be obtained by equating the initial kinetic energy
to the combined elastic strain and hysteretic energies. This
methodology can be used to determine the critical response only.
However, its application to non-critical case is also possible with
some modification (Homma et al., 2020). The critical resonant
frequency can be found automatically for the gradually increasing
input level of the multi impulse.

While the energy balance approach initiated by Kojima
and Takewaki (2015a) can be applied only to SDOF models
(for example, Tamura et al., 2018), Akehashi and Takewaki
(2019) extended it to general multi-degree-of-freedom (MDOF)
building models. Since the closed-form expressions are difficult
for MDOFmodels due to the phase lag among masses, a criterion
on the criticality of the input timing of the second impulse in
the double impulse was derived and the critical response was
computed by the time-history response analysis (free vibration).
Furthermore, to clarify the elastic–plastic performance of MDOF
models, an original procedure, called the Double Impulse
Pushover (DIP), was introduced. DIP enables one to evaluate
the critical performance of elastic–plastic MDOF models under
resonant inputs.

Since the input energy by earthquakes is a global response
parameter compared to local response parameters, e.g.,
displacement and acceleration, it is appropriate to capture and
characterize the global response property of structures. For this
purpose, many researchers tried to investigate the earthquake
input energy to structures and infrastructure in the long history
of earthquake-resistant design (e.g., Housner, 1959; Zahrah
and Hall, 1984; Akiyama, 1985; Uang and Bertero, 1990; Léger
and Dussault, 1992; Kuwamura et al., 1994; Ordaz et al., 2003;
Takewaki, 2004a,b, 2005a,b, 2007a,b). In some earthquake-prone
countries, the earthquake input energy has been employed
as an earthquake input demand in the standard design code.
Since the time-domain approach has several advantages, e.g.,
the availability in non-linear structures, the description of
time-history response of the input energy, and the possibility of
expressing the input energy rate, the earthquake input energy
has usually been computed in the time domain. On the other
hand, the time-domain approach is not necessarily appropriate
under uncertainties (Takewaki, 2004a, 2005b) and the frequency-
domain approach has been introduced (Lyon, 1975; Ordaz
et al., 2003; Takewaki, 2004a,b, 2005a,b, 2007a,b). The frequency
domain approach uses the Fourier amplitude spectrum of input
ground accelerations and the time-invariant energy transfer
functions of the structure.

In this paper, the critical response is investigated for a multi-
story damped bilinear hysteretic shear building model under a
multi impulse as a representative of long-period, long-duration
earthquake ground motions. The critical response of an elastic–
plastic SDOF model under a multi impulse was derived in the
previous papers (Kojima and Takewaki, 2015b; Akehashi et al.,
2018a; Hayashi et al., 2018; Tamura et al., 2019). However, it
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is difficult to derive an explicit critical response for a MDOF
model under a multi impulse because the phase lag among
masses induces a complicated situation. To overcome this
difficulty, a new approach is devised based on a criterion on
the criticality of the multi impulse for the elastic–plastic MDOF
model and a new concept of “Multi Impulse Pushover (MIP)”
is introduced.

MULTI IMPULSE AS REPRESENTATIVE OF
LONG-PERIOD, LONG-DURATION
EARTHQUAKE GROUND MOTION AND ITS
CRITICALITY

The acceleration of a multi impulse as a representative of long-
period, long-duration ground motions can be expressed by

üMI
g (t) = 0.5VMIδ (t) − VMIδ (t − t1) + VMIδ (t − (t1 + t2))

−VMIδ (t − (t1 + t2 + t3)) ....

+ (−1)NMI−1 VMIδ



t −

NMI−1
∑

j=1

tj



 (1)

where VMI denotes the velocity except the first impulse, tj is
the time interval between the jth impulse and (j+1)th impulse,
NMI is the number of impulses, and δ(t) is the Dirac delta
function. The amplitude of the first impulse is reduced, reflecting
the reality as a ground motion. The multi impulse and the
corresponding sinusoidal wave, introduced later, are shown in
Figure 1. It is noted that the time intervals tj can change. Kojima
and Takewaki (2015b) introduced “Input Sequence 2” and fixed
the time intervals after the second impulse as a constant as shown
in Figure 2. However, since the building model treated here is a

FIGURE 1 | Multi impulse and corresponding sinusoidal wave. (A) Acceleration. (B) Velocity. (C) Displacement.

