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Game theory is a framework that has been used by various research fields in order to
represent dynamic correlation among stakeholders. Traditionally, research within the
process and energy systems engineering community has focused on the
development of centralised decision making schemes. In the recent years,
decentralised decision-making schemes have attracted increasing attention due
to their ability to capture multi-stakeholder dynamics in a more accurate manner. In
this article, we survey how centralised and decentralised decision making has been
facilitated by game theoretic approaches. We focus on the deployment of such
methods in process systems engineering problems and review applications related to
supply chain optimisation problems, design and operations, and energy systems
optimisation. Finally, we analyse different game structures based on the degree of
cooperation and how fairness criteria can be employed to find fair payoff allocations.
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1 Introduction

Process and energy systems engineering problems inherently involve multiple stakeholders
with potentially conflicting objectives. Game theory is among the different approaches that
enables the representation of multi-level programming and multi-objective optimisation
problems and at the same time evaluate different cooperation options. Game theory was
developed as a conceptual framework and in the past century has served as a key methodological
tool to economists, social scientists and engineers. Accordingly, process systems engineering
(PSE) community has interpreted common process design and optimisation problems in a
game theoretic framework with a growing rate over the past decades (Figure 1). The keywords
used for this search in the Web of Science are: game theory, fairness, Nash, bargaining,
Stackelberg, Cournot, process systems engineering and energy systems engineering. Note that
papers based on fuzzy and evolutionary programming were excluded from the search. The
publications were selected among the following journals: European Journal of Operational
Research, Journal of Cleaner Production, Computers and Industrial Engineering, Energies,
Omega, Energy, Computers and Chemical Engineering, Computer Aided Chemical
Engineering, Chemical Engineering Journal, Sustainable Production and Consumption,
Chemical Engineering Transaction, AIChE Journal and Chemical Engineering Research and
Design.

The aim of this article is to provide an overview of the existing publications in the field, and
at the same time categorise them based on their application. The scope of this study entails only
deterministic problems, which dominate PSE community. A graphical illustration of
representative contributions of game theory in PSE can be found in Figure 2. Applications
range from design of supply chains and planning, to heat and process integration, and process
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design. The rest of the article is organised as follows: initially we
provide the background in game theory including game structures and
fairness schemes, followed by the main body of the work which focuses
on different fields of applications of game theory in PSE i.e., supply
chain optimisation, process design and operation and finally energy
systems optimisation. Finally, we summarise the conclusions of the
review along with addressing the open questions in the field.

Frontiers in Chemical Engineering

2 Background in game theory
2.1 Types of games
The foundations of game theory were formed by von Neumann

and Morgenstern (1944), when they generalised and put into a
mathematical context notions that concerned economists since the
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19th century. A game can be defined as any interaction between
agents, that is restricted by set of rules dictating the allowed moves for
each player and a set of outcomes for each possible combination of
moves. However trivial this may seem, the theory of games
mathematically reflects how the choice of an individual affect the
choices of others (Hargreaves-Heap and Varoufakis, 2004). Let a
strategic game be comprised of a set of players A = {1,..
X ¢ R™ be the set of feasible decisions players can make. Let the utility

.,n}, and

function f;: X — R, of player j € A/ be the mapping of a decision to
a player’s payoff. Then the utility set I/ can be described as the set of all
achievable utility allocations:

U=fueR!|IxeX: fi(x)=u;, jeN} (1)

There exist various allocation schemes that propose the allocation
of the utility among the players of the game. Such an allocation scheme
is the choice of a function ¢: & — R" that selects a vector u* = ¢ (U).
Following Moulin (1988), the axiomatic properties of allocation
schemes can be summarised as follows.

1. Pareto optimality: An allocation scheme satisfies the Pareto
optimality axiom, if there exists no other utility allocation that
dominates the current one.

2. Symmetry: Let 0: R* — R? be a permutation operator such that
0((u1, uy)) = (Uy, u1). Then, an allocation scheme is symmetric if the
allocation under the permuted system ¢ (o (), is equal to the
permutation of the original system, o¢(U). Thus, it satisfies
o¢(U) = ¢ (o (U)). The intuition behind this axiom is that under
permuted identities, the equilibrium solution will not change.

3. Affine Invariance (AI): An allocation is AI if it satisfies
Ap(U) = ¢(A(U)), where A: R" — R" is an affine operator. In
this case, scaling the utilities will result in the affine transformation
of the allocation acquired by the original game.

4. Independence of Irrelevant Alternatives (ITA): Let i/ and U’ be two
utility sets such that!/ ¢ U’ and ¢ (') € U. An allocation is IIA if it
satisfies ¢ (U) = ¢ (U").

5. Monotonicity: Let &/ and WV be two utility sets, then an allocation
satisfies monotonicity if it satisfies ¢ (W) = ¢ (U).

The most common mean to define the solution of a strategic game
with ordinal preferences is via the Nash equilibrium. The Nash
equilibrium corresponds to a choice of strategy at which no player
can achieve a greater utility function by changing their strategy. Let x*
be the Nash equilibrium for a game consisting of players j, then Eq. 2
holds.

uj(x*)2u;(x) Vx,j 2

The stability and fairness of a Nash equilibrium is guaranteed under
the following axioms: Pareto optimality, symmetry (anonymity), affine
invariance (AI), independence of irrelevant alternatives (IIA) and
monotonicity.

