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The wiener index of the
zero-divisor graph for a new
class of residue class rings

Yinhu Wei and Ricai Luo*

School of Mathematics and Physics, Hechi University, Yizhou, China

The zero-divisor graph of a commutative ring R, denoted by T(R), is a graph
whose two distinct vertices x and y are joined by an edge if and only if xy = 0 or
yx = 0. The main problem of the study of graphs defined on algebraic structure
is to recognize finite rings through the properties of various graphs defined on it.
The main objective of this article is to study the Wiener index of zero-divisor
graph and compressed zero-divisor graph of the ring of integer modulo p*q* for
all distinct primes p, g and s,t € N. We study the structure of these graphs by
dividing the vertex set. Furthermore, a formula for the Wiener index of zero-
divisor graph of I'(R), and a formula for the Wiener index of associated
compressed zero-divisor graph I'e(R) are derived for R = Zpsqt.

KEYWORDS

wiener index, zero-divisor graphs, compressed zero-divisor graph, residue class rings,
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Introduction

The study of graphs defined on algebraic structures has been an active topic of
research in the last few decades. The main question in the area is to recognize finite
rings through the properties of various graphs defined on it. The notion of the zero-
divisor graph of a commutative ring was introduced by I. Beck in (Beck, 1988), where
he considered the set of zero divisors including zero and introduced the concepts
such as diameter, grith and clique number of a zero divisor graph. Then later on in
(Anderson and Livingston, 1999), Anderson and Livingston changed the vertex set of
the zero-divisor graph, they considered only the vertices of the non-zero zero-
divisors. For more details, one may see the survey (Singh and Bhat, 2020) and the
references therein for the vast literature on the study of zero-divisor graphs.

The Wiener index is one of the important graph indices, and has a variety of
applications in pharmaceutical science and in the structure of nanotubes. For results
and applications of Wiener index, see (Devillers and Balaban, 1999; Dobrynin et al.,
2001; Dehmer and Emmert-Streib, 2014; Dobrynin and Iranmanesh, 2020). There
are some works of the Wiener index were done for the ring of integers modulo #. Let
us review some of the work done on the topological indices of the zero-divisor
graphs. Let p, g be distinct prime numbers. Ahmadi et al. (Ahmadi and Nezhad,
2011) in 2011 has provided an algorithm to determining the Wiener index of Z, for
n=p° pq.In 2018, Mohammad et al. (Mohammad and Authman, 2018) has extended
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the result by determining the Wiener index of a zero-divisor
graph of I'(Z,) for n = p™ and p™q, where m € Z and m > 2
using the Hosoya polynomial. Pirzada et al. (Pirzada et al,
2020) in 2020 determined the Wiener index of a zero-divisor
graph and a compressed zero-divisor of Zy» for m € N. In
(Asir and Rabikka, 2021), recently a constructed method to
calculate the Wiener index of zero-divisor graph of Z,, for any
positive integer n is determined. The authors of (Asir and
Rabikka, 2021) calculated the complete formula through
restrict n as product of distinct primes and the remaining
cases. In 2022, Selvakumar et al. (Selvakumar et al., 2022)
visualized the zero-divisor graph T(R) as a generalized
composition of suitable choices of graphs and derived a
formula for the Wiener index of the graph I'(Z,).

In this paper, we are interested in the parameter Wiener index
of graphs for the rings of integers modulo p’q’. Although the
formulas in the general case for the rings of Z,, have been obtained
in literatures (Asir and Rabikka, 2021) and (Selvakumar et al.,
2022), compared with their results, our formula is more direct and
convenient for calculation the Wiener index W (I’ (Z s )). We also
get the formula for compressed zero-divisor graph.

Preliminaries

Throughout this paper we assume that R denotes a
commutative ring with identity, Z(R) be its set of zero-
divisors, the (nonempty) set of nonzero zero-divisors and
unit elements denoted by Z(R)* and U(R). We use Z to note
the ring of integers.

Definition 1. Let G be a graph and let u and v be two vertices of
G. The distance between u and v, denoted by dg(u, v), is defined to
be the length of the shortest path between u and v. The Wiener
index of the graph G, denoted by W(G), is defined to be the sum of
all distanced between any two vertices of G.

