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In this paper, we investigate square-hexagonal chains, a class of systems where
the inner dual of a structure with a square-hexagon shape forms a path graph. The
specific configuration of square and hexagonal polygons, and how they are
concatenated, leads to different types of square-hexagonal chains. A square
containing a vertex of degree 2 is classified as having a kink, and the resulting kink
is referred to as a type , T kink. This kink is further subdivided into three types: , T4,
>T 2, and >T 3. We focus on the kink chain of type ,T 2 and compute various
topological descriptors for this configuration. By deriving analytical expressions,
we determine the maximizing and minimizing values of these descriptors.
Additionally, we provide a comprehensive analysis of the expected values for
these descriptors and offer a comparison of their behaviors through analytical,
numerical, and graphical methods. These results offer insights into the structural
properties and behavior of square-hexagonal chains, particularly in relation to the
optimization of topological descriptors.

KEYWORDS

random square-hexagonal kink chains, topological descriptors, expected values, Randic
index, Zagreb indices

1 Preliminaries

Graph theory is a mathematical discipline that studies graphs, which are abstract
structures used to model and analyze relationships between objects. A Graph { =
(V({),E(()) is defined to be the collection of vertices (nodes) and edges (links or arcs)
where V ({) and E({) denotes set of vertices and edges respectively. The order of a graph,
denoted asn = |V ({))| refers to the total number of vertices in the graph. The size of a graph,
denoted as m = |E({)| refers to the total number of edges in the graph. The degree of a
vertex, denoted by deg(w) or d,,, is the number of edges connected to that vertex. The
distance d (w, x) between two vertices w, x is the length of the shortest path joining them.
For basic definitions related to graph theory, we refer (Trinajstic, 1992).

In chemical graph theory, the numerical values assigned to a molecular graph, known as
topological indices or molecular descriptors, are often used to correlate with chemical
structures and their properties. In other words, topological indices refer to graph invariants
or descriptors that have significant chemical relevance. These indices are based on the
graphical representation of a molecule and can encode chemical information such as atom
types and bond multiplicities. Topological indices are valuable for predicting specific
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chemical and physical properties of the underlying molecular
structure, combining logical and mathematical principles to
translate a molecule’s symbolic representation into a useable
numerical form. Chemical graph theory, which merges the fields
of chemistry and graph theory, uses graphs to represent chemical
structures, providing insights into the physical and chemical
characteristics of molecules.

The first degree based topological descriptor was introduced by
Milan Randic in 1975 in his paper (Randic, 1975) “On
characterization of molecular branching.” This index is referred
to as Randic index and is defined as

1
RO = Y ——
W;(Q \Vdy +d,

The Randic index has been recognized as a valuable tool in drug
design and has been widely used for this purpose in various studies
(Randic, 1975).

The first and second Zagreb indices are the oldest degree based
graph invariants introduced by Gutman and Trinajstic (Gutman and
Trinajstic, 1972b) in 1972. They were later included among
topological descriptors and are defined as

Mi(Q)= ) (dy+dy).

wx€E({)

My(Q)= ) (dyxdy).

wx€eE ({)

The first and second Zagreb indices were initially applied to
branching problem (Gutman et al, 1975b). Later, they found
applications in QSPR and QSAR studies (Balaban, 1979; Bonchev
and Trinajsti, 2001; Devillers and Balaban, 1999).

The applicability of Zagreb indices motivated the researchers to
define different variants of Zagreb indices. The Hyper Zagreb index
was put forwarded by Shirdel et al. (Shirdel et al., 2013) in 2013 and
is defined as

HZ{Q)= ) (dy+do).

wx€E({)

Another variant of Zagreb indices namely, first and second
redefined Zagreb indices were introduced by Ranjini et al.
(Ranjini et al., 2013)

dy,+d
ReZ ()= ) ('” )
wx€E({) d“’.dx

dy-d
ReZ,({) = Z < T )
wx€E({) dw + dx

Motivated by the definitions of first and second Zagreb indices

and their chemical applicability, V. Kulli (Kulli, 2017a) introduces
the first and second Gourava indices. These topological indices are
defined as

GO ()= ) (dy+dc+dy-dy).

wx€E ({)

GO, ()= ) (duw+d)(dy-d.).

wx€E ({)

The first and second Revan descriptors were introduced by V.
Kulli (Kulli, 2017b) and are defined as
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9{l((): Z Ty + 7Ty

wx€eE ({)

2RZ({)= z Tw:Tx

wx€E ({)

where r, is defined as r, = A; + 0; — d,,, where A and § denotes the
maximum and minimum degree among the vertices of (.

For more details on the importance of topological indices and
their applications see (Noreen and Mahmood, 2018; Wei and Shiu,
2019; Raza, 2020; Wei et al., 2020; Fang et al., 2021; Alraqad et al.,
2022; Zhang X. et al,, 2023; Zhang Guoping et al., 2023; Hui et al.,
2023a; Hui et al., 2023b; Huang et al., 2023). For results related to
mathematical properties of the topological indices, we refere (Zhou,
2004; Zhao et al.,, 2016; Gao et al., 2017; Kulli, 2017¢; Kulli, 2017¢;
Zhang et al., 2024; Govardhan et al., 2024; Prabhu et al., 2024a;
Prabhu et al., 2024b).

2 Square-hexagonal system and
kink chains

A square-hexagonal system, also known as a rectangular
hexagonal system, is a connected geometric structure created by
joining equal-sized squares and hexagons. This arrangement blends
elements of square and hexagonal lattices, forming a distinctive
repeating pattern that combines the characteristics of both shapes.
The lattice points in this system create a regular and continuous
design, where each polygon is linked to its neighbors. Two polygons
are considered neighboring if they share a common edge,
emphasizing the interconnected nature of this hybrid structure.
This system is widely used in crystallography and materials
science, particularly for analyzing the structures of materials with
hexagonal crystal systems that exhibit square symmetry along
specific crystallographic directions. It provides a geometric
framework for understanding the arrangement of atoms, ions, or
other structural components within such materials.

A square-hexagonal system is a two-dimensional lattice
structure that combines square and hexagonal elements in a
unified arrangement. In contrast, a square-hexagonal chain is a
where

one-dimensional  sequence square

configurations alternate along its length. While both concepts

and hexagonal

incorporate square and hexagonal features, they differ in their
structure and intended applications. The structure of a square-
hexagonal chain varies depending on the types of polygons used
and how they are concatenated. A square-hexagonal chain
composed of n polygons is denoted as R,. If all the polygons in
R, are squares, it is referred to as a polyomino chain (Li et al., 2023).
Similarly, if all the polygons are hexagons, R, is called a hexagonal
chain (Alraqad et al., 2022). However, when squares and hexagons
alternate in the chain, R,, is specifically known as a phenylene chain.
(as in (Raza, 2021; Shooshtari et al., 2022).

To derive key results, it is important to introduce certain
terminologies related to square-hexagonal chains. In graph
theory, a kink refers to a point in the graph where there is a
sudden change in direction or slope. More precisely, a kink is a
vertex whose degree is greater than the degrees of its neighboring
vertices, resulting in a bend or angular deviation in the
graph’s structure.
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(@) kink1

FIGURE 1
Kinks of Type ,T1,, T2 and , T3, (A) kinkl, (B) kink2, (C) kink3.

Kinks play a significant role in graph analysis, as they often highlight
structural changes or key points within the graph. They can influence
various graph properties and algorithms, including traversal methods,
connectivity analysis, and the identification of critical nodes or hubs in
networks. In network analysis, for instance, identifying kinks or high-
degree vertices can reveal essential nodes that contribute significantly to
the network’s connectivity or exert considerable influence. Moreover, the
presence of kinks can affect processes like random walks, as high-degree
vertices are more likely to attract repeated visits, thereby altering the
overall dynamics of the system.

A polygon at one end of a chain, typically lacking a neighboring
polygon on one of its sides, is referred to as a terminal polygon. In
contrast, a polygon located within the chain, with neighboring
polygons on both sides and not positioned at the chain’s ends, is
termed a non-terminal polygon.

