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Theory of point processes, in particular Palm calculus within the stationary framework,
plays a fundamental role in the analysis of spatial stochastic models of wireless
communication networks. Neveu’s exchange formula, which connects the respective
Palm distributions for two jointly stationary point processes, is known as one of the most
important results in the Palm calculus. However, its use in the analysis of wireless networks
seems to be limited so far and one reason for this may be that the formula in a well-known
form is based upon the Voronoi tessellation. In this paper, we present an alternative form of
Neveu’s exchange formula, which does not rely on the Voronoi tessellation but includes the
one as a special case. We then demonstrate that our new form of the exchange formula is
useful for the analysis of wireless networks with hotspot clusters modeled using cluster
point processes.

Keywords: stationary point processes, Palm calculus, Neveu’s exchange formula, cluster point processes, device-
to-device networks, hotspot clusters, coverage probability, device discovery

1 INTRODUCTION

Spatial stochastic models have been widely accepted in the literature as mathematical models for the
analysis of wireless communication networks, where irregular locations of wireless nodes, such as
base stations (BSs) and user devices, are modeled using spatial point processes on the Euclidean plane
(see, e.g., (Baccelli and Blaszczyszyn, 2009a; Baccelli and Blaszczyszyn, 2009b; Haenggi and Ganti,
2009; Haenggi, 2013; Mukherjee, 2014; Blaszczyszyn et al., 2018) for monographs and (Andrews
etal,, 2016; ElSawy et al., 2017; Hmamouche et al., 2021; Lu et al., 2021) for recent survey and tutorial
articles). In such analysis of wireless networks, the theory of point processes, in particular Palm
calculus within the stationary framework, plays a fundamental role. Neveu’s exchange formula,
which connects the respective Palm distributions for two jointly stationary point processes, is known
as one of the most important results in the Palm calculus. However, its use in the analysis of wireless
networks seems to be limited so far and one reason for this may be that the formula in a well-known
form is based upon the Voronoi tessellation [see, e.g., (Baccelli et al., 2020, Section 6.3)]. In this paper,
we present an alternative form of Neveu’s exchange formula, which does not rely on the Voronoi
tessellation but includes the one as a special case, and then demonstrate that it is useful for the
analysis of spatial stochastic models based on cluster point processes.

A cluster point process represents a state such that there exist a large number of clusters consisting
of multiple points and is used to model the locations of wireless nodes in an (urban) area with a
number of hotspots. Indeed, many researchers have adopted the cluster point processes in their
models of various wireless networks such as ad hoc networks (Ganti and Haenggi, 2009),
heterogeneous networks (Chun et al., 2015; Suryaprakash et al., 2015; Saha et al., 2017, 2018;
Afshang and Dhillon, 2018; Saha et al.,, 2019; Yang et al., 2021), device-to-device (D2D) networks
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(Afshang et al., 2016), wireless powered networks (Chen et al.,
2017), unmanned aerial vehicle assisted networks (Turgut and
Gursoy, 2018), and so on. In this paper, we focus on so-called
stationary Poisson-Poisson cluster processes (PPCPs) [see, e.g.,
(Btaszczyszyn and Yogeshwaran, 2009; Miyoshi, 2019)] and apply
the new form of the exchange formula to the analysis of stochastic
models based on them.

