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Fiber Reinforced Polymer (FRP) composites are known for their exceptional
resistance to harsh conditions, impressive durability, and high tensile strength,
making them increasingly popular in structural applications. However, the
inherent variability of composite materials poses a critical challenge, particularly
in tensile strength, which directly impacts the safety and durability of structures.
This study evaluated the tensile strength of 395 specimens, including 103 carbon
fiber-reinforced polymer (CFRP) rods and 293 hybrid glass-carbon FRP (HFRP)
rods, tested according to the GB 30022-2013 standard. To analyze the data,
four statistical distributions—normal, lognormal, Weibull, and Gamma—were
applied, and a goodness-of-fit test identified the Weibull distribution as the
most suitable model. The study further proposed standardized tensile strength
values of 2,912.40 MPa for 5 mm CFRP rods and 2,230.98 MPa, 2,385.12 MPa,
and 2,517.44 MPa for 6, 7, and 8 mm HFRP rods, respectively. These findings
provide valuable insights into the tensile performance of FRP rods, contributing
to enhanced design and safety standards for FRP-based structural elements and
offering practical references for mitigating material variability in construction
applications.

KEYWORDS

fiber reinforced polymer composites, statistical distribution, Weibull, hybrid glass-
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1 Introduction

Fiber Reinforced Polymer (FRP) has excellent tensile strength, durability, and corrosion
resistance and can withstand long-term cyclic/fatigue loading and harsh working conditions
(Al-Salloum et al., 2013; Bakis, 2011; Duo et al., 2021; Helbling and Karbhari, 2007;
Sun et al, 2024; Yang et al, 2015; Yi et al, 2021). In recent times an increase in
the use of FRP bars can be noticed in the construction sector replacing the use of
traditional steel bars (Liu et al., 2022; Tafsirojjaman et al., 2022; Xue et al., 2023). This
is an important way to fundamentally solve the problem of insufficient durability of
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concrete structures and achieve larger spans and lighter structures
(Benmokrane et al, 2000; Debski et al., 2002; Hollaway, 2010;
Li-Ye et al, 2022; Van Den Einde et al, 2003; Wang and Wu,
2010; Wen and Xiangxin, 2023; Wu et al.,, 2007; Wu et al.,, 2014;
Zhitao and Kuihua, 2007). The FRP composite materials used
in construction have significant variability in their properties,
including geometric features (layer angle and size), material
properties (elastic modulus, shear modulus, Poissons ratio, and
material density), external properties such as thermal and load
effects, and production processes (Chang-Huan et al., 2005; Du et al.,
2024; Heng et al, 2024; Liu et al, 2024; Liu et al., 2023;
Wei et al., 2023; Yalei et al., 2024). These factors have the potential
to influence the mechanical properties of composite materials.
Therefore, conducting a dispersion analysis of these materials
can effectively improve their reliability. Reliability design aims to
minimize the possibility of product failure within the specified
service life under specified working conditions, starting from safety,
economy, and maintainability (Anni et al., 2022; Bin et al., 2014;
Shan-Hua et al., 2012; Xin, 2024; Jiang-Wei and Zhuan-Yong, 2017;
Yu and Ping, 2013; Yufen, 2024a).

In 1920, Griffith (Lajtai, 1971) proposed the theory of fracture
based on the existence of defects within materials and suggested
that under certain conditions, small defects or cracks would expand
unstably, leading to the failure of the material. While this explains
the reason for the failure of materials with actual strength lower than
yield strength, it could not explain the relationship between material
strength, geometric shape, and load. Peirce (Pierce, 1926) proposed
the concept of weak nodes, conceptualising that fibers can be divided
into several nodes along their length direction. As long as one node
breaks, the entire fiber will break, and the broken node is termed
a “weak node”. The tensile strength of the fiber depends mainly on
the strength of the weak node (Yufen and Boming, 2010). On this
basis, Peirce’s weak section theory was improved, which suggests that
fiber fracture does not occur at a certain point in Peirce’s theory of
length, but rather within a certain length fracture interval. In 1951,
Weibull proposed the strength distribution theory based on Peirce’s
weak section theory, which can accurately characterize the strength
distribution of carbon fibers and verify the applicability of the weak
section theory in the field of carbon fiber strength (Weibull, 1951).

Inrecent years, a widespread research on the discrete mechanical
properties of carbon fibers can be seen in the literature, where
researcher from several countries including China is playing a
leading role. Gang et al. (2014) tested the tensile strength of
domestic T300 grade carbon fiber single and double filaments and
used Weibull distribution to describe the average tensile strength
of carbon fiber single filaments. The results showed that the
tensile strength performance of domestic T300 grade carbon fiber
monofilament reached the level of Dongli T300 carbon fiber. The
dispersibility of the T300 grade carbon fiber monofilament was
smaller than that of the Dongli T300 carbon. Moreover, the strength
of the multifilament of the former is slightly lower than that of
the latter. Based on the Weibull theory, Wu etal. conducted a
probabilitstic statistical analysis of the tensile strength of carbon
fibers and explored the relationship between fiber tensile strength
and the length and diameter of fiber monofilament. In a similar
research, Wu and Boming (2010) collected and organized nearly
1000 FRP material performance test sample data, and used three
fitting goodness test methods, namely, 02 test, K-S test, A-D test,
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to analyze the probability distribution types of FRP ultimate tensile
strength, elastic modulus, and thickness, and developed a correlation
between each indicator. Grounded on the Weibull distribution
function, they (Wu and Boming, 2010) redefined the standard value
of FRP tensile strength and compared the calculated value with
the current standard value. Wang et al. (2022) used the classic
rule of mixture formula to predict the tensile strength of domestic
carbon fiber reinforced polymer (CFRP) bars. The predictions
demonstrated significant error when compared to the measured
values. Even though the mechanical properties distribution of Fiber
Reinforced Polymer composites has been extensively investigated
in the literature, a gap of knowledge still exists on their statistical
distribution for structural tendons of circular cross-section.

