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The aim of this work is to demonstrate a computational workflow for the generation of cross-linkable viscoelastic polymers and the determination of elastic and hyperelastic properties by means of all-atoms classical molecular dynamics simulations, using polydimethylsiloxane (PDMS) as an example. To improve the computational efficiency of the workflow, a phenomenological description of the cross-linking process is chosen instead of a quantum mechanical description of the cross-linking mechanism. The structures produced differ in their conversion degree of cross-linking (cdc) of 60, 70, and 80 percent and their quantity ratio between polymer chains and cross-linking units of 2 to 1 and 5 to 1. In order to exclude finite size effects of the molecular systems as much as possible, large systems of about 40,000 atoms are considered. Furthermore, for each possible configuration from the combination of cdc and the ratio of polymer chains to cross-linking units, six structures different from each other are used. Tensile and compression tests are performed to determine mechanical properties. A dependence of stresses in the deformation direction on strain rate is found for strain rates 107, 108, and 109 1/s. As the cdc increases, an increase in the stress values is observed in the tensile tests. To determine the viscoelastic material properties, relaxation tests are performed following the tensile tests. Thereby, the determined relaxed stresses after the tensile test rise with the increase of the cdc. Furthermore, no large stress deviations, .34 MPa maximum, between structures differing by chain to linker ratio are observed with the Ogden model. The computational workflow shows that classical all-atom molecular dynamics simulations can be a suitable method for structure generation and subsequent characterization of elastic and hyperelastic properties of cross-linked polymers.
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1 INTRODUCTION
Cross-linked polymers can be in the form of thermosets or elastomers. Polydimethylsiloxane (PDMS) is a widely used elastomer possessing various features such as its optical transparency, low manufacturing costs and thermal stability, which makes it suitable for a wide range of applications, including biomedical substrates, water treatment and microelectromechanical systems (MEMS) Johnston et al. (2014); Chen et al. (2015); Mousavi et al. (2021); Maddah (2019); Schneider et al. (2009).
As a result, the mechanical properties of this hyperelastic elastomer have been extensively studied experimentally Tansel et al. (2020); Nunes (2011); Kim et al. (2011); Liu and Chen (2007); Bernardi et al. (2017). In tissue engineering, for example, PDMS microchannels can be used to investigate the mechanics of vascular diseases. Here, one focus is on determining the mechanical properties of the PDMS Hardy et al. (2009). For example, when used as a substrate in microelectronics, PDMS can be exposed to temperatures of 250–300°C during fabrication Tansel et al. (2020). To understand the mechanical properties of such cross-linked polymer systems, it is helpful to address their molecular properties. System-describing quantities such as the degree of cross-linking, the monomer distribution, and the directionality of the system under consideration can play an essential role. The modeling of cross-linking reactions on the molecular level can be achieved, e.g., with the help of quantum mechanical methods Alemán et al. (2008); Meißner et al. (2020) or classical molecular dynamics (MD) approaches Li and Strachan (2010); Vashisth et al. (2018); Gissinger et al. (2017); Gissinger et al. (2020).
For the physical description of cross-linking reactions on the molecular level, quantum chemical modeling is one of the fundamental tools Alemán et al. (2008); Meißner et al. (2020). This can be used to describe bond breaking and formation in detail. However, calculating the cross-linking behavior of large polymer systems at this fundamental level can become very computationally expensive. Even multi-scale description approaches, in which only part of the polymers are described using quantum chemical methods, are often still too time-consuming. The use of empirical reactive force fields in combination with molecular dynamics methods leads to further computational time savings compared to the previously mentioned approaches Vashisth et al. (2018). Another possibility to reduce the computational time is offered by the phenomenological description of the cross-linking process. For this description, classical molecular dynamics methods, using distance-based cross-linking methods, can be employed Gissinger et al. (2017). In a distance-based cross-linking process, it is only possible for the atoms to react to form a bond when a defined distance value is reached. Depending on the definition of the distance-based cross-linking process, this distance value can be a necessary or sufficient criterion for the formation of a bond. In addition, when generating a new bond, it is possible to break other bonds between bonding atoms and to adjust existing bond parameterizations. In this work, the distance-based cross-linking method implemented in LAMMPS by Gissinger et al. is used Gissinger et al. (2017); Gissinger et al. (2020); Thompson et al. (2022). The advantage of using this method is the reduction of computing time. Moreover, the aim of this work is not the physical description of the cross-linking reactions but the structure generation depending on the ratio between polymer chains and cross-linking units and the conversion degree of cross-linking (cdc). Then, the partially cross-linked polymer structures are subjected to tensile and compression tests. Since the compression and tension tests in the present work are strain-controlled, the strain rate has a decisive influence on the simulation time. To compensate for viscoelastic effects, relaxation tests are connected to the tensile tests. The final deformation state is maintained for the duration of the relaxation and the system is equilibrated during this time. The focus of this work is to present a workflow describing the cross-linking, deformation, and relaxation of polymer structures using different PDMS structures as examples, which differ in terms of the cdc and the composition of the polymer chains and cross-linking elements.