Let d;(v) denote the sum of distances of the vertex v from all
the vertices of G, then the Wiener index can be redefined as

W(G) = % Y de(v).

veV (G)

Let R be an arbitrary finite commutative ring with unity. We
define an equivalence relation ~ on Z(R)* as follows. For x, y €
Z(R)*, define x ~ y if and only if ann(x) = ann(y) where ann(x) =
{r € R|rx = 0}. We call these classes the equiv-annihilator classes
of the zero-divisor graph I'(R).

We write d (x, y) to denote the distance between x and y in
Z(R)*, and write x ~ y to denote x and y are adjacent, otherwise
x = y. Let U, V be subsets of the vertex of I'(R), the U « V shall
denote that each vertex of U is adjacent to every vertex of V, and
U «» V denotes that no vertex of U is adjacent to every vertex of V.

The so-called compressed zero-divisor graph of a ring was
first defined by the Spiroff et al. in (Spiroff and Wickham, 2011).
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Definition 2. For a commutative ring R with 1 # 0, a compressed
zero-divisor graph of a ring R is the undirected graph T'g(R) with
vertex set Z(Rg) — [0] = Ry — {[0], [1]} defined by R = {[x]|x € R},
where [x] = {y € Rlann(x) = ann(y)} and two distinct vertices [x]
and [y] are adjacent if and only if [x][y] = [0] = [xy], that is, if and
only if xy = 0.

In what follows, we use the graph-theoretic notions from
(Douglas, 2001).

Main results

In this section, we first give a structure of R = Z sy using the
method of equivalence classification.
Let p, g be distinct prime numbers and s, t € N, the vertex set

of R = Zpsq be divided into disjoint subsets Vi, ..., Vij, .., Vi,
where
(kp'q’ € Zlptk and g4k} if i<sand j<t
Viij=1 {kp'q' € Z,|ptk} ifi<sand j=t (1)
(kp'q € Z,lq+k} ifi=sand j<t.
We noted that Vi =& and Vo ZEZ(Zpy)*. For the

convenience of presentation, we always assumes that Voo and V;
are empty sets in the following, unless otherwise specified. Therefore

V(r(ze) = U (

0<i<s

U Vij>~

O<jst

Example 1. Consider the ring R = Zyy3. The vertex set of
F(Zzzx3z) is
V(F(Zl2x32)) = VOI U VOZ U Vl[) U Vll U VIZ U VZO U VZI

={3,15,21,33} | {9,27} U {2, 10, 14,22, 26, 34}
U 16,30} U {18} U {4,8,16,20,28, 32} | {12, 24}.

It is not difficult to see that Vj; be the equiv-annihilator
classes of I'(Zysq ), where0<i<sand0<j<t.Ifi<sandj<t, for
any x, y € V. Let z € ann(x), then z = k'p*q'7. So yz = (kp'q))
(k'p™'q"7) = kk'p°q’, that is, z € ann(y). If i < s and j = ¢, for any x,
y € Vi Let z € ann(x), then z = k'p*". So yz = (kp'q") (K'p™) =
kk'p*q', thatis, z € ann(y). Ifi=sand j < t,forany x, y € V;;. Let z €
ann(x), then z = k'q"7. So yz = (kp*q) (K'q"7) = kk'p*q/, that is, z €
ann(y). Thus ann(x) = ann(y) for any x, y € Vj;.

Next, we prove some elementary properties of the vertex
subsets V;.
Lemma 1. For distinct prime numbers p, q, let n = p*q' for some
s,t € Nand Vj; be the equiv-annihilator classes of T (Z,,) where 0 <
i<sand 0 <j<t Then

(p-Dp " (g-1g ! ifi#sand j#t
) Vijl =1 (@-Dg7! ifi=s
(p-1Dpt if j=t.

2)
Vi Vypifand only if i + i’ > sand j +j > t.

frontiersin.org
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Proof. (1) we consider the following cases.

Case 1: i # sand j # t.