FIGURE 2 | Critical multi impulse, Input Sequence 2, for SDOF model (Kojima and Takewaki, 2015b).
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MDOF, it is assumed that tj can change. While, in a SDOFmodel,
the time intervals of impulses can be expressed explicitly by using
the energy balance law, it is difficult in a MDOFmodel due to the
phase lag of masses. To overcome this difficulty, Akehashi and
Takewaki (2019) introduced a new criterion on the criticality of
input timing and defined the critical timing as the time at which
the energy input by the impulse is maximized. The procedure of
computing the critical input timing of impulses is explained next.

Consider an N-story damped bilinear hysteretic shear
building model as shown in Figure 3. Let ui,mi, ci, fi denote the
displacement, mass, damping coefficient, and the restoring force
in the ith story. It should be kept in mind that only the mass
velocities are changed by VMI and only the kinetic energies are

FIGURE 3 | Multi-story damped bilinear hysteretic MDOF shear building

model.

changed just after the input of impulses. Therefore, the input
energy by the jth impulse can be expressed by

E
(j)
I =

N
∑

i=1

1

2
mi

{

u̇i + (−1)j−1 VMI

}2
−

N
∑

i=1

1

2
miu̇

2
i

= (−1)j−1 VMI

N
∑

i=1

miu̇i +

N
∑

i=1

1

2
miV

2
MI (2)

Since only the first term in Equation (2) depends on the velocities
of masses, the necessary condition for themaximum energy input
by the jth impulse can be described by

∑N
i=1miüi = 0 . From the

total equilibrium of the shear building model, F1 = f1+ c1u̇1 = 0
holds. Let Tj denote the time when the first story shear force
attains zero (F1 = 0). Using this notation, tj = Tj − Tj−1.

Figure 4 shows two examples (VMI/Vy = 2.0, 5.0) of the
story shear force (restoring force + damping force)–interstory
displacement relation in the first story together with the restoring
force–interstory displacement relation for a 20-story shear
buildingmodel treated later.Vy denotes the input velocity level of
the multi impulse such that the maximum interstory drift angle
of the model just attains the yield limit after 20 impulses. It can be
observed that the impulses are input at the time when the story
shear forces in the first story attain zero.

To demonstrate that the impulse timing determined above
certainly maximizes the input energy, various timings are given
in tj = 0.50 [s] − 1.50[s] (e.g., t1 = 0.55 [s] , t2 = 0.69 [s] , t3 =

1.32 [s] , . . .). Figure 5 presents the relation of the accumulated
input energy with the number of impulses for the critical case
and non-critical case (right one) for Model 2 shown in the
next section. Although an instantaneous input energy by an
impulse is maximized in the criterion introduced in this paper,
the accumulated quantity is shown in Figure 5 (right one). The
energy response seems to be sensitive to the input timing at
the critical timing. For this reason, the input energies for the
critical timing and other timing appear disconnected in case of
rather coarse candidates of timing. If more fine candidates of

FIGURE 4 | Story shear force–interstory drift relation in the first story [restoring force (black) and restroing force with damping force (blue)] for 20-story building model.

(A) VMI/Vy = 2.0, (B) VMI/Vy = 5.0.
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FIGURE 5 | Maximum interstory drift angle distribution and accumulated input energy under critical input and various non-critical inputs for 20-story building model.

(A) VMI/Vy = 2.0, (B) VMI/Vy = 5.0.

timing are used, more continuous plot will appear. This issue
will be discussed in future work. For reference, the maximum
interstory drift angles are also plotted (left one). It can be
observed that, although the input energy is maximized by the
critical input timing, the maximum interstory drift angles are
not necessarily maximized by the critical timing defined in
this paper. This phenomenon is remarkable as the input level
becomes larger.