Inherent attributes of a strategic game entail different
characteristics of the players and the decision making process.
Among those are: 1) the number of players, 2) the set of decisions
a player can make, 3) the level of cooperation, 4) the timing of the
decision making, 5) the effect of a player’s decision to the others. In the
context of PSE, the number of players and the set of decisions are part
of the model formulation. Depending on the nature of collaboration

among players, games can be divided in two categories: non-
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cooperative and cooperative games. In the former case, each player
makes decision in order to maximise their individual payoff/utility
function. Among the most widely used schemes for non-cooperative
games are the Cournot (Cournot, 1838) and the Stackelberg games
(von Stackelberg, 2011). The main difference between these two
games, lies on the timing that decisions are made between players.
In Cournot games the players make a simultaneous decision without
communication. In contrast, following the Stackelberg scheme, the
leader first makes a decision and then the follower responds to the
leader’s choice. The Stackelberg games in which the leader has
complete information on the follower can be formulated as bi-level
programming problems (Sinha et al,, 2018). Even though bi-level
problems are proven to be NP-hard (Bard, 1991), different solution
approaches have been proposed by the PSE community to address
them (Djelassi et al., 2019; Yue et al., 2019). In cooperative games,
players collaborate so as to make a decision that maximises the
coalition’s payoff. Various fairness schemes have been proposed in
the literature so as to allocate the coalition’s utility to the players of the
game. The most prominent schemes are the Shapley value, social
welfare and Nash bargaining which are discussed in detail in the
following section. Finally, games can be divided in zero-sum
(constant-sum games) or non-zero-sum-games depending on how
the decision of a player affects the payoff of the others. In the zero-sum
games the game is considered a closed system and each player wins
what the other players loose. In contrast, in non-zero sum games the
gain of a player is not always at the expense of the other players.

The study of firm coalitions has been in the interest of economists
since establishment of the industrial sector at the end of industrial
revolution. Cournot (1838) was the first to examine the impact of a
strategic coalition between companies of the same industrial sector.
Consider a market structure that consists of a small number of
suppliers who provide their goods to demanding agents, either
directly to end-consumers or retailers. In that case, the market
corresponds to an oligopoly, if only two suppliers exist then the
corresponding structure is a duopoly. Let n the number of firms
which produce a single product and Ci(g;) the cost of firmiel,...,n
to produce g; units of that product. If all the produced quantity Q is
sold at a single price, then the market price is P(Q) and firm #’s revenue
is q;P(q1 + g, +*). Hence, the profit 7 of firm i is given by Eq. 3. From a
game-theoretic perspective, the solution resulting by Cournot’s game
corresponds to the Nash equilibrium.

i (qis > qn) = qiP(q1 + q,-+) = Ci(q:) Vi (3)

2.2 Fairness schemes

The question of fair player consideration is studied by social science
by the theory of utilitarianism (Moulin, 1988). The two main doctrines are
classical utilitarianism introduced by Bentham and egalitarianism. In the
case of classical utilitarianism, the aim is to maximise the sum of
individual profits in a coalition. In this approach the profit of an
individual may be sacrificed for the sake of the collective profit. In
contrast, egalitarianism seeks to equalise the individual profits, since all
players should be treated equally. Let u ; be the utility of player j at
disagreement with the other players. When evaluating cooperative games,
a player will be incentivised to join a coalition only if they can achieve a
greater payoff than operating alone, ie., u;>u ;.
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In the context of a cooperative game, different fairness schemes
exist in the literature to allocate the profit of the coalition formation
(Bertsimas et al., 2011). Fairness can be represented either as directly
considering a fair objective function, or after an optimal solution is
retrieved by deciding how the payoff allocation will be performed.
Figure 3 presents the main fairness schemes and solution approaches
that have been utilised in the PSE literature. Two of the most
prominent post-optimisation fairness criteria used, are: 1) the
Shapley value (Shapley, 1953) and 2) the Schmeidler’s nucleolus
(Schmeidler, 1969). While the Shapley value is based on a
utilitarian approach, nucleolus applies egalitarianism. Let S be a
coalition of players, then u(S) is the utility function of the
coalition, the Shapley value for a player o reflects the contribution
of the player to the overall cooperation and is formulated in Eq. 4. For
convex games, the marginal contribution of a player to a coalition
increases as the coalition expands, i.e., the coalition has increasing
returns to scale (Moulin, 1988).

SI! -S| -1)!
Jj= z W(u(su{—]})_u(s))’ ]EN (4)

SSNV{j}

From an optimisation perspective, the different fairness schemes that
can be used in order to maximise the payoff of the coalition are

Frontiers in Chemical Engineering

summarised in the following section. An illustration of how the choice
of fairness schemes affects the payoff in a two-player game can be
found in Figure 4 for varying the scale of total payoff for each player.

2.2.1 Social welfare scheme
The social welfare scheme seeks to maximise the total payoff of the
coalition following the classical utilitarian approach.

dg (U) = argmax Z u; (5)
ueld jeN

The social welfare objective satisfies the Pareto optimality condition,
weak AI and AII, however the resulting fairness allocation is often
non-unique. Even if all the solutions where retrievable, an additional
criterion would be needed to select the fairest allocation amongst them
(Sampat and Zavala, 2019). Examples of utilisation of social welfare,
also called as Naive scheme in some applications, can be found in
Gjerdrum et al. (2002); Munguia-Lopez et al. (2019); Charitopoulos
et al. (2020).

