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A numerical study is performed using the Discrete Element Method (DEM) to investigate flow and mixing of elongated particles in rotating drums. Spherical particles and their mixtures have been extensively explored in the previous work, while the present study focuses on the elongated rod-like particles and binary mixtures of the elongated particles with two different aspect ratios. Different drum sizes are used to examine scale-up behaviors in such dynamic processes. For both monodisperse and binary particle systems, dynamic angle of repose is determined mainly by a Froude number Fr, measuring the ratio of centrifugal force to gravitational force on a particle, while it is insensitive to scale-up ratio α, defined as the ratio of cross-sectional areas of the current drum to the reference one. Average particle velocity and contact force generally increase with both Froude number and scale-up ratio. Mixing rate of the particles is significantly promoted by increasing Fr, and it maintains constant at small Fr and decreases slowly with increasing α at large Fr. Some differences are observed between the monodisperse and binary systems: i) The mixing index eventually achieves the same high level for all the monodisperse systems, while the final mixing indices are smaller with smaller Fr for the binary systems; ii) The mixing rate of the binary mixtures has a stronger dependence on the scale-up ratio α than the monodisperse systems; iii) With increasing α, the average contact force increases for the monodisperse systems while it changes non-monotonically at large Froude numbers for the binary systems.
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1 INTRODUCTION
In many industries such as pharmaceutical, food processing, materials engineering, and so on, mixing of solid particles, which may have different sizes, shapes and densities, is a critical process. In order to achieve efficient and reliable mixing, rotating drums are frequently used because of excellent capacity for bulk solids handling (Jiang et al., 2023; Xu et al., 2023; Dong et al., 2024). Combined with their ability of heat transfer efficiency (Figueroa et al., 2010; Gui et al., 2013), the rotating drums are applied in a broad range of industrial processes involving drying, reactions, segregation, coating, grinding, heating, and cooling operations (Trojosky, 2019; Orozco et al., 2020; Liu et al., 2024). Six different regimes (from slipping to centrifuging) have been recognized based upon a Froude number, defined as the ratio of centrifugal to gravitational forces (Beaulieu et al., 2021; Chen et al., 2024). To obtain homogenous mixtures, the rolling and cascading regimes should be adopted (Norouzi et al., 2015). In these flow regimes, active and passive regions of particle motion are observed. In the passive region, the particles move as a rigid body, and their velocity is lower than that of the particles in the active layer. An active layer of the flowing particles is formed, when the particles reach the highest point along the wall, and then they fall like an avalanche under gravitational forces. The active layer is much thinner than the passive region, due to the existence of a yield stress for the particle flow. The mixing, segregation and heat transfer mainly happen in the active layer where the shearing rate is high (Alizadeh et al., 2013).
The outcomes of the particle mixing depend upon the size of the mixer. Many studies on the particle mixing are typically conducted at the laboratory scale, instead of industrial level. The relevance of the results obtained from the small scales to those at the large scales remains unclear (Portillo et al., 2008). A lot of studies have been done previously on various scaling conditions to determine the scale-up laws (Ding et al., 2001) that ensure similarities in dynamic behaviors of granular materials across the drums of different sizes (Govender, 2016). Various dimensionless numbers have been proposed in the scale-up studies. Recently, He et al. (2024) studied the segregation of bi-dispersed spherical particles caused by particle size difference inside different cylindrical drums, and they found that the contact forces and power consumption strongly depended on the Froude number. Herman et al. (2021) found that the similar mixing quality was achieved in a scale up process by keeping the same kinematic and dynamic similarities in bladed mixers. In their study, they used monodispersed spherical particles and proposed scaling correlations for average particle velocity Va and total particle contact force Fct can be written as:
Va=0.766Fr1.060α0.169,(1)
Fct=6.495Fr1.077α−0.077,(2)
in which Fr represents Froude number and α is the scale-up ratio, defined as the ratio of the volume of the current drum to the reference one. Different ribbon mixers of volumes 5.62 L–482.32 L were then used by (Herman et al., 2022a) to examine the effect of mixer sizes on the particle mixing quality, and it was found that the mixing time and power consumption to achieve the same quality were reduced in the larger mixers than the smaller ones. In their scale-up studies, (Herman et al., 2022b) investigated the mixing performance of spherical particles in different drums. Their proposed correlation for the mixing rate (R) of monodispersed spherical particles is expressed as:
R=0.44Fr0.235α−0.279.(3)
Experimental scale-up studies of the granular flows are usually expensive and labor intensive. Also, it’s very difficult to obtain the particle-scale information in the experiments for a deeper, microscopic understanding of the physical processes. To address these deficiencies, numerical approach, such as the Discrete Element Method (DEM), was used to simulate the drum rotating processes (Li et al., 2022), and the scale-up of the particulate systems in the drums was studied (Li et al., 2020). In the DEM simulations of the polyhedral particle flows (Vu et al., 2024), it was found that the active layer depth and curvature and particle velocity could be expressed as functions of the Froude number. In the DEM studies of heat transfer in a rotary drum (Ardalani et al., 2023), it was found that a larger number of baffles installed inside the drum led to a higher rate of heat transfer, while the temperature distributions of the particles and bed uniformity were unaffected by the changes in the baffle number.
