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Existing approaches for tunnel face stability analysis usually apply for circular cross-sections and solutions for tunnel face stability evaluation with city gate cross-sections by kinematic approach of limit analysis have not been reported. The present study developed a kinematic approach on tunnel face stability analysis for city gate sections by using spatial discretization technique. The proposed discretization-based kinematic approach applies to shallow tunnel stability analysis with cover depth ratio less than 5 by comparison with finite element limit analysis (FELA). The required support pressure increases with the increase of tunnel width, straight wall height and the central angle of the circular arch.
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1 INTRODUCTION
Recent years have witnessed the rapid development of water conservancy and hydropower industry. Meanwhile, higher requirements have been put forward for the engineering quality and construction safety of water conveyance tunnel projects (Wang et al., 2024; He and Zhang, 2023; Li et al., 2024). The city gate shaped section, also known as the circular arch straight wall section, is a commonly used section form in water conveyance tunnels. Its top surface is in a circular arch shape, which can better bear the rock and soil pressure from the top of the tunnel. The two sides of the tunnel are straight walls, and the bottom of the tunnel is generally flat. The tunnel with the geometric configuration of the city gate not only facilitates early construction but also facilitates later maintenance work.
In the process of tunnel construction, determining the limit support pressure on the excavation face is a key content (Jia et al., 2024; Guo et al., 2024). Due to the significant three-dimensional boundary effect, the plane strain assumption should not be used for the stability evaluation of the tunnel excavation face. Instead, a three-dimensional analysis method should be used. Among the available stability analysis methods, the upper bound limit analysis method has become increasingly popular for its rigorous theoretical basis. It can also provide an upper bound to the ultimate failure load. In previous studies on upper bound stability analysis of three-dimensional tunnel faces, the failure modes based on rigid translational or rotational movements are commonly used. Among them, Mollon et al. (2009) derived the critical support pressure required to maintain the stability of the tunnel excavation face in a homogeneous stratum based on a rigid translational mechanism. Tang et al. (2014) further extended the multi-block translational mechanism to layered soils. In the above studies, truncated cones are generally used to simulate collapsed soil, but the truncated cone mechanism has the problem of not being able to fully fit the tunnel excavation face. In response to this issue, Mollon et al. (2010) proposed a kinematic approach based on spatial discretization techniques and successfully applied it to the stability study of tunnel excavation faces with circular sections (Ibrahim et al., 2015), and non-circular sections such as horseshoe sections (Pan and Dias, 2017; Ye and Ai, 2024; Hou et al., 2023). Zhong et al. (2023) proposed piecewise linear method (PLM) to consider the nonlinearity of rock strength, and generated two typical linearization methods: Generalized Tangential technique (GTT) and equivalent Mohr-Coulomb parameter method (EMM) are compared and analyzed. Finally, the confining pressure of rocks predicted by PLM is 9% higher than that predicted by GTT. Pan and Dias (2015) used the kinematic method of limit analysis, the advanced three-dimensional failure mechanism is extended to the stability analysis of the tunnel in anisotropic and heterogeneous soil. Chen et al. (2024) calculated the seepage field behind the inclined roadway working face based on FLAC3D, and proposed an improved rotating failure mechanism, which enabled the analytical method to study the stability of the inclined roadway working face. Tu et al. (2023) used discretization technology to improve the collapse mechanism of three-dimensional rotating rigid body based on limit analysis, and proves that the pressure and failure mechanism derived by this method are feasible by comparing with the experimental results. Bai et al. (2020) established the nonlinear coupled heat-moisture-pollution transport equation and analyzed it temperature of water in unsaturated soil drives movement and heavy metal Pb2+ migration. Bai et al. (2023) established a multi-phase constitutive model of water-bearing sediment under particle thermodynamics conditions, and verified the validity of the model through the experimental results of natural and synthetic samples with different hydrate saturation, sediment porosity and hydrate behavior. Sun et al. (2022) conducted 8 sets of model tests to study the failure behavior of roadway working face and describe the ground displacement and stress distribution.