MULTI-STORY DAMPED BILINEAR
HYSTERETIC SHEAR BUILDING MODEL

Consider three 20-story damped bilinear hysteretic shear
building models that have different story shear stiffnesses. Model
1 has a uniform story stiffness distribution. Model 2 possesses

a trapezoidal story stiffness distribution (ratio of the top to the
bottom is 0.4). Model 3 is the model with an inverse triangular
shape of the lowest eigenmode. The constant floor mass is 1.0 ×
106 (kg), the undamped fundamental natural period is 1.8 (s), and
the lowest damping ratio is 0.01 (initial stiffness proportional).
In addition, the common story height is 3.0 (m), the yield
interstory drift angle is 0.01 (rad) and the ratio of the post-
yield stiffness to the initial stiffness is 0.2. Figure 6 shows the
first three eigenmodes multiplied by the participation factors for
Models 1–3.

MULTI IMPULSE PUSHOVER

Akehashi and Takewaki (2019) introduced a concept of “Double
Impulse Pushover (DIP)” for a damped elastic–perfectly plastic
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FIGURE 6 | First three eigenmodes multiplied by participation factors for the 20-story building model. (A) Model 1, (B) Model 2, (C) Model 3.

MDOF shear building model. In the DIP, once the critical time
interval between impulses in the double impulse is determined
for an input level, the input level is increased a little bit and
the new critical timing is determined. Then, this procedure is
repeated. DIP is an extended version of “Incremental Dynamic
Analysis (IDA)” due to Vamvatsikos and Cornell (2002).
However, while IDA is conducted to a set of earthquake ground
motions, DIP uses only the critical (worst) input resonant to the
non-linear structures.

In this paper, DIP is extended to the multi impulse and the
concept of “MIP” is newly defined. MIP is used for clarifying
the properties of the critical non-linear responses of MDOF
structures with respect to the increasing input level and providing
useful information in determining the input level of the multi
impulse for the design of MDOF structures.

Higher modes of some near-fault ground motions can play
an important role on the non-linear dynamic response because
a single dominant pulse can lead to non-conservative estimates
of the maximum interstory drift (Lu and Panagiotou, 2013;
Quaranta and Mollaioli, 2019). On the contrary, the present
paper is treating the long-duration ground motion with a single
mode, which can be well-simulated by the multi impulse and the
sine wave. Even if the long-duration ground motion includes a
singlemode, the plastic response induces a higher-mode response
(Akehashi and Takewaki, 2020). In order to respond to such
complicated situation, the newly introduced MIP analysis can
capture such peculiar response characteristics, e.g., the response
amplification in restricted stories (lower, middle, and upper) as
shown later in Figure 8.

Figure 7 shows the flowchart for the MIP analysis. It can
be understood that the repetition is required only for the
determination of convergence of the impulse interval, and this
process is straightforward without any uncertain repetition. It
should be remarked that, since the MIP analysis is general in
the sense that the critical timing of impulses can be obtained
by finding the time of zero first-story shear force through time-
history response analysis, it can be applied to more complex
building structures.

Figure 8 presents the maximum interstory drift angles for
MIP (NMI = 20) with VMI = 0.10 − 1.2 (m/s) [input level
interval: 0.10 (m/s)]. For comparison, DIP with VDI = 0.10 −

1.2 (m/s) [input level interval: 0.10 (m/s)] is also conducted and
shown in Figure 8, where VDI denotes the velocity amplitude of
the double impulse. It can be seen that, while both responses
in MIP and DIP analyses are different greatly in the small
input level, those are similar in the large input level (although
the upper-story distributions are different in Model 3). This
may result from the fact that, while the resonance response
amplification is remarkable in the elastic response range (small
input level), this effect is small in the large plastic range (large
input level).

NON-LINEAR RESONANT FREQUENCY OF
MULTI IMPULSE AND ENERGY RESPONSE
COMPUTATION

In this section, the non-linear resonant frequency of the multi
impulse is investigated and the energy response (input energy,
dissipated energy, etc.) is discussed.

First of all, the effect of the number of impulses in the multi
impulse on the convergence of impulse interval is analyzed. Based
on the criterion on the criticality of impulse input timing, the
impulse intervals were computed. Figure 9 shows the relation of
the impulse interval with the impulse number. The input velocity
levels were changed for VMI/Vy = 1–10 by interval = 1. It can
be seen that NMI = 20 is sufficient for convergence independent
of Models.