Most grains and particles in the industries have non-spherical shapes (Ma et al., 2022). Flow patterns of the particles with anisotropic shapes are more complex at various rotational speeds of the drums (Yang et al., 2008). The non-spherical particle shapes give rise to segregation (Yang et al., 2017; Kumar et al., 2024; Miao et al., 2024), and thus influence the mixing performance (He et al., 2020). In the studies of the rotating drums, elongated, rod-like particles gained interests of many researchers (Yu et al., 2018; Yu et al., 2020), because of their important applications in fibrous materials (Rudge et al., 2008) and pharmaceutics (Kodam et al., 2012). As the motion of the rod-like particles is more restrained inside the drum due to interlocking particle-particle contacts (Li et al., 2021), their dynamics and mixing behaviors are different from the spherical particles. Some open questions are still remaining in the rotating drums of the rod-like particles. For instance, how are the particle flow and mixing patterns and quantities influenced when the drum size is changed? Do the rod-like particles have different scale-up behaviors from the spherical particles?
This work aims to address these questions by performing the DEM simulations. The flow and mixing of monodisperse and binary elongated, rod-like particles in the rotating drums of different sizes are simulated. The scale-up behaviors are discussed for angle of repose, particle mixing rate, average particle velocity, and contact forces.
2 COMPUTATIONAL SET-UP
2.1 Discrete element method
In the Discrete Element Method (DEM), an elongated particle is represented by a sphero-cylinder. Each particle is considered as a discrete entity and its translational and rotational motion in Equations 4, 5 is described by Newton’s second law of motion,
midvidt=Fi+mig,(4)
Iidωidt−Ii ·ωi×ωi=Mi,(5)
where translational and angular velocities of the particle i of the mass mi are represented by vi and ωi, respectively, g is gravitational acceleration, and Fi is the resultant contact force exerted on the particle i. The moment of inertia tensor of the particle i is represented by Ii and Mi is the total torque produced by the contact forces on the particle i.
The resultant contact force between a particle and another particle or a wall boundary can be decomposed into a normal contact force and a tangential one. In this work, the normal contact force Fnc follows a linear spring dashpot model,
Fnc=knδnn−Cnvn,(6)
in which the normal contact stiffness kn in Equation 7 is written as,
kn=Eidi·EjdjEidi+Ejdj,(7)
and di and dj denotes diameters of the two contacting sphero-cylinder particles i and j, Ei and Ej are Young’s moduli, respectively, of the two particles, δn represents contacting overlap size, and n is the unit vector of the contact normal direction. The second term of the right hand side of Equation 6 accounts for the collisional dissipation of energy, in which Cn=2β m*kn is the normal damping coefficient, m*=mimjmi+mj is the effective mass, and vn is the normal relative velocity vector at the contact point.
Linear spring-dashpot Coulomb limit model (Zhu et al., 2007) is employed to calculate tangential contact force at time t, in Equations 8, 9 expressed as Fτc,t.
Fτc,t=min⁡Fτ,ec,t,μFnc,tFτ,ec,tFτ,ec,t,(8)
in which,
Fτ,ec,t=Fτc,t−Δt−KτvτΔt−Cτvτ,(9)
and μ is the particle-particle or particle-wall friction coefficient, Fnc,t is the normal contact force at time t, Fτc,t−Δt is the tangential contact force for the previous time step, Kτ is the tangential contact stiffness, vτ is the relative tangential velocity vector at the contact point, Δt is the time step, and Cτ is the tangential damping coefficient. When Fτ,ec,t<μFnc,t, it is in static friction stage, otherwise it is in dynamic or sliding friction stage.