If the centers of two adjacent non-terminal polygons are not
collinear, the polygon is described as kinked in the chain. There are
two types of square-hexagonal kinks, denoted as ; T and , T (Alraqad
et al,, 2022). In type | T, the kink is formed by a hexagon, while in
type ,T, square occurs as a kink. A non-terminal hexagon is
considered kinked if and only if it contains two consecutive
vertices of degree two. Similarly, a non-terminal square is
considered kinked if and only if it has a single vertex with a
degree of two. Following (Alragad et al, 2022), we focus on
square-hexagonal chains related to the kinks described below:

(1) Kinks ; T; A non-terminal hexagon that has exactly two
vertices with a degree of two.

(2) Kinks ,T;: A non-terminal square that is adjacent to two
squares and has a vertex with a degree of two. (Figure 1A);

(3) Kinks »T,: A non-terminal square that is adjacent to a square
and a hexagon and has a vertex of degree two. (Figure 1B);

(4) Kinks ,T3: A non-terminal square adjacent to two hexagons
and has a vertex of degree two. (Figure 1C);

In graph theory, the expected values of topological indices serve
as statistical measures of a graph’s structural properties, capturing
key characteristics such as connectivity, distances, and vertex
degrees. These values are particularly valuable for analyzing
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FIGURE 2
Kinkchain ,T5.

and comparing random graphs, optimizing network designs, and
predicting behaviors in fields like chemistry, biology, and social
networks. Additionally, they enable the development of efficient
algorithms for large-scale graph analysis by reducing the
computational complexity of calculating indices across various graph
models. Our work is motivated from our previous work on the kink
chains introduced in (Chunsong et al,, 2024). We considered three types
of kink chains, , T», which are categorized as , T}, , T3,and , T3, based on
the specific way squares and hexagons are concatenated. For generality,
we divided our analysis into two cases: odd and even numbered kink
chains, addressing their orders, sizes, and corresponding vertex and edge
partitions. Additionally, we calculated the topological indices defined
earlier and demonstrated that the second Gourava topological index is a
maximizing index, while the redefined first Zagreb index is a minimizing
index in both cases. Now, we will determine the expected values of
topological descriptors for the newly identified kink chains , T3, , T3, and

,T3. These kink chains are defined as;

e Kink chains of. Type ,T,
(a) Kinkchain ,T}: A kink chain of type , T, in which no two
adjacent vertices in the hexagons have a degree of 2, except at
the terminal polygons. It is represented in Figure 2.

(b) Kinkchain ,T3: A kink chain of type , T, in which there
are exactly two adjacent vertices with a degree of 2 in the
hexagons, excluding the terminal polygons. It is
represented in Figure 3.

(¢) Kinkchain Zng A kink chain of type , T, in which there
are three adjacent vertices with a degree of 2 in the
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FIGURE 3
Kinkchain ,T3.

hexagons, excluding the terminal polygons. It is
represented in Figure 4.

Observe that there is no edge between two adjacent vertices of
degree 2, only one edge between two adjacent vertices of degree 2,
and two edges between two adjacent vertices of degree two in kink
chains ,T1,,T3 and , T3 respectively, except at terminal polygons.
Let  represents the number of kinks (squares forming a kink). It
is observed that even-numbered kink chains result when two
squares are joined at the terminal, while odd-numbered kink
chains occur when a hexagon is attached at the terminal.
Consequently, an odd-numbered chain corresponds to a
terminal, even-numbered  chain
These cases are
mathematically represented as «=2n-1 for odd-numbered

square whereas an

corresponds to a hexagonal terminal.
chains and % =2n for even-numbered chains, where n € N.
The order p of each kink chain is the same across these types
and follows the formula p = 6 + 4. However, the size g of the
chain differs: for £ = 2n — 1 (terminal square), g = %, and for
% = 2n (terminal hexagon), g = 112,

2.1 Vertex and corresponding edge
partitions of ,T3,,T5 and , T3

Let Ej;; = {e = wx;dy, = i,dy = j} be the subclass of edge sets of
,T4,,T2 and, T3 then |E;;| depends on number of kinks &. Note that
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FIGURE 4
Kinkchain , T3.

TABLE 1 Edge partitions of ,73, ,72 and ,T3; n e N.

[Esal 4 #7 43 6 £10 k4
[Ezs] 2(k+1) 3’62*5 4 2K 3#+2 4
s 2% w1 3o 2% S
[Esql £+l 361 2 % 3822 2
1om KE_I %l 3(?“ 5 % MTHt

there are only (2,2), (2,3), (2,4), (3,4) and (4, 4)-type of edges in
each kink chain. Table 1 represents the edge partitions of each kink
chain accordingly.

Let V; = {w € V(G)|d, = i} be the subclass of vertex sets of
,T4,,T2and ,T3. |V;| depends on number of kinks . There are
only vertices of degree 2, 3 and 4 in each kink chain. Table 2
represents vertex partitions of chains in both cases. Note that
the vertex partitions remain same for each kink chain.
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TABLE 2 Vertex partitions of , 73, ,73 and ,T5.

Fork=2n-1 For x = 2n

1 2 3
2T5 ,T5and ,T3

1 2 3
2T3 ,T5 and , T3

V2l 2%+5 2%+6
A i+l i
[Vl i ©

3 Topologlcal descriptors of ,T3, ,T3
and ,T3

In this section, we will calculate some topological descriptors of
, T4, ,T3and , T3 using Tables 1, 2. Let p denotes the kink chain for
kinks of type ,T», where p varies from 1 to 3.

Lemma 1. For n€ N the first Revan index of Kink chain , T}
is given as;

R, (D) ={33k+49if p=1,2 . for  k=2n-1
R, () ={33%k+48 if p=1,2 . for  k=2n
R, (,T5) ={32£+50 ifp=3

Proof. For £ =2n -1
.p:l
R.(,TY) = 8(4)+7(2x+2)+6(2x)+5(x+1)+4( 21>

=33k +49

n o K+7 3k+5 3k+1 3k+1
ml(sz)—8< 3 )+7< )8l )5

10.3389/fchem.2024.1517892

.p:3

3k-3
mﬂ;@)=8M+3)+7M)+66¢—1)+5@)+4(”2 )
=32£+50
For £ =2n

.p:l

md;@):m@+7@@+6@@+5myw<§>=wk+%

op=2
R, (77) = 8( .; ) (3k;'2>-+6<3k;'2>-+5<3ké'2)
+4
(

) 33k +48

N R

°p= 3
3 . , 3k-4
Ri((T)=8(Kk+4)+7(4)+6(3Kk—2)+5(2)+4 5
=32k + 50
Lemma 2. For n € N the 2" Revan, 1% and 2" Redefined Zagreb,

Hyper-Zagreb, 1% and 2™ Gourava descriptors of kink chains , T},
,T3 and , T3 are are presented in Table 3;

4 Graphical representation of
numerical values of t%pologlcal
descriptors of ,T3, ,T5 and , T3

In this section, we compared the above calculated topological

descriptors using graphical representation of , T, ,T3 and , T3 at
different values of k for odd and even numbered kink chains. From
the Figures 5-11 we conclude that GO, descriptor of , T}, , T3 and
, T3 hits a highest value for both £ =2n -1 and % = 2n. It follows
that GO, is a maximizing descriptor. On the other hand ReZ,

Topological Fork=2n-1 For k = 2n
A 2 2
descriptors 5T5 5T5
R, 48k + 92 49 + 91 46K + 94 48K + 96 49k + 94 46K + 100
ReZ, 4K+ 6 4K+ 6 4K+ 6 4K+ 6 4K+ 6 4K+ 6
ReZ, B+ 22 Bl 28 8k + 728 8lk+6 Bl Sl 8k + 354
HZ 203% + 131 205K + 129 220K + 114 203% + 96 205k + 92 220% + 62
GO, 81k + 61 82Kk + 60 86K + 56 81Kk + 48 82Kk + 46 86K + 38
GO, 304K + 144 315k + 133 352k + 96 304« + 96 315k + 74 352K
Frontiers in Chemistry 05 frontiersin.org
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0
RulzT2)  RuleT2) FulcT)

(a) For A =2n—1

FIGURE 5

RulaT2) RlaT) RalaT)

(b) For 4 =2n

Graphical representation of R (,T3), R1 (,T3) and R1(,T3). (A) For £ =2n -1, (B) For « = 2n.
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RolaTh) RaloT2) TalaT)
(a) For K =2n —1

FIGURE 6

1000
900
800
700
600
500
400
300
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100

0

oo RalaT?) RalaT)

(b) For & = 2n

Graphical representation of R, (,T3), R2(,T3) and Rz (,T3). (A) For £ =2n-1. (B) For # =2n.

descriptor of , T3, , T3 and , T3 reaches a lowest value for both & =
2n -1 and & = 2n, thus ReZ; is a minimizing descriptor.