Figure 10 illustrates the convergent input time interval tp with
respect to input velocity level. It can be seen that, as the input
level becomes larger, the plastic deformation increases and the
resonant period is prolonged.

The convergence of response states can be confirmed from the
viewpoint of the energy response. The energy balance equation
can be expressed by

∫ t

0
{u̇}T [M] {ü} dt+

∫ t

0
{u̇}T [C] {u̇} dt+

∫ t

0
{u̇}T {Q(t)} dt

=−

∫ t

0
{u̇}T [M] {1} üMI

g dt (3)

⇔ EV (t) + EC (t) + EQ (t) = EI (t) (4)
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FIGURE 7 | Flowchart for Multi Impulse Pushover (MIP) analysis.

FIGURE 8 | Maximum interstory drift angle distribution by DIP and MIP (V = 0.10–1.20 [m/s]). (A) Model 1, (B) Model 2, (C) Model 3.
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FIGURE 9 | Impulse interval vs. impulse number for various input levels (VMI/Vy = 1–10 by the interval = 1). (A) Model 1, (B) Model 2, (C) Model 3.

FIGURE 10 | Critical input interval tp vs. input velocity level.

where [M] and [C] are themass and dampingmatrices and {Q(t)}
is the restoring force vectors. In addition, {u} = {ui} and {1} is
the vector whose components are all 1. EI(t) ,EV(t) ,EC(t) ,EQ(t)

are the total input energy, kinetic energy, accumulated
damping dissipated energy, and accumulated hysteretic energy,
respectively. In the jth time interval of the multi impulse, the
increments of

1E
(j)
V = EV

(

Tj

)

− EV
(

Tj−1

)

=

∫ Tj

Tj−1

{u̇}T [M] {ü}dt (5)

1E
(j)
C = EC

(

Tj

)

− EC
(

Tj−1

)

=

∫ Tj

Tj−1

{u̇}T [C] {u̇}dt (6)

1E
(j)
Q = EQ

(

Tj

)

− EQ
(

Tj−1

)

=

∫ Tj

Tj−1

{u̇}T {Q(t)}dt (7)

E
(j)
I can be expressed by

E
(j)
I = 1E

(j)
V + 1E

(j)
C + 1E

(j)
Q (8)

In the convergent steady state, 1E
(j)
V = 0,1E

(j)
C = constant and

1E
(j)
Q = constant.
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FIGURE 11 | Energy response (increment) vs. impulse number. (A) VMI/Vy = 2.0, (B) VMI/Vy = 5.0, (C) VMI/Vy = 10.0.

Figure 11 shows the energy response (increment) vs. impulse
number. It can be understood that the convergence rate depends
on the building model and NMI = 20 is required for sufficient
convergence independent of the building model.

VERIFICATION BY EQUIVALENT
SINUSOIDAL WAVE

To demonstrate the reliability and practicality of using the multi
impulse, the comparison with the corresponding sinusoidal wave
is investigated here and in the following sections.

The acceleration of the corresponding sinusoidal wave can be
expressed by

üSINg (t) =

{

0.5
(

π/tp
)

VSIN sin (πt/tp)
(

π/tp
)

VSIN sin (πt/tp)

(

0 ≤ t < tp
)

(

tp ≤ t ≤ NMItp
) (9)

The velocity amplitude VSIN can be related to the velocity
amplitude of the multi impulse (Kojima and Takewaki, 2017).

VSIN =

(

2

π

)

VMI (10)

In the present analysis, the velocity amplitude of the
corresponding sinusoidal wave is amplified by 1.05. This is
done so as to adjust the responses to both inputs in wider input
levels (Kojima and Takewaki, 2017; Akehashi et al., 2018a).