2.2 Numerical model
The dynamics of elongated sphero-cylinder particles in a rotating drum is simulated. As shown in Figure 1, the particles have a diameter of d=2 mm and lengths of lp= 4 mm and 10 mm, resulting in the particle aspect ratios of AR=lp/d= 2 and 5, respectively. Monodisperse particles with AR = 5 or binary particle mixtures of AR = 2 and five settle under gravitational forces to densely-packed assemblies in the cylindrical drum of a diameter of D = 100 mm and length of L = 150 mm (Figure 1), before the drum rotates at a specified angular speed about its major axis in the x-direction. The particle properties used for the DEM simulations are listed in Table 1. The choices of the particle properties are based on the biomass materials as reported in (Han et al., 2023).
[image: Diagram showing a spherocylinder particle with a diameter of two millimeters and an aspect ratio of five. The side and end-face views display a container partially filled with red and blue particles, measuring one hundred millimeters in height and one hundred fifty millimeters in length. Axes are labeled x, y, and z.]FIGURE 1 | Numerical models of an elongated sphero-cylinder particle and a rotating drum. Before the rotation of the drum, the elongated particles are colored differently side-by-side in the drum to track the mixing behavior in the flow process.TABLE 1 | Particle properties used in the DEM simulations.	Parameters	Value
	Particle diameter (d), mm	2
	Aspect ratio (AR)	2 and 5
	Poisson’s ratio (ν)	0.3
	Coefficient of restitution (e)	0.3
	Material density (ρ), kg/m3	264
	Friction coefficient for particle-particle contacts (μpp	0.4
	Friction coefficient for particle-wall contacts (μpw	0.7
	Young’s modulus (E, Pa	1×108
	Time step (Δt), s	3.893×10−7 and 6.541×10−7


To examine scale-up rules for the present drum systems, four drums of different diameters, i.e. Drum A to D, are used in the simulations, as shown in Table 2. As the flow patterns and mixing behaviors show no dependences on it, the length of the drum L remains the same for the four drums. To achieve the similarity of the system, the same fill ratio, defined as the total volume of the particles to the volume of the drum, is specified to the four drums, for which the number of particles increases linearly with the volume of the drum. The monodisperse particles have particle aspect ratio of AR = 5. The binary mixtures are composed of two components with AR = 2 and AR = 5, respectively, and both components have volume concentrations of 50% in the mixtures. For the drum systems, a scale-up ratio α is defined as the ratio of cross-sectional area of the current drum (πD2/4) to that of the reference drum. In the present study, Drum A is the reference drum and thus, α spans between 1 and 2.1.
TABLE 2 | Simulation conditions of four drums of different diameters.	Drum	A	B	C	D
	Diameter (D), mm	100	115	130	145
	Length (L), mm	150	150	150	150
	Number of particles (monodisperse, AR = 5)	8,574	11,340	14,488	18,032
	Number of particles (binary mixture, AR = 2 and AR = 5)	16,289	21,546	27,526	34,261
	Scale-up ratio α	1	1.3	1.7	2.1


A Froude number Fr in Equation 10, reflecting the relative importance of centrifugal and gravitational forces on a particle, can be written as
Fr=Dω2g,(10)
in which ω is the rotational speed of the drum and Dω2 scales with the centrifugal force on a particle, and g is the gravitational acceleration scaling with the gravitational force. Four different Froude numbers are used and corresponding rotational speeds of the drums are listed in Table 3.
TABLE 3 | Rotational speeds (unit in rpm) of four different drums at various Froude numbers (Fr).	Drum	Froude number Fr
	0.05	0.1007	0.50	1.10
	A	21.14	30.00	66.85	99.15
	B	19.71	27.97	62.33	92.46
	C	18.54	26.31	58.63	86.96
	D	17.55	24.91	55.51	82.34


2.3 Lacey mixing index
Various mixing indices exist and it is critical to choose a proper one to describe the degree of particle mixing for a specific process (Bhalode and Ierapetritou, 2020). The Lacey mixing index (Lacey, 1954) L has been widely used to quantify the mixing degree in various solids handling processes, including in a rotating drum, and it is calculated as,
L=S02−S2S02−SR2,(11)
in which,
S02=x1−x,(12)
SR2=x1−xn,(13)
S2=1N−1∑i=1Nxi−x2.(14)
In the calculation, the whole particle system is partitioned into many subdomains, namely boxes. The variances of an initial mixing state and a completely mixed state are represented by S02 and SR2, respectively, and the current mixing state is S2. In Equations 12–14, x is the overall concentration of tracer particles in the whole system, n is the average number of particles in each box, N is the number of the boxes, and xi is the concentration of the tracer particles in the current box i. The lacey mixing index L runs within 0,1, in which 0 represents the completely unmixed state and 1 represents the fully mixed state.