2.2.2 Nash bargaining

Similarly to social welfare, the Nash bargaining scheme (Nash,
1950) is another utilitarian fairness scheme that can be perceived as the
maximisation of the geometric mean of the players’ excess payoff by
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the coalition formation. Initially, Nash proposed the bargaining game
for only two players and was later generalised by Harsanyi (1959) as an
n-player game. Since the geometric mean is a strictly concave function,
the allocation retrieved by the Nash scheme is optimal (Sampat and
Zavala, 2019). Then, the Nash bargaining objective is introduced in
Eq. 6.

s (U) = argmax l_[uj -uj (6)
ueld jeN

It can be proven that the Nash bargaining scheme satisfies all of the
aforementioned axioms for the utility allocations schemes except of
the monotonicity axiom. Using the Nash bargaining objective under
different models can result in non-linear model formulations that have
been widely studied in the PSE literature (Table 2). Different
reformulation efficient

approaches have been wused for its

computation  such as: logarithmic  transformation and
SOS2 piecewise approximation (Gjerdrum et al, 2001; Ortiz-
Gutiérrez et al., 2015; Carrero-Parrefio et al., 2019; Charitopoulos
et al., 2020), spatial Branch and Bound coupled with McCormick
relaxations (McCormick, 1976) by Gjerdrum et al. (2002); Cruz-Avilés
et al. (2021), and Branch and Refine with logarithmic transformation

(Yue and You, 2014a; Charitopoulos et al., 2020).

2.2.3 Kalai-Smorodinsky solution

Kalai and Smorodinsky (1975) questioned the ITA axiom proposed
by Nash (1950) for the Nash bargaining problem and proposed an
alternative bargaining solution based on the monotonicity axiom. The
aim of the Kalai-Smorodisnky bargaining focused on the player’s ideal
payoffs, i.e., tt . At the KS solution, the fraction of the profit increase of
the two players is equal to the fraction of the maximum profit increase
they could achieve.

Uy —u; U —u

=— (7)

Uy—Uy Up—Uy

2.2.4 Max-Min scheme

The Max-Min scheme is a mathematical representation of the
Rawslian welfare principle. According to the Rawslian welfare
(Rawls (1971)), the weakest agent of a coalition should be
prioritised. Thus, the player with the lowest payoff should have
the maximum gain from the game, as expressed in Eq. 8. In terms
of axiomatic satisfaction, only the weak AI and the IIA are
satisfied.

Gyt U) = argmax min u; (8)
ued  JN

An extension of this scheme is the Lexicographic Max-Min
scheme that seeks to maximise the payoff of the player with the
lowest payoff, then maximise the payoff of the second lowest payoff,
third lowest payoff and so on. Eq. 9 corresponds to the Lexicographic
Max-Min scheme following the formulation of Liu and Papageorgiou
(2018).

Prexain (U) = ‘”’WZWC O (g(w) 9
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where g(u) = {g1(u), g(u), ..., gn(u)} is a vector function on the
decision space u € U, and ®: RN — RV is a mapping function that re-
orders the components of the vector in a increasing order such that

O(g(w)) = (01(g(w)), 0>(g(w)), . . ., On(g(w))), where 61 (g(w)) < 65(g(w)) <
- < On(g(u)).

2.2.5 Shannon entropy solution
This fairness scheme was introduced to bridge economic theory

with statistics (Venkatasubramanian and Luo (2018)) and is obtained
by maximising the entropy of a system.

¢s (U) = argmax hs(p(u)) = argmax — Z pjwlogp;(u) (10)

ueld ueld jeN
where,
u. —u .
(u) = = e N (11)
p] z (”j _Ej) J
JjeN

3 Classification of game theory
applications in PSE problems

3.1 Supply chain optimisation

A growing interest for decentralised approaches in the decision
making process for supply chains has been observed in the past
decades (Papageorgiou (2009); Sahay and Ierapetritou (2013);
Barbosa-Povoa and Pinto (2020)). The formulation of a supply
(8C)
straightforward since the players can be the manufacturers,

chain design problem as a strategic game seems
distributors and end consumers (Gjerdrum et al., 2002; Zamarripa
et al., 2012; Yue and You, 2014b; Charitopoulos et al., 2020) aiming to
maximise their profit. A conceptual representation of supply chains
under different cooperation levels is showcased in Figure 5. To this
end, supply chain optimisation problems have been widely studied
through game theoretic lens (Leng and Parlar, 2005; Nagarajan and
Sosi¢, 2008; Sohrabi and Azgomi, 2020). Game theory in conjunction
with Data Envelopment Analysis (DEA) also constitutes another
promising direction for evaluating SC efficiency (Liang et al., 20065

Halkos et al., 2014).

3.1.1 Non-cooperative supply chain optimisation
An overview of existing publications of non-cooperative supply
chain optimisation is summarised in Table 1. An early work of supply
chain design using the concept Nash equilibrium can be found in
Sherali and Leleno (1988). The authors evaluated the nature of
acquired equilibrium solutions for a non-cooperative two-stage
supply chain under different behavioral structures among the
players. In addition, Sherali and Leleno (1988) derived sufficient
conditions for the existence of equilibira along with suitable
solution methods. Levis et al. (2007) proposed the use of a
Bertrand-type model to determine the Nash equilibrium prices in
order to maximise the profit of the manufacturing firms in a duopoly.
Bertrand model is a review of the Cournot model but in this case a firm
should select a price that outperforms the competitor when their prices
exceed the marginal cost. The model formulation of Levis et al. (2007)
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results in a series of NLP problems which are solved iteratively to
determine the optimal decision making policy. From a similar
perspective, Leng and Parlar (2010) aimed to find the optimal pair
of lost-sales cost-sharing contracts in an assembly supply chain. At
first they constructed two variations of non-cooperative games, Nash
and Stackelberg, where the manufacturer and suppliers determine
their retail price and production quantities. An alternative scenario
was examined where the players collaborated. The computational
results suggested that the suppliers were attributed equilibrium
adopted the
equilibrium price, while the overall profit was maximised as well.

production quantities and the manufacturer
Later on, Zamarripa et al. (2012) evaluated both a cooperative game to
minimise the total operating cost of a supply chain as well as a non-
zero sum game. While the cooperative game results in an MILP model,
the non-zero sum game results in each player aiming to minimise their
own cost disregarding the overall profit of the system. The non-
cooperative model is represented by non-linear terms which require
the computation of a payoff matrix for it’s solution. Sun et al. (2013)
have formulated an agri-biomass supply chain as a Stackelberg game
where the supplier initially decides the selling price of agri-biomass
and then the industrial buyers determine their demands.