Figure 12 shows the resonance curve of the total input energy
El, the hysteretic energy EQ, and the damping energy EC for
the elastic–plastic structures (Models 1, 2, and 3). The abscissa
is the input period Tl of the multi impulse. The quantities in
Figure 12 are normalized by M0V

2. When the input velocity
level VMI/Vy becomes large, the MDOF model exhibits a large
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FIGURE 12 | Resonance curve of total input energy, hysteretic energy, and damping energy for elastic–plastic structures. (A) VMI/Vy = 2.0, (B) VMI/Vy = 5.0, (C)

VMI/Vy = 10.0.

plastic deformation. As seen in Figure 12, the energy dissipated
by the plastic deformation is relatively large compared to the
damping energy in the large input velocity level. It can also be
observed that, as the input level increases, the peak value becomes
smaller and the slender shape becomes another shape with small
amplitude and wide range. It can also be seen that the peak
period (resonant period) is prolonged a little bit as the input
level increases. This investigation enables the understanding
of robustness of input energies for variable frequencies of the
input motion.

RELATION BETWEEN INPUT LEVEL AND
ENERGY RESPONSE

The relation between the input level of the multi impulse and the
energy response is discussed in this section.

Figure 13 shows the total input energy EI , the hysteretic
energy EQ, and the damping energy EC of Models 1, 2, and 3

under the critical multi impulse and the corresponding sinusoidal
wave. It should be noted that, since the critical input timing
can be derived for the multi impulse without repetition, the
approximate resonant period of the corresponding sinusoidal
wave can be obtained without difficulty. If we do not use the
multi impulse, we have to introduce an iterative procedure for
the determination of the resonant period of the corresponding
sinusoidal wave. It can be seen that Model 3 exhibits the largest
values of the total input energy, the hysteretic energy, and the
damping energy, Model 2 is the second, and Model 1 is the
third. It can also be understood that the multi impulse exhibits
a good correspondence with the corresponding sinusoidal wave.
This means that the multi impulse enables the almost exact
computation of those energies in place of the sinusoidal wave.

For reference, the evaluation of the energy input to elastic
structures in the frequency domain is shown here. The energy
transfer function (Takewaki, 2004a,b), which is used for the
computation of total input energy by integrating in the frequency
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FIGURE 13 | Total input energy, hysteretic energy, and damping energy of Models 1, 2, and 3 under critical multi impulse and corresponding sinusoidal wave. (A)

Model 1, (B) Model 2, (C) Model 3.

domain after the multiplication with the input Fourier amplitude
squared, is expressed by

F (ω) =
1

πM0
Re

[

−iω {HD (ω)}T [M] {1}
]

(11)

where {HD (ω)} is the transfer function of horizontal
displacement {u}, {1} is the influence coefficient vector with 1
in all components, and M0 =

∑N
i=1mi. By using the Fourier
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where t0 is nearly a half of the fundamental natural period of
the structure. Since the right-hand side is independent of the
input level and constant, it can be understood that the input
energy is proportional to the input velocity squared in the
elastic range.

The normalized total input energy and damping energy can be
expressed by
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) (16)

The detailed derivation of Equations (13), (15) is shown in
Appendix 1. Equations (14) and (16) can also be derived in
the same way. The coefficients a and b can be evaluated by
conducting the elastic–plastic time-history response analysis for
the model under the multi impulse with a predetermined input
level (VMI/Vy = 5 in the following examples).

Figure 14 presents the comparison between the energy

response (thin line) by the time-history response analysis and

that (thick line) by the approximation explained just above
(Equations 13–16) together with the energy response by the
corresponding sine wave (time-history response analysis). The
hysteretic energy was computed as the difference between
the total input energy and the damping energy. A good
correspondence can be observed with the approximation
(Equations 13–16) and the corresponding sine wave. It should
be noted that, in the previous research (Kojima and Takewaki,
2015b), it was found that the coefficient slightly larger than
1.0 was amplified for the sine wave for better response
correspondence in a wider input level between the multi impulse
and the sine wave after both the multi impulse and the sine
wave were controlled so as to attain the same maximum
Fourier amplitude (Fourier amplitude indicates the square root
of “energy”). As a result, the input energy by the sine wave is
larger by 1.1.

INFLUENCE OF STRUCTURAL MODEL
PARAMETERS ON ENERGY RESPONSE

The influence of structural model parameters on the energy
response is investigated in this section.