2 COMPUTATIONAL SETUP
In the following, the process for the preparation of the cross-linked polymer systems is described first. Following this, the analysis methods will be described. Finally, the implementation of the compression and tensile tests and the relaxation tests will be presented.
2.1 Setup of cross-linked systems
At the beginning, the uncross-linked system is divided into two types of molecules, the linker and the polymer chain according to Figure 1. The linkers represent the only option for cross-linking of the polymer chains and vice versa. The cdc refers to the maximum possible number of cross-links between chains and linkers. The chemical reaction between polymer chain and linker is described by
[image: Figure 1]FIGURE 1 | Structural formula of (A) polydimethylsiloxane (PDMS) and (B) linker molecule.
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where R denotes the linker and R′ the polymer chain Heine et al. (2004). The structure of the PDMS monomer and the linker molecule can be seen in Figure 1A and Figure 1B, respectively. The cross-linking atoms of the polymer chain are the oxygen atoms saturated with hydrogen in Figure 1A at the head and at the end of the polymer chain. In Figure 1B, the four outer silicon atoms of the linker molecule are the cross-linking atoms. When one of the outer silicon atoms of the linker is within a previously defined distance of 5 Å of an oxygen atom located at the end or tail of the polymer chain, a bond is created between the oxygen and silicon atom. At the same time, the bonds between the hydrogen atoms at the corresponding oxygen atom and silicon atom are broken and the hydrogen atoms are removed from the system.
The initial three dimensional distribution of the polymer chains and linkers are generated with the software package GROMACS Hess et al. (2008). Here, the number of chains NC and linkers NL are captured within a cubic simulation box. An initial minimum spacing between different molecules of 3.5 Å is chosen. The distribution and the orientations of the individual molecules are random. For the MD simulations, the DREIDING force field Mayo et al. (1990) is used, with specifically parameterised bonds, angles and dihedrals. The parametrisation of the system is done in two steps. The bonds, angles and dihedrals of the linker and polymer chain types used are determined with the software package “LAMMPS Interface” Boyd et al. (2017). As a result, the parametrisation of one chain type and linker type each becomes available. Subsequently, in a second step, the parameterized linkers and chains are mapped to the initial structures previously generated with GROMACS Hess et al. (2008). The systems considered have chain to linker ratios according to Table 1. Six different initial geometries are cross-linked according to the flow chart shown in Figure 2A. The systems achieve a cdc of 60, 70, and 80 percent. In the present work, large systems are used, i.e., about 40,000 atoms. After the system is initialized and initial velocities are set, the system is heated from 30 to 400 K for 40 ps at a constant atomic number, specified volume, and specified temperature (NVT ensemble). The system is then first equilibrated at a temperature of 400 K for 20 ps with an NVT ensemble and then equilibrated at a constant atomic number, a temperature of 400 K, and a pressure of 0 Pa (NPT ensemble) for 8 ps. Subsequently, the system is further equilibrated within the NVT ensemble for 25 ps. During this equilibration process, cross-linking reactions are allowed. After this simulation time has elapsed, a check is made to see whether the 60 percent cross-linking level has been reached. If this condition is met, the structure is stored and an equilibration phase without cross-linking reactions follows at 400 K and zero pressure for 5 ps. This is followed by another equilibration phase with allowed cross-linking reactions with the NVT ensemble at 400 K for 10 ps. The reduction of the simulation times of the equilibration phases with NPT and NVT ensembles occurs after a cdc of 60 percent is reached, because the equations of motion display numerical instabilities with longer simulation times of the equilibration phases in the NVT and NPT ensembles. The two equilibration phases that occur after the structure is stored with a cdc of 60 percent are repeated until first a cdc of 70 percent is reached, the structure is stored, and cross-linking is completed to a cdc of 80 percent. According to Table 1 the system groups differ in the ratio of polymer chains to linkers, so system group A has a ratio of 2 to 1 and system group B has a ratio of 5 to 3. After the cross-linking simulations are completed, each system group contains six configurations for a cdc of 60, 70, and 80 percent, respectively.