Despite these advances, research on the statistical distribution
of the mechanical properties of FRP rods, especially those with
circular cross-sections used as structural tendons, remains limited.
This gap poses challenges for the development of reliable design
methodologies and the adoption of FRP in critical engineering
applications. Addressing this issue is essential for advancing
the understanding of FRP mechanical behavior, improving
material reliability, and promoting its broader application in the
construction sector.

In this study, tensile strength tests on carbon fiber reinforced
polymer (CFRP) and carbon fiber and glass fiber composite
rods herein named hybrid fiber reinforced polymer (HFRP) has
been conducted. The CFRP rods were of a diameter of 5 mm,
while the HFRP rods were of varying diameters of 6 mm, 7 mm,
and 8 mm. The tensile strength of FRP rods obtained from the
tests was analysed using four distribution types, namely, normal
distribution (D’agostino, 2017), lognormal distribution (Gaddum,
1945), two-parameter Weibull distribution (Wozniak and Li, 1990),
and Gamma distribution (Stacy, 1962). These distributions were
chosen to account for the observed skewness, variability, and failure
characteristics commonly associated with FRP materials. Besides,
this selection process aligns with prior studies that have used
these distributions to characterize the tensile strength and reliability
of FRP materials, as it provides a better representation of the
variability observed in experimental data (Lekou and Philippidis,
2008; Yang et al., 2019; Zeng et al., 2024). Finally, the Kolmogorov-
Smirnov (K-S) (Berger and Zhou, 2014) and Anderson-Darling (A-
D) (Nelson, 1998) goodness of fit test methods were used to assess
the performance of these distribution models.

2 Tensile test of FRP rods
2.1 Material and specimens

All the materials used to produce the specimens were
manufactured by Zhongfu Carbon Core Cable Technology Co., Ltd.
The rods used in this experiment are 5 mm diameter CFRP rods
as well as 6 mm, 7 mm, and 8 mm diameter HFRP rods (Sun et al.,
2021). The hybridization consists of a central section made of carbon
fiber (CF) enveloped by a layer of Glass Fiber (GF), as shown in
Figure 1A. The composition of each rod as well as its fiber content
is given in Table 1. To ensure the integrity of the rod’s mechanical
properties, the specimens were stored in a room with a temperature
of 25°C and a relative humidity of 60%.
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(b)
FIGURE 1
Carbon and hybrid glass-carbon FRP rods. (A) Cross-sections; (B) rod; (1) 5 mm, (2) 6 mm, (3) 7 mm, (4) 8 mm.

TABLE 1 Specification of CFRP and HFRP rods.

Rod diameter (mm) 5 6 7 8
The inner part in CFRP (mm) 5 4 4.7 54
Outer part in GFRP (mm) 0 1 1.15 1.3
CF mass fraction (%) — 80 82.09 83.7
Amount of specimen 102 100 93 100

The CFRP and HFRP rods were cut into a length of
800 mm (shown in Figure 1B) as per the specification of
GBT 30022-2013 (Test Method, 2013). In order to minimize
experimental errors and ensure data reliability, all CFRP and HFRP
test specimens were produced from the same batch. A total of 396
FRP rods (103 for 5 mm CFRP, 100 for 6 mm HFRP, 93 for 7 mm
HFRP, and 100 for 8 mm HFRP),were tested in the experimental
program. All tests were carried out at the Zhongfu Carbon Core
Cable Technology Co., Ltd. laboratory.

Figure 2 shows the anchorage system utilized for the test. It
features a clip-type anchor of 210 mm tapered at the top with a
hole that helps attach the specimen to the testing machine. Before
testing, the preparation of the specimen was meticulously carried
out to ensure accurate and reliable results. Of the 800 mm rod length,
420 mm are dedicated to anchorage (210 mm at each extremity) and
380 mm serves as the span length, where the failure of the specimen
is supposed to occur. Both ends of the CFRP rod were thoroughly
roughened to increase the friction coefficient on the surface of the
rod, making it more tightly connected to the anchor. To ensure
a good performance of the pair of anchors the threads and the
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interior were cleaned with anhydrous ethanol to remove any residual
carbon powder from the anchor. Additionally, the cleaning process
was followed by air drying the anchors to prevent any residual
moisture from affecting the connection. This cleaning procedure
was rigorously conducted after every 25 tensile tests to maintain
consistency and prevent performance degradation.

2.2 Testing procedure

Tensile tests were conducted according to “GBT 30022-2013
(Test Method, 2013),” using a Mester CMT5105 microcomputer-
controlled universal testing machine (UTM) with a maximum
tensile force of 100 kN. Prior to testing, the specimens were placed
on the UTM and wrapped with a wet fabric to prevent carbon fiber
fragments spread during rod failure (shown in Figure 3). All the tests
were performed at a loading rate of 5 mm/min and any specimen
that failed within the anchorage section, near the anchor, or slipped
out from the anchor during tension was considered invalid.

The tensile strength of the specimen was calculated using the
following Equation 1:

1)

Where o, is the tensile strength; F, is the maximum tensile
force applied to the specimen; A is the cross-sectional area of
the specimen.

3 Experimental results

Figure 4 shows a visual summary of the set of tensile strength
obtained from the tensile test of 5 mm CFRP, 6 mm HFRP, 7 mm
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FIGURE 2

Anchorage system of the tensile test specimen: (A) schematic illustration, (B) real specimen.

(b)

Tensile
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FIGURE 3
Tensile testing of the rod. (A) Before testing; (B) after testing.

Specimen
after
destruction

(b)

HFRP, and 8 mm HFRP including the median, interquartile range
(IQR), and potential outliers. Each box is critical for understanding
the spread of the central half of the data points. The IQR of all the
groups of data span from the first quartile (Q1, 25th percentile) to
the third quartile (Q3, 75th percentile). To set the boundaries of the
typical data spread the “whiskers” extend 1.5 times the IQR.