5 Expected values of topological
descriptors of kink chains of type ,T>

As we know that there are only three possible kink chains (, T},
,T3and, T3) or arrangements of type , T2, holding the conditions to
make kink at each step. The kink chains for ¥ =1 and ¥ =2 are
shown in Figure 12. For > 2, terminal polygons are attachable in
three different ways, resulting in three types ,T3, ,T3 and ,T3.
Considering that y represents the probability of attaching terminal

Frontiers in Chemistry

polygons in the first or second kind of arrangement, 1 -2y
represents the probability of attaching the terminal polygon in
the third type of arrangement. Possible arrangements of kink
chains of type , T, are shown in Figure 12.

Let the Kink chain , T, with £ number of kinks and probability y
is represented by (,T}). We compute Revan, Hyper-Zagreb,
redefined Zagreb and Guorava descriptors of possible square-
hexagonal kink chains (,T})¢. Let |Ejj| = ﬁij denotes the number
of edges for (,T}); with end vertices of degree i and j respectively.
There are only B,,, B3, Bas> B34 and B, -type of edges in (,T),. Here
A v, and § 1, are 4 and 2 implies that (Revan degrees) r; = 4, 3,2 for
ds =2,3 and 4 respecively. From the definition, the topological
descriptors can be expressed as

frontiersin.org
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ReZi(aTh) ReZi(xT%) ReZil:T*:)
(a) For k =2n —1

FIGURE 7
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(b) For & = 2n

Graphical representation of ReZ (,T3), ReZ1 (,T3) and ReZi (, T3). (A) For £ = 2n - 1. (B) For # = 2n.

ReZi(T) ReZelsT%) ReZf:T%)
(a) Fork =2n-—1

FIGURE 8

160
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- ]

ReZa(aT'2) ReZa(:T%:) ReZ:fzT*:)

(b) For £ = 2n

Graphical representation of ReZ (,T3), ReZ (,T3) and ReZ, (,T3). (A) For £ = 2n—1. (B) For % = 2n

ml (ZTZ)K = 8/322 (ZTZ)K + 71323 (ZT;/)K + 61324 (ZT%,);{ + 5ﬁ34 (ZT;)ﬁ
+4B, (T,

R, (zTg);e =16p,, (2T§)k +12f,, (2Tg),e +8fy, (ZT;);é + 6y, (2Tg);é
+4B,, (2T§)x’

5 3 7
ReZ, (zTg),e =Py (zTg),e + gﬁza (2Tg),e + Zﬂ24 (2Tg)x + Eﬁ% (zTg);é

1
+ 5544 (ZT;)K’

6 4 12
Rez, (zTg),e = ﬁzz (zTg),e + gﬁzs (zTg),e + gﬁu (zTg),e + 7[334 (2Tg);€

+ 2B, (G T);

Frontiers in Chemistry

HZ (zTg)x =16y, (zTg),e +25P,; (2T;);e +36f,, (2Tg);e
+49B5, (;T2), + 648, (),
GO, (zTg),e =8B, (2T;);e + 11y, (ZTZ);é +14p,, (zTg)é
+19B3, (T2 + 248, (L T2),
GO, (zTg)g =16f,, (2TZ);& +308, (ZTZ);é +486,, (ZT%])K'
+84f, (2TZ),3 +128p,, (2Tg);e

As (ZT;/),é is a random kink chain, it follows R; (ZTZ),@
5)12 (ZT%,)&’ ReZl (2Tg);€> REZZ (ZT;,)’&’ HZ(ZT;/),Q, G01 (zTg)k and
GO, (zTg),g are random variables. Let us denote by
E® = E[R, T, E® = E[Ry (,T)4), ERZ = E[ReZy (, T))ils
ER? = E[ReZy (; )il Ef? = E[HZ(,T))), EJO =
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FIGURE 9
Graphical representation of HZ (,T3), HZ (,T3) and HZ (,T3). (A) For & =2n - 1. (B) For & = 2n.
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FIGURE 10
Graphical representation of GO1 (,T3), GO1 (,T3) and GO1 (,T3). (A) For & =2n - 1. (B) For & = 2n.

E[GO; (,T))¢] and ES9: = E[GO, (,T}),] the expected values of L (T2 — The
these descriptors respectively. 2. (3T2)i1 = (TP
Note that if # is odd in kink chains , T}, , T2 and , T3, then at 3. (GT2)e — (TR

(#-1)" step, even numbered kink chains are formed, and at (¥ — 2)h
step, odd numbered kink chains are formed. Similarly, if  is even in kink For £ = 2n—1 and £ = 2n; n € N the change in edge partitions
chains , T1,, T2 and , T3 at (& — 1) step, odd numbered kink chainsare  of (,T}), for three possible constructions at (% — 1) step are shown
obtained and at (% — 2)" step, even numbered kink chains are obtained ~ in Tables 4, 5 respectively.
again. So, we furthur divide our results in two possible stages;
(1) At (#-1)™" stage and (2) At (k- 2)th stage. Theorem 5.1. Let , T, be a square-hexagonal kink chain and « be
the number of kinks.

5.1 Results at (¢ — 1) stage

The three possible constructions at (¥ — N step are as follows: (a) Fork=2n-1;ne N
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(a) For k =2n—1 (b) For & = 2n

FIGURE 11
Graphical representation of GO (,T), GO (,T3) and GO (,T3). (A) For & = 2n - 1. (B) For £ = 2n.

1
k=1
1
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K=
1 1 T3 1
3
2 2 3 2 %
k=3

(a) (b) (c)

FIGURE 12
Possible arrangements of kink chains of type ,T».

TABLE 4 Change in edge partitions of (ZT’Z’),é at (k-1)" stage for i =2n-1; n e N.

(Bj)i = (Bj)iy £ nO. of edges

(ﬁZZ)té (ﬂ23);€ (ﬁ24);\‘ (ﬂ34);\‘ (ﬂ44)1€
1 GTa)er = (Thk (By)i1 =2 (Bys)i1 +4 (Baa)ir +2 (Bsa)ir +2 (Baadinr
2 (T2 = (T ()i =1 (Bys)e-1 +3 (Br)ea +1 (Bsa)i +3 (Basdir
3 GT2)er = (T (Bs)inr (By3)ir (Bra)ir +4 (B (Bagdi1 +2
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TABLE 5 Change in edge partitions of (ZT’Z’),é at (k- 1)"’ stage for ¥ =2n; n € N.