In addition to rigid block mechanisms, some scholars have attempted to construct continuous mechanisms with compatible velocity fields to study the stability of tunnel excavation faces. The variation pattern of velocity fields can be derived from the elastic mechanics solutions (Klar et al., 2007), numerical simulation results (Mollon et al., 2013) or engineering experiences (Huang et al., 2019). The continuous mechanisms can significantly improve upper bound solutions on critical support pressure to the rigid block mechanisms when tunnel cover to depth ratio is greater than 3 (Zhang et al., 2018). However, the solutions produced by continuous mechanisms are still higher than rigid block mechanisms. In view of this, mechanisms consisting of both rigid blocks and shear zones (Li et al., 2022) are proposed and further improve the results of continuous mechanisms. Lai et al. studied the influence of tunnel excavation on adjacent foundation pits and the generalized analysis framework of active earth pressure in retaining walls (Lai et al., 2025; Lai et al., 2022; Lai et al., 2024).
In previous studies related to upper bound stability analysis of tunnel excavation face, the main focus is placed on circular cross-sections. This can be attributed to the difficulties in analyzing the stability of excavation faces of other types of tunnel cross-section using analytical methods. In engineering practice, the city gate shaped cross-section is commonly used in water conveyance tunnel projects, and its excavation face stability directly affects the quality and safety of engineering construction, which has important practical significance. However, there is still a lack of reliable stability analysis models for the excavation face of city gate tunnel, especially the influence of section geometries on the stability of tunnel excavation face is not clear, and further research is needed.
To solve the above problems, this paper proposes a method for upper bound stability analysis of the excavation face for a city gate tunnel based on spatial discretization technique. Firstly, the upper bound analysis theory based on spatial discretization technique was introduced. Then, a city gate tunnel excavation face instability and failure mechanism based on rigid rotational mode was constructed. Secondly, in the calculation of the work rate equations, by equating the internal energy dissipation rate to the work rate of external forces, the expression for the critical support pressure of the tunnel excavation face is derived. The most critical failure mode is obtained through optimization algorithms. Finally, the influence of soil strength parameters and tunnel section geometries on the stability of tunnel excavation face was discussed in depth.
2 UPPER-BOUND THEORY
2.1 Instability mode of excavation face for city gate tunnel
When analyzing the stability of the tunnel excavation face, it is assumed that the soil material follows the Mohr-Coulomb yield condition and associated flow rule. On this basis, based on the geometric characteristics of the excavation face of the city gate tunnel, a Cartesian coordinate system is established with the tunnel arch as the coordinate origin. The proposed three-dimensional failure mechanism follows a rigid rotational mode, as shown in Figure 1. In Figure 1, the depth of the tunnel is C, the transverse width of the tunnel is L, the height of the straight wall is H, the radius of the circular arch is R, and the center angle of the circular arch is α.
[image: Figure 1]FIGURE 1 | Instability and failure mechanism of city gate tunnel.
The formulated failure mechanism rotates rigidly at an angular velocity of [image: image] around a rotation axis passing through point O, and the projection of the failure profile of the mechanism on the symmetry plane is two logarithmic spiral lines. Point A and point B are two points on the upper and lower logarithmic traces, respectively. The distances between the two logarithmic traces and point O are [image: image] and [image: image]. In the polar coordinate system with point O as the origin, these two logarithmic traces can be written in Equation 1:
[image: image]
where [image: image] and [image: image] are polar radius at angle [image: image] and [image: image], respectively; [image: image] is soil frictional angle.
The position of the rotation axis can be determined by optimizing parameters [image: image] and [image: image]. Velocity of any point within the rotating block can be determined by the relative position between that point and the rotation axis.
2.2 Discretization algorithm for failure surface generation
In the spatial discretization technique, the excavation face of the city gate tunnel is taken as the initial boundary surface to meet the geometrical restrictions, and it is discretized into 2n elementary nodes with the z-axis as the symmetry axis, as shown in Figure 1.