Frontiers in Built Environment

Overall, the comparison across these FRP types and sizes shows
significant differences in both the central tendencies and variabilities
of their tensile strengths. The 5 mm CFRP box plot appears to show
a higher average tensile strength compared to the HFRP, as indicated
by the position of the median line within the box. On the other hand,
the 6 mm, 7 mm, and 8 mm HFRP box plots illustrate a general
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FIGURE 4

Tensile strength distribution of the four types of FRP rods.

trend where the median tensile strength appears to decrease slightly
as the thickness increases from 6 mm to 8 mm.

The average tensile strengths of 5mm diameter CFRP rods
and 6 mm, 7mm and 8 mm HFRP rods are shown in Table 2.
It can be seen that the 5mm CFRP rods recorded the highest
tensile strength of 3,285.15 MPa. The HFRP rods on the otherhand
recorded lower tensile strength (max. 23%) despite having larger
diameter. An increase of HFRP tensile strength with respect to the
diameter of the rod was noticed. This behvaior can be attributed
to the larger carbon fiber section present within the HFRP rods of
higher diameter.

4 Probability distribution modeling
and parameter estimation

To precisely define the probabilistic distribution characteristics
of the tensile strength of CFRP, multiple probability distribution
models were employed, including the Normal distribution,
Lognormal distribution, two-parameter Weibull distribution,
and Gamma distribution. In this study, the applicability of each
probability distribution model to describe the tensile strength
distribution of CFRP was analyzed using the Kolmogorov-
Smirnov (K-S) (Berger and Zhou, 2014) and Anderson-Darling (A-
D) (Nelson, 1998) goodness of fit test methods. This approach
allowed for the quantification of the similarity between observed
data and theoretical models, ultimately identifying the most
explanatory probability distribution type.

The Normal distribution (D’agostino, 2017) is characterized
by its bell-shaped curve, which exhibits symmetry. The peak
of this curve corresponds to the mean value (u), while the
standard deviation (o) determines the spread of the curve.
A smaller standard deviation indicates that data points are
relatively concentrated, whereas a larger standard deviation suggests
that data points are more dispersed. The Normal distribution
(approximated using Equation 2) is typically used to represent
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situations where the tensile strength of CFRP is symmetrically and

(=]
where u ranges from negative infinity to positive infinity, and the
standard deviation o is greater than zero.

The Lognormal distribution (Gaddum, 1945), derived from the
natural logarithm of a normal distribution (using Equation 3), is
characterized by its right-skewness, where the tail of the distribution
extends to the right. This probability of distribution density curve
exhibits a long-tailed shape. It is particularly suitable for analyzing
datasets that are skewed to the right.

relatively evenly distributed.

L -1
V2o 2

XU
o

Sfl) =

(2)

1 1/ In()-p\’
= L exp |- (2E7E) )
V2nxo 2 o
The two-parameter Weibull distribution (Weibull, 1951;

Wozniak and Li, 1990), introduced by Swedish engineer Waloddi
Weibull in the 1950s, is extensively utilized to describe the duration
or lifetime of random variables. This distribution plays a crucial
role in reliability engineering and survival analysis. It is particularly
suited for modeling and analyzing life data of various products,
such as the failure times of components and breakdown times of
equipment. By fitting actual data to the two-parameter Weibull
distribution (using Equation 4), failure rate curves, life distribution,
and reliability parameters can be estimated, which can be used in
assessing product reliability and prediction of lifespan (Jiang and

Murthy, 2011).
B
=1- - f) }
flx) exp{ (17

where, f3 represents the shape parameter and 7 the scale parameter,

)

with both 1 and P being greater than zero, and x being
non-negative.

The Gamma distribution (Stacy, 1962) is widely used to describe
the duration or waiting times of positive random variables. As
per this model, the relationship between the duration and random
variables can be established using Equation 5. It holds significant
applications in the fields of statistics and probability theory,
particularly in areas such as reliability analysis, queueing theory, and
financial modeling.

« a-1
flx) = ﬁ“r(a)x exp {_B}

This configuration underpins the foundational structure of

X

(©)

the Gamma distribution, reinforcing its utility in describing the
behavior of variables across diverse analytical contexts.

4.1 CFRP rod of 5 mm diameter

In this section, the cumulative probability distribution function
for a set of 103 tensile strength data of 5mm CFRP rods
was computed. Prior to the calculation, the parameters of each
distribution function were determined. Table 3 provides a detailed
presentation of the estimated parameters for various probability
distributions, each accompanied by their 95% confidence intervals.
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TABLE 2 Tensile strength of the specimens.

5 mm CFRP

Designation

6 mm HFRP

10.3389/fbuil.2024.1506743

7 mm HFRP 8 mm HFRP

Average tensile strength (MPa) 3,285.16

2,472.32 2,525.54 2,612.11

TABLE 3 Probability distribution parameters of 5 mm CFRP.

Distribution type Parameters Estimated value (MPa) Below 95% Above 95%
u 3,294.041 3,252.863 3,335.219
Normal
o 210.0953 182.7135 241.5805
p 8.09773 8.08463 8.11083
Lognormal
o 0.06683 0.05812 0.07684
n 3,379.806 3,350.727 3,409.137
Weibull
B 23.62624 19.99269 27.92016
A 233.5675 177.0599 308.1092
Gamma
B 14.10316 10.68798 18.60963

The normal distribution indicates a mean of 3,294.041, with a
confidence interval between 3,252.863 and 3,335.219, suggesting
that the true average is likely to fall within this range. The standard
deviation, which is only 6.4% of the mean reflects a low variation
around the mean tensile strength of the CFRP rods. On the
other hand, an average of 8.09773 and a standard deviation of
0.06683 is obtained with the log-normal distribution, both with
very narrow confidence intervals, indicating precise parameter
estimates.