Let S; be the set of all the elements that can be divisible by p'q’
in Z,. By the inclusion-exclusion principle,

|Vij| = |Sij| - |PSij| - |qSij| + |Pq5ij|-

Note that |S;| = |{kp'q/|0 < k < p™'q"7}| = p*q"7. Since
IpSil = {kp™'q/l0<k<p™'q 7} = p'q"
laSijl = 1{kp'q™ 0k < p™'q 7}l = p™iq""!

And

s—i-1

|qusj| — |{kpi+1qj+llosk<ps—i—1qr—j—1}| =p qt_j_l-

Then

|Vt]| — psfiqtfj _fj;iflqtfj _t{)s:ilqtfjfl + psfiflqtfjfl
=(p-1p " (g-1)q"

Case 2: i = s.

Since
IS,j1 = l{kp*q’l0<k<q' and q+k}|
Then
ol =47 4 = (g- ).
Case 3:j = t.
Since
IS¢l = {kp'q'l0< k< p* and ptk}|
Then
Sl = p =9 = (p- 1),
() Letx=kyp'q € Vi, y=kpyp"q" € Vyp. Ifi+i' 2sandj+j >

t, then
xy = kigkyp p™' @7 = ki p* g/ " = 0 (mod).

So x is adjacent to y.

Conversely, suppose V;; & Vi If i+ i <sorj+j <t We
have xy = kykypp™'¢"" can’t be a multiple of n, a
contradiction.

The following result characterized the distance between the
equiv-annihilator classes.

Proposition 1. For distinct prime numbers p, q, let
X,y € V(I'(Zpsq)) for some s,t € N. Then d(x, y) = 1, 2 or 3.

Frontiers in Chemistry

10.3389/fchem.2022.985001

Proof. Let Vi, Vig, =+, Vi1, Vo1, be the equiv-annihilator
classes of T'(Zpsq), where V;; defined by (1). For x € V;;, and
y €V, where 0 < iy, i <sand 0 < jy, j, < t.

Ifiy + i, > sand j; +j, > s, thenx ~ yand d (x, y) = 1 by lemma
1. So we only need to consider the cases of i + i, <sorj; +j, <s
in the following, that is, x » y. Without loss of generality,we may
assume that i; + i, < s. Consider the following cases.

Case 1: 0 < iy, i) < s.

Leti=s—min{iy, i,},j=t. Wehave i, +i>sandj; +j >t also
i+iy>sandj+j, >t Then V;; < V;; & V. Hence, d (x,
=2

Case 2: i, = 0 and i, = 0.

Leti=s,j=t—min{j;, jo}. Wehave i; +i>sandj; +j >t also
i+i2sandj+ j, >t Then V;; & Vi; & V,,;. Hence, d
(x, y) = 2.

Case 3: i; = 0 and i, # 0. Consider the following subcases.

Subcase3.1: If j, =0. Let i =s,iy =5 — is, js =t —j,and j, = t.
We have

ii+iz=S8 lh+ig=s, is+ig=s+(s—1)>s
And
jitjs=t jotja=t jatja=(t—ji1)+t>t.

Thus Viljl > Vi3j3 Rd Vi4j4 Ad V,‘ij.
Since
i] +i4 =0+ (S_i2)<5, j3+j2 = (t—j1)+0<t,
Then V; j «»V;,;, and Vi j, <>V, ;,. Therefore, d (x, y) = 3.

Subcase3.2: If j, # 0. Let i = s and j = t — min{jj, j»}. We
have

ip+i=s, ji+j>t
And
itiy>s, j+ >t

Thus Vj ;, © Vij & Vi,j,. Therefore, d (x, y) = 2.

Case 4: i; # 0 and i, = 0. A similar argument as in Case
3 shows that d (x, y) = 2 or 3.

We have already shown that in any case, d (x, y) = 1, 2 or 3.

Now, we can calculate the Wiener index of T'(Zpsg).