After determining the discrete points on the initial plane, the discrete points on the initial plane can be used as boundary conditions, and combined with the velocity field boundary conditions, the subsequent discrete nodes on the velocity discontinuity surfaces can be obtained.
When constructing the boundary surface of a discretization-based mechanism using spatial discretization techniques, a local coordinate system [image: image] is defined in each radial plane [image: image] as shown in Figure 1. In a Cartesian coordinate system, the spatial coordinates of the centroid [image: image] in plane [image: image] can be represented in Equation 2:
[image: image]
where βj is the polar angle for plane [image: image]; polar radius [image: image] is the average polar radius to point O.
Vector [image: image] composed of discrete points [image: image] and the centroid of the plane [image: image] is defined in Equation 3:
[image: image]
The vector composed of the centroid point of the plane [image: image] and point O is defined in Equation 4:
[image: image]
The angle between vectors [image: image] and [image: image] is [image: image], and the relative spatial position of discrete point [image: image] in the plane can be determined based on angle [image: image]. Angle [image: image] can be calculated using Equation 5:
[image: image]
In the discretization-based approach, the spatial position of a discrete point [image: image] on the radial plane [image: image] is determined by the two discrete points on the preceding radial plane [image: image] and [image: image] by the velocity compatibility condition, namely:
① The angle between the normal vector of the plane where the three points [image: image], [image: image] and [image: image] are located and the velocity vector at the midpoint of the line connecting [image: image] and [image: image] is [image: image];
② Discrete point [image: image] is on plane [image: image];
③ The polar angle [image: image] of discrete point [image: image] is half of the sum of [image: image] and [image: image].
Based on the above criterion, the specific spatial position of the discrete point [image: image] can be determined by both of the discrete points [image: image] and [image: image]. When solving the coordinates of discrete point [image: image], it is necessary to firstly calculate the unit normal vector [image: image] of the plane where the three points [image: image], [image: image] and [image: image] are located. As mentioned earlier, it is stipulated here that the unit normal vector [image: image] points to the outside of the plane, and the unit normal vector must meet the following three conditions:
① The normal vector [image: image] is a unit vector (see Equation 6):
[image: image]

② Normal vector [image: image] is perpendicular to vector [image: image] (see Equation 7):
[image: image]

③ The angle between the normal vector [image: image] and the unit velocity vector [image: image] at the midpoint [image: image] of the line [image: image] and [image: image] is [image: image] (i.e., the boundary conditions of the velocity field are strictly satisfied at this point) (see Equation 8):
[image: image]
The unit velocity vector [image: image] at point [image: image] is related to the polar angle of its plane and can be calculated using Equation 9:
[image: image]
Equation 9 reveals that the velocity vector is normal to the radius of the given point to the rotation axis. Therefore, the velocity field is continuous within the failure block.
Unit normal vector [image: image] can be derived by Equation 10:
[image: image]
where relevant parameters can be found in Equations 11–18,
[image: image]
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Unit normal vector also follows Equation 19:
[image: image]
Discrete point [image: image] is located on the plane [image: image], this leads to Equation 20:
[image: image]
where, [image: image] is the distance between discrete points [image: image] and [image: image]; [image: image] is a unit vector, it can be expressed in a Cartesian coordinate system as (see Equation 21):
[image: image]
Considering Equation 22:
[image: image]
As the unit normal vector [image: image] is perpendicular to the vector [image: image], it yields Equation 23:
[image: image]
Thus Equation 24 can be obtained,
[image: image]
Based on the above derivations, the spatial positions of each discrete point on the velocity cross-section can be calculated to obtain the velocity cross-section of the entire discrete rotating mechanism. When all discrete points in plane [image: image] reach or exceed the ground surface, the calculation terminates and linear interpolation is used to adjust the discrete points above the ground surface to the ground surface. The calculation accuracy of a discrete rotating mechanism is controlled by the number of discrete points n on the initial plane and the angle increment [image: image] between adjacent planes [image: image] and [image: image]. Parameters n and [image: image] are set as 160° and 0.01°, respectively.