The Weibull distribution suggests an 1 parameter of
3,379.81 which is approximately 2.9% higher than the average
tensile strength calculated directly from experimental results.
Nevertheless, the distribution indicates a parameter B of 23.62624,
demonstrating its reliability and spread. Lastly, the Gamma
distribution shows parameters a and P of 233.5675 and 14.10316
respectively; suggesting a relatively high degree of variability
within the data.

After estimating the parameters for each distribution, the
histogram of the tensile strengths of this batch of samples were
plotted (as shown in Figure 5). It is apparent that the tensile strengths
of CFRP rods are more in line with the Weibull distribution.

Figure 6 illustrate the tensile strength of the 5 mm CFRP rods
compared with four distributions models, where the red lines
indicate the estimated intervals of tensile strength and the green
lines represent the fitted curves for the four distributions. If the
tensile strength conforms to one or more of the distribution
models, the values tend to be more distributed between the two
red lines and around the green line. Through careful observation,
it is found that the tensile strength of 5mm CFRP rods tends
to be more consistent with the estimated form of the Weibull
distribution.
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FIGURE 5
Histogram of the tensile strength distribution of 5 mm CFRP rod.

4.2 HFRP rod of 6 mm diameter

The parameters of the four probability distributions for the
6 mm HFRP rods are presented in Table 4. In the Normal model, the
parameters p and o of 2,482.032 and 110.481, respectively, suggest
the data clusters around this central value with a lower dispersion
than the data for the 5 mm CFRP rod. In fact, for the latter, the
standard deviation in the normal distribution was estimated at
99.61 MPa more than that of the 6 mm HFRP rod. On the other
hand, the low 95% confidence intervals for both parameters provide
a precise estimate.
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FIGURE 6
Fitting curves of the tensile strength distribution of 5 mm CFRP.
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TABLE 4 Probability distribution parameters of 6 mm HFRP.

Distribution type Parameters Estimated value (MPa) Below 95% Above 95%
i 2,482.032 2,460.378 2,503.686
Normal
o 110.481 96.08203 127.0379
n 7.81584 7.80706 7.82463
Lognormal
o 0.0448 0.03897 0.05152
n 2,533.757 2,513.315 2,554.365
Weibull
B 25.5871 22.0039 29.75379
A 505.6375 383.2665 667.0796
Gamma
B 4.90872 3.72023 6.47688

The characteristic parameters of the Gamma distribution, o and
B, have values of approximately 505.64 and 4.91, respectively. A
higher a paired with lower p suggests a high frequency of significant
data points, indicative of frequent higher measurements. When
compared to the Gamma parameters of the CFRP rod, two different
trends was observed. The first trend demonstrates a decrease in a,

Frontiers in Built Environment

while the second trend shows an increase in . This suggests that
the hybridization of carbon fibers and glass fibers within a rod may
have a high impact on the tensile strength probability distribution
shape and scale.

Thelognormal and Weibull distributions also offer a large insight
into the 6 mm HFRP rods data shape and scale. For the former,

frontiersin.org


https://doi.org/10.3389/fbuil.2024.1506743
https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org

Qin et al.
25
Normal (2482.03,110.48)
Lognormal (7.82,0.045)
204 Gamma (505.64,4.91)
Weibull (2533.76,25.59)
£ /
S
< 104 \
i / N
5 4/ \

0
2200 2250 2300 2350 2400 2450 2500 2550 2600 2650 2700
Tensile strength/MPa

FIGURE 7
Histogram of the tensile strength distribution of 6 mm HFRP rod.

parameters p and o of 7.81584 and 0.0448, respectively, suggest a
concentrated distribution of data. Conversely, the latter, with shape
parameter {3 of 25.5871 and scale parameter n of 2,533.757, indicates
an increasing failure rate. Figure 7 gives an illustrative display of the
distributions.

The fitting curves of the tensile strength distribution for 6 mm
HEFRP are shown in Figure 8. Each graph juxtaposes empirical data
with theoretical models to evaluate their suitability. Although the
normal distribution has a symmetric profile around the mean, it fails
to adequately reflect the extremities, indicating a restriction in its
ability to represent the whole range of tensile strengths. In contrast,
the Lognormal distribution aligns better with the empirical data,
especially at higher values. Similarly, the Gamma distribution fits
well, particularly at higher strengths, but shows minor discrepancies
at the lower end.

On the other hand, the Weibull curve provides an excellent
fit across all data points, showcasing its suitability for modelling
the distribution of 6 mm HFRP rods. It offers a comprehensive
representation that encompasses the full spectrum of observed
strengths, crucial for predicting the material’s behavior under
operational conditions.

4.2.1 HFRP rod of 7 mm diameter

In Table 5, the Normal distribution reflects an average tensile
strength of 2,525.536 MPa and its variability with a o of 85.82 for
the 7 mm diameter rods. The relatively lower standard deviation
compared to the 6 mm HFRP rods and 5 mm CFRP rods, which
have standard deviations of 110.481 and 210.09, respectively,
suggests that the 7 mm HFRP rods exhibit less variability in tensile
strength, potentially indicating that the addition of GF grants more
consistentcy to the tensile strength distribution.

The Lognormal distribution parameters, p = 7.83362 and o
= 0.03455 indicate that the logarithm of the tensile strength
measurements is centred around the mean (7.83), which closely
aligns to the of the 6 mm rods (7.81), but with a tighter distribution
(0.03). The implication here is that while extremely high strength
values are more common, they deviate less from the median
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strength, pointing to a reliable performance characteristic of the
7 mm HFRP rods.

The average tensile strength for the 7 mm HFRP rods obtained
with Weibull distribution parameters and experimental results were
2,563.588 MPa and 2,525.54 MPa, respectively. It is apparent that
the Weibull distribution model predictions closely align with the
experimental results. In addition, the standard deviation of this
distribution is also lower than that of the normal distribution (37.99)
suggesting the Weibull model might reflect the tensile strength
spread better than the normal distribution, as shown in Figure 9.
Besides, the Gamma distribution with shape a of 856.7277 and
rate B of 2.94789, which highlights the frequency and scale of
tensile strengths observed, respectively. These parameters indicate
a more frequent occurrence of higher strengths but at a reduced
accumulation rate compared to the 6 mm HFRP rods.