Given the hierarchical structure of the examined markets, the
supply chain problem can be addressed by different methods such as
multi-level programming and decentralised game-theoretic methods.
Yue and You (2014b) employed a Stackelberg game for modelling the
interactions between manufacturers and suppliers of a bio-fuel supply
chain and a bi-level programming for arrangements between
manufacturers and customers that resulted in a non-convex
MINLP. To tackle the that
considering capital cost economies of scale using a non-linear

non-linearities aroused from
power function, they proposed an improved Branch and Refine
algorithm (Bergamini et al., 2008) for the global optimal solution
by iteratively solving a sequence of MILP subproblems. The
subproblems are generated via a piecewise linear approximation, of
the original MINLP, based on SOSI variables (Padberg, 2000). The
same authors have later on evaluated a different setting for
reformulation and decomposition of a bi-level MILP problem
representing a Stackelberg game (Yue and You, 2017). At first, the

Frontiers in Chemical Engineering

follower’s discrete decisions are fixed based on optimal value
reformulation (Chen and Florian, 1995) and a pool of all decision
permutations is generated. In the decomposition algorithm, only a
subset of the combinations is evaluated in each iteration which
correspond to the master problem, the solution of the relaxed
master problem provides a set of the leader’s optimal decisions.
Yue and You (2017) implemented the proposed algorithm in an
integrated forestry and biofuel supply chain. In examined problem,
the forestry company represents the leader, while the pulp company is
the follower.

Often, supply chain design problems result in multi-objective
formulations, such as in the case study of Gao and You (2017),
where the non-cooperative shale gas supply chain is formulated as
a multi-objective bi-level MILP. The shale gas producer is the leader
aiming to maximise their net present value and at the same time
minimise the life cycle greenhouse gas emissions. The shale gas
processor is the follower aiming to maximise their net present
value as well. To solve this problem the authors followed a
reformulation and decomposition algorithm that was later
published in detail (Yue et al, 2019). The effect of different game
structures was evaluated by Noh et al. (2019). Noh and coworkers
initially formulated a two-echelon supply chain as a Stackelberg game
with decentralised decision making where they alternated the roles
between the leader and the follower. They found that the choice that
maximised the profit was when the retailer was the leader and
manufacturer the follower. When examining the centralised
approach in a cooperative game, Noh et al. reported that results
where lying between those of the Stackelberg game.

Even though uncertainty is inherent in supply chain design
problems, the majority of applications consider a deterministic
model neglecting any uncertainties. Zamarripa et al. (2013) studied
the problem of supply chain planning under uncertainty in
cooperative and no-cooperative multi-objective scenarios. The
uncertainty was manifested in the competitor’s behaviour and was
formulated as a payoff matrix. For each scenario realisation Zamarripa
etal. (2013) solved a multi-objective problem representing a non-zero
sum game using the e-constraint approach. Hjaila et al. (2016),
proposed a Scenario-Based Negotiation (SBDN) coordination
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assuming a non-cooperative non-zero-sum game with non-
symmetrical roles among the stakeholders of a multi-enterprise
supply chain. One of the aims of the work is to attribute all the
uncertainty factors of the examined supply chain to the follower’s
decisions. In this model, the client acts as the leader of the game while
the supplier is the follower. While maintaining the roles of the players,
Hjaila et al. (2017) proposed a non-zero-sum Stackelberg game and
search for Nash equilibrium solutions. The uncertainty in this case is
accounted both for the clients and providers of the supply chain. In
both of the aforementioned papers, the final model is an MINLP which
is solved using off-the-shelf global optimisation solvers, while
uncertainty is addressed indirectly via Monte Carlo sampling
approach. In contrast, Gao and You. (2019) propose a two-stage
stochastic method to address a single-leader multiple follower
Stackelberg game formulated as MIBP. The solution approach used
is similar to Yue and You. (2014b) with an additional Glover’s
linearisation to tackle the bi-linear terms in the upper-level problem.

3.1.2 Cooperative supply chain optimisation

Even though competitive games are used to represent current
supply chain formulations, the benefits of a coordination are evaluated
by different researchers (Gjerdrum et al., 2001; Zamarripa et al., 2012).
The study of cooperative games enables fairness considerations for the
utility allocation between the collaborating parties. However, the
selection of a fairness approach is not always straightforward, given
that there may be conflicting objectives such as profit versus
Table 2
contributions of fairness schemes in cooperative supply chains. The

sustainability ~ goals. summarises  representative
most common objective in cooperative games is the fair profit
allocation via the Nash bargaining scheme. The formulations of the
Nash scheme in Eq. 6 results in a non-linear formulation, hence the
supply chain models are of NLP/MINLP type. The first publication in
the field can be attributed to Gjerdrum et al. (2001), who examined the
problem of the fair profit allocation in multi-enterprise supply chain.
They formulated the objective function as a Nash bargaining problem
which they approximated using separable programming via
logarithmic transformation and SOS2 piecewise linearisation. In the
following year the same authors (Gjerdrum et al., 2002), employed a
spatial Branch and Bound (BB) algorithm, that is based on
McCormick relaxations (McCormick, 1976), to solve the fair profit
allocation in a two-echelon supply chain. Zhao et al. (2010) have
studied a supply