Theorem 1. For distinct prime numbers p, g, and some s,t € N.
The Wiener index
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“71 By Lemma 1, d (x, ) = 1. Then

W(I(Zog)) = Y SVAI(Vil-1)+ Y Y ) =Ivilvigl

i=0 i x€Vij yev,.,j,

|

M-

I}
o

Case 4: 0<i+i <sor0<j+j <t

ol

I
.
R
|
—_—
|

X |Vij|(|Vij| - 1) - Subcase 4.1: i = 0 and j' = 0.
=0 i=0 In this case, we have d (x, y) = 3. Hence
IV%‘|71 s Z Z d(X,y) = 3|V1]||V,’]’|
X |Vx] (|V1]| - 1) + Z x€Vij yeVy
=0
":M Subcase 4.2: i/ = 0 and j = 0.
In this case, d (x, y) = 3. Hence
Zt: |Vij|(|vij|_1)+zi Y
2 Y Y d(xy) =3IVilvigl.
f:[%] xeVij yeViy
t ! st Subcase 4.3: If i, j/ are not both equal to 0, and 7', j are not
* z Vsl ( Z Vil Z z |V"’j,|) both equal to 0.
Jj=0 j'=j+1 i'=i+l j'=0

In this case, d (x, y) = 2. Hence

-1

- 25: Z|Vij| ( Z }lVij’|>_‘ Z Z d(x,y)=2[VilIVipl.

. |':‘| j=0 ":max{tfj,jﬂ i x€Vij yeVyy
i=|3

x§|vi,-|< Z ZIV,,I) +

i'=max{s—ii+1} j'=t—j

“

JIi
o

In conclusion, the Weiner index is

W(I(Zpg) = Z i

-

Jj=0

X Y IVoillViol = IValVa A
i'=0 !
. X Z < z Z d(x, y)>
where (p-Dp~q-1g 7" ifitsand j#t Pi'=0 \*€Viy y€Viy
[Vijl = 4 (g-1q"~ ]41 ifi=s . ,
(p-1p! if j=t H*l : s 7 -
Proof. Let n = p'q', we have Voi, Vig, .. Viorp Ver is the > 2 WVil(vil-1)+ Y Vil(IVil = 1)
partition of V(T (Z:;)) ;where V; defined by (1). For any two o o
different elements x, y in Vj;. By the proof of Proposition 1, there [7“ 1 [%“ o
. S
are the followmg casses. . _ Vil (|Vij| _ 1) + Z
Case 1: 0<i<[5]-1lor0<j<[5]-1. i=0 =0
In this case, we have d (x, y) = 2. Then t:[%w

Wy Wy « i |V,]|(|V,J| ) i

Z d(x,y) = Z d(x1, xx) + Z d (g, x) + o0 + d(x\V,,I—l’x\ijI)

x,y€Vij J:|—%~|
_2(|vij|- 1)+z(|v,-j|_ )+ 42
=|Vil(IVijl = 1). . ; o
J( j ) levijl ( Z |V,-jr|+ Z Z|Vi/j,|>
j=0 j=j+ i'=i+l j'=0

Case 2: [§]<i<sand [§]<j<t.
t

hi ,d (x,y) = 1. Th y s
In this case, d (x, y) = 1. Then Z Zt:|vl]| ( Z |Vij/|)—z

o Vil i:[i'l j=0 j=max{t-j,j+1}
Y d(xy) = Z d (31, xx) + Z d(x50) + -+ d(xy, 1o, Xy, ;

©y<Viy t s t t
:(|v,-,-| -1)+ (|v,,-| —2)+ 1 Xy |v,-]-|< > |v,.,].,|) +y
B |Vij|(|vij| - 1) j=0 i'=max{s-iji+1} j'=t-j j=0
2 s
X Z |V0j”Vi’0| = Vol Vol
Let x and y be the elements in the two different equiv-annihilator i'=0
classes, V;; and Vr]r, respectlvely Consider the following cases.
Case3:i+i >sandj+j >t Therefore the result holds, by Lemma 1.
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FIGURE 1
the compressed zero-divisor graph T'e (Zj2y33).

The following Table gives the exact value of W (I'(%Z,)) for
n=23 wherel <s<3and1<t<3.