As shown in Figure 10, the Normal distribution curve effectively
captures the central clustering of data points. However, as is typical
with the type of distributions, the fit at the extremities show minor
nonconformities, indicating potential limitations of this model in
capturing the full range of observed tensile strengths. Likewise, a
good fit is obtained with the Gamma distribution curve mainly
because it captures the higher range of tensile strengths, though
showing slight underestimation at the lowest strengths.

The Weibull distribution provides an excellent fit across all
data points with close adherence to both the lower and upper
bounds of data. The latter with the Lognormal distributions stand
out for their superior ability to represent the tensile strength
distribution of 7 mm HFRP rods, with the Weibull model slightly
excelling due to its comprehensive fit throughout the entire range of
strengths observed.

4.2.2 HFRP rod of 8 mm diameter

The statistical analysis of the 8 mm HFRP rods, detailed in
Table 6, shows that the Normal distribution has a mean tensile
strength of 2,610.1 MPa with a relatively low standard deviation
of 53.62184. This indicates a strong central tendency of the tensile
strength with minimal variability. In the same vein, the Weibull
distribution also displays a scale parameter of 2,636.656 MPa, which
is closer to the experimental average tensile strength and shape
parameter (of 51.70529). Conversely, the Lognormal distribution
presents a W of 7.86694 and a very low o of 0.02051, reflecting
concentrated high values of tensile strength. Lastly, the Gamma
distribution indicates a high occurrence of substantial tensile
strengths at a decreasing rate of occurrence with a parameter a of
2,399.11 MPa and a B of 1.08795. A clear visualization of the four
distributions is presented in Figure 11.

Comparing these parameters to those of the other HFRP rods, a
noticeable increase in both the mean and the scale parameters in the
Normal and Weibull distributions, is observed. For the 7 mm HFRP
rods, the average strength is 2,525.536 with a standard deviation of
85.82238, and the Weibull n is 2,563.588. Besides, the 6 mm HFRP
rods demonstrated a lower Normal mean (u = 2,482.032) and a
higher standard deviation (o = 110.481), indicating less consistency
in material strength. This also indicates that as the rod thickness
increases, both the central value and the variability improves.
Likewise, the Lognormal and Gamma distributions suggest tighter
control and higher quality in the 8 mm HFRP rods compared to the

frontiersin.org


https://doi.org/10.3389/fbuil.2024.1506743
https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org

Qin et al.

10.3389/fbuil.2024.1506743

Normal
mu = 2482.0317 sigma = 110.48104

99 1

2000 2200 2400 2600 2800 3000

Weibull
beta =25.5871 alpha =2533.75697

2000 2200 2400 2600 2800 3000

FIGURE 8
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TABLE 5 Probability distribution parameters of 7 mm HFRP.

Distribution type

Parameters Estimated value (MPa) Below 95% Above 95%

u 2,525.536 2,508.094 2,542.979
Normal

o 85.82238 74.24683 99.20263

u 7.83362 7.8266 7.84065
Lognormal

o 0.03455 0.02989 0.03993

n 2,563.588 2,549.203 2,578.053
Weibull

B 37.99319 32.31464 44.66961

a 856.7277 642.7481 1,141.944
Gamma

B 2.94789 2.21143 3.92961

7 mm, and 6 mm rods, with less variability and more frequent high
strengths, respectively.

The 5mm CFRP rods, however, has a much higher Normal
mean (u = 3,294.041 MPa) and a greater standard deviation (o
= 210.0953 MPa), suggesting stronger but more variable material
properties. The Weibull and Gamma distributions also show that
the 5mm CFRP rods have the highest strength occurrence and
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durability, albeit with significant variability. Therefore, the 8 mm
provides a more balanced profile with high strength and reduced
variability, making them highly suitable for applications requiring
both durability and consistency.

Figure 12 displays the fitting curves of the tensile strength
distribution for the 8 mm HFRP rods using the four statistical
models. Similar to the 5 mm CFRP and 6 mm and 7 mm HFRP,
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FIGURE 9
Histogram of the tensile strength distribution of 7 mm HFRP rod.

the Normal distribution plot of the 8 mm HFRP rods capture the
central clustering of data effectively. It also struggles to accurately
represent the extremes, indicating limitations in fully encompassing
the variability in material strength. Likewise, the Lognormal
distribution also struggles to fit the data points toward the
extremities. Although the Weibull distribution fits well, particularly
at higher strengths, it exhibits minor fitting challenges at the
lower end. Overall, the Weibull distribution stands out as the
most effective model, offering robust predictive capabilities for
the mechanical properties of the 8 mm HFRP rods. The Gamma
distribution demonstrates excellent fits across the data spectrum,
particularly for its precise alignment along the entire range of tensile
strengths.

5 Discussions

5.1 Effect of hybridization

The statistical distribution of tensile strength reveals significant
distinctions between CFRP and HFRP rods. The 5 mm CFRP rods
achieve a superior mean tensile strength of 3,285.16 MPa, surpassing
that of HFRP rods, which demonstrate tensile strengths ranging
from 2,472.32 MPa to 2,612.11 MPa as their diameter increases.
However, the variability in tensile strength, as quantified by standard
deviation and Weibull shape parameters, is notably greater in CFRP
rods. Specifically, the Weibull shape parameter for CFRP rods is
23.63, compared to progressively higher values of 25.59, 37.99,
and 51.71 for 6 mm, 7 mm, and 8 mm HFRP rods, respectively,
indicating enhanced consistency in HFRP rods.