manufacturers and suppliers to find the optimal wholesale contract

decentralised cooperative chain  between
selection. Zhao and coworkers (Zhao et al., 2010) suggested that a
Nash bargaining model allowed both players to maximise their profit
level under the selected wholesale price mechanism. Later on, Yue and
You (2014a) optimised the operational decisions and profit allocation
mechanism in a bioethanol supply chain by proposing the use of a
logarithm transformation and Branch and Refine (BR) for the
linearisation of the objective function. However, not all fairness
evaluation approaches result in non-linear terms, Zheng et al.
(2019) employed the Shapley, nucleolus and equal satisfaction
mechanisms to find the optimal profit allocation in a three-echelon
closed-loop supply chain. For all three of the examined fairness
approaches the solution of the cooperative game results in
increased profit for all players. Apart from typical economic design
criteria; Toktasg-Palut (2022) evaluates the impact of Industry
4.0 technologies on the coordination and sustainability of supply
chains. The proposed game-theoretic framework is a Nash
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bargaining scheme based on revenue-sharing contracts in a
cooperative supply chain. The author conclude that under a
coordinating framework the utilisation of Industry 4.0 technologies
can provide significant improvements for in terms of overall supply
chain sustainability (Toktas-Palut, 2022).

Logarithmic transformation and separable programming is the
main reformulation approach selected by researches in the field over
the last decade to tackle the non-linearities stemming from the Nash
bargaining fairness, following the concepts initially introduced by
Gjerdrum et al. (2001). Separable programming was utilised by Ortiz-
Gutiérrez et al. (2015) to find the fair profit allocation in a biofuel
supply chain under the Nash fairness scheme. Apart from Separable
Programming and Nash fairness, Liu and Papageorgiou. (2018) have
proposed a lexicographic max-min for the fair profit allocation in a
multi-echelon supply chain of an active ingredient industry. Later on,
Charitopoulos et al. (2020) investigated the impact of two different
linearisation approaches for the Nash bargaining objective,
i.e, approximation via SOS2 variables and BR algorithm. The
authors also evaluated a Naive fairness scheme that follows an
utilitarian utility allocation such as the social welfare scheme (Eq.
5). Their results suggest that the use of Nash fairness provides a more
viable solution since it accounts the market power dynamics, while in
contrast the Naive scheme maximises the total profit by disregarding
the status quo dynamics. Carrero-Parrefo et al. (2021) addressed the
problem of fair cost distribution among various shale gas companies
from a Nash bargaining perspective and linearised the Nash objective
via Separable Programming and SOS2 variables. However, to
determine the portion of the cost assigned to each company,
bilinear terms were generated. To reformulate the additional non-
linear constraints, Glover’s linearisation was proposed.

3.2 Process design and operations

The design of heat exchanger networks has been one of the
primary fields of study in PSE. More recently, heat-integration has
been studied under a game theoretic perspective in order to improve
cost minimisation. Hiete et al. (2012) evaluated the fair shavings
allocation in wood process industrial network. Both Alternate Cost
Avoided method and Shapley value were used to fairly allocate the
coallitions payoffs based on the contribution of each player to the
savings of the coalition. Even though the results were similar between
the two fairness approaches, they differed significantly with an
alternative allocation scheme based on the actual energy prices.
Similarly, Cheng et al. (2014) proposed a cooperative approach for
heat-integration among different plants so as to maximise their
savings under a social welfare scheme. In order to decide on the
saving allocation from a cooperative heat-integration the use of
Shapley value has been proposed both by Jin et al. (2018) and
Wang et al. (2020). The problem of retrofit design of a synergistic
heat exchange network was evaluated by Lo et al. (2021). The authors
examined the core and Shapley values to find the fair payoff allocation
among the different plants.

Torres and Stephanopoulos (2016) have studied the design of a
multi-actor distributed processing systems under a decentralised
scope. Two different games were studied: a Cournot competitive
game using a 2-level Lagrangian approach and Nash bargaining
cooperation. Tominac and Mahalec (2017), (2018) investigated the
problem of strategic refinery production planning under Cournot
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TABLE 1 Representative contributions of non-cooperative supply chain problems.

Contribution Application Game Players Model type Solution approach
Sherali and Leleno. (1988) Two-stage SC Nash Manufacturers LP Direct solution
Levis et al. (2007) Active demand management Bertrand Manufacturers NLP Iterative solution
Leng and Parlar. (2010) Assembly SC Nash, Stackelberg Manufacturer, retailers NLP Direct solution
Zamarripa et al. (2012) Generic SC Non-zero sum SC members MINLP Payoff matrix computation
Sun et al. (2013) Agri-biomass SC Stackelberg Supplier, buyers LP Direct solution
Yue and You. (2014b) Biofuel SC Stackelberg Manufacturer, suppliers BMINLP SOS1 linear., BR
Gao and You. (2017) Shale gas SC Stackelberg Producer, distributor MIBP Reformulation, decomposition
Yue and You. (2017) Forestry and biofuel SC Stackelberg Manufacturer, supplier MIBP Reformulation, decomposition
Noh et al. (2019) Two-echelon SC Stackelberg Manufacturer, retailer LP Direct solution
TABLE 2 Representative contributions of fairness schemes in cooperative games.
Reference Application Objective Fairness scheme Model type Solution approach
Gjerdrum et al. (2001) Multi-enterprise SC Profit allocation Nash MINLP Log. transf, SOS2
Gjerdrum et al. (2002) Two-echelon SC Profit allocation Nash MINLP spatial Branch & Bound
Yue and You. (2014a) Bioethanol SC Profit allocation Nash MINLP Log. transf., Branch & Refine
Ortiz-Gutiérrez et al. (2015) Biofuel SC Profit allocation Nash MINLP Log. transf.,, SOS2
Liu and Papageorgiou. (2018) Multi-echelon SC Profit allocation Nash MINLP Log. transf,, SOS2
Lex. maxmin MILP Iterative process
Zheng et al. (2019) Three-echelon Profit allocation Shapley value, MILP Direct solution
closed loop SC Nucleolus solution
Munguia-Lopez et al. (2019) Water management Profit allocation Nash, Social welfare, MINLP Log. transf.
Rawslian welfare
Charitopoulos et al. (2020) Liquid gas SC Profit allocation Naive, Nash MINLP Log. transf., SOS2,
Branch & Refine
Cruz-Avilés et al. (2021) EIP Cost allocation Multiple MINLP (Nash) Log. trasf. and McCormick relax.
Carrero-Parrefio et al. (2021) Water management Cost allocation Nash MINLP Log. transf., SOS2,
Glover’s linear.