.= (Bj)c1 + no. of edges

(B2a)s (Bsa)s
p=123 (T = (T (By)i1 +2 (By3)i1 (Bog)ic1 +2 (Bsg)i1 (Bag)i-1t1
E™ = §[4y +32] — 4y + 50 Using recursive relation upto £ — 1 terms

EF = EX )+ (K= 1)[4y+32] = 82+ (- 1) [4y + 32]
(b) For K =2mneN = Kk[4y +32] -4y + 50
Ry _ /.
E,' =32k+50 e (b). When terminal polygon is a hexagon.
Forn = 1=« = 2, E; = 114, which is indeed true. Let ¥ > 2, then

Proof. e (a). When terminal polygon is a square. .
using Table 5, we get

For £ = 1=n =1, E; = 82, which is indeed true. Let £ > 2, then
using Table 4, we get

LIf (;T2)ey — (,T3)s then

LIf (;T2)eq — (T then R (Ta)e = 8B (T2) ey + 2] + 7By (GT2) iy + 6[Boy (GT2)y +2]
R, (ZT;);é = 8[:822 (zTZ);e-1 - 2] + 7[523 (zTZ);e-1 + 4] + 5/;34 (2T2);e-1 + 4[ﬁ44 (ZTz)vé—l + 1]
+ 6[ﬁ24 (GTa)ey + 2] +5 [ﬁ34 (Ta)er + 2] Ri(Ty),=Ri(GTo),, +32 (5.4)
+ 4B, (T2) ey
R, (ZT;);é =R, (2T2);e71 +34 (5.1)

2. If (2T2),é_1 — (2T§)lé> then

R, (zTg),e =8 [ﬁzz (zTZ);e—l + 2] + 7ﬁ23 (zTZ);e—1 + 6[1324 (zTZ);e-l + 2]

2.If (,T2)eq — (LT3, then
" " + 5ﬂ34 (ZTZ);é—l + 4[ﬂ44 (ZTZ);é—l + 1]

R, (zTg),e = S[ﬁzz (zTZ);e-l - 1] + 7[/323 (zTZ)K'-l + 3]

Ri(,T3), = Ri(GTo),, +32 (5.5)
+ 6[ﬂ24 (ZTZ)K’—I + 1] + 5[ﬂ34 (2T2);é—1 + 3] 1 (2 2) 1(2 2) '
+ 4ﬂ44 (ZTZ)K’—I
Ri(T), = Ri(T2),, +34 (5.2) 3.1 (,Ta)ey — (T3, then
R, (zTg),e = 6[ﬁzz (ZTZ);é—l + 2] + 7/;23 (ZTZ);{—l + 6[ﬁ24 (zTZ),e-l + 2]
3.If (Ta)ey — (ZTZ),e, then + 5ﬂ34 (2T2);€71 + 4[ﬂ44 (zTZ),H + 1]
R, (2T;),e = 8/322 (2T2);e-1 + 7ﬁ23 (ZTZ);G—I + 6[ﬁz4 (2T2);e-1 + 4] R (2T2)15 =R, (ZTZ)’H +32 (5.6)
+5B5, (ZTZ);é—l +4 [ﬂ44 (2T2)k—1 + 2] Thus, we have

R(GT), =R (,T2),, +32 5.3
T =R Gy ) ER =9, (;7), + 9% (;7), + (1- 290, (7)),

Thus, we have Using (6.4), (6.5) and (6.6), we get the following relation

EX = ), T, +(1-2 ),
¢ = rRIGT) HyRGT) + (=29 R T), EM = y[ml GT2)e, + 32] + y[ml (T2)es + 32] +(1-2y)
Using (6.1), (6.2) and (6.3), we get the following relation X [9{1 (zTZ),g_l + 32]
Ef' = )’[ml (To)er + 34] + )’[ml GT2)er + 34] +(1-2y) EM =R, (2 T2)e +32
X [?Rl (ZTZ);é—l + 32]
EX =R, (,T2),, +4y+32 Applying operator E on both sides, we get
Applyi i E(Eml) e
pplying operator E on both sides, we get & %

EX = EX +4y+32 Using recursive relation upto  — 2 terms
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EF = El ) + (£=2)32 = 114 + (K - 2)32
= 32 + 50

which completes the proof.

Theorem 5.2. Let , T, be a square-hexagonal kink chain and « be
the number of kinks. Then

(a) Fork=2n-1;ne N

EX* = £[10y + 40] - 10y + 100

(b) For k =2n;ne N
E% = 524 + 88

Proof. e (a). For n = 1=« = 1, E; = 140, which is indeed true.
Let £>2, using Table 4, we get

LIf (,T2), 1 — (T3 then
R, (,T3), = 16[ﬁ22 (GTa)es - 2] + 12[/323 GTa)es + 4]

+8 [ﬁu (ZTZ);é—l + 2] + 6[ﬁ34 (ZTZ);é—l + 2]
+ 4ﬁ44 (zTZ)K’—1

R, (ZT;),e =R, (,T2),, +44 (5.7)
2. 1If (zTZ);é—l - (zTg)kr then
R, (zTg);e = 16[ﬁ22 (zTZ);H - 1] + 12[:823 (zTZ);H + 3]
+8 [ﬁu (ZTZ)Jé—l + 1] + 6[ﬂ34 (2T2);é—1 + 3]
+ 4ﬁ44 (zTZ)K’—1
R, (,T3); = Ra(yT2), +46 (5.8)

3. If (ZTZ)léfl — (ZTg)k’ then

R, (2T;);e = 16ﬁzz (zTZ);H + 12/’)23 (zTZ);H +8 [ﬂzz; (zTZ);H + 4]
+ 6/334 (ZTZ)K'—I + 4[/344 (2T2);671 + 2]

R,(,T3), =R (,T2),, +40 (5.9)

Thus, we have
E?z = PR (T H YR (T + (1-29)Ro (T3,
Using (6.7), (6.8) and (6.9), we get the following relation
EF = y[Rao(,T2),, +44] +y[Ra(T2),, +46] + (1-2y)
X [mz (ZTZ)K'—I + 40]
EX =R,(,T2),, +10y+40
EX* = EX + 10y +40

Using recursive relation upto £ — 1 terms
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E} = EX ) + (6= 1)[10y +40] = 140 + (¥ — 1) [10y + 40]

= #[10y +40] - 10y + 100

e (b). For n=1=%x=2, E, = 192, which is indeed true. Let
K>2, using Table 5, we get

1. If (2T2),&_1 - (ZT;),&, then

R, (ZT;);é = 16[[;22 (ZTZ);é—l + 2] + 12/323 (ZTZ);é—l
+8 [ﬁ24 (2T2);é—1 + 2] + 6ﬂ34 (2T2);é—1
+ 4[ﬁ44 (2T2);é—1 + 1]

R, (), =Ri(T2),, +52 (5.10)
2. If (2T2)16—1 d (ZTg)Ié’ then
R, (2T§);e = lé[ﬁzz (ZTZ)E—I + 2] + 12/323 (ZTZ);é—l
+8 [ﬁ24 (2T2);é—1 + 2] + 61334 (ZTZ);é—l
+ 4[ﬁ44 (zTZ);é—l + 1]
9{2 (2T§)K = mz (ZTZ)K/—I + 52 (511)
3.1f (;T2)eq = (3T3)e then
R, (zT;);e = 16[[;22 (ZTZ);é—l + 2] + 12ﬂ23 (ZTZ);é—l
+8 [/324 (2T2);é—1 + 2] + 61334 (2T2);é—1
+ 4[ﬁ44 (zTZ);e—l + 1]
R, (,T3), =R (,T2),, +52 (5.12)

Thus, we have

EP = yR (1)), + yR: (45, Ta) (1 - 29) R (0T,
Using (6.10), (6.11) and (6.12), we get the following relation
EF = y[Ra (), +52] + [ Ra (T2) oy +52] + (1-29)

X [ml (GTo)er + 52]

EZ}Z = ERZ (ZTZ);é—l + 52
EX = EX +52
Using recursive relation upto  — 2 terms

E}* =EP )+ (£=2)52 =192 + (£ - 2)52
=52¢ + 88

which completes the proof.

Theorem 5.3. Let , T, be a square-hexagonal kink chain and « be
the number of kinks, then

EX” = 4K+ 6

Proof. e (a). Forn = 1=« = 1, E; = 10, which is indeed true. Let
K >2, using Table 4, we get
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1. If (2T2)1671 - (ZT;)lé’ then
5

+ - [ﬁzs (zTZ);e-1 + 4]
+2] 12 [ﬁ34 2 2);: 1 ]

ReZ, (zT;)K’ =Py (2T2),e-1 -2
+7 [1324 2 T2)

+ 5[344 (2T2);e—1

ReZ,(,T}), =ReZ,(,T,), , +4 (5.13)
2.If (,T2)e — (T2 then
ReZ1 (T2, = Bua (i T2)er — 142 [Bas <2n>x,-1 +3]
+= [ﬁ24 ,T2) ey + 1] o [/334 2T2)e + ]
+ *ﬁ44 (T2)e
ReZ,(,T3),=ReZ,(,T2),, (5.14)

3. If (ZTZ)léfl — (ZTg)k’ then
5 3
ReZ, (2T2);é = /322 (ZTZ);é—l + gﬁ23 (ZTZ)K’—l + Z [/324 (2T2)K’—1 + 4]

+ 1_72/334 (zTZ);H + % [ﬁ44 (ZTZ);é—l + 2]