These differences are intrinsically linked to the composition
and hybrid structure of the rods. The increasing volume fraction
of carbon fibers in hybrid rods enhances their tensile properties,
while the inclusion of glass fibers effectively mitigates variability
(Naito and Oguma, 2017). The stress-distribution characteristics
of glass fibers, which possess a greater elongation capacity
than carbon fibers, significantly improve resistance to abrupt
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failures by balancing localized stresses across the composite
structure (You et al., 2007). This hybridization effect is further
substantiated by the tighter confidence intervals and gamma
distribution parameters observed in HFRP rods (e.g., a = 2,399.11
and B = 1.09 for 8 mm HFRP rods, compared to o = 233.57 and p =
14.10 for 5 mm CFRP rods). These parameters signify the enhanced
consistency and mechanical stability introduced by hybridization.
The implications of these findings are profound for civil
engineering applications. The reduced variability and increased
predictability of HFRP rods make them highly reliable for critical
infrastructure, such as bridges and tunnels, where consistent
mechanical performance and cost efficiency are essential.

5.2 Effect of diameter

With increasing rod diameter, both the mean tensile strength
and performance consistency of fiber-reinforced polymer rods
improve. For HFRP rods, tensile strengths increase from
2,472.32 MPa for 6 mm diameter rods to 2,612.11 MPa for 8 mm
diameter rods. This augmentation is accompanied by a notable
reduction in variability, as evidenced by a rise in Weibull shape
parameters from 25.59 for 6 mm rods to 51.71 for 8 mm rods. In
contrast, the 5 mm CFRP rods achieve the highest average tensile
strength of 3,285.16 MPa but exhibit greater variability, reflected by
a standard deviation of 210.10 MPa.

The differences in these statistical distributions are attributed
primarily to material composition and cross-sectional geometry.
Larger-diameter rods contain a higher proportion of carbon
fibers in their core, leveraging the superior mechanical properties
of carbon fibers compared to glass fibers (Rajak et al, 2021).
This composition not only increases tensile strength but also
improves consistency by mitigating the effects of localized defects.
Furthermore, the broader cross-sectional area of larger rods
reduces stress concentrations, enabling a more uniform load
distribution. These results underline the critical role of diameter
in enhancing the mechanical reliability and structural performance
of FRP tendons in engineering applications (Ashrafi et al., 2017;
Benmokrane et al., 2017; Feng et al., 2024).

5.3 Implications for design and practical
applications

The identification of the Weibull distribution as the most
suitable model for tensile strength variability provides a statistically
robust basis for improving design reliability and safety factors in
practical engineering applications. The derived standardized tensile
strength values (Table 11) can be potentially incorporated into
design codes as baseline material properties, enabling engineers
to account for the inherent variability of FRP rods. By integrating
these values into safety factor calculations, engineers can achieve
a balance between reliability and material efficiency, ensuring that
structures meet performance requirements without unnecessary
conservatism.

Furthermore, the statistical modeling of tensile strength
variability allows for a more precise understanding of material
behavior under load, which is critical for structural applications

frontiersin.org


https://doi.org/10.3389/fbuil.2024.1506743
https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org

Qin et al. 10.3389/fbuil.2024.1506743
Normal Lognormal
mu = 2525.53624 sigma = 85.82238 mu = 7.83362 sigma = 0.03455
994
954
= 70
s
S 40+
104
142 ]
2200 2400 2600 2800 2200 2400 2600 2800
Weibull Gamma
beta=37.99319 alpha = 2563.58762 alpha = 856.72768 theta = 2.94789
991 99
90+
904
504
=] |
: £ 50
& 101 &
5_
10
5,
1 14 °
2200 2400 2600 2800 2200 2400 2600 2800
FIGURE 10

Fitting curves of the tensile strength distribution of 7 mm HFRP.

TABLE 6 Probability distribution parameters of 8 mm HFRP.

Distribution type Parameters Estimated value (MPa) Below 95% Above 95%
m 2,610.1 2,599.59 2,620.61
Normal
Iy 53.62184 46.6333 61.6577
m 7.86694 7.86292 7.87095
Lognormal
o 0.02051 0.01784 0.02358
n 2,636.656 2,626.077 2,647.278
Weibull
B 51.70529 44.56095 59.99507
a 2,399.11 1818.362 3,165.336
Gamma
B 1.08795 0.82456 1.43545

such as bridges, tunnels, and marine infrastructure. The higher
Weibull shape parameters observed in larger-diameter HFRP rods
reflect improved consistency, making them particularly suitable
for scenarios where predictable performance is essential. These
findings also provide a framework for manufacturers to refine
quality control processes by targeting variability, thereby ensuring
consistent material properties and enhancing the reliability of FRP
rods in real-world applications.
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6 Goodness-of-fit test for the
distribution type of tensile strength

Two tests were used in this investigation to statistically evaluate
the test sample. The purpose is to evaluate the goodness-of-fit, or if
there was a substantial difference between the sample distribution
and a comparator distribution. To achieve that, the statistical
significance criterion for this study was established at a = 0.05.
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6.1 Kolmogorov-Smirnov and
Anderson-Darling tests

The K-S (Kolmogorov-Smirnov) test (Berger and Zhou, 2014)
is a nonparametric hypothesis testing method used to test whether
a sample data set follows a particular theoretical distribution or
to determine whether two sample data sets come from the same
distribution. The test was proposed by Andrey Kolmogorov and
Nikolai Smirnov in 1933 and 1948, respectively.

The test bases its judgment on the difference between the
sample data and the Cumulative Distribution Function (CDF) of
the theoretical distribution or compares to distinct sets of sample
data. The null hypothesis of the test assumes that the sample data (or
two sample data sets) are identical to the theoretical distribution.
If the calculated K-S statistic is less than the critical value, the null
hypothesis is accepted, i.e., the sample data (or two sample data sets)
are considered to be the same as the theoretical distribution. On the
contrary, a greater critical value indicates that the sample data (or the
two sample data sets) are significantly different from the theoretical
distribution. In such cases, the null hypothesis is rejected.