We first use the exchange formula for the Palm
characterization, where we derive the intensity measure, the
generating functional and the nearest-neighbor distance
distribution for a stationary PPCP under its Palm distribution.
Although these results are known in the literature [see, e.g.,
(Baudin, 1981; Ganti and Haenggi, 2009)], we here give them
simple and unified proofs using the new form of the exchange
formula. We next consider some applications to wireless
networks modeled using stationary PPCPs, where we examine
the problems of coverage and device discovery in a D2D network.
The coverage analysis of a D2D network model based on a cluster
point process was considered in (Afshang et al., 2016), where a
device communicates with another device in the same cluster. In
contrast to this, we assume here that a device receives messages
from the nearest transmitting device, which is possibly in a
different cluster because clusters may overlap in space. For
this model, we derive the coverage probability using the
exchange formula. On the other hand, in the problem of
device discovery, transmitting devices transmit broadcast
messages and a receiving device can detect the transmitters if
it can successfully decode the broadcast messages. Such a problem
was studied in (Hamida et al., 2008; Baccelli et al., 2012; Kwon
and Choi, 2014) when the devices are located according to a
homogeneous Poisson point process (PPP) and in (Kwon et al.,
2020) when the devices are located according to a Ginibre point
process [see, e.g., (Miyoshi and Shirai, 2014, 2016), for the
Ginibre point process and its applications to wireless
networks]. We consider the case where the devices are located
according to a stationary PPCP and derive the expected number
of transmitting devices discovered by a receiving device. We
should note that Neveu’s exchange formula is also introduced in a
more general form in (Last and Thorisson, 2009; Last, 2010;
Gentner and Last, 2011), so that the form presented in the paper
may be within its scope. Nevertheless, we see in the rest of the
paper that our new form would be valuable and could spread the
application fields of the exchange formula.

The rest of the paper is organized as follows. The new form of
Neveu’s exchange formula is derived in the next section, where
the relations with the existing forms are also discussed. In Section
3, the exchange formula is applied to the Palm characterization of
a stationary PPCP, where alternative proofs of the intensity
measure, the generating functional and the nearest-neighbor
distance distribution under the Palm distribution are given. In
Section 4, some applications to wireless network models are
examined, where for a D2D network model based on a stationary
PPCP, the coverage probability and the expected number of
discovered devices are derived using the exchange formula.
The results of numerical experiments are also presented there.
Concluding remarks are provided in Section 5.

Neveu’s Exchange Formula for Wireless Networks

2 NEVEU’S EXCHANGE FORMULA

In this section, we discuss point processes on the d-dimensional
Euclidean space R within the stationary framework (see, e.g.,
(Baccelli et al., 2020, Chapter 6) for details on the stationary
framework). In what follows, B(R?) denotes the Borel o-field
on R? and 6, denotes the Dirac measure with mass at x € R%,
Let (Q,F,P) denote a probability space. On (Q,F), a flow
{0:};cge is defined such that 0 Q — Q is F-measurable and
bijective satisfying 6,°0, = 0,,, for t,u € R?, where 6, is the
identity for 0 = (0,0,...,0) € R% so that 9;1 =0, for t € R%.
We assume that the probability measure P is invariant to the
flow {0;},ge (in other words, {0;},.ps preserves P) in the sense
that P-f,'=P for any te¢ RY,  where 9;1 (A) =
{we Q: 6;(w) € A} for Ae F. A point process ¢ =)~ dx,
on R is said to be compatible with the flow {0}, g if it holds
that ®(B)° 6, = ®(0(w), B) = ®(w, B+ t) = D(B + t) for w € Q,
Be B(RY) and t € RY, where B+t = {x +t € R*: x € B}; that
is, fort €¢ R? and n € N = {1,2,.. .}, there exists an #' € N such
that X,°6, = X,, — t. Under the assumption of the
{0,};cge-invariance of P, a point process ® compatible with
{0,},cge is stationary in P and furthermore, two point processes
® and V¥, both of which are compatible with {6;}, 4, are jointly
stationary in PP.

Let ® =) 0x,and ¥ =Y _, Oy, denote point processes on

RRY, which are both simple, compatible with {0:};cge and have
positive and finite intensities Ag, and Ay, respectively. Thus, ® and
Y are jointly stationary in probability P and the respective Palm
probabilities P§ and P are well-defined. Note that
IP’%(G)({O}) =1)= P?y (¥ ({0}) = 1) = 1. In this paper, when we
consider the event {®({0}) = 1} € F, we assign index 0 to the
point at the origin; that is, Xy = 0 on {®({0}) = 1}, and this is also
the case for ¥; that is, Yo = 0 on {¥({0}) = 1}. To present an
alternative form of Neveu’s exchange formula, we introduce a
family of shift operators S, t € R%, on the set of measures 7 on
(R?, B(RY)) by S#(B) = n(B + t) for B € B(RY). For example,
operating S; on the point process ¥ =) _ dy,, we have
S¥ =Y, _ 0y, ="Y¥°0;. The shift operators S, t € R?, also
work on a function & on R? such as Sh(x) = h(x + t) for
x € RY.
Theorem 1. For the two jointly stationary point processes ® =
Yo10x, and ¥ =Y "_ Jy, described above, we assume that a
family of point processes W, =7 dy,, n€N, can be
constructed such that

nk’

1) Sox,¥n =7 0x,+v,0 n €N, form a partition of ¥; that
is, ¥ = Z:;ls,xn\{’n.