TABLE 1 | Properties of systems A and B.
[image: Table 1][image: Figure 2]FIGURE 2 | (A) Flowchart of distance based cross-linking procedure; (B) Progress of cross-linking over time for a simulation run of a system with a chain to linker ratio of 5 to 3: Three threshold values of number of cross-links are displayed for 60%, 70%, and 80% cdc. The grey dotted lines mark the start and end points of the cross-linking phases.
2.2 Constitutive equations
To describe the mechanical behavior of hyperelastic materials, the Ogden model Ogden. (1951) and the Mooney Rivlin model Mooney. (1940) are widely used in the literature Kim et al. (2011); Sasso et al. (2008); Gamonpilas and McCuiston (2012); Kim et al. (2012); Khajehsaeid et al. (2014). Here, the energy density Ψ is calculated as a function of the three principal stretches λ1, λ2 and λ3 according to
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where μp are shear moduli, αp are dimensionless constants and N is the number of summation terms Holzapfel. (2010). Assuming incompressible material behaviour, the stresses σii for different deformation states, such as for uniaxial strain, can be derived as
[image: image]
From Eq. 1, where λi is the principal stretch in direction of deformation Bernardi et al. (2017). In the literature, two and three summation terms are used for the experimental data Kim et al. (2011); Treloar (1944); Kanyanta and Ivankovic (2010); Bernardi et al. (2017). To describe the viscoelastic behavior, relaxation tests are performed in experimental studies to determine the time-dependent relaxation modulus Kanyanta and Ivankovic (2010). In the first step, a tensile test is performed at constant strain rate. In the second step, the final state of the tensile test is then sustained during the relaxation time tr and the decreasing stress curve is recorded. Using the Prony series
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where E∞ is the relaxed modulus, the relaxation modulus E(tr) within the Wiechert model can be calculated Brinson and Brinson (2015). This model is based on the generalized Maxwell model, therefore the components Ei and τi represent the elastic and time-constant parameters of the Maxwell model. The relaxed modulus describes the slope of the linear regression line of the different values of relaxed stresses σ∞ as a function of the total strains applied in each case Kanyanta and Ivankovic (2010); Heine et al. (2004).
To include the initial stress from the relaxation test, we use
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where pi are fitting parameters and σ0 is the initial stress Heine et al. (2004). In order to calculate the relaxed stress, it is assumed on the basis of the determined stress-time behavior for the fit with Eq. 4 that this fit function converges to a stress value in the infinite time domain. From this assumption follows
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2.3 Deformation and relaxation tests
After the partially cross-linked systems are generated according to Section 2.1, they are equilibrated using an NPT ensemble at a temperature of 400 K and zero pressure for 7 ns. The equilibrated systems are the initial systems for the compression and tensile tests where, using a NPT ensemble, principal stress components σyy and σzz are set equal to zero. The temperature is 400 K as before for equilibration. The deformation is strain controlled and strain rates of 107, 108 and 109 1/s are used, with final strains being .1, .175, .25, and .325. The selected maximum hyperelastic strain range of 32.5 percent is relatively small compared to the literature Shim et al. (2004); Bernardi et al. (2017). For the all-atom MD simulations considered in this work, the lowest strain rate is 107 1/s so that the computational cost for 10 ns with an MPI parallelization on 48 cores (Hasswell architecture) does not exceed 3 days on average. Finally, after the tensile tests have been completed and the deformed partially cross-linked systems have been stored, the systems are equilibrated with another NPT ensemble while maintaining the deformation state. In these relaxation tests, the main stress components σyy and σzz are again set to zero. Since computational power is limited, relaxation times used in practical relaxation experiments, which are on the order of 103 s, cannot be simulatively realised in the present work Kanyanta and Ivankovic (2010). The systems are equilibrated at a temperature of 400 K for 25 ns.