3 MONODISPERSE SYSTEM OF ELONGATED PARTICLES
3.1 Dynamic angle of repose
A slope of particles with a wavy surface is formed in the rotating drum, as shown in Figure 2. Larger curvature of the granular surface is obtained for the elongated particles compared to the spherical particles (Cui et al., 2023). To describe the particle flow patterns, the profile of the granular surface is fitted using a straight line. The inclination angle of the straight line θ (Figure 2a) is defined as the dynamic angle of repose, which fluctuates slightly around an average value at the steady flow stage. For a given Froude number Fr, the average dynamic angle of repose is independent on the scale-up ratio α for α∈1,2.1, as shown in Figure 2b. In a drum of a specified scale-up ratio α, the average dynamic angle of repose changes slightly with the Froude number Fr for Fr ≤ 0.5, while a surge of about 10° in the average θ is obtained as Fr increases from 0.5 to 1.1. This sharp increase at Fr=1.10 is attributed to the change in the flow regimes caused by stronger centrifugal effect at a higher rotation speed of the drum. Thus, the average dynamic angle of repose is basically determined by the Froude number for the drums of various sizes.
[image: Image on the left (a) shows a cross-section of cylindrical particles stacked with a dashed line indicating the angle of repose, θ. Image on the right (b) is a bar chart showing average angles of repose for different scale-up ratios (1, 1.3, 1.7, 2.1) and different Froude numbers (0.05, 0.1007, 0.50, 1.10). Bars vary in height, indicating changes in the angle of repose with labels on each bar showing specific values.]FIGURE 2 | (a) Illustration of dynamic angle of repose θ, and (b) average dynamic angles of repose at different scale-up ratios α and different Froude numbers Fr.3.2 Particle velocities
Different particle flow regimes can be observed in the drums, as shown in Figure 3. The particles have higher velocities as they cascade down on the curved surface. The particles contacting the inner surface of the drum generally have the same velocities to the surface (like non-slip boundary), and thus their velocities increase with increasing Froude number Fr for a given drum. Low-velocity regimes are formed in the centers of the circulating particle assemblies.
[image: Simulation images depicting particle flow in drums labeled A, B, C, and D, in two rows marked (a) and (b). Color gradient from blue to yellow indicates velocity, with corresponding scale 0 to 1.10 meters per second.]FIGURE 3 | Velocity distribution of the sphero-cylinder particles in the different drums at the steady state with (a) Fr = 0.1007 (top row) and (b) Fr = 0.50 (bottom).The probability distributions of the particle velocities are shown in Figure 4. Low particle velocities correspond to the central region. Intermediate velocities correspond to the boundary layer of the particles contacting the rotating wall, and thus the peak probability occurs at a higher particle velocity in a larger drum. The long tail in a probability distribution curve at the higher particle velocities (particle velocities are greater than 0.2 m/s in Figure 4a and greater than 0.4 m/s in Figure 4b) is associated with the rapid flowing particle surface region, in which shear rates are higher and velocity distribution is wider.
[image: Two probability distribution graphs compare particle velocity in meters per second for four drum types: A, B, C, and D. Graph (a) with Fr = 0.1007 shows a sharp peak near 0.2 m/s. Graph (b) with Fr = 0.50 peaks around 0.3 m/s. Insets highlight regions around 0.6 m/s and 0.9 m/s respectively, showing details of distribution tails.]FIGURE 4 | Probability distributions of particle velocities in different drums for (a) Fr = 0.1007 and (b) Fr = 0.50. The inserts show the zoom-in views of a part of the long tail of the distribution curve.For a given Froude number Fr, the average particle velocity increases with the scale-up ratio α, as shown in Figure 5a, and this velocity increase becomes more significant as Fr increases. A power law relationship is proposed to estimate the dependence of the average particle velocity vavg on Fr and α, and it is determined by fitting to the data in Figure 5a,
vavg*=vavggdp=2.374 Fr0.4039α0.2686(15)
in which vavg* is a dimensionless average particle velocity expressed as vavg/gdp. The predictions of Equation 15 are compared with the DEM simulation results in Figure 5b, and a good agreement is observed.
