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Covalent organic frameworks are a novel class of porous polymers, notable for their crystalline structure, intricate frameworks, defined pore sizes, and capacity for structural design, synthetic control, and functional customization. This paper provides a comprehensive analysis of graph entropies and hybrid topological descriptors, derived from geometric, harmonic, and Zagreb indices. These descriptors are applied to study two variations of Marta covalent organic frameworks based on contorted hexabenzocoronenes. We also conduct a comparative analysis using scaled entropies, offering refined tools for assessing the intrinsic topologies of these networks. Additionally, these hybrid descriptors are used to develop statistical models for predicting graph energy in higher-dimensional Marta-COFs.
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1 INTRODUCTION
Reticular chemistry connects organic building blocks through strong covalent bonds, which have the capacity to regulate the pore sizes of frameworks by preserving their fundamental topology and varying the lengths of organic linkers, thus paving the way for the emergence of multiple classes of crystalline porous materials (Yaghi, 2016; Yaghi, 2019). Reticulated materials can be classified as metal organic frameworks (MOFs), created by the combination of organic linkers and metal atoms, and covalent organic frameworks (COFs), composed only of organic linkers (Gropp et al., 2020). COFs have drawn particular attention from researchers due to their regular pattern of organic building blocks, which allows for the creation of crystalline structures with extensive surface areas, stability, and customizable pores (El-Kaderi et al., 2007). COFs possess potential applicatiions in separation (Fan et al., 2023), luminescence (Haug et al., 2020), biomedicine (Shi et al., 2023), energy conversion (Sun et al., 2023), environmental remediation (Hou et al., 2023), seawater desalination (Jrad et al., 2023), photocatalysis (Gong et al., 2023), and electrocatalysis (Zhang et al., 2021). The COFs have predetermined structures based on their building blocks, allowing for highly ordered geometries (Huang et al., 2016; Chen et al., 2014). Their covalently crystalline structure gives them advantages over other porous materials such as molecular sieves, MOFs and zeolites (Yang et al., 2019; Jiao et al., 2019; Algieri and Drioli, 2021).
Covalent bonds within COFs can arise from a diverse range of functional groups. The methods for forming these bonds can be broadly classified into several categories, including boroxine-linked, boronate ester-linked, triazine-linked, imine-linked, hydrazone-linked, [image: image]-ketoenamine-linked, azine-linked, imide-linked, carbon-carbon linked, and others (Wang et al., 2020; Geng et al., 2020). Boronate ester based COFs represent a category of crystalline, porous polymers characterized by layer-stacked structures, which are formed through reversible covalent interactions between boronic acid and catechol. The initial reported methods for COF formation involved the self-condensation of boronic acids into boroxine rings and the co-condensation of boronic acids with catechols to form boronic esters. This bond type stands out as one of the most frequently observed COF formation, with COF-5 being an early example falling within this category (Cot̂é et al., 2005; Li et al., 2018). Since then the varieties of COFs featuring boron, have gained significant attention primarily due to their exceptional thermal stability (Kuhn et al., 2008).
The COFs considered in this study are made up of polycyclic aromatic hydrocarbons (PAHs) with contorted hexabenzocoronene (c-HBC) serving as the core component for constructing the two Marta-COFs. The c-HBC adopts a doubly-concave structure, which sets it apart from the planar hexabenzocoronene. Its formation occurs when the aromatic core of HBC is distorted away from planarity due to steric congestion in its proximal carbon atoms. Structurally, c-HBC is the building block composed of six benzene rings attached to the periphery of a coronene molecule (Sepúlveda et al., 2017; Kim et al., 2022). The c-HBC unit, as shown in Figure 1, when copolymerized with pyrene-2,7-diboronic acid (PDBA), results in the formation of a highly crystalline two-dimensional COF known as Marta-COF-1 (Abadía et al., 2019). Notably, the c-HBC nodes and the PDBA display substantial [image: image]-areas and extensive [image: image]-stacking within the resulting COF. In response to this, a comparable COF labeled Marta-COF-2 has been created, synthesized and investigated with the substitution of pyrene-2,7-diboronic acid by benzene-1,4-diboronic acid (BDBA) (Abadía et al., 2021). As depicted in Figure 2, graphical diagram representations of the two COF frameworks, Marta-COF-1 and Marta-COF-2, are illustrated to highlight their distinctive arrangements.