Figure 15 shows the influence of structural model parameters
on the energy response (Model 3). In Figure 15A, the damping
ratio was changed as h= 0.03, 0.05, and 0.10, and in Figure 15B,
the post-yield stiffness ratio to the initial stiffness was varied as α
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FIGURE 14 | Comparison between energy response (thin line) by time-history response analysis and that (thick line) by approximation [Equations 13–16] together with

energy response by the corresponding sine wave. (A) Model 1, (B) Model 2, (C) Model 3.

= 0.0 (elastic–perfectly plastic), 0.40, and 0.60. In Figures 15A,B,
the non-dimensional total input energies are shown for reference.
As pointed out in the previous section, the coefficients a and b
in Equations (15), (16) were obtained by conducting the elastic–
plastic time-history response analysis for the model under the
multi impulse with a certain input level (VMI/Vy = 5). It can be
understood from Figure 13 that the relation of the total input
energy with the input velocity level is linear in 1 ≤ VMI/Vy ≤

5. In addition, the level VMI/Vy = 5 seems reasonable in a
realistic situation of earthquake ground motions. For this reason,
VMI/Vy = 5 was used in the determination of the coefficients
a and b. Furthermore, the hysteretic energy was computed as
the difference between the total input energy and the damping
energy. It can be assured that the approximate evaluation of total
input energies, hysteretic energies, and damping energies exhibits
a fairly accurate result and those input energies for various
input levels can be obtained without many time-history response
analyses for various input levels. It can also be observed that,
while the damping quantity reduces the total input energy, the
hysteretic energy, and the damping energy greatly, the post-yield
stiffness ratio does not affect those energies so much (although
the hysteretic energy becomes larger slightly for the increasing
post-yield stiffness ratio).

SUMMARIES AND CONCLUSIONS

The critical response was investigated for a multi-story damped
bilinear hysteretic shear building model under a multi impulse
as a representative of long-period, long-duration earthquake
ground motions. The critical response for an elastic–plastic
SDOF model under a multi impulse was derived in the previous
papers. However, it is difficult to derive an explicit critical
response for a MDOF model under a multi impulse because
the phase lag among masses induces a complicated situation.
To overcome this difficulty, a new approach was devised based
on a criterion on the criticality of input timing of the multi
impulse for the elastic–plastic MDOF model and a new concept
of “MIP” was introduced. Summaries and conclusions are
as follows:

(1) The criterion on the criticality of input timing of the
multi impulse for a damped bilinear hysteretic MDOF
shear building model was derived, and the properties of
the critical responses were clarified. The critical input
timing of the multi impulse is the time at which the
story shear force (sum of the restoring force and the
damping force) in the first story attains zero in the
unloading process.
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FIGURE 15 | Influence of structural model parameters on energy response (Model 3). (A) Effect of damping ratio. (B) Effect of post-yield stiffness ratio.
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(2) A new concept of “MIP” was introduced. In the
MIP analysis, once the critical time interval between
impulses in the multi impulse is determined for an
input level based on the above-mentioned criterion
on the criticality, the input level is increased gradually
and a new critical timing is determined. Then, this
procedure is repeated until the input level attains
the specified level. The MIP enables the progressive
performance evaluation for the increasing input level of the
multi impulse.

(3) The analysis of energy response (input energy,
dissipated energy, etc.) and the comparison with
the response to the corresponding sinusoidal wave
were made to enhance the reliability and practicality
of the proposed method using the multi impulse
as a substitute of sinusoidal waves, which are
representatives of long-period, long-duration earthquake
ground motions.
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APPENDIX 1

Derivation of Approximate
Energy Evaluation
The total input energy to the MDOF model in the elastic range
(Takewaki and Fujita, 2009) can be expressed by
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Based on the numerical investigation, let us assume that the
total input energy in the elastic–plastic range can be expressed
approximately as a linear function of VMI/Vy.
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From Equations (A2) and (A3), the total input energy can be
expressed as
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Let us introduce a new coefficient a defined by

C1 = a
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Division of both sides of Equation (A4) byM0V
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MI leads to
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