[image: Graph (a) shows average particle velocity in meters per second versus scale-up ratio, with four Froude numbers (Fr) represented by differently colored lines. Graph (b) plots fitted versus simulated average particle velocity, with a diagonal line showing correlation across the same Froude numbers. Both graphs demonstrate a clear, linear increase in particle velocity with scale and Froude number changes.]FIGURE 5 | (a) Average particle velocity versus scale-up ratio α for various Froude numbers and (b) a comparison of the scale-up correlation of the average particle velocity and the DEM results.3.3 Contact forces on the particles
The contact forces exerted on the particles due to particle-particle and particle-wall contacts determine attrition and breakage of the particles and erosion on the drum walls. The average contact force exhibits significant increase as both scale-up ratio α and Froude number Fr increase, as depicted in Figure 6a. In general, higher particle velocities lead to larger contact forces. Thus, the trend of the contact force varying with Fr and α is correlated with that of the average particle velocity (Figure 5a). A power law relationship, which correlates the average contact force Favg, Fr and α, is determined by fitting to the data in Figure 6a,
Favg*=Favgρgdp3=37.97 Fr0.1383α0.3368(16)
in which Favg* is a dimensionless average contact force expressed as Favg/ρgdp3. The prediction of Equation 16 is generally consistent with the DEM results, as shown in Figure 6b.
[image: Two graphs show relationships involving contact force. Graph (a) plots average contact force in Newtons versus scale-up ratio for different Froude numbers, depicted by lines with distinct colors. It shows all forces increasing with scale-up. Graph (b) plots fitted average contact force against DEM simulated average contact force with a one-to-one line, showing data points closely following the line, indicating strong correlation for the same Froude numbers used in the first graph.]FIGURE 6 | (a) Average contact force versus scale-up ratio α for various Froude numbers and (b) a comparison of the scale-up correlation of the average contact force and the DEM results.3.4 Mixing performance
To observe and quantify the mixing behavior, the monodisperse particles are partitioned equally in number and colored differently in blue (left-hand side) and red (right-hand side), as shown in Figure 7. To ensure the consistent particle loading, two rectangular inlet regions with the fixed dimensions were used in all drum. However, as the drum cross-sectional area increases, the relative inlet area becomes smaller, leading to slight variations in the initial packing profile at t=1s (Figure 7). In the four drums of different sizes (Drums A-D), similar flow and mixing patterns are observed at the same Froude number of Fr = 0.1007 (Figure 7). Lacey mixing index L, calculated by Equation 11, initially increases with time, then converges to an upper limit, and eventually fluctuates around a constant value for various Fr in different drums, as shown in Figure 8. For a given drum (Figure 8a or Figure 8b), the convergence to the upper limit of the mixing index L occurs earlier at a larger value of Fr, because the higher rotational speed of the drum ω promotes the convective particle flow and thus mixing in the present flow regime in the drum.
[image: Four rows labeled Drum A to Drum D depict a series of circular images showing the mixing of blue and red particles inside a grey drum over time intervals of one, five, fifteen, twenty-five, and thirty seconds. The particles blend more with each time progression from left to right.]FIGURE 7 | Snapshots of temporal evolution of mixing patterns of monodisperse particles in different drums at Fr = 0.1007.[image: Graphs (a) and (b) compare Lacey Mixing Index over time for Drum A and Drum D, respectively, at different Froude numbers (Fr). Insets show particle patterns with corresponding Fr values and correlation coefficients (R). Each graph includes lines for Fr values of 0.05, 0.1007, 0.50, and 1.10, illustrating the mixing progression in both drums.]FIGURE 8 | Time evolution of Lacey mixing index L at various Froude numbers Fr in (a) Drum A and (b) Drum D. The inset images show the mixed particle patterns at t = 30 s and the mixing rates R for the four Froude numbers.According to Figure 8, the Lacey mixing index L and elapsed time t follow an error function (Herman et al., 2022a; He et al., 2024) in the form,
L=Lf+L0−Lfexp⁡−Rt,(17)
in which exp (−) represents the exponential function, Lf is the upper limit of the Lacey mixing index, and L0 is the initial mixing index before the drum rotation. The coefficient R before the time t reflects how fast the material is mixed and it is defined as mixing rate.