games. In the former work they aimed to maximise the profit of the
different plants, while in the second paper they introduced a multi-
period framework and studied elimination scenarios for the player
with the highest cost. The problem of production and utility
coordination under incomplete information was studied by
Leenders et al. (2019). The problem was formulated a Stackelberg
game, where the leader was the power system and the follower the
utility system. The proposed solution approach is based on iteratively
finding the optimal production schedule and then minimise the
operational cost of the utility system. The same authors (Leenders
et al, 2021), generalised the approach for multi-leader-follower
problems by taking into account multiple process units.

Liu and Papageorgiou (2013) have addressed the problem of
capacity planning as a multi-objective MILP model targeting: total
cost, total flow time and total lost sales in global supply chains. For
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the game theoretic formulation, two different approaches were used, that
of e-constraint and lexicographic minimax, so as to consider a fair payoff
allocation. In the first approach only the cost was considered in the
objective while the total flow time and total lost sales were transformed
into constraints. From a competitive perspective, Garcia-Herreros et al.
(2016) addressed the problem of capacity planing with rational markets as
an MIBP problem. In the upper-level problem producers aim to maximise
their profit while in lower-level the cost paid by the markets is minimised.
The proposed solution method follows a Karush-Kuhn-Tacker (KKT)
reformulation followed by a dual transformation. Florensa et al. (2017)
introduced another level of decision makers resulting in tri-level linear
problem of capacity planing under competitive decision makers. Two
novel algorithms were introduced, however their implementation resulted
in different degenerate solutions. The authors (Florensa et al., 2017) have
defined the Optimistic and Pessimistic solutions to determine if multiple
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lower-level optima are resolved in favor or against the leader. In detail, if
there are more than one solutions of the lower-level problem, the leader
can select amongst those the one that results in the most favourable
solution for the upper-level problem, i.e., the Optimistic solution.

An interesting integration of game theory and optimisation can be
found in the studies of Faisca et al. (2007); Chu and You (2014); Ye et al.
(2020). Faisca et al. (2007) proposed a global optimisation approach for
multi-level problems that is based on considering the different
optimisation levels using parametric programming in search for a
Nash equilibrium. A tri-level programming problem and a bilevel
programming problem with multiple-followers are evaluated,
comprised of quadratic cost functions with linear constraints. In both
cases the lower-level optimisation problems are considered as multi-
parametric programming problems. In the tri-level case, the third-level
problem is solved for parameters being the variables of the second and
first-level. In the bilevel multi-follower problem, the lower-level problem
comprises of two objectives for different decision variables while the
upper-level variables are treated as parameters. In a later stage, the Nash
equilibrium is employed to find and compare the set of the followers’
reaction sets. In a similar mentality, Chu and You (2014) have solved the
design and scheduling of a batch process as a Stackelberg game. In the
examined problem, the scheduling problem acts as the leader which
affects the solution of the dynamic design optimisation problem. The gap
between the leader and the follower is expressed through the dependence
of processing costs to processing times via a linear function. The
Stackelberg game problem is solved using a decomposition method
based on cutting plane approximation. Ye et al. (2020) proposed an
algorithm based on game theory to design an air separation unit. Their
objective is to minimise the total cost by taking into account the penalty
from product unavailability and the cost of installing parallel units and
storage tanks. Large unit superstructures are coupled and perceived as
players of a cooperative game. The algorithm proposed is built on the fact
that the examined superstructures have limited correlation and by
ignoring their interrelations provides an initial solution to the
problem. The equilibrium conditions are checked iteratively followed
by expansion of the pool of non-improving new designs.

3.2.1 Sustainability in process design

Even though traditionally the objective of optimisation problems in
PSE concerned economic factors, ie., profit maximisation or cost
minimisation, the need to find sustainably viable solutions became
prominent in the past decades. Zhao and You (2019) study how a
waste-to-energy policy can be integrated with current operations in
dairy farms. The authors, propose a Stackelberg game where the
government is the leader and determine the incentive policy and
investment factors of bio-electricity generation, while the dairy farms
aim to maximise their net present value and select among different bio-
energy conversion technologies. The objective of the game is formulated
as a fractional MIBP which may render the problem intractable. The
proposed solution is based on a hybrid algorithm combining a parametric
algorithm, for fractional programming, along with a projection-based
reformulation and decomposition algorithm, for MIBP.

Carbon sharing can be an efficient solution for greenhouse gas
emission mitigation in the industrial sector. Zhang et al. (2017) have
studied the fair design of Carbon Capture and Storage (CCS)
infrastructure in Qatar under a carbon trading scheme with different
fair objectives. While the first objective scheme followed a same saving
ration, the second used the Nash bargaining objective, the authors noted
that there is an impact of the fairness measure used on the optimal design
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of CCS infrastructure. In a similar spirit, Salcedo-Diaz et al. (2021)
examined the problem of optimal supply chain design of chemical
industries under a carbon trading policy framework. Different
coalition formations were evaluated among the manufacturing firms
aiming to maximise their profit while at the same time comply with
CO, emissions targets. Their results suggested that a cooperative
framework is beneficial both from an economic and environmental
perspective. Fadzil et al. (2022) propose a carbon sharing scheme via
the formation of an industrial symbiosis system. In the corresponding
model, carbon permits are a shared resource among the cooperating
plants aiming to maximise the total coalition’s profit, the allocation of the
profit to each plant is dictated by their marginal contribution in the
symbiotic system. The impact of carbon tax and consumer acceptance for
the design of a low-carbon production line is studied by Wang and Wang
(2022). The authors propose a Stackelberg game at which the
manufacturer, leader, aims to maximise their profit while the retailer,
follower, adjust their retail price to the end consumer.