[image: Figure 1]FIGURE 1 | Contorted hexabenzocoronene (c-HBC).
[image: Figure 2]FIGURE 2 | The unit cell structures of (A) Marta-COF-1 (B) Marta-COF-2.
The two variations of highly crystalline Marta COFs can be evaluated through quantitative parameters called the topological descriptors that convert various structural attributes of the frameworks into measurable quantities. These quantifying functionals are essential for representing the molecular frameworks and are useful for QSPR and QSAR analyses (Jafari et al., 2024; Patil et al., 2024; Nath et al., 2023; Hayat et al., 2023). The incorporation of topological descriptors and graph-derived metrics in QSAR/QSPR studies has been extensively used in the domain of computational and material sciences. This amalgamation has provided robust tools for predicting structural behaviors and designing new materials with desired properties or functionalities. These approaches enable researchers to explore numerous applications, including drug discovery, material optimization, and the development of materials that can be tailored for specific applications or objectives (Balasubramanian and Saxena, 2021; Balasubramanian, 2022; Arockiaraj et al., 2023a; Hasani and Ghods, 2024; Abubakar et al., 2024; Meharban et al., 2024; Ullah et al., 2024; Shanmukha et al., 2023a; Gnanaraja et al., 2023; Zhang et al., 2023; Hassan et al., 2024).
The graph entropy measure enables the evaluation of the inherent complexity and diversity of COFs. This measure provides valuable insights into the arrangement and functioning of COF structures by associating fundamental graph components with appropriate weights (Junias and Clement, 2023; Arockiaraj et al., 2024a; Chu et al., 2023; Roy et al., 2023; Zhao et al., 2023; Lal et al., 2024). The applications of graph entropy continue to expand its relevance and significance across diverse domains due to its adaptable nature that surpasses disciplinary boundaries and facilitates the analysis of complex systems (Arockiaraj et al., 2023b; Junias et al., 2024; Huang et al., 2024). In recent years, there has been significant interest in the computation of topological expressions and entropies for COFs (Yang et al., 2024; Arockiaraj et al., 2023c; Augustine and Roy, 2022; Shanmukha et al., 2023b; Arockiaraj et al., 2024b). In this study, we provide hybrid topological characterizations and entropies for two variations of Marta COFs and conduct a comparative analysis of the bond-wise entropy of these frameworks. Furthermore, we construct regression models to predict the graph energy of these frameworks based on the calculated topological indices.
2 COMPUTATIONAL METHODS
We consider the Marta-COF as a molecular graph where the sets [image: image] and [image: image] represent the atoms and bonds respectively. Our mathematical computation involves deriving topological descriptors and entropies, incorporating hybrid descriptors based on vertex degree and degree-sum parameters. The number of bonds incident to a vertex [image: image] is denoted as [image: image] which represents the degree of a vertex [image: image]. Additionally, the total sum of the degrees of all neighbors of vertex [image: image] is denoted as [image: image] which is defined as the degree-sum of vertex [image: image]. That is, [image: image] in which we used [image: image]. Let [image: image] and [image: image]. The total number of edges within Marta-COFs is classified into distinct edge classes based on symmetrical representations related to [image: image] and [image: image]. These edge classes are labeled as [image: image](Marta-COF) and [image: image](Marta-COF), respectively.