Fitting to the Lacey index L-t curves (Figure 8) using Equation 17, the mixing rate R can be determined for each mixing process. As shown in Figure 9a, the mixing rate R is almost independent on the scale-up ratio α at lower values of Froude numbers (Fr = 0.05 ∼ 0.5) while R decreases slightly with α at the larger value of Fr = 1.10. Therefore, when the drums rotate slowly (at small Fr), the mixing rate R is determined by the particle flow pattern and less affected by the drum size; when the drum rotates at a high speed or a larger Fr, the rate of particle mixing is reduced by increasing the drum size or scale-up ratio, since the particles need to move a longer distance for the same mixing outcome in a drum with larger space. In addition, for a given drum, R shows a significant increase with increasing Fr, consistent with the observation in Figure 8, due to the mixing promotion by the higher rotational speed of the drum.
[image: Chart (a) shows four lines representing mixing rates at different Froude numbers (Fr = 0.05, 0.1007, 0.50, 1.10) plotted against scale-up ratios. Chart (b) displays fitted versus DEM simulated mixing rates with points aligned around a diagonal line, indicating different Froude numbers.]FIGURE 9 | (a) Mixing rate versus scale-up ratio α for various Froude numbers and (b) a comparison of the scale-up correlation of the mixing rate and the DEM results.By fitting to the data in Figure 9a, a power law is determined to correlate the mixing rate R, Froude number Fr, and scale-up ratio α as follows,
R*=Rdpg=0.0079 Fr0.3084α−0.0250,(18)
which indicates that α has a limited impact on the dimensionless mixing rate R* (=Rdp/g) as the magnitude of the exponent above it is very small, and R* is determined mainly by Fr above which the magnitude of the exponent is much larger. A comparison of the scale-up correlation of the mixing rate (Equation 18) and the DEM results is shown in Figure 9b. The accuracy of the prediction of the mixing rate R* based on Equation 18 is less satisfactory than those of the predictions of average particle velocity vavg* (Figure 5b) and contact force Favg* (Figure 6b), probably due to the complex nature of the mixing process involving both convection and diffusion of the particle motion, making the remarkable fluctuations in the mixing index L.
For the spherical particles, the average particle velocity Va exhibits a more significant dependence on Fr than α, as the exponent of Fr is much larger than that of α in Equation 1. For the elongated particles, the normalized average particle velocity vavg* also depends more on Fr than α, while the difference in the exponents of Fr and α in Equation 15 is reduced compared to that for the spherical particles. The total contact force Fct depends more on Fr than α for the spherical particles (Equation 2), while the average contact force Favg* depends less on Fr than α for the elongated particles (Equation 16). The mixing rate R exhibits a comparable dependence on Fr and α for the spherical particles (Equation 3), while the dimensionless mixing rate R* has a much stronger dependence on Fr than α for the elongated particles (Equation 18).
4 BINARY MIXTURES OF ELONGATED PARTICLES
The scale-up behaviors of monodisperse systems of the elongated particles with AR = 5 in the drums of different sizes are investigated in the previous section (Section 3). In this section, we aim to examine the scale-up behaviors of binary mixtures in rotating drums, and we will explore the links and differences between the monodisperse and binary systems. In the present simulation studies, the binary mixtures are composed of two particle components with AR = 2 and AR = 5, respectively, and each component occupies a volume concentration of 50% in the mixtures. The particle properties and drum parameters are listed in Tables 1, 2.
4.1 Dynamic angle of repose
For the binary mixtures of the elongated particles, the average dynamic angle of repose θ is independent on the scale-up ratio α but shows a significant increase with increasing Froude number Fr, as demonstrated in Figure 10. Such θ-dependence on α and Fr is consistent with that of the monodisperse system (Figure 2B), indicating that the monodisperse and binary systems have the same scale-up behavior for the dynamic angle of repose.