2.3 Work rate equation
In the upper bound theorem, the rate of internal energy dissipation should be equal to the work rate of external forces. The rate of external forces includes soil gravity and the support pressure on the excavation face.
In a discretization-based mechanism, four adjacent discrete points, [image: image], [image: image], [image: image] and [image: image] are used as computing units and grouped together. By calculating and accumulating the work rates of the elementary blocks, the energy dissipation rate and the work rate of external forces of the entire mechanism can be obtained.
The work rate of soil gravity is given by Equation 25:
[image: image]
where [image: image] is soil unit weight; [image: image] is the elementary volume; [image: image] is the distance from the barycenter of the element to the rotation axis and [image: image] is the corresponding angle in polar coordinates.
The work rate of support pressure acting on the tunnel face is calculated by Equation 26:
[image: image]
where [image: image] is uniform tunnel support pressure; [image: image] is its elementary area of tunnel excavation face; [image: image] and [image: image] are polar radius and angle, respectively.
The internal work rate of energy dissipation can be expressed as Equation 27:
[image: image]
where c is soil cohesion, [image: image] is the elementary area of the failure surface, [image: image] is the distance between the centroid of the calculated element and the center of rotation.
The upper bound theorem states that at the limit state, the ultimate failure load obtained by equating the work rate of external forces to the rate of energy dissipation is the upper limit of the exact failure load. By optimizing the position of the rotation axis through optimization algorithms, the optimal failure mode and the corresponding upper bound solutions for the critical support pressure at the tunnel excavation face can be obtained. The rotating mechanism based on spatial discretization technique contains two optimization parameters, βA and βB. The optimal upper bound solution can be obtained by optimizing the values of βA and βB in Equation 28 by using the genetic algorithm implemented in MATLAB. In addition, optimizing parameters βA and βB obey the following constraints (see Equation 29):
[image: image]
[image: image]
3 VERIFICATION OF THE PROPOSED MECHANISM
The reliability of the discretization-based kinematic approach proposed in this paper was verified using the three-dimensional limit analysis finite element software Optum G3. The numerical analysis model established is shown in Figure 2.
[image: Figure 2]FIGURE 2 | Finite element numerical model for limit analysis.
In the verification example, the tunnel depth is 5 m, the tunnel width is 10 m, the vertical wall height is 5 m, the circular arch radius is 5 m, and the central angle of the circular arch is 180°. The soil unit weight is 20 kN/m3, the internal friction angle is 15°, and the cohesion is 20 kPa. Considering the symmetry of the model, only a general geometric model is established to reduce computational complexity, where the bottom of the model is fully constrained and the vertical boundary constrains the normal displacement. When analyzing, it is assumed that the lining will not be damaged and only face failure is considered, so the displacement of the lining in all directions is constrained.
The spatial discretization-based upper bound limit analysis method proposed in this paper provides a critical support pressure of 9.98 kPa for the tunnel excavation face. Apply the calculated result as the force boundary condition in the numerical model to the excavation face of the tunnel, and combine the strength reduction technique to calculate the safety factor of the tunnel excavation face in the numerical model. The closer the calculated safety factor of the numerical model is to 1, the better the agreement between the two methods. After 3 iterations of calculation and the introduction of mesh adaptive technology, the safety factor calculation result in the limit analysis finite element method was 0.975 with 15,861 grids, which is very close to the method proposed in this paper and has an error of only 2.5%, verifying the reliability of the proposed discretization-based method.
The instability diagram of the tunnel excavation face given in the discrete method and numerical model is shown in Figure 3. Finite element limit analysis adopts mesh refinement technique, and refinement zone can be regarded as possible failure surface. From Figure 3, it can be seen that the predicted failure surface of the discrete method is in good agreement with the numerical simulation results, further verifying the rationality of the constructed tunnel excavation surface failure mechanism.
[image: Figure 3]FIGURE 3 | Comparison on failure pattern. (A) Discretization approach (B) FELA.