We now define the additive and multiplicative versions of topological descriptors related to the degree and degree-sum parameters of Marta-COF, involving the index function [image: image], as follows (Hakeem et al., 2023; Paul et al., 2023; Arockiaraj et al., 2022; Mondal et al., 2022; Arockiaraj et al., 2023d; Ramane et al., 2021; Yu et al., 2023; Zaman et al., 2023; Hassan et al., 2024):
[image: image]
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When the index function [image: image] is raised to its own power, the resulting versions of topological descriptors can take the following forms:
[image: image]
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[image: image]
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The index functions [image: image] are considered in our study, as stated below (Arockiaraj et al., 2024a; Arockiaraj et al., 2024b; Arockiaraj et al., 2023e; Arockiaraj et al., 2024c).
[image: image] [image: image] (Bi [image: image] Zagreb)
[image: image] [image: image] (Tri [image: image] Zagreb)
[image: image] [image: image] (Geometric [image: image] Harmonic)
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These index functions, combined with the edge classes based on [image: image] and [image: image], lead to the formation of topological descriptors. However, the representative element in the edge classes does not account for the specific types of atoms involved at their terminal points. Since three types of atoms are present in Marta covalent organic frameworks, which constitute the basis for Marta, it is important to distinguish between the atoms. Therefore, we involve weight functions that consider both the atoms and bonds, thereby enhancing the partitions based on [image: image] and [image: image]. The weight function for atoms will be denoted by the symbol [image: image], while [image: image] will represent the weight function for bonds. Particularly, [image: image] represents the weight assigned to atom B, while [image: image] denotes the weight function corresponding to the bond B[image: image]C. As a result, the edge classification of Marta-COFs will undergo additional refinement through the utilization of the bond weight function.
In employing Shannon’s entropy method, defining a structural information function on the bonds of Marta-COFs is necessary. In our study, we adopt the index function [image: image] derived from degree or degree-sum parameters of Marta-COFs corresponding to the structural information function. The entropy of Marta-COF structures using the structural information function [image: image] is defined on [image: image] and takes the following form.
[image: image]
In a series of papers (Arockiaraj et al., 2023c; Mushtaq et al., 2022; Raza et al., 2023), the significance and implications of substituting the multiplicative factor have been comprehensively explored concerning the scalar multiplicative index. This leads to the formulation of the modified version of entropy as presented below.
[image: image]
3 RESULTS AND DISCUSSION
In this section, the two types of Marta-COFs are analyzed, and their structural properties are compared using topological descriptors and entropies. We consider the geometrical configuration of bi-trapezium (BT) shaped arrangements of Marta-COFs, which yield diverse configurations of Marta-COF layers. These Marta-COF structures are constructed using the unit cells as shown in Figure 2, which are the fundamental building blocks.
The Marta-COF-BT[image: image] geometric formation is achieved by arranging [image: image] units linearly to form the base and [image: image] units to form the non-parallel sides, subject to the conditions [image: image] and [image: image]. By fixing [image: image] and [image: image] respectively, the hexagonal and parallelogram geometries are extracted from the BT configurations which are denoted by Marta-COF-H[image: image] and Marta-COF-P[image: image]. The linear chain of Marta-COFs is derived by setting [image: image] and is represented as Marta-COF-L[image: image]. The representations of hexagonal structures for two variations of Marta-COFs are depicted in Figures 3, 4.
[image: Figure 3]FIGURE 3 | Hexagonal Marta-COF-1 with dimension 2.
[image: Figure 4]FIGURE 4 | Hexagonal Marta-COF-2 with dimension 2.
Furthermore, the covalent organic framework Marta-COF-1-BT[image: image] is composed of [image: image] vertices and [image: image] edges, while Marta-COF-2-BT[image: image] comprises [image: image] vertices and [image: image] edges. We have computed diverse molecular descriptors of Marta COFs by calculating degree and degree-sum parameters and the distribution of bonds are shown in Tables 1, 2. The explicit mathematical expressions for these descriptors in Marta-COFs are derived by assigning unit weights to atoms and bonds.
TABLE 1 | Bond partitioning of Marta-COF-1-BT[image: image] and Marta-COF-2-BT[image: image] according to degree classes.
[image: Table 1]TABLE 2 | Bond partitioning of Marta-COF-1-BT[image: image] and Marta-COF-2-BT[image: image] according to degree-sum classes.