3.2.2 Industrial symbiosis

Many studies have also been conducted for the formation of eco-
industrial parks (EIP), resulting in integrating different production plants
through resource, waste and emissions sharing schemes (Figure 6). An
early paper in this field can be traced in the work of Lou et al. (2004), who
used emergy analysis to find the optimal operation of an EIP under
uncertainty. The authors, identified the Nash equilibrium of a matrix
game and identified both the optimal profit and sustainability payoff of a
two-plant case study. A series of papers have studied the problem of
waste-sharing in a symbiotic manner. Xiao-Ping et al. (2009) studied an
industrial symbiosis network for sulfur waste reduction under a multi-
objective game. Tan and Aviso (2012) proposed an inverse optimisation
approach to solve the problem of optimal waste integration in an EIP. A
Stackelberg game was formulated as a bi-level programming problem, in
which an EIP authority acted as a leader aiming to optimise incentives so
as the followers, EIP, plants could have a positive payoff by joining the
symbiotic network.

Later on, Tan et al. (2016) have studied a fair inter-plant process
integration formulating a cooperative game based on Maali’s (Maali,
2009) max-min LP model, whose optimal solution is retrieved by
maximising the least satisfied constraint. The authors have compared
the results of Maali’s method with the Shapley value method and
concluded that the former results in marginally more equitable profit
distribution. A competitive multi-leader follower game for the design of
utility network of in an EIP in Norway has been studied by Ramos et al.
(2018). The enterprises of the park aim to minimise their annual cost
while the EIP authority aims to minimise the coalitions CO, emissions.
Ramos et al. (2018) have evaluated two variations for the leader/follower
setting which results in different prioritisation of the game’s objectives.
Since both games are bi-level problems, they authors employed KKT
reformulation to guarantee the problems’ tractability.

The problem of water sharing in an EIP has been under the research
interests of process engineers. Chew et al. (2009) formulated a problem of
inter-plant water integration (IPWI) with equal bargaining power among
plants and complete information sharing. Initially, the authors (Chew
et al,, 2009) evaluated a non-cooperative game which resulted in negative
payoffs to some plants, however from a cooperative perspective the total
profit of the system remained the same and all plants had positive payoffs.
A cooperative approach was also applied in another IPWI problem by
Chew et al. (2011) taking into account green incentives of an EIP
authority. The green incentive introduced by Chew et al. (2011)
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FIGURE 6

Eco-Industrial Park diagram for a three-plant symbiotic system. Based on data from Tan et al. (2016).

facilitates the payoff allocation under different coalition formations. From
a non-cooperative perspective, Ramos et al. (2016) proposed an
alternative approach to solve a multi-leader-follower Stackelberg for
IPWIL A solution approach to solve multi-leader-follower problems is
based on stationary and KKT conditions, which results in non-convex
problems with complementarity constraints. To address the non-
convexities arising, Ramos et al. (2016) proposed the use of the so-
called penalty formulation (Biegler, 2010) which transfers the
complementarity constraints in the objective function. The fair and
sustainable design of water supply chains under uncertainty has been
studied by Koleva et al. (2018), both at a regional and national level. A
multi-period and multi-objective model is introduced aiming to balance
the trade-off between total cost minimisation and reliability maximisation.
At first, Koleva and co-workers (Koleva et al., 2018) solved the problem
with an e-constraint method where the problem of cost minimisation was
solved primarily followed by the reliability maximisation. The fair design
was based on the Nash bargaining scheme resulting in an MINLP
problem which was linearised using separable programming and
SOS2 approximation. Uncertainty has been addressed via global
sensitivity analysis. The impact of different fairness schemes i.e., social
welfare, Rawslian welfare and Nash bargaining, on the design of water
distribution networks for agricultural lands has been evaluated by
Munguia-Lopez et al. (2019). For the examined case studies, the
authors highlighted that the Nash bargaining, after a logarithmic
transformation, resulted in unique solutions and provided a favourable
solution of all players regardless their contribution to the game. Recently,
from a non-cooperative perspective, Salas et al. (2020) constructed an
abstract single-leader multi-follower game where the leader is the
authority that aims to minimise the water consumption and the
industrial units (followers) minimise their operating cost, while the
introduced problem is reformulated as an MILP. The main
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contribution of the work is the use of a Blind-Input contract, which
binds the industrial units to participate in the EIP under the authority’s
regulation. In contrast to this restrictive approach, Cruz-Avilés et al.
(2021) considered a cooperative case among different plants in an EPI for
water sharing. For the cost allocation of the coalition, they evaluated
different fairness schemes such as social welfare, Nash scheme and
Rawslian scheme. The objective of the Nash scheme was reformulated
by a logarithmic transformation to concave non-linear problem which
was further relaxed using McCormick relaxations. From a cooperative
perspective, Chin et al. (2021) introduced a multi-stage game to decide on
fair subsidies and incentive allocations towards the creation of an EIP. In
the first stage of the game the objectives of a coalition are determined, at
the later stage, the fair distribution of cost and benefits from the coalition
is evaluated. It is noteworthy that the incentive allocation did not differ
significantly with different fairness approaches (Shapley value, nucleolus,
tau-value, min-max core).