ReZ,(,T3), =ReZ,(,T2), , +4 (5.15)

Thus, we have
E{” = yReZy (,T5), + yReZy (T3), + (1 - 29)ReZy (,T3),
Using (6.13), (6.14) and (6.15), we get the following relation
EX = y[ReZl (T2
X [ReZl (T2, + 4]

+ 4] + y[ReZl (T2, +4] +(1-2y)

EX” = ReZ,(,Ta),, +4

Applying operator E on both sides and .. E(E5”") = EX**

ReZ; _ pReZ;
ERZ = ERA 4 g

Using recursive relation upto £ — 1 terms
ReZ1 _ p;ReZl
EK' Ex (#-1)

=4K+6

+(k-1)4=10+ (k- 1)4

e (b). Forn = 1=« = 2, E, = 14, which is indeed true. Let € > 2,
using Table 5, we get

1. If (2T2)1€—1 - (ZT;)Ié’ then
5 3
ReZ, (2T;)K’ = /322 (zTZ)x’-1 +2+ gﬁza (zTZ);e-l + Z [/324 (2T2);e-1 + 2]
7 1
+ Eﬂyx (2T2);e—1 + E [ﬂ44 (zTZ)K’—l + 1]
Ve = ReZi(,Ta),, +4

ReZ, (,T (5.16)
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2. If (2T2)1671 i (2T§)x’) then
5 3
ReZ, (zTg)K/ =By (Ta)ey + gﬁzs (T2)ey + 1 [/5’24 (T2)ey + 4]

+ 1_721334 GTa)ey + % [ﬁ44 GT2)ey + 2]

ReZ,(,T3),=ReZ,(,T5),, +4 (5.17)

3. If (2T2)1€—1 - (ZTg)k’ then
5 3
Rez, (sz)x = ﬁzz (zTZ);H + gﬁn (zTZ);H + Z [ﬁ24 (ZTZ);é—l + 4]

+ éﬁ% (2T2),571 + % [/344 (2T2);é71 + 2]

ReZ,(,T3), =ReZ,(,T2),, +4 (5.18)

Thus, we have

E§e21 = yReZ, (2T;);é +yReZ, (2T§);e + (1 -2y)ReZ, (ZT;);é

Using (6.16), (6.17) and (6.18), we get the following relation
E§EZ] = y[ReZl (T2)es 4] +(1-2y)
X [ReZl (T2 +4]
= ReZl (ZTZ)Jé—l +4

=Ef 44

+ 4] + )/[ReZ1 GT2)y +

ReZ
Ex’

ReZ
E 3

Using recursive relation upto & — 2 terms

ReZ;
E;c—(x—

=4£k+6

EXH = +(£-2)(4) = 14+ (k- 2)4

which completes the proof.

Theorem 5.4. Let , T, be a square-hexagonal kink chain and « be
the number of kinks.

(a) Fork=2n-1;ne N

reza  [28 73 73 584
B = [*—*Y + Y
3 105°1 1057 " 105

(b) Fork=2mneN

20 , 288
3 35

EReZ
Proof. e (a). For n=1=% = 1, E; = 238, which is indeed true.
Let > 2, using Table 4, we get
1. If (2T2)1éfl - (ZT;)??’ then

6
ReZ, (ZT;)KZ = ﬁzz (ZTZ);e—l -2+ [ﬁzs (ZTZ);e—l + 4]
3 [ﬁ24 TZ 1 T 2] [ﬁ34 (ZTZ);H + 2]
+ 2ﬁ44 (2T2);é—1
934
ReZ2 (ZT;)K = REZZ (ZTZ)KLI + ﬁ (5.19)
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2. If (2T2)1671 - (ZTg)lb then
6
ReZ, (zTg);e = ﬁzz (2T2)x’—1 -1+ g [ﬁ23 (ZTZ)x'—l + 3]

+ g [ﬁ24 (2T2)g-1 + 1] + % [/334 (ZTZ);é—l + 3]

+2B,, (3 T2)e,

953
ReZ,(,T3); = ReZo (,Ta), + 105

05 (5.20)

3.If (,T2)ir — (ZTg),g, then
3 6 4
ReZ, (2T2);e = ﬁzz (zTZ);H + 5/323 (2T2);e71 + g [ﬁz4 (zTZ);H + 4]

+ 1_72/334 (2T2),e-1 +2 [ﬁ44 (2T2)1é—1 + 2]

28

ReZZ (ZT;)X = ReZZ (ZTZ)}FI + ? (521)

Thus, we have
E§622 = yReZ, (2T;)x' +yReZ, (2T§);e + (1 -2y)ReZ, (2TZ)

3

Using (6.19), (6.20) and (6.21), we get the following relation

934 953
ERZ [RZ T,). +—]+ [RZ ). +—
K y e 2(2 2);{71 105 y e 2(2 2)1(71 105
28
+(1-29)[ReZ: (o), + 5
73 28
ER% = ReZ, (), — ——y+ —
N eZ, (, Z)K—l 105)’ 3
R e .
* 1 105 3

Using recursive relation upto £ — 1 terms

28 73
E}’ZEZZ — ERieZg + (k-1 [_ _ ]
K K—(£-1) (K ) 3 105)’
1564 , 28 73 ,[28 73 73 584
:—+(K—l)[———y :K[———y]+—y+—
105 3 105 3 105 105 105

e (b). Forn=1=x=2, E, = %, which is indeed true. Let

K>2, using Table 5, we get
1. If (2T2)1€—1 - (ZT%),&, then
. 6 4
ReZ, (sz)K' = ﬁzz (2T2);671 +2+ 3/323 (zTZ)KLl + g [/324 (2T2);671 + 2]

+ %[;34 (Ta)ey + 2[ﬁ44 (Ta)ey + 1]

20
ReZ, (zTé);e =Rez, (zTZ);H +3

3 (5.22)

2. If (2T2)1é71 d (2T§)k> then
) 6 4
ReZ, (2T2);e = /322 (2T2);é—1 + §ﬁ23 (zTZ);é—l + 3 [/324 (ZTZ)K'—I + 4]

+ %/334 (zTZ);H +2 [ﬁ44 (2T2);671 + 2]
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20
ReZ, (2-'—;);& = ReZ, (zTZ)m T3

3 (5.23)

3. If (2T2)1€—1 d (ZT?Z,)Ié’ then
3 6 4
ReZ, (2T2);e = /322 (2T2);é—1 + gﬁz3 (zTZ)x’—l + g [/324 (zTZ)x’—l + 4]

12
+ 7[334 (Ta)eq 2 [ﬁ44 (GTa)es + 2]
20

Rez, (2T;);é =Rez, (ZTZ);é—l 5

3 (5.24)

Thus, we have

Egezz = yReZ, (ZT;);é +yReZ, (ZTg)}c/ +(1-2y)ReZ, (2T;)

Using (6.22), (6.23) and (6.24), we get the following relation
20 20
E?EZZ = yI:ReZZ (2T2)K»71 + ?:I + YI:REZQ (2T2)’€71 + ? + (1 - 2)/)
20
X l:ReZZ (ZTZ);é—l + ?:I

20
BN = ReZy (o), +

Applying operator E on both sides and .. E (Eﬁezz) = E?ezl

20

ReZ, _ 17ReZ, =
E;S 7 =ES " +

3

Using recursive relation upto kK — 2 terms

20 2264 20
EReza _ pReZy 4 (¢ ) =24 (k-2)=
: i+ (k=25 = 9o+ (K=2)3
20, 288
_2, 288
3735

which completes the proof.

Theorem 5.5. Let , T, be a square-hexagonal kink chain and « be
the number of kinks.