The K-S test is widely used in the field of statistics and
data analysis, especially to verify if the data meets specific
distributional assumptions or to make distributional comparisons.
As a nonparametric method, it does not rely on specific assumptions
about the distribution of the data. It is therefore applicable to a wide
range of distribution and data types. It should be noted that the
K-S test is less sensitive to large samples of data, therefore, requiring
special care when applying it to select appropriate sample sizes and
theoretical distributions.

The Anderson-Darling (A-D) test (Nelson, 1998) is another
effective statistical technique for determining the suitability of
a certain probability distribution. Because of its sensitivity to
deviations in the distribution’s tails, it is in some situations, more
useful than the K-S test. The A-D test highlights differences in the
tails by calculating a statistic based on the empirical cumulative
distribution function (ECDF) and the given theoretical cumulative
distribution function (CDF).
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In statistical modeling, the goodness of fit tests, such as the A-D
test, are crucial because they support the selection of the probability
distribution for the data. Reliability in drawing conclusions and
generating forecasts depends on accurate distribution fitting. It
guarantees that the statistical models that are employed for reliability
analysis, risk assessment, and hypothesis testing are predicated on
solid grounds. Overall, Combining the A-D and K-S tests offer
a comprehensive approach to assessing the goodness of fit for
probability distributions.

6.2 Goodness-of-fit test results

The four cumulative probability distributions for the tensile
strength data of 5 mm CFRP rods was performed using Origin-
pro software. The results are presented in Table 7. High p-values
in these tests indicate that there is insufficient evidence to reject
the hypothesis that the data follow the tested distribution, thereby
failing to exclude these models as potential fits for the data. For the
Normal and Lognormal distributions, both tests indicate a poor fit
with low p-values (<0.01 and significantly smaller), firmly excluding
these models from the data. Likewise, the Gamma distribution is
decisively excluded based on both K-S (p-value <0.005) and A-D (p-
value <0.005) tests, which demonstrate significant deviations from
the expected model behavior across the dataset. Conversely, the
Weibull distribution shows a K-S p-value larger than 0.1, initially
suggesting a reasonable fit. However, the A-D test indicates that the
Weibull distribution is not suitable to model the data because of a
p-value less than 0.01.

Table 8 shows the goodness-of-fit of the Normal, Lognormal,
Weibull, and Gamma distribution applied to the tensile strength
data of the 6 mm HFRP rods. Both the K-S and A-D tests yield
p-values significantly greater than the alpha level of 0.05 for all
four distributions. Higher p-values are noticed for Normal and
Lognormal distributions with 0.15 in the K-S test, 0.50957 in the A-D
test for the former and 0.15 and 0.34321 for the latter. These high p-
values suggest that both the Normal and Lognormal models provide
reasonable fits for the distribution of tensile strength in 6 mm HFRP,
as there is no statistical basis to reject these models. Similarly, the
Weibull and Gamma distributions show p-values that exceed 0.1 and
0.25, respectively, in the K-S tests, and 0.20781 and 0.25, respectively,
in the A-D tests. Therefore, indicating that these distributions cannot
be excluded either. The consistency of high p-values across all four
distributions suggests that the tensile strength of the 6 mm HFRP
may be sufficiently modeled by a variety of theoretical distributions,
reflecting the flexibility or heterogeneity in the physical properties
of the material.

For the 7 mm HFRP rod, the Normal distribution shows a
K-S statistic p-value greater than 0.15, suggesting that the model
cannot be statistically excluded based on this test result. In fact, the
A-D test contradicts this by showing a p-value of 0.00264, leading
to the exclusion of the Normal distribution as a suitable model
for the data. The Lognormal and Gamma distributions also show
mixed results with the K-S test indicating that these models can
be used while the A-D test states the opposite. In contrast, the
Weibull distribution satisfies the appropriate level of significance
for both the K-S test (p-value >0.1) and the A-D test (p-value
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TABLE 7 Goodness-of-fit test for the four distribution of 5 mm CFRP.

Distribution Goodness of fit Statistics P-Value Conclusions
K-S 0.19222 <0.01 Normal distribution excluded
Normal
A-D 5.21387 5.73E-13 Normal distribution excluded
K-S 0.20443 <0.01 Lognormal distribution excluded
Lognormal
A-D 5.96528 8.90E-15 Lognormal distribution excluded
K-S 0.11479 >0.1 Cannot exclude Weibull
Weibull
A-D 2.34645 <0.01 Weibull distribution excluded
K-S 0.2006 <0.005 Gamma distribution excluded
Gamma
A-D 5.72323 <0.005 Gamma distribution excluded

20.25) implying that it could effectively model the tensile strength
distribution for 7 mm HFRP (Table 9).

For the 8 mm HFRP rods, the Normal and Lognormal
distributions are conclusively excluded as viable models for their
tensile strength data set (Table 10). The K-S test results for both
distributions show p-values well below the typical significance level
(0.05), at 0.03452 for the former and 0.03907 for the latter, indicating
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a significant difference between the observed data and the model
predictions. These exclusions are further corroborated by the A-
D test results with even smaller p-values (0.00408 for Normal
and 0.00503 for Lognormal). Likewise, the Weibull and Gamma
distributions also do not cope well, except in the K-S test for Weibull,
which does not exclude it due to a p-value greater than 0.1. However,
the A-D test for Weibull, showing a p-value below 0.01, and the
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TABLE 8 Goodness-of-fit test for the four distribution of 6 mm HFRP.

10.3389/fbuil.2024.1506743

Distribution Goodness of fit Statistics P-Value Conclusions

K-S 0.05146 >0.15 Cannot exclude Normal
Normal

A-D 0.33077 0.50957 Cannot exclude Normal

K-S 0.05615 >0.15 Cannot exclude lognormal
Lognormal

A-D 0.40699 0.34321 Cannot exclude lognormal

K-S 0.06611 >0.1 Cannot exclude Weibull
Weibull

A-D 0.50966 0.20781 Cannot exclude Weibull

K-S 0.05553 >0.25 Cannot exclude Gamma
Gamma

A-D 0.39137 >0.25 Cannot exclude Gamma

TABLE 9 Goodness-of-fit test for the four distribution of 7 mm HFRP.