The compressed zero-divisor graph of Zjy can be
obtained by treating the set V;, 0 < i <s, 0<j<tasa
single vertex. To illustrate, let’s give an example in the
following.

Example 2. Consider the ring R = Zyy3s, the vertex set of
[ (Zyy33) is divided into 10 sets Voi, Voz, Vos, Vie Vi Vi
Vis, Voo, Va1, Vao. Then the associated compressed zero-divisor
graph Tp (Zyyss) is shown in Figure 1.

Before proving the next result we need the following lemma.

Lemma 2. For distinct prime numbers p, q, let n = p°q’ for some
s,t € Nand G =T (Z,) be the compressed zero-divisor graph of
Zy. Then

1) V(G) ={Vyl0<i<s 0<j<t}.
2(s+1)(t+1)+s—j-6 ifi=0and0<j<t
2(s+1)(t+1)+s—t-7 ifi=0and j=t
2(s+1)(t+1)+t—i—6 if O<i<tand j=0

@) de(ViD=q 5 (1 1) (t+1)+t-5-7

ifi=sand j=0
2s+1) (E+1)= (i+1) (j+1)—4 ifizm andjz[g‘

2(s+1)(t+1)—(i+1) (j+1)-5 otherwise.
Proof. (1) Note that

Z(Zy)" ={up'q’ € Znlu € U(Z,) and (i, j) # (0,0), (s, )},

where U (Z,) be the units set of Z,,.
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Let x = w,p'q/, y =up' g/ € Z(Z,)", such that ann(x) =
ann(y). Assume that (i, j) # (i', j'). Without loss of generality, we
may let i < i'. There are the following cases.

Case 1: i < i’ <s.

s—il

Since z = up”q' € ann(y). But xz = wup™"*'qg" is not
divisible by 1, a contradiction. therefore, (i, j) = (i', j') and [x] =
] = Vi

Case 2: i <s<i.

Since z = up*'q" € ann(y). But xz = u,up*'q"" is not divisible
by n, a contradiction. therefore, (i, j) = (i',j) and [x] = [y] = V};.

Case 3:s<i<i.

In this case, we have j < tand j' < . If j # j/, then z = ug™"
U590 € ann(x) or z = ug™™" 9" € ann(y) but not both. A
contradiction. therefore, j = j' and [x] = [y] = V.

Then the result is holds.

(2) Let dé (Vij) denote the sum of distances of the vertex Vj;
from the vertices of G with a distance of k, where k = 1, 2 or
3 by Proposition 1. Then

There are the following cases.

Casel:i=0and 0 <j<t.

By Lemma 1 there are Vj; & V;; ifand only if i + i ">sandj+
j > t.So in this case dg; (V;;) = jbecause i’ =sandj' =t-1,...,
t — j. By the proof of Proposition 1, d (Vy;, Vi) = 3 if and only if
i'=1,2,...,sandj =0. So d3G (Vij) = 3s. therefore

a(Viy) =21V )1 - di(Vi) - 3a(Vis) - Voo Vi Vi)
=2((s+1)(+1)—j-s=3).

Hence, dg (Vi) =2 (s +1) (t+1) +s—j - 6.

Case2:i=0andj="t

Ascase 1,dg; (V;j) = t because i’ =sandj' =t—1,t-2,...,0.
Since d (Vi Viy) =3 ifand only if i = 1,2, ...,s — 1 andj' = 0.
Then dé (Vij) = 3(s — 1). Therefore

&(Viy) = 2(1V (G- di(V) = 385(Vis) = Voo Vi Vi)
=2((s+1)(t+1)—-t—-(s—1)=3).

Hence, dg (Vi) =2 (s +1) (t+1) +s—t—7.

Case3: 0 <i<sandj=0.

A similar argument as in Case 1 shows that, d; (V) =2 (s + 1)
t+1)+t—i-6.

Case 4:i=sandj=0.

A similar argument as in Case 2 shows that, dg (V) =2 (s + 1)
t+1D)+t—-s-7.

Case 5: 0<i<[i]-1landj# 0,0or0<j<[5]-1andi#0.