To fit the relaxed stress data to the Prony series according to Eq. 4 the non-linear least square method is used. In this case τi is a fitting parameter. In addition, it should be noted that for one fit, the data points of six simulated relaxation tests, i.e., 1,500,012 data points, are used.
3 RESULTS AND DISCUSSION
The results are classified into two categories. Firstly, the structures of the polymer systems are analysed and secondly, the mechanical properties of these systems are considered.
3.1 Cross-linking and structure
As previously described, polymer systems initialized with GROMACS Hess et al. (2008) are subjected to a distance-based cross-linking process. In order to describe the cross-linking according to the sequence shown in Figure 2A, only the equilibration phases that enable a cross-linking reaction are shown in Figure 2B. The difficulty in the cross-linking of the considered systems, consists in the number of atoms. The complexity addressed here could have been reduced by choosing a coarse grained model Heine et al. (2004). In this work, however, an all-atom MD is used to visualize the complexity of the cross-linking with a large cdc. In Figure 2B, it can be seen that the increase in cross-linking is highest in the first 25 ps, as the number of cross-linking opportunities decreases with the formation of new cross-links and their mobility is reduced. Due to the increasing cdc and the consequent increasing numerical instability of the equations of motion, the cross-linking phases are shortened from the previous 25 to 5 ps starting from 60 percent cdc. In addition, it can be seen in Figure 2B that the increase in cross-links on average decreases as the number of cross-links increases for the first .2 ns. Figure 3A, created with the software OVITO Stukowski (2010), shows an example of a representative volume element (RVE). Connected chains and linkers are shown in a common color and will be referred to as unit chains in the following. In addition, Figure 3B shows the average number of unit chains as it depends on the number of their units. The term units can mean either chains or linkers. It is noticeable that as cdc decreases, the number of unit chains that have one to nine chain units decreases. In addition, it is shown that one out of six RVEs that have a cdc of 70 percent and five out of six RVEs that have a cdc of 80 percent have the longest occurring unit chain lengths, which range from 100 to 250 units. In Figure 3C, the average chain to linker ratio per unit chain is presented for an overall ratio of 2 to 1. In addition, it should be mentioned that single chains or linkers are not included in the statistics shown in Figure 3C. In Figure 3C, it can be seen that most unit chains have chains to linker ratios of 1.75 to less than 2.5. The initial overall chain to linker ratio of 2 to 1 is also in this ratio range. At least as many linkers as chains in a unit chain occur only once in one of six RVEs with a cdc of 60 percent and 70 percent.
[image: Figure 3]FIGURE 3 | (A) RVE with cdc of 80 percent for chain to linker ratio of 2 to 1. The different colors of the atoms define the cross-linked polymer chains and linkers and are referred to as unit chains in the following. In this example, 42 different unit chains exist. (B) Average histogram plot of number of units Nunits, chain or linker, per unit chain (uc) for ratio of 2 to 1. A chain unit consists of connected chains and linkers. The standard deviations of the number of units per unit chain are 5.75, 12.86, and 39.55 for a cdc of 60, 70, and 80 percent, respectively. (C) Average histogram plot of chain to linker ratio per unit chain for ratio of 2 to 1. The standard deviations of the chain to linker ratios are .5, .53 and .52 for a cdc of 60, 70, and 80 percent, respectively.
3.2 Mechanical properties
First, the cross-linked structures from Table 1 are deformed for 10, 17.5, 25, and 32.5 ns at constant strain rates of 107, 108 and 109 1/s. Strain rates in experimental studies for tensile tests with relaxation tests of viscoelastic materials range from 10–8 to 10–4 1/s Siviour and Jordan (2016). The relaxation times are set to 25 ns in order not to set the computational effort too large.