4 RESULTS AND DISCUSSION
4.1 Effect of soil strength parameters
The critical support pressure required to maintain the stability of the tunnel excavation face decreases with the increase of soil strength parameters, as shown in Figures 4, 5. The support pressure decreases linearly with the increase of soil cohesion and nonlinearly with the increase of soil frictional angle. As the internal frictional angle of the soil increases, its impact on the critical support pressure weakens. Considering that soil gravity is the driving force for the failure of the tunnel excavation face, an increase in soil unit weight will lead to an increase in the required support pressure.
[image: Figure 4]FIGURE 4 | Critical support pressure with soil cohesion.
[image: Figure 5]FIGURE 5 | Critical support pressure with soil friction angle.
The effect of soil internal friction angle on the failure mode of tunnel excavation face is shown in Figure 6, where the tunnel depth is 50 m, the tunnel width is 10 m, the vertical wall height is 10 m, and the center angle of the circular arch is 90°. Soil unit weight is 20 kN/m3, and soil cohesion is 20 kPa. From Figure 6, it can be seen that the increase in internal friction angle can significantly constrain the expansion of the failure region. When soil internal friction angle increases from 7.5° to 15°, the height of the collapsed soil decreases by 59.4%.
[image: Figure 6]FIGURE 6 | Failure mode with soil friction angle.
4.2 Effect of excavation face dimensions
The variation of the critical support pressure of the tunnel with the geometric dimensions of the tunnel section is shown in Figures 7, 8. As the transverse width of the tunnel section and the height of the straight wall increase, the critical support pressure required to maintain the stability of the tunnel excavation face also increases. In addition, as the center angle of the tunnel arch increases, the curvature of the arch section at the top of the tunnel tends to be flatten, resulting in a weakening of the soil arch effect and an increase in the required critical support pressure. As the lateral width increases, the difference in required critical support pressure under different arch center angle conditions becomes more significant; As the height of the straight wall increases, the difference in support pressure required for different arch center angles gradually decreases.
[image: Figure 7]FIGURE 7 | Critical support pressure with tunnel width.
[image: Figure 8]FIGURE 8 | Critical support pressure with vertical wall height.
The influence of tunnel section dimensions on the failure mode of excavation face is shown in Figures 9, 10, where the tunnel depth is 50 m and the center angle of the circular arch is 90°. The soil unit weight is 20 kN/m3, soil cohesion is 20 kPa, and soil internal friction angle is 10°. As the lateral width of the tunnel increases, the unstable area of the tunnel also expands, especially at the longitudinal scale where the expansion is more significant. When the center angle of the circular arch is 90°, as the lateral dimension increases from 5 m to 15 m, the longitudinal height of the damaged soil increases by 137.1%. The increase in failure height can be attributed to the decrease of arching effect by increasing lateral dimension. As the height of the vertical wall increases from 5 m to 15 m, the longitudinal height of the damaged soil increases by 64.3%.
[image: Figure 9]FIGURE 9 | Failure mode of excavation face with tunnel width.
[image: Figure 10]FIGURE 10 | Failure mode of excavation face with the height of the straight wall.
5 CONCLUSION
This study proposes a discretization-based kinematic approach for the stability analysis of tunnel excavation face with a city gate layout. In-depth research was conducted on the influence of soil strength parameters and tunnel section dimensions on the stability of excavation surfaces. The main conclusions are summarized as follows:
(1) Support pressure required to maintain the stability of the tunnel excavation face decreases with the increase of soil strength parameters. The change in cohesion has a relatively small impact on the tunnel failure mode, while the increase in internal friction angle can significantly constrain the expansion of collapsed soil.
(2) The critical support pressure increases with the increase of tunnel width, straight wall height and the central angle of the circular arch. The influence of the transverse width of the tunnel on the failure mode is more significant compared to the height of the straight wall.
After comprehensive case studies, it is found that the proposed discretization-based rotational mechanism applies to shallow tunnels to ensure its accuracy when cover to depth less than 5. Future study is needed to further improve the current method and guide practical construction projects.
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