(a) Fork=2n-1;ne N

EN” = £[272 - 64y] + 64y + 62

(b) For K =2m;ne N
EN” = 168% + 166

Proof. e (a). For n = 1=« = 1, E; = 334, which is indeed true.
Let £>2, using Table 4, we get

1. If (ZTZ)k—l — (ZT;)k’ then

HZ(,T3), = 16[By, (,T2),y — 2] +25[By (T2), +4]
+36[Byy (T2 +2] +49[Bsy (G T2) ey +2]
+64B, (,T2)e

HZ(,T),=HZ(,T2),, +238

K—

(5.25)
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2. If (2T2)1671 - (ZTg)lb then
HZ (ZTi);é = 16[ﬂ22 (ZTZ)K’—l - 1] +25 [ﬁ23 (2T2);é—1 + 3]
+36 [ﬁzz; (zTZ);H + 1] +49 [ﬂ34 (2T2);e—1 + 3]
+ 64[;44 (2T2);e—1
HZ(,T3),=HZ(,T2),, +242

. (5.26)
3. If (2T2)1€71 i (ZTg)?é’ then
HZ (2Tg)x’ = 16/322 (ZTZ);é—l + 25ﬁ23 (ZTZ);H +36 [/324 (zTZ)KLl + 4]
+ 49[;34 (2T2)K>1 +64 [ﬁ44 (zTZ);H + 2]

HZ(,T3),=HZ(,T,),, +272 (5.27)

Thus, we have
E* =yHZ(,T)) + YHZ(,T3), + (1= 29)HZ (,T3);

Using (6.25), (6.26) and (6.27), we get the following relation

E}” =y[HZ(, o), +238] + y[HZ (, o), +242] + (1-2y)
x [HZ(,T2), +272]

EY? =HZ(,T,),, — 64y +272

Applying operator E on both sides and .. E (E¥?) = EH*

EY? =EF% — 64y +272
Using recursive relation upto £ — 1 terms

Ef* = EM. )+ (£-1)(272 - 64y) = 334 + (K — 1)(272 - 64y)

= %[272 - 64y] + 64y + 62

e (b). For n=1=% =2, E, = 502, which is indeed true. Let
K>2, using Table 5, we get

1. If (2T2)13—1 d (ZT;)ié’ then
HZ(,T)), = 16[ﬁ22 GTa)ey + 2] +25B, (,T2)
+36 [:824 (ZTZ);é—l + 2] + 49ﬁ34 (2T2);e71

+64 [ﬂ44 (T + 1]
HZ(,T}),=HZ(,T,),, + 168

(5.28)
2. If (ZTZ)JFI d (2T§)¢é> then

HZ (2T§)K' = 16/3'722 (zTZ)KLl + 25ﬁ23 (ZTZ);é—l +36 [ﬂ24 (zTZ);H + 4]
+49B,,(,T2),, +64 [ﬂ44 (GT2)ey + 2]

HZ(,73), = HZ(,T»),, + 168 (5.29)

3. If (2T2),é_1 d (ZT:;),&, then
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HZ (2T;);e = 16[ﬁ22 (ZTZ);é—l + 2] + 25ﬁ23 (2T2);e—1
+36 [ﬁ24 (2T2)1€—1 + 2] + 49ﬁ34 (zTZ)K’—l
+64 [ﬁ44 (zTZ)K’—l + 1]

HZ(,T3),= HZ(,T>),, + 168 (5.30)

Thus, we have

EI:Z =yHZ (2T;)x’ +yHZ (ZTi);é +(1-2y)HZ (zTi)

3

(6.28), and

following relation

Using (6.29) (6.30), we get the

E}* = y[HZ, (,T2),, +168] + y[HZ(,T2),, + 168] + (1 - 2y)
x [HZ(,T2),, +168]
Ef? =HZ(,T,),, +168
EN? = Y% 1 168
Using recursive relation upto K — 2 terms

= B2, + (£ -2)168 = 502 + (£ — 2)168

K— (K-

= 168« + 166

which completes the proof.

Theorem 5.6. Let , T, be a square-hexagonal kink chain and « be
the number of kinks.

(a) Fork=2n-1;ne N

ES? = £[104 - 18y] + 18y + 38

(b) Fork=2mneN
ESO = 68% + 74

Proof. e (a). For n=1=% =1, E; = 142, which is indeed true.
Let £>2, using Table 4, we get

1. If (2T2)1€—1 - (ZT%),&, then

GO, (zT;);é = S[ﬁzz (sz),H - 2] +11 [ﬂ23 (2T2)x’—1 + 4]
+ 14[ﬁ24 (ZTZ);H + 2] + 19[ﬁ34 (ZTZ);H + 2]
+24B, (,T2)e

GO, (,T;), = GO, (,T2), , +94 (5.31)
2. If (2T2)16—1 - (ZTg)k’ then
GO, (zTé);é = 8[[522 (zTZ);efl - 1] +11 [ﬂza (zTZ);e—l + 3]
+ 14[/324 (2T2);é—1 + 1] + 19[ﬁ34 (2T2);é—1 + 3]
+ 24ﬁ44 (ZTZ);H
GO, (,T3), = GO: (,T2), , +96 (5.32)
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3. If (2T2)1671 i (zTg)x') then

2)x =8B, (2T2);e- +11B,; (zTZ)K'- + 14[/324( T2);€—1 + 4]
+ 19/534 (zTZ)x 1t 24 [ﬁ44 (2T2 2]

=GO, (sz)m

GO, (,T

GO, (,T3), + 104 (5.33)

Thus, we have
EZ? = yGO: (,T5), +¥YGO: (,T5), + (1 - 29)GOy (,T3),

Using (6.31), (6.32) and (6.33), we get the following relation
ESOI = )’[GOI (Ta)ey * 94] + Y[Gol (T2)es

x [GO\ (,T2),, + 104]
Efe;ol =GO, (z TZ)x’-1

+96] + (1-2y)

~ 18y + 104
Applying operator E on both sides and .. E (EKG/OI) = ESO'
ES® = ES9' — 18y + 104

Using recursive relation upto £ — 1 terms

E{% = EQ9 ) + (K= 1)[-18y + 104] = 142 + (£ — 1)[104 - 18y]

= %[104 — 18y] + 18y + 38

e (b). For n=1=% =2, E, = 210, which is indeed true. Let
K>2, using Table 5, we get

1. If (2T2)1€71 4 (ZT;)lé’ then

GO, (ZT;)K' = 8[ﬁ22 (ZTZ);é 1t 2] + llﬁzs (zTZ);e 1
+14[B, (,T2),y +2] + 1985, (,T2)
+24 [ﬁ44 GTa)ey + 1]

GO, (,T3); = GO (,T2),, +68 (5.34)
2.If (;T2)eq — (,T3)w then
GO, (zTi);e = 8[ﬁ22 (2T2);e 1t 2] + 11ﬁ23 (ZTZ);e 1
+14[B,, (,T2),y +2] + 1985, (T2)
+24 [/344 (ZTZ);é—l + 1]
GO, (ZTg)x' =GO, (,T2);, +68 (5.35)
3. If (2T2)1é—1 - (zTg);b then
GO, (ZT;)K' = S[ﬁzz (ZTZ);é 1t 2] + 11ﬁ23 (zTZ);é 1
+14[B,y (,T2) ey +2] + 1985, (,T2)
+24 [/344 (2T2),e-1 + 1]
GO: (,T3); = GO (;T2),., + 68 (5.36)

Thus, we have
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E[% = yGOi (,T,), +yGO: (,T3), + (1= 29)GOi (,T3),

Using (6.34), (6.35) and (6.36), we get the following relation
ESOI = y[GOl (sz) + 68] + y[GOl (2T2
X [GOI (T2, + 68]
ES?' =GO, (,T,), , +68

E{® =ET +68

L +68] + (1-2y)

Using recursive relation upto & — 2 terms

E{%' = EJ9 ) + (K—2)(68)

=68k + 74

=210 + (£ — 2)68

which completes the proof.

Theorem 5.7. Let , T, be a square-hexagonal kink chain and « be
the number of kinks.

(a) Fork=2n-1;ne N

ES? = £[448 - 170y] + 170y

(b) For k=2m;ne N
ES9* = 256K + 192

Proof. e (a). For n = 1=« = 1, E; = 448, which is indeed true.