Sinced (Vj, Vyy) =1ifandonlyifi' =s,s— 1,..,s—iandj =
tit—1,...,t—jexcept Vi Sodg (Vi) = (i+1)(j+1) - 1. In
this case, d3G (Vij) = 0. Therefore
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TABLE 1 The Wiener index of ' (Z,) for n = 253,

Lin 2x3 2> x 3 2°x3 2 x 3%
W (T(Zy,)) 4 38 210 109

) _ 1d3( ) - |{V00, Vij»Vst}l)
((1+1)(]+1)—1) 3)

(|V(G)|
=2((s+D(+1)

Hence, dg (Vi) =2 (s+ 1) (t+1) - (i + 1) (j+1) -5

Case 6: i>[3] and j>[L].

Sinced (Vj, Vyy) =lifand onlyifi’' =s,s—1,..,s—iandj =
tt—=1,...,t—jexcept Vg, Vi Sod1 (Vi) = (i+1)(j+1)-2.In
this case, dé (Vij) = 0. Therefore

dg(Viy) = 2(|V(G)| —dg(Viy) - %dg(v,-j) Voo, Vi Ve }|>
=2((s+ D)+ - (G+D(j+1)-2)-3)

Hence, dg (Vi) =2 (s+ 1) (t+1) - (i +1) G+ 1) -4
This completes the proof of the lemma.

Remark 1. From the above lemma, it can be easily
seen that the cardinalities of the vertex set of G, that is, |
VG| =(s+1) (t+1) = 2. S0 |V(Zyys3)l =10 as shown in
Example 1.

The following theorem gives the Wiener index of I'y (Zpsq).

Theorem 2. For distinct prime numbers p, g, and some s, t € N.
The Wiener index of the compressed zero-divisor graph
F(ZPSqt) is

W(re(Zpy)) =

%(2(s+1)(t+1)(s+t+st)

—%s(s+ 1) —%t(t+ 1)
_s(s+3)t(t+3)

e DI IR

—7(s+t)+1).

Proof. Let n = p’q’, and G =T (Z,,). we have Vi, Vi, ...,
Vii6 Vseq are all the vertices of G by Lemma 2, where Vj;
defined by (1). Then
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2% x 37 2% x 32 2x3? 27 x 3° 2% x 3?
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1 i=1 i=1

W(G) (Zdb(voj) + Y do (Vi) +
=l t2(s+1)(t+1)+s—‘—6+5[2(s+1)(t+1)+t—i—6]—
S 2L j=6]

j=1 i=1

s

D i 1-[G+1)(j+1)-4]

Sl

=%<2(s+1)(t+1)(s+t+st)—%s(s+1)—%t(t+1)—%—45t

(o[t [ 1) -7 e)

+i 2[2(s+1)(t+1)—(i+1)(j+1)—5]+
)

i=1 j

Example 3. Consider the ring R = Zy 3. The Wiener index of
the compressed zero-divisor graph Ty (Zyy3») is

W (T (Zypy3)) = 78

By Theorem 2.

Conclusion

In this paper, we have described the structure of the graph
['(Zysxq) for all distinct primes p, q and s, € N by partition of
the vertex set. Consider the partition of the vertex set into the
subsets Vo1, Vigs - - Vip = s Vo1, Vip as seen (1). Then Vj; <
Vi ifand onlyifi+i' > sandj+j' > t. Based on this structure, we
proved that the distance of two vertices of I'(Z psx4) are contained
in the set {1, 2, 3}, and derived an explicit formula for Wiener
index of the graph in Theorem 1 using the basic counting
principles.

In addition, we run the formula obtained through MATLAB
software and get the data in Table 1. Then, we studied the
structure of the compressed zero-factor graph of Z,y by
treating the set Vj; as a single vertex of the compressed zero-
divisor graph T'g (ZP. ¢)- We showed that the degree of vertex Vj;
generally includes six cases, with the number of the vertices of the
graph be (s + 1) (¢ + 1) — 2. Finally we derive the corresponding
formula for Wiener index W (I'g(Zyq)) in Theorem 2. Of
course, we can also implement it in software if needed.
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