[image: Table 2]The degree based descriptors for Marta-COF-1-BT[image: image] are obtained for [image: image] using the following equation.
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In computing the degree-sum descriptors of Marta-COF-1-BT[image: image], we use
[image: image]
The resulting outcomes are given in the form, [image: image].
Result 1. The quantitative expressions for Marta-COF-1-BT[image: image] are given by
1. [image: image]
2.      [image: image]
3.  [image: image]
4.      [image: image]
5.      [image: image]
6.      [image: image]
7. [image: image]
8.     [image: image]
9.      [image: image]
10.      [image: image]
11.      [image: image]
12.    [image: image]
   The equations below generate the topological descriptors of Marta-COF-2-BT[image: image].
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Result 2. The quantitative expressions for Marta-COF-2-BT[image: image] are given by
1. [image: image]
2.      [image: image]
3.    [image: image]
4.     [image: image]
5.    [image: image]
6.   [image: image]
7.   [image: image]
8.      [image: image]
9.    [image: image]
10.   [image: image]
11.      [image: image]
12.      [image: image]
     To determine entropy values for the two variations of Marta-COFs, we use the quantitative expressions from the above derived results with the aid of scalar multiplicative self-powered descriptors. Let [image: image] and [image: image]. We denote [image: image] and [image: image]. Thus, the mathematical expressions representing Marta-COF-1 as self-powered descriptors are provided below.
1. [image: image]
2. [image: image]
Similarly for Marta-COF-2-BT[image: image], let [image: image] and [image: image]. We denote [image: image] and [image: image]. Then,
1. [image: image]
2. [image: image]
We are now ready to calculate the entropies of Marta-COFs using the provided mathematical expressions. Due to the complexity of these expressions, we determine the numerical values of Marta-COFs where the dimensions of the bi-trapezium configuration are set by BT[image: image]. The computed entropies are presented in Tables 3, 4. Comparing the various descriptors, the tri-Zagreb-harmonic consistently demonstrates higher entropy values across all configuration phases in both Marta-COFs.
The entropies calculated for Marta-COF-1 and Marta-COF-2 primarily depend on their total number of bonds, which is unequal due to the fixed dimensions of these COFs. To compare their entropies effectively and investigate structural characteristics like bond energy and stability, we employ a scaling process. We perform scaling for the hexagonal and parallelogram configurations of Marta-COFs between two variations by calculating the ratio of total degree entropies to the total number of bonds. Table 5 clearly shows that the bond-wise entropies of the Marta-COF-2 framework are consistently higher than those of Marta-COF-1 across all hexagonal and parallelogram configurations, as depicted in Figure 5. As a result, the Marta-COF-2 frameworks exhibit a higher degree of information disorder than the Marta-COF-1 frameworks.
TABLE 3 | Entropies calculated from degree/degree-sum parameters of Marta-COF-1-BT[image: image].
[image: Table 3]TABLE 4 | Entropies calculated from degree/degree-sum parameters of Marta-COF-2-BT[image: image].
[image: Table 4]TABLE 5 | Scaled entropy values for parallelogram and hexagonal configurations between Marta-COF-1 and Marta-COF-2.
[image: Table 5][image: Figure 5]FIGURE 5 | Bar diagrams of scaled entropies (A, B) Marta-COF-1-H[image: image] and Marta-COF-2-H[image: image], (C, D) Marta-COF-1-P[image: image] and Marta-COF-2-P.[image: image].