3.3 Energy system optimisation

The energy sector is the predominant in contribution to greenhouse
gas emissions (Ritchie et al., 2020) while at the same time holds a great
decarbonisation potential. In this section we will provide a review of
recent publications on the field of energy systems optimisation towards a
renewable transition in existing energy markets based on the game
theoretic scheme used. Recent reviews on power generation expansion
planning can be found in Chen et al. (2018) and Churkin et al. (2021) were
energy systems engineering tools are evaluated. Tsimopoulos and
Georgiadis. (2020); Tsimopoulos and Georgiadis. (2021) examined the
optimal conventional and wind generation investment portfolio of a
producer in a pool-based electricity market. In the first study,
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(Tsimopoulos and Georgiadis, 2020), detect optimal physical and
economic withholdings for dispatch and reserve procurements. In the
second study, the authors model the strategies of the producers and
identify the corresponding Nash equilibria. In both of the aforementioned
papers, Tsimopoulos and Georgiadis represent the relation between
energy producers and system operators as a Stackelberg game were
the former is the leader and the latter the follower. The propsed
model formulation results in an MIBP problem where in the upper
level problem the negative expected profits of the producers are
minimised while in the lower level the total expected cost of the
system operation. The final problem is reformulated to a MILP class
via the use of strong duality and disjunctive constraints. From a different
viewpoint, Ma et al. (2022) regard the optimal planning and operation
design of multi-agent energy system comprised by wind-hydrogen-heat
producers as a cooperative game. The original optimisation problem is
transformed into two subproblems: the cost minimisation problem and
the payment bargaining problem which are solved using the algorithm of
Alternating Direction Method of Multipliers (ADMM). For the fair
payment allocation the Nash bargaining scheme is employed.

Previous sections indicate that game theoretic approach can be readily
applied to represent real world supply chains and market structures. Liu
et al. (2021) take advantage of a game theoretic framework to find the
optimal energy system design and renewable subsidy strategies in four
pilot plants in China. In their model, the government acts as the leader
aiming to minimise the total subsidy while the towns (followers) aim to
minimise their net present cost in response. Since the resulting model
structure is MIBP with bi-linear terms in the lower level problem, a
tractable reformulation of the problem is deemed necessary. At a first
stage the problem is transformed in a single level MINLP using KKT
conditions at the original problem, the use of Big M constraints along with
auxiliary variables, results in the final MILP form of the problem. The fair
investment portfolio in the energy system of town in Sweden has been
examined by Fischer and Toffolo (2022). The authors juxtapose the results
of a total cost minimisation objective against a Nash bargaining profit
allocation among agents of the energy market and they highlight that the
different games result in varying investment portfolios in terms of
technology selected. Fisher and Toffolo argue that examining both
game structures allowed them to identify the impact factors in each
agent’s optimal strategy. Different game structures have also been studied
for the sustainable growth of Iran’s electricity industry (Dehghan et al.,
2022). The first game is a Cournot game were all the energy producers
compete against each other to maximise their individual profit. The
government is introduced as the leader in the second and third game, by
determining the amount of subsidy or tax allocated at each producer.
While in the second game producers act as independent followers, in the
third game they cooperate aiming to maximise their total profit. The
findings of this study suggest that the third game, with cooperating
producers, results in the highest renewable share facilitating in Iran’s green
transition until 2040.

The study of microgrids has attracted the researchers attention
over the past decade. Zhang and co-workers Zhang et al., 2013, Zhang
et al. (2014) have studied the fair electricity price and cost allocation
for microgrids. In the first work, (Zhang et al., 2013), proposed a Nash
bargaining objective to find the fair cost distribution among members
in a general microgrid. The MINLP problem was reformulated using a
and SOS2 The
lexicographic max-min scheme was used in their second paper

logarithmic  transformation approximation.

Zhang et al. (2014) where the corresponding model was of an
MILP class.
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4 Challenges and future directions

The aim of this review is to provide a basic background to game
theoretic concepts and an overview of recent applications of game
theory in process systems engineering problems. The examined
applications vary from supply chain and process design and energy
systems optimisation. The two main types of games encountered in the
reviewed papers are non-cooperative Stackelberg games and Nash
bargaining cooperative games. In the former case, the players make
bi-level
programming problems, in many applications they also entail non-
and different
reformulation and decomposition methods are among the most

decisions  sequentially, resulting in mixed integer

linear terms. Multi-parametric programming
common solution approaches. For the examined cooperative games
with Nash bargaining objective, the resulting problem formulation
was of MINLP class, where the non-linear term appeared only in the
objective.  The approaches

logarithmic transformation coupled with different linearisation

prevailing  solution entail
reformulations.

Since game theory traditionally has been studied by economists
and social scientists, the existing textbooks focus mainly on these two
directions. Hence, it can be challenging for an engineer to distill the
necessary knowledge to apply game theoretic ideas to solve design and
operation problems. To this end, the development of tutorials and
textbooks focusing on practitioners are needed, which will facilitate an
interdisciplinary dialogue. Many of the works reviewed here, result in
non-tractable problem formulations. The intractability of the
the of

solve non-linear

problems stems mainly from limitations existing

computational resources to mixed-integer
programming and multi-level programming problems. Tractability
issues are surpassed by different approximations of the original
problem, however any progress in solution methodologies for the
aforementioned problem classes, will render the use of game theory
even more appealing among process engineers. The use of game theory
provides a useful tool in the PSE community to model multi-scale,
multi-objective and multi-player games. One of the prominent
advantages of using game theory in process and design problems,
entails considering the payoff of conflicting objectives, such as

environmental, economic and social agents.
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