3.2.1 Uniaxial compression and tension
The uniaxial compression and tension tests are selected as deformation cases. Deformation in compressive and tensile directions occurs at the same absolute strain rate. The final strain ranges are also identical in absolute value. In a first step, the noise of the components of the Cauchy stress tensor is considered as a function of the simulation time after applying the Butterworth low-pass filter with a cutoff frequency of 10–6 Hz Stephen (1930). The filtered fluctuations of the stress response are exemplary shown in Figure 4A.
[image: Figure 4]FIGURE 4 | Stress-strain data of strain rate of 107 1/s for ratio 2 to 1: (A) Fit of stress-strain data with the Ogden model of for 60 percent (blue) cdc and filtered stress-strain data for 60 percent (red) cdc; (B) Fit of stress-strain data with the Ogden model of for 60 percent (blue), 70 percent (orange), 80 percent (green) cdc.
The strain range of ±32.5 percent considered in this work can be regarded rather small as a fitting range for classical hyperelastic material models such as those according to Ogden (1951) or Mooney-Rivlin Mooney (1940), if fitting ranges from literature are used for comparison Kanyanta and Ivankovic (2010); Kim et al. (2011); Bernardi et al. (2017). The stress-strain data for the six specimens per cross-linking degree are fitted using the Ogden model according to Eq. 2 with two summation terms. For this purpose, all data points from all six simulation runs, i.e., 3,900,084 data points, are used. The fitting parameters for the Ogden model can be found in Table 2. It can be seen in Figure 4B that the stress values resulting from the fit with the Ogden model, which are in compression and tension, increase in magnitude with increase in cdc at the same strain state in each case. For these examples, this means that an increase in cross-links leads to a higher stiffness of the material. The deviations of the fits with a ratio of 2 to 1 and 5 to 3 amount to a maximum of .34 MPa. The effects of the chain to linker ratios can be considered small in these examples. Figure 5A and Figure 5B show the fits to Eq. 2 for the tension and compression tests at a strain rate of 108 1/s and a strain rate of 109 1/s, respectively. Compared to Figure 4B, it can be seen that the maximum stress (at λ = 1.325) in the fit at a strain rate of 109 1/s is larger by factors 9.22, 7.29, and 6.16 for the cdc of 60, 70, and 80 percent, respectively. In the systems considered in this work, strain rate dependence can thereby be described.
TABLE 2 | Parameters for fits with Prony series and linear regression of relaxed stress for strain rate of 107 1/s.
[image: Table 2][image: Figure 5]FIGURE 5 | Fit of stress-strain data with the Ogden model of for 60 percent (blue), 70 percent (orange), 80 percent (green) cdc for ratio 2 to 1 and strain rates (A) 108 1/s and (B) 109 1/s.
Comparing the values for the coefficients μp1 and μp2 from Table 2 with the literature, it is noticeable that the values in the literature vary between rounded 3.4*10–4 MPa and 63.45 MPa Kim et al. (2011). Furthermore, it has to be noted that stresses up to 32.5 percent are below .5 MPa Kim et al. (2011). It has to be mentioned that the test temperature has to be assumed at 273.15 K in Tansel et al. (2020) and Kim et al. (2011). The higher temperature of 400 K used in this work should, as expected, result in lower stress values than the test temperature in the literature.