2) @ =37 8, v, is a stationary marked point process with the
set of counting measures on RY as its mark space.

Then, for any nonnegative random variable W defined
on (Q, F),

Ay Y (W] = Ao E&[JRdWDQy ¥ (dy)] = lo Eq LZWDGYM],
=1

(1
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where E}, and EY, denote the expectations with respect to the
Palm probabilities P, and P, respectively, and ¥y = Y} Oy,
denotes the mark associated with the point X, = 0 on {®({0}) = 1}.

Proof. As with the proof of the exchange formula in (Baccelli
et al., 2020, Theorem 6.3.7), we start our proof with the mass
transport formula [see, e.g., (Baccelli et al, 2020, Theorem
6.1.34)]; that is, for any measurable function & Q x RY S R,,

0| [ v s [ feos0@) @

Let &(y) = W0, ¥o({y}) on {@({0}) = 1}. Then, the left-hand side
of Eq. 2 becomes

AR RN

= o Eg’[/ww“@y% (dy)].
On the other hand, the right-hand side of Eq. 2 is reduced to

Ay E&[ [ weoto(i-xi)-6, ®(dx)]

= Ay E [w i S-x, % ({0}>] = Ay By [W],

n=1

where the first equality follows from ¥y °0x, = ¥, for n € N and
the fact that the point of ¥ at the origin on a sample w € {¥({0}) =
1} is shifted to location — x on the shifted sample 0,(w) for x € R4,
and the last equality follows since there exists exactly one point,
say X,,, of ® such that its mark ¥,, = Y} | 8y, has a point, say Y,
satisfying X, + Y,,x = 0 on {¥({0}) = 1}. The proof is completed.
Remark 1: Let W = 1 in (Eq. 1). Then, we have Eg) [ko] = Ay/Ao
and therefore, each ¥, in Theorem 1 has finite points. In the form
of the exchange formula in (Baccelli et al., 2020, Theorems 6.3.7
and 6.3.19), the point process ¥ is partitioned by the Voronoi
tessellation for @, which corresponds to a special case of (Eq. 1)
such that S_x ¥, (-) = ¥ (:N V¢ (X)) for n € N, where V4(X,,)
denotes the Voronoi cell of point X,, of ®. The condition in
(Baccelli et al., 2020) such that there are no points of ¥ on the
boundaries of Voronoi cells Vg(X,,), n € N, is covered by our
Condition 1 in Theorem 1, where S_x,¥,,, n € N, form a partition
of ¥ and have no common points. On the other hand, our
Theorem 1 considers only the case where the point process @ is
simple unlike (Baccelli et al., 2020, Theorem 6.3.7). However, this
would be enough for applications to wireless networks and, if
necessary, it could be extended to the non-simple case. Another
typical example of ¥ and ® in Theorem 1 is a cluster point
process and its parent process. Although we focus on a PPCP in
the following sections, more general cluster point processes
inherently fulfill the conditions of the theorem [see, e.g,
(Baccelli et al., 2020, Section 2.3.3)]. It should also be noted
that, in (Last and Thorisson, 2009; Last, 2010; Gentner and Last,
2011), a more general formula is introduced under the name of
Neveu’s exchange formula, from which the mass transport
formula (Eq. 2) is derived. In that sense, our form (Eq. 1)

Neveu’s Exchange Formula for Wireless Networks
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FIGURE 1 | A sample of a 2-dimensional cluster point process
(@represents the points of the cluster point process and JKrepresents the
points of the parent process).

may be within its scope. Nevertheless, we can see in the
following sections that Theorem 1 is valuable in the sense that
it is tractable and can spread the application fields of the exchange
formula.