[image: Bar chart showing the average angle of repose at four scale-up ratios (1, 1.3, 1.7, 2.1) for different Froude numbers (0.05, 0.1007, 0.50, 1.10). The chart indicates increasing angles with higher Froude numbers, peaking around 52 for Fr 1.10 across all ratios. ]FIGURE 10 | Average dynamic angle of repose of the binary mixtures at different scale-up ratios α and different Froude numbers Fr.4.2 Particle velocities
Figure 8a shows the relationship between average particle velocity, scale-up ratio, and Froude number for different drums. It can be observed that the particle velocities improve with the increase in Froude number at a constant drum scale-up ratio. It’s due to the larger speed of the drum because the dominancy of centrifugal forces becomes higher than the inertial forces, and particles are pushed to the drum’s wall easily which enhances the particle’s velocity inside the drum. Furthermore, the average velocity of particles increases with the scale-up ratio, it’s because of drum diameter. Figure 8b shows the comparison plot between DEM simulated velocities and the Fitted velocities of the particles inside the different drums at different Froude number using the following power function:
For the binary mixtures, the average particle velocity vavg increases with the scale-up ratio α and Froude number Fr (Figure 11a). By fitting to the data in Figure 11a, the power law relationship of the dimensionless average particle velocity vavg* (=vavg/gdp), Fr and α is obtained as,
vavg*=2.398 Fr0.4099α0.2569.(19)
[image: (a) Line graph showing the average particle velocity in meters per second versus scale-up ratio for different Froude numbers (Fr = 0.05, 0.1007, 0.50, 1.10). (b) Scatter plot comparing fitted average particle velocity and DEM simulated average particle velocity, showing data close to a diagonal line for the same Froude numbers.]FIGURE 11 | (a) Average particle velocity versus scale-up ratio α for various Froude numbers and (b) a comparison of the scale-up correlation of the average particle velocity and the DEM results for the binary mixtures.The parameters in Equation 19 are close to those in Equation 15, indicating that the monodisperse and binary systems have the similar scale-up behaviors of the average particle velocities. A very agreement is obtained between the predictions by Equation 19 and the DEM results, as shown in Figure 11b.
4.3 Contact forces on the particles
As shown in Figure 12a, the average contact force increases with increasing scale-up ratio α at smaller Froude numbers of Fr = 0.05 and 0.1007, while it changes nonmonotonically with α at larger Froude numbers of Fr = 0.50 and 1.10. The interlocking structures are more likely formed in smaller drums (having smaller α) due to space constraint. Thus, larger contact forces are obtained with α = 1 for Fr = 0.50 and 1.10. The increase of the contact force with increasing α is attributed to the increase in the average particle velocity for α> 1.3. Fitting to the data of Figure 12 gives the power law correlation for the dimensionless contact force Favg* (=Favg/ρgdp3),
Favg*=Favgρgdp3=35.94 Fr0.2231α0.1117.(20)
[image: Panel (a) shows a line graph of average contact force as a function of scale-up ratio for different Froude numbers (Fr). Lines represent Fr values of 0.05, 0.1007, 0.50, and 1.10. Panel (b) displays a scatter plot comparing fitted average force with DEM simulated average force, indicating a correlation along a diagonal line. Data points are colored by Fr values.]FIGURE 12 | (a) Average contact force versus scale-up ratio α for various Froude numbers and (b) a comparison of the scale-up correlation of the average contact force and the DEM results for the binary mixtures.Some predictions of the average contact forces by Equation 20 show significant deviations from the DEM results (Figure 12b), as the deviations originate from the non-monotonic changes of the contact force with increasing scale-up ratio at the high Froude numbers.
4.4 Mixing performance
In the binary mixtures, the longer particles with AR = 5 are colored in red and the shorter particles with AR = 2 in blue. The flow and mixing processes of the binary mixtures in the four different drums are shown in Figure 13. From the perspective of the radial view (the view direction parallel to the axis of the cylindrical drum), similar piling and mixture patterns are observed in the four drums. From the axial view (the view direction perpendicular to the axis of the cylindrical drum), the mixing is uniform in the axial direction of the Drum B, and such uniform mixing in the axial direction is observed in all the four drums. The radial and angular mixing is dominant in the present rotating drums.