Let £ >2, using Table 4, we get

1. If (2T2)k71 g (ZT;)lé’ then

GOZ 2) - 16[ﬁ22 TZ)K- ] +30 [ﬁzs (zTZ)K’—l + 4]
+438 [/324 GTa)es t 2] +84 [/534 (GTa)es t 2]
+ 1288, (,T2)¢,
GO, (,T)), = GO, (,T2),, +352 (5.37)
2. If (2T2)13—1 d (2T§)k> then
GOZ 2) - 16[ﬁ22 Tl)x 1 ] + 30[ﬁ23 (2T2)x’—1 + 3]
+48 [:824 GTa)ey + 1] +84 [ﬁ34 GTa)ey + 3]
+1288,,(;T2),
GO, (,T3), =GO, (,T,),, +374 (5.38)

3. If (2T2),é_1 d (ZT?Z,)k’ then

;);e = 16[;22 (2T2);671 + 30[;23 (ZTZ)K'—I +48 [ﬁ24 (ZTZ);é—l + 4]
+84p,, (,T2),, + 128 [/344 GTa)es + 2]

=GO, (ZTZ);é—l

GO, (,T

GO, (,T3), +448 (5.39)

Thus, we have
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ESOZ =YGO;, (2T§);e +9yGO, (zTi);e + (1 - ZV)GOZ (2T;);€
Using (6.37), (6.38) and (6.39), we get the following relation
B =y[GO, (,Ta),, +352] +y[GO, (, o),

x [GO, (,T2), +448]

+374] + (1-2y)

ES%* = GO, (,T,),., — 170y + 448

Applying operator E on both sides and .. E (ESOZ) = ESOZ

ES9* = ES9 — 170y + 448

Using recursive relation upto £ — 1 terms

EJ% = B[y + (K= 1)[-170y + 448]

= 448 + (K — 1)[448 — 170y] = %[448 — 170y] + 170y

e (b). For n=1=% =2, E, = 704, which is indeed true. Let
K> 2, using Table 5, we get

1. If (2T2),g_1 — (ZT;)ﬁ’ then

GO, (ZT;)K' = 16[/;22 (zTZ);e 1t 2] + 30[323 (zTZ)x’ 1

+48[B,y (;T2)iy +2] + 8483, (T2,
+128[B,, (,T2), +1]
GO, (,T}), = GO, (,T2),, +256 (5.40)
2. If (2T2)k—1 - (ZTg)f’ then
GO, (zTg);e = 16[1322 (zTZ);e 1t 2] + 30ﬂ23 (zTZ)x’ 1
+48[B,, (,T2), .y +2] + 8485, (,T2),
+ 128[ﬁ44 GTa)es + 1]
GO, (,T3), =GO, (,T2),, +256 (5.41)
3. If (2T2)t€71 4 (ZT?Z’)f’ then
GO, (2Tg);e = 16[ﬁ22 (zTZ)K’ 1t 2] + 30/323 (zTZ);é 1
+48[B,y (;T2)iy +2] + 8483, (L T2),
+128[B,, (,T2)y +1]
GOZ (ZT;)K = GOZ (ZTZ)K?I + 256 (542)

Thus, we have

E( = 4GO, ;T + 160, () + (1 - 20)G0u (,T2),
Using (6.40), (6.41) and (6.42), we get the following relation
E}% = V[GOZ (T2)ey + 256] + y[GOZ (T2)e
X [GOZ (zTZ);H

+256] + (1-2y)
+256]

EZ% = GO, (,T,), , +256

ES% = ES% +256

Using recursive relation upto & — 2 terms
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E{% = EJ. ) + (K—2)(256) = 704 + (£ — 2)256

= 256K + 192

which completes the proof.

The expected values E;ﬂ , EREZ EY,,, E§322> Eéo, and’ Eéoz
descriptors for £ =2n—-1; n € N depend on y, but the Ep,, is
independent of y for both cases. As for the sake of generality we have
taken expectations in odd and even cases. Therefore, at (% — l)th
stage the sum of expected values for ¥ =2n—1 and £ =2n of a
certain topological descriptor of three kink chains is equal to the sum
of the average value of topological descriptor of three kink chain for
K=2n-1 and £ =2n with a constant factor. As expectation of
constant is zero, so our results are true. The values of Ry, R,, H Z,
ReZ,, GOy and GO, descriptors can be computed by using y = § in
the above proved theorems.

Corollary 1. Let K =2n—1; n € N then at (£ — 1) stage;

e R =10 (k-1)+82
o Ry =80(k-1)+140

° ReZ2 — 2381657 (16 _ 1) + 1150654

e HZ = B2 (k- 1) +334
® GO, = 98(k — 1) + 142
® GO, = U (k- 1) + 448

Remark 1. The value of ReZ; descriptor at (& — D
2n—1and £ = 2n; n € N is equal and independent of y, i.e;

stage for K =

ReZ, (,T5) =4k +6; p=1,2and 3

s pbsewed t’hat the expected values Eg}l, Eﬁezl, E}‘;ez, EY,,,
Efer,» EGo, and E¢, for £ = 2n; n € N are independent of y and
depends only on .

Remark 2. Let € = 2n,; n € N then at (£ — 1) stage,

e R, =32+ 50

o R, = 5216 + 88

® ReZ, = K + =22 288
e HZ = 168K+ 166
e GO, = 68# + 74

e GO, = 256K + 192

)th

5.2 Analytical expressions at (k—1)" stage

Now we analytically prove that at (£ — 1) stage, for any value of

an

y and X, the Gourava descriptor is always greater than the

remaining six descriptors, namely, (1% and 2"¥) Revan descriptors,
(1% and 2™), Zagreb descriptors, Hyper-Zagreb descriptor and 1%
Gourava descriptor for £ =2n -1 and « = 2n. All the expressions
holds for y = 1 and for all £ € N.

Corollary 2. For ¥ =2n—-1 and £ = 2n; n € N, we have
£[G0, ;)] > E[HZ ;)]

Proof. @ For k =2n -1
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E[GO, (,3),] - E[HZ(,T),] = {#[448 - 170y] + 170y}
— {k[272 - 64y] + 64y + 62}
= 106y(1 - &) + 2 (224 - 31) >0

which holds for y = 1 and for all £ € N, so we have
E[GOZ (zTg);e] > E[HZ (2Tg):é]
e For £ = 2n

E[GO,(,T}),| - E[HZ(,T}),] = (256K + 192} - {168 + 166}
=88k +26>0

which holds for all ¥ € N, so we have

E[GOZ (ZTg);é] > E[Hz(zTg)k]

Corollary 3. For ¥ =2n—1 and « = 2n; € € N, we have
E[HZ(,T}),] > E[GO: (,T}),]
Proof. @ For ¥ =2n—1
E[HZ(,T}),] - E[GO: (,73),] = {#[272 - 64y] + 64y + 62}
— {#[104 — 18] + 18y + 38}
= 46y(1 - #) + 2(136£ - 19)>0
which holds for y = 1 and for all £ € N, so we have
E[HZ(,T}),] > E[GO: (,T}),]
e For ¥ =2n

E[HZ(,T}),] - E[GO: (,T}),] = {168k + 166} - {68% + 74}
=100% +92>0

which holds for all ¥ € N, so we have

E[HZ (zTg)é] > E[Gol (2Tg)k]

Corollary 4. For € =2n -1 and £ = 2n; £ € N, we have
E[GO\ (,7}),] > E[R2(,T2),]
Proof. e For ¥ =2n—1
E[GO, (,T3),] - E[R2(,T2),] = {#[104 - 18y] + 18y + 38}
— {#[10y + 40] - 10y + 100}
=28y(1—#) +2(326-31)>0
which holds for y = 1 and for all £ € N, so we have
E[GO, (,7}),] > E[R.(,T2),]
e For ¥ =2n

E[GO, (,T3);] - E[R2(,T2),] = {68% + 74} - {52 + 88}
=166 -14>0

which holds for all ¥ € N, so we have
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TABLE 6 Expected values for topological descriptors at (« - 1)th stage for
y=%and&=2n-1.