Distribution Goodness of fit Statistics P-Value Conclusion

K-S 0.07577 >0.15 Cannot exclude Normal
Normal

A-D 1.26107 0.00264 Normal distribution excluded

K-S 0.08106 0.13515 Cannot exclude lognormal
Lognormal

A-D 1.47911 7.62E-04 Lognormal distribution excluded

K-S 0.0582 >0.1 Cannot exclude Weibull
Weibull

A-D 0.25065 >0.25 Cannot exclude Weibull

K-S 0.07973 0.2108 Cannot exclude Gamma
Gamma

A-D 1.40255 <0.005 Gamma distribution excluded

results for the Gamma distribution in both tests (p-values at 0.04085
for K-S and less than 0.005 for A-D) lead to their exclusion.

The observed discrepancies between the K-S and A-D tests
arise from their differing sensitivities to various parts of the data
distribution. The K-S test gives equal weight to all data points,
making it more responsive to deviations in the central portion of
the distribution but less effective in detecting discrepancies in the
tails. In contrast, the A-D test places greater emphasis on the tails,
allowing it to capture deviations in the extreme values, which are
particularly critical for understanding tensile strength variability.
For cases such as the Weibull distribution in the 5 mm CFRP and
8 mm HFRP rods, the A-D test rejected the distribution due to tail
deviations, even when the K-S test did not. Given the importance
of the tails in assessing material performance, particularly in
identifying the weakest points, the A-D test results were prioritized
to ensure a more realistic and conservative evaluation of the
tensile strength distribution. Among the four distributions analyzed,
the Weibull distribution was the most widely accepted, as it was
consistently supported by the K-S test and only occasionally rejected
by the stricter A-D test due to minor tail deviations.
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6.3 Standardized values of strength based
on Weibull distribution

In the previous section of this paper, the cumulative probability
distribution graphs of all four types of rods have been plotted and the
parameters 1 and P required for the Weibull distribution have been
calculated. Based on the estimated values of these parameters, the
standardized values of the tensile strengths have been determined
with respect to the quantile value p. In this paper, a quantile value
of p = 5% has been chosen by using the uniform theory of reliability
(Xin, 2024). The standard value of tensile strength under the Weibull
distribution was calculated using this quantile value according to the
standard GBT 30022-2013 (Equation 6).

Xy = Uy — oy, (6)
where, x; is the standardized value of tensile strength; g, is the
sample mean; 0, is the sample standard deviation; # is a constant
and 7 takes the value of 1.645 (Xin, 2024). The calculation results
are shown in Table 11.

frontiersin.org


https://doi.org/10.3389/fbuil.2024.1506743
https://www.frontiersin.org/journals/built-environment
https://www.frontiersin.org

Qin et al.

TABLE 10 Goodness-of-fit test for the four distribution of 8 mm HFRP.

10.3389/fbuil.2024.1506743

Distribution Goodness of fit Statistics P-Value Conclusion
K-S 0.09498 0.03452 Normal distribution excluded
Normal
A-D 1.18582 0.00408 Normal distribution excluded
K-S 0.09317 0.03907 Lognormal distribution excluded
Lognormal
A-D 1.14896 0.00503 Lognormal distribution excluded
K-S 0.11571 >0.1 Cannot exclude Weibull
Weibull
A-D 1.9252 <0.01 Weibull distribution excluded
K-S 0.09478 0.04085 Gamma distribution excluded
Gamma
A-D 1.19289 <0.005 Gamma distribution excluded
TABLE 11 Standardized tensile strength values.
Rod type 5 mm CFRP 6 mm HFRP 7 mm HFRP 8 mm HFRP
‘ Standard tensile strength (MPa) 2,912.40 2,230.98 2,385.12 2,517.44 ‘

7 Conclusion

The investigation presented in the paper aimed at assessing
the statistical distribution of 396 FRP rods divided into four
sets of 103 5mm CFRP, 100 6 mm HFRP, 93 7mm HEFRP,
and 100 8 mm HFRP rods. The hybrid rods were made by
adding glass fibers around a core of carbon fiber within the
rod. Afterwards, the tensile test was conducted according to
the GBT 30022-2013 standard and four distributions, namely,
normal, Lognormal, Weibull, and Gamma were used to analyze
the experimental results. The employed distribution models
were then evaluated with the Kolmogorov-Smirnov (K-S)
goodness of fit test. The following conclusions are drawn
from this study:

i. The normal and Weibull distributions provide the best fit
for the tensile strength data across different specimen sizes,
with the Weibull distribution yielding the most reliable
predictions due to its higher shape parameters for larger
diameters. Likewise, the lognormal distribution suggests that
alog transformation stabilizes the variance, providing a robust
fit. The gamma distribution captures the increasing variability
and complexity in the data, reflecting the broader range of
tensile strengths and the reduced predictability with larger
specimen sizes. These findings indicate that the choice of
distribution can significantly impact the interpretation and
modeling of tensile strength data in FRP materials, with
each distribution offering unique insights into the material
properties.

The tensile strength of all the studied CFRP and HFRP rods
conforms to the Weibull distribution.

ii.

Based on the Weibull distribution and in accordance with
the “ GBT 30022-2013", the standard tensile strength values

ii.
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with a 95% confidence level were calculated for FRP rods of
various diameters. The results are as follows: 2,912.40 MPa
for 5mm diameter CFRP rods, 2,230.98 MPa for 6 mm
diameter HFRP rods; 2,385.12 MPa for 7 mm diameter CFRP-
GFRP composite rods, and 2,517.44 MPa for 8 mm diameter
HFRP rods.

It is important to acknowledge that this study is limited to only
four statistical distributions and the exclusion of other mechanical
properties besides tensile strength. Therefore, to advance the
knowledge of FRP rods, future studies could explore additional
distributions, assess other mechanical properties, and include larger,
more diverse samples to enhance the robustness and applicability of
the findings.
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