3 APPLICATIONS TO CLUSTER POINT
PROCESSES

In this section, we demonstrate that Neveu’s exchange formula
(Eq. 1) in Theorem 1 is useful to characterize the Palm
distribution of stationary cluster point processes. A cluster
point process is, roughly speaking, constructed by placing
point processes (usually with finite points), called offspring
processes, around respective points of another point process,
called a parent process, and is used to represent a state such that
there exist a large number of clusters consisting of multiple points
(see Figure 1). In particular, we focus here on a stationary PPCP
described next.

3.1 Poisson-Poisson Cluster Processes
Let® = Y 8x, denote a homogeneous PPP on R?, which works
as the parent process, and let ¥, = Y;* 8y,,, n € N, denote a
family of finite (therefore inhomogeneous) and mutually
independent PPPs on R?, which are also independent of ®
and work as the offspring processes. Then, PPCP V¥ =
Y10y, is given as

o Kn

V=Y S =Y Yo (3)

n=1 n=1 k=1
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The PPCP ¥ constructed as above is stationary since the parent
process @ is stationary and the offspring processes ¥, n € N, are
independent and identically distributed [see, e.g., (Baccelli et al.,
2020, Example 2.3.18)]. We assume that @ has a positive and
finite intensity A, and ¥,, n € N, have an identical intensity
measure A, = y Q, where y is a positive constant and Q is a
probability distribution on (R? B(R)). Thus, the number of
points in each offspring process follows a Poisson distribution
with mean g, so that the intensity of ¥ is equal to Ay = Aqu, and
offspring points are scattered on R? according to Q
independently of each other. We further assume that Q is
diffuse; that is, Q({x}) = 0 for any x € R?, to make ¥ simple.
We refer to S_x,¥,, in (Eq. 3) as the cluster associated with X,, for
n € N. Two main examples of the PPCPs are the (modified)
Thomas point process and the Matérn cluster process [see, e.g.,
(Chiu et al., 2013, Example 5.5)]. When Q is an isotropic normal
distribution, then the obtained PPCP is called the Thomas point
process. On the other hand, when Q is the uniform distribution
on a fixed ball centered at the origin, then the result is called the
Matérn cluster process. Note that the PPCP ¥ and its parent
process @ fulfill the conditions of Theorem 1.

3.2 Characterization of Palm Distribution
For a stationary point process ¥, let YL=¥ — §, on the event
{¥({0}) = 1}, which is referred to as the reduced Palm version
of V.

Lemma 1. For the stationary PPCP ¥ described in Section 3.1, the
intensity measure of the reduced Palm version ¥' (with respect to
the Palm distribution) is given by

Ay (B) =EY[¥'(B)] = Ao u|B|

+ y/RdQ(B -y)Q (dy), BeB(RY),
)

where || denotes the Lebesgue measure on (R4, B(RY)) and
Q (B) = Q(-B) with — B = { — x: x € B} for B € B(R?).

Proof. Since the offspring processes ¥,, n € N, are PPPs, the
PPCP V¥ is a Cox point process; that is, once the parent process
@ =Y" 0y, is given, ¥ is conditionally an inhomogeneous PPP
with a conditional intensity measure u) .  S_x,Q [see, e.g.,
(Baccelli et al., 2020, Example 2.3.13)]. Since the reduced Palm
version of a PPP is identical in distribution to its original version
(not conditioned on {¥({0}) = 1}) by Slivnyak’s theorem [see, e.g.,
(Daley and Vere-Jones, 2008, Proposition 13.1.VII) or (Baccelli
et al., 2020, Theorem 3.2.4)], we have

EY[¥'(B) | ®] =E[¥(B) | ®] = yiQ(B—X,,), B ¢ B(RY).
n=1

Taking the expectation with respect to P, and then applying
Theorem 1, we obtain

Sy (¥ (B)] = uE&[ZQw—xn)] = E&[]M <ZQ<B— X,,>>=6y Yo (dy)]