[image: Simulations of particle flow in drums A, B (radial and axial views), C, and D over time intervals of 2, 5, 10, 30, and 40 seconds. Each row represents a different drum or view, showing particle movement and distribution changes in red and blue on a gray background.]FIGURE 13 | Snapshots of temporal evolution of mixing patterns of binary mixtures in different drums at Fr = 0.05.In the circulating flows of the binary mixtures, the Lacey mixing index L increases over time before it reaches and fluctuates around an upper limit, as shown in Figure 14. The time duration required to achieve the upper limit decreases with increasing Froude number Fr. It is also observed that the upper limit of L increases with Fr for the binary mixtures (Figure 14), which is different from the monodisperse systems for which the upper limit of L is independent on Fr (Figure 8). The eventual mixing index L of the monodisperse particles is very close to 1, while the eventual L of the binary mixtures at Fr = 0.05 is only about 0.8. Thus, the particle size difference in the binary mixtures prevents the mixing of the two particle components, and the mixing can be improved by increasing Fr (i.e. rotational speed for a given drum).
[image: Graphs depict the Lacey Mixing Index over time for Drums A and D, with four frequency (Fr) values: 0.05, 0.1007, 0.50, and 1.10. Insets show mixing patterns and R values for each frequency.]FIGURE 14 | Time evolution of Lacey mixing index L at various Froude numbers Fr for the binary mixtures in (a) Drum A and (b) Drum D. The inset images show the mixed particle patterns at t = 40 s and the mixing rates R for the four Froude numbers.Like the monodisperse particles (Figure 9a), for the binary mixtures (Figure 15a), the mixing rate R is nearly independent on the scale-up ratio α at lower values of Froude numbers (Fr = 0.05 ∼ 0.5) while R decreases with α at the larger value of Fr = 1.10. By fitting to the data of Figure 15a, the scale-up correlation of the dimensionless mixing rate R* (=Rdp/g) in terms of the Froude number Fr and scale-up ratio in Figure 15b α can be written in a power law relationship,
R*=0.0087 Fr0.1687α−0.1115.(21)
[image: Chart (a) shows the mixing rate (R) versus scale-up ratio (α) with four Fr values: 0.05, 0.1007, 0.50, and 1.10. The lines indicate different trends in mixing rates across scale-up ratios. Chart (b) is a scatter plot comparing DEM simulated mixing rate (R*) and fitted mixing rate (R*), displaying a correlation for the same Fr values with a line indicating fit quality.]FIGURE 15 | (a) Mixing rate versus scale-up ratio α for various Froude numbers and (b) a comparison of the scale-up correlation of the mixing rate and the DEM results for the binary mixtures.Compared to the correlation of the monodisperse system (Equation 18), the magnitude of the exponent above α in Equation 21 is much larger than that in Equation 18. Hence, the mixing rate of the binary mixtures R has a stronger dependence on the scale-up ratio α than the monodisperse systems.
5 CONCLUSION
In this work, flow and mixing of elongated particles in rotating drums is numerically investigated using the Discrete Element Method (DEM). The scale-up behaviors of dynamic angle of repose, particle velocity, contact force, and mixing ratio have been examined by adopting four drums of different sizes. Similarities and differences in the dynamics, mixing, and scale-up rules between monodisperse and binary particle systems are discussed. Some conclusions are drawn as follows.
	• The dynamic angle of repose is determined mainly by Froude number Fr while it is insensitive to scale-up ratio α for both the monodisperse and binary systems of elongated particles.
	• The scaling correlations based on Fr and α are significantly different between the spherical particles and elongated rod-like particles, indicating that particle shape has an impact on the scaling behavior.
	• Average particle velocity increases as Froude number Fr and/or scale-up ratio α increase for both the monodisperse and binary systems, due to the increase in the boundary velocity of the drum.
	• With increasing scale-up ratio α, the average contact force increases for the monodisperse systems while it changes non-monotonically at large Froude numbers for the binary systems.
	• The mixing rate of the particles is significantly promoted by increasing Fr. The mixing rate maintains constant at small Fr and it decreases slowly with increasing α at large Fr, as it takes longer time for the particles to travel a longer distance to mix well globally in larger drums.
	• The mixing index eventually achieves the same high level at various Froude numbers Fr for the monodisperse systems, while the final mixing indices are smaller at smaller Fr for the binary systems. In addition, it found that the mixing rate of the binary mixtures has a stronger dependence on the scale-up ratio α than the monodisperse systems.

This work provides some new results and primary insights on scale-up behaviors of flow and mixing of elongated particles. It is expected to be useful in the design of handling of non-spherical particles in rotating drums. In order to achieve a more comprehensive understanding of the scale-up rules, much larger scale-up ratios should be considered in the future work.
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