4 PREDICTION OF GRAPH ENERGY
A prominent application of spectral graph theory is its ability to relate graph spectrum to the molecular orbital energy levels of [image: image]-electrons in conjugated hydrocarbons (Graovac et al., 1975; Gutman and Furtula, 2017). The concept of total [image: image]-electron energy originated from Hückel molecular orbital theory, specifically for alternant hydrocarbons frameworks. In spectral graph theory, the [image: image]-electron energy is approximately proportional to the graph-based energy for alternant hydrocarbons; however, this does not hold for general frameworks. Nevertheless, this approach can be extended to graphs containing heteroatoms by treating them similarly to graphs composed of carbon atoms. Let [image: image] be a graph of order [image: image] with adjacency matrix [image: image]. The eigenvalues of [image: image] are denoted as [image: image], …,[image: image] constitute graph spectrum (Gutman, 1978; Kalaam et al., 2024). The graph energy [image: image], typically expressed in [image: image]-units, for a graph [image: image] is defined as the sum of the absolute values of its eigenvalues, as shown below.
[image: image]
Evaluating the graph energy of Marta covalent organic frameworks in higher-order dimensions [image: image] presents challenges in generating adjacency matrices and solving the associated problem. However, software like newGRAPH (Stevanović et al., 2021) is useful to some extent for addressing this issue in smaller-dimensional frameworks. Therefore, we compute the energy values for specific graph frameworks of [image: image] using the newGRAPH software, as shown in Table 6. Based on these values, we developed statistical models to predict the energy values for higher dimensions by consolidating data from various frameworks into a unified dataset.
TABLE 6 | Energy values for Marta-COF-1-BT[image: image] and Marta-COF-2-BT[image: image].
[image: Table 6]We conducted a correlation analysis to explore the relationship between topological descriptors and graph energy in two Marta-COFs. Next, we applied simple linear regression to examine the relationship between these two quantitative variables, providing a clear representation of the link between the predictor and the dependent variable. The proposed equation relating graph energy to topological descriptors is presented below.
[image: image]
where [image: image] and [image: image] are constants, and we also include the other statistical parameters such as standard error (Se) and the [image: image]-value.
Based on the correlation analysis, we identified the optimal predictive models for Marta-COF-1 and Marta-COF-2 based on degree descriptors. The geometric-bi-Zagreb index yielded a perfect correlation for both frameworks, with the lowest standard error (Se) and the highest [image: image] value. The linear regression equations derived from the geometric-bi-Zagreb index are presented below.
[image: image]
In the same way, the linear regression equations derived from degree-sum descriptors particularly the bi-Zagreb harmonic index for Marta-COF-1-BT[image: image] and the tri-Zagreb index for Marta-COF-2-BT[image: image] yield the most accurate predictive models, as shown below.
[image: image]
Using the regression equations mentioned above, we estimated the graph energy of Marta-COF-1 and Marta-COF-2 based on both degree and degree-sum descriptors in higher dimensions. The resulting predictions are presented in Tables 7, 8 and visually depicted in Figure 6. The predicted energy of Marta-COFs based on degree descriptors shows a perfect correlation compared to degree-sum descriptors, making these predictive models useful for estimating graph energy values in higher-dimensional Marta-COFs.
TABLE 7 | Comparison of predicted energy for Marta-COF-1 based on degree and degree-sum descriptors.
[image: Table 7]TABLE 8 | Comparison of predicted energy for Marta-COF-2 based on degree and degree-sum descriptors.
[image: Table 8][image: Figure 6]FIGURE 6 | Comparison of predicted graph energy based on degree/degree-sum (A, B) Marta-COF-1-BT[image: image] and (C, D) Marta-COF-2-BT.[image: image].
5 CONCLUSION
The mathematical expressions for topological descriptors have been formulated, and entropy quantities for two variations of Marta-COFs have been derived. A refined edge partition technique has been employed, involving the use of innovative hybrid descriptors that combine geometric, harmonic, and Zagreb descriptors. Furthermore, a comparative analysis between Marta-COF-1 and Marta-COF-2 has been conducted, revealing that higher entropy values were consistently displayed by Marta-COF-2 in both hexagonal and parallelogram frameworks compared to Marta-COF-1. Optimal linear regression models to predict graph energy across different dimensional Marta frameworks have also been developed, significantly reducing computational complexity. These findings and techniques can be applied to link properties such as mechanical stability, solubility, hardness, and electrophilicity, provided that experimental data are available.
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