% E‘R; EER; EReZ 1 EReZz EHZ EGO; EGOz
3 148.67 | 226.67 18 33.09 835.33 338 1,230.66
5 21533 | 31333 26 51.30 1,336.66 534 2013.33
7 282 400 34 69.50 1838 730 2,796
9 348.67 = 486.67 42 87.70 2,339.33 926 3,578.66
11 | 41533 | 573.33 50 10591 | 2,840.66 1,122 4,361.33
13 482 660 58 124.11 3,342 1,318 5,144
15 | 548.67 | 746.67 66 14231 | 3,843.33 1,514 5,926.66
17 | 61533 | 833.33 74 160.52 | 4,344.66 1710 6,709.33
19 682 920 82 178.72 4,864 1906 7,492
21 | 748.67 | 1,006.67 90 196.92 | 5,347.33 | 2,102 8,274.66

E [Gol (2TZ)K] >E [9{2 (2T§)x’]

Corollary 5. For £ =2n—-1 and £ = 2n; K € N, we have
E [ERZ (ZT;/)K] >E [ml (2Tg)x’]
Proof. @ For k =2n -1

E[R,(,70)] - E[R: (,T2),] = {#[10y + 40] - 10y + 100}
—{#[4y +32] — 4y + 50}
=6y(K—-1)+2(4k-25)>0

which holds for y = % and for all ¥ € N, so we have
E [ml (2TZ)K] >E [ml (zTg)é]
e For K =2n

E[R,(,7),] - E[R:i (,T2),] = {526 + 88} — {324 + 50}
=20+ 38>0

which holds for all ¥ € N, so we have

B[R ;2] > B[R (7))

Corollary 6. For € =2n—1 and £ = 2n; £ € N, we have
E[R.(,T}),] > E[ReZ, (,T),]
Proof. e For k =2n -1

E[R:(,7)),] - E[ReZ, (,T5),] = {k[4y + 32] — 4y + 50}

128 73 1 584 73
R
3 1057) T 105 " 105
_4;,3 (’é_l)
“ 1057
2/ 2333
+—(34;<-—)>0
3 35
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TABLE 7 Expected values for topological descriptors at (¥ — 1)th stage for

y=%and &=2n.

% E§R1 E?IZ EReZ1 ERe22 EHZ EGO1 EGOz
4 178 296 22 34.89 838 346 1,216
6 242 400 30 48.22 1,174 482 1728
8 306 504 38 61.56 1,510 618 2,240
10 370 608 46 74.89 1846 754 2,752
12 434 712 54 88.22 2,182 890 3,264
14 498 816 62 101.56 2,518 1,026 3,776
16 562 920 70 114.89 2,854 1,162 4,288
18 626 1,024 78 128.22 3,190 1,298 4,800
20 690 1,128 86 141.56 3,526 1,434 5,312
22 754 1,232 94 154.89 3,862 1,570 5,824
1200
1000
800
600 21
19
17
400
13
11
200 oL =
7
e 5
i ar =
ER2 ER1  EReZ2 EReZl
FIGURE 13
Graphical representation of expectations of Ry, R,, ReZ; and
ReZ, at (#—1)" stage for & =2n—-1.
which holds for y = 1 and for all £ € N, so we have
y y
E[R, (,T}),] > E[ReZ, (,T),]
e For k£ =2n
20 288
y ’y _ /. /.
E[R, (,72),] - E[ReZs (,T2),] = 1324+ 50} - {?K N g}
76 , 1462
— —>0
3 35

which holds for all ¥ € N, so we have

E[ml (zTg),e] > E[ReZ2 (zTg),e]
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FIGURE 14
Graphical representation of expectations of Ry, R,, ReZ; and

ReZ, at (& -1)" stage for & = 2n.
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FIGURE 15
Graphical representation of expectations of HZ, GO; and GO, at

(# - 1) stage for % = 2n - 1.

Corollary 7. For £ =2n—1 and « = 2n; € € N, we have

E[ReZ,(,T}),] > E[ReZ, (,T2),]

Proof. @ For k =2n—1
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FIGURE 16

Graphical representation of expectations of HZ, GO; and GO, at
(# - 1) stage for & = 2n.

E[ReZ,(,T2),] - E[ReZ, (,T2),]

{,[28 73 ]+584+ 73 } -
=g — - — =yl _rag
31057 105 1057

73 2/ 23
——y(l—K)+—(8K——)>0

105 3 35

which holds for y = 1 and for all £ € N, so we have

E[ReZ,(,73);] > E[ReZ, (,T3),]

e For ¥ =2n

20, 288

E[ReZ,(,T}),] - E[ReZi (,T}),] = {?’” 35
8 78

=—k+—>0
3 35

} {4% + 6}

which holds for all ¥ € N, so we have

E[ReZ,(,73);] > E[ReZ, (,T3),]
From the above analytical expressions we get;

Corollary 8.

E[GO,(,T}),] >E[HZ(,T}),]>E[GO: (,T
>E[R,(,T}) ]>E[ReZZ(

K] >E[2R2 ,T) ]
)K] >E[ReZ, (,7}),]

5.3 A comparison of expected values of
topological descriptors at (¥ — 1) stage

Table 6, 7 depict the expected values of Revan descriptors,
Zagreb descriptors, Hyper-Zagreb descriptor and Gourava

descriptors for y=1 and #=2n-1 and «=2n respectively.

Frontiers in Chemistry

10.3389/fchem.2024.1517892

Observe that the value of expectation of 2" Gourava
descriptor is always greater than the remaining six descriptors
in both cases.

5.4 Graphical representation of expected
values of topological descriptors at
(k- 1) stage

The Figures 13-16 shows that expectation of 2™ Gourava
descriptor attains maximum value and of 1% redefined Zagreb
descriptor attains minimum value at (% — N stage for both the
cases.

6 Applications

Kinks, which denote abrupt changes in the direction of edges
within a graph, hold notable applications across diverse fields. In
circuit design, minimizing kinks optimizes wire lengths and
Network benefits
understanding kinks, as they affect data flow and network

enhances efficiency. routing from

performance. Transportation planners use kink analysis to
streamline traffic, plan intersections, and design efficient road
kinks  for
aesthetically pleasing and comprehensible visual representations.

networks. Graph drawing algorithms consider
Lastly, in various applications where visual appeal matters, reducing
kinks clarity of graph

representations.

enhances the attractiveness and

Studying the interforce interactions and scattering of (Lima
and Almeida, 2023) kink-antikink-like solutions in a two-
dimensional dilaton gravity model has practical implications
in fields like material nonlinear optics, and
cosmology. It aids in understanding energy distribution,

science,

stability dynamics, and defect interactions, which are crucial
for developing advanced technologies and predicting behaviors
2023)
investigations have revealed the important role for the kinks.

in complex physical systems. The in situ (Zhu et al,

During the growth, the creation of kinks determines the growth
rate. Besides, when two domains coalesce, the shape of the final
flake is affected by kinks.

In computer graphics, square and hexagonal grids are
frequently used to create images or simulations. Kinks in these
grids can represent corners or junctions in a digital image.
Hexagonal kinks are essential in the study of tessellation and
pattern generation. The expected value of random graphs plays a
crucial role in graph theory as well. It helps analyze and predict
various graph properties in probabilistic settings. By studying
expected values in graph theory, we gain a balanced

understanding of how certain structures behave under
randomness, which informs both theory and practical
applications. Expected values are used to calculate the

probability that a random graph is connected. It can be
employed to estimate the likelihood that two randomly
generated graphs are isomorphic. This is valuable in assessing
the structural similarity between graphs.
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7 Conclusion

In this research work, we determined R;, R,, ReZ;, ReZ,, HZ,
GO, and GO, descriptors for the graphical structures of kink chains
of type , T, named as , T}, , T3 and ,T3. We infered that GO, is a
maximizing, while ReZ; is a minimizing descriptor of , T}, , T3 and
2'I'g,for both, odd and even case. Further we determined expected
values of topological descriptors of (,T3) at (¥ —1)™ stage. We
analyzed that value of ReZ; descriptor of , T4,, T2 and , T3 and Ef*”!
is same and independent of y at (¥ — 1)"1 stage. We made numerical
comparison for these expected values at (# — 1) stage and conclude
that expected value, Efoz is greater while expected value, Efez‘ is
smaller among other expectations Em‘, EZ‘Z, and Efzzz, EkHZ, and
EEO‘ at (& — 1) stage. Also, we gave exact analytical expressions of
this comparison at (% — 1) stage which agree with numerical values
of comparisons. Results at (¥ — 2)" stage will be computed in the
next article.
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