3.2.2 Relaxation
In order to be able to determine the relaxation moduli, in a first step limit values of the stress for t → ∞ in the range of equilibration have to be found. To capture viscoelastic effects, the stress relaxation follows after the tensile test. Since relaxation times on the order of 103 s, as described in the literature, would be far beyond the time scales achievable with MD simulations for the simulations performed here, a relaxation time of 25 ns, which is on the order of magnitude used in the literature, is chosen in these simulations for all end structures of the tensile tests at the strain rate of 107 1/s Kanyanta and Ivankovic (2010); Heine et al. (2004). In order to be able to calculate a final value from the fluctuating stress values during relaxation, the Prony series according to Eq. 4 is used. Here, for σ0 the stress value at maximum strain is used with respect to the tensile tests performed. In Figure 6A and Figure 6B, the relaxing stresses of the cross-linked polymer systems with a chain to linker ratio of 2 to 1 are shown for the total strains of .1 and .325 applied in the tensile test, respectively. The fitting parameters used can be found in Table 2. According to Eq. 5, the relaxed stress σ∞ is obtained. The maximum deviation between the systems with chain to linker ratios of 2 to 1 and 5 to 3 is 5.7 percent. At a final elongation of 17.5 percent, the relaxed stress value for a cdc of 80 percent is below the cdc of 70 percent at a chain to linker ratio of 2 to 1 and at a ratio of 5 to 3. This behavior is not shown in Figure 4 because the fit is constructed over the entire strain range of 32.5 percent. The construction of the fits according to Eq. 4 is also based on the stress values of the Cauchy stress tensor component in the loading direction and thus does not necessarily take into account the stress-strain curve over the entire strain range as do the fits according to the Ogden model. Considering Figure 6A and Figure 6B, it is obvious that the relaxed stresses increase with increasing cdc, which is in line with expectations related to the trend in tensile tests. The relaxed stress values are plotted in common graphs in Figure 7 as a function of the maximum strain of the system under consideration. The determined stress values are then linearly regressed as a function of the applied strain by σ equal to 0 MPa and ɛ equal to zero. The slope thus determined corresponds to the relaxed modulus E∞ in Eq. 3. The moduli for the systems with different ratios and cdc can be found in Table 2.
[image: Figure 6]FIGURE 6 | Fit of stress-strain data from relaxation tests for a strain rate of 107 1/s using the Prony series for the systems with a polymer chain to linker ratio of 2 to 1. The dashed lines are plotted on the stress values of the relaxed stresses of the respective systems. The total strain of the systems is .1 in (A) and .325 in (B).
[image: Figure 7]FIGURE 7 | Linear regression of relaxed stresses in dependency of final strain of tension tests for strain rate of 1071/s. The ratio of polymer chain to linker is 2 to 1 in the top figure and 5 to 3 in the bottom figure.
4 CONCLUSION
In this work, a workflow for the generation and mechanical analysis of cross-linked polymer-based systems is presented using polydimethylsiloxane (PDMS) as an example. For the cross-linking process of different PDMS structures, which differ in the ratio of chains to linkers and in amount of cdc and contain approximately 40,000 atoms, a workflow is defined for the MD simulations. It is also observed that the longest occurring unit chains, ranging from 100 to 250 units in length, were most probable to occur in the highly cross-linked systems with 80 percent cdc. Increasing the cdc at strain rates of 107, 108 and 109 1/s in tensile tests leads to an increased stiffness. In addition, it is evident from the fits to the Ogden model that inclusion of the compression tests can result in higher stress values compared to the filtered data in tension. Furthermore, an increase in strain rate also leads to an increase in the average magnitude of the stress values of the PDMS structures tested. Thus, a dependence of stress values on strain rate in the tensile direction is observed at strain rates of 107, 108, and 109 1/s. In the further investigations, the lowest strain rate, 107 1/s, is used. It can be observed that increasing the cdc from 60 to 70 percent and from 70 to 80 percent leads to higher stress values of the Ogden model. The maximum difference between the stress values obtained with the Ogden model for a chain to linker ratio of 2 to 1 and 5 to 3 is negligible at .34 MPa. In the relaxation tests, it is found that an increase in cdc leads to an increase in the relaxation stresses calculated with the Prony series. From the relaxation stresses, the relaxation moduli E(tr) and the relaxed modulus E∞ can be calculated. Compared to the experimental results, the relaxed moduli are too high by at least a factor of 15 and 14 for chain-to-linker ratios of 2 to 1 and 5 to 3, respectively Kanyanta and Ivankovic (2010). It should be noted that the strain range considered for the relaxation modulus was chosen up to 32.5 percent in this work and up to 100 percent in the literature. Other reasons for this deviation could be either a too short relaxation time (25 ns) or a too high strain rate in the tensile test. Therefore the strain rate dependence of the stress values has to be tested for strain rates lower than 107 1/s. At the same time, it is necessary that the strain ranges do not become too small so that the influence of fluctuations in the stress-strain data can be reduced on average.
The present work demonstrates that the determination of the mechanical properties of cross-linkable viscoelastic hyperelastic polymers, can be performed using molecular dynamics simulations in a unified workflow.
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