Neveu’s Exchange Formula for Wireless Networks

-5[[ Tow-xnn@lf, (Q<B+y) (Y ow-x, +y)]>o<dy>,
where Ay = Ay is used in the second equality, the third equality
follows because, for any ne€ N and y € RY, there exists an
n' € NU {0} such that X,,°6, = X,, — y on {®({0}) = 1}, and in
the last equality, we apply Campbell’s formula [see, e.g., (Last and
Penrose, 2017, Proposition 2.7) or (Baccelli et al., 2020, Theorem
1.2.5)] for W,. For the expectation in the last expression above,
Slivnyak’s theorem, Campbell’s formula for @ and then Fubini’s
theorem yield

Eg, Lzl Q(B-X,+ y)] = /\@/RdQ(B -x)dx = AQ/RH/HQ(dz) dx

= o / dxQ(dz) = Ao Bl
R4 B-z

which completes the proof.
Remark 2. The second term on the right-hand side of (Eq. 4) is
of course equal to pJQ(B +y) Q(dy). We adopt the form in
Lemma 1 due to its interpretability. Since Q is the distribution
for the position of an offspring point viewed from its parent,
Q" represents the distribution for the location of the parent of
the offspring point at the origin on the event {¥({0}) = 1}. On
the other hand, u Q(B — y) gives the expected number of
offspring points falling in B € B(R?) among a cluster whose
parent is shifted to y € RY. In other words, the second term on
the right-hand side of (Eq. 4) represents the expected number
of offspring points falling in B among the cluster which is
given to have one point at the origin. Since the first term on
the right-hand side of (Eq. 4) is equal to Ay (B) = E[¥ (B)],
Lemma 1 states that the intensity measure for the reduced
Palm version of a stationary PPCP is given as the sum of the
intensity measure of the stationary version and that of a
cluster which has one point at the origin. Lemma 1 is also
a slight generalization of the result in (Tanaka et al., 2008,
Section 2.2).

The observation in Remark 2 is further enhanced by the
following proposition.
Proposition 1. For the stationary PPCP ¥ = ) = _ 8y, described in
Section 3.1, the generating functional of the reduced Palm
version W' (with respect to the Palm distribution) is given by

G (h) = E Hh(Ym)] G h@Q W)

for any measurable function h: R? - [0,1], where Gy is the
generating functional of the stationary version of ¥ given as

Gy (h) = JE[Z h(Ym)] = Gol(h)

= exp(—/\q,/Rd [1 - ﬁ(x)] dx), (6)
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and h(x) denotes the generating functional of an offspring
process ¥, whose parent is shifted to x € R

0 = 0n 5.0 = exp( [ [1-hx )1 Q@) ). @)

Note that in Proposition 1 above, G¢ is the generating
functional of the parent process ®. The relation Gy (h)=
Go (h) with h(x) = Gy, (S¢h) in Eqs 6, 7 is known to hold for
more general cluster point processes [see, e.g., (Daley and Vere-
Jones, 2003, Example 6.3(a)] or [Baccelli et al., 2020, Proposition
2.3.12 and Lemma 2.3.20)], whereas the last equalities in Eqs 6, 7
follow because @ and ¥, are PPPs, respectively (see, e.g., (Last
and Penrose, 2017, Exercise 3.6), or [Baccelli et al, 2020,
Corollary 2.1.5)]. The relation (Eq. 5) is derived in (Ganti and
Haenggi, 2009, Lemma 1), to which we give another proof using
the exchange formula in Theorem 1.

Proof. As stated in the proof of Lemma 1, once the parent process
®=)" 0x, is given, the PPCP ¥ is conditionally an
inhomogeneous PPP with the conditional intensity measure
UY1S-x,Q. Since the reduced Palm version of a PPP is
identical in distribution to its original (not conditioned)
version, we have

E&[ﬁh(mw] _ E[ ﬁh(Ym)ld)]

m=1

n=1

= ew(—ui/Rd(I —h(y))Q(dy—Xn)> = ﬁﬁ(Xn),

where the generating functional of a PPP is applied in the second
equality. Taking the expectation with respect to P, and then
applying Theorem 1, we obtain

0 17 1 17
G (h) = B [ﬂh(xn)] - B [ /. [Thx -2 %(dz)]
_ /Rf‘(‘z) E, [H h(X, - z):| Q(dz),

where Campbell’s formula for ¥, is applied in the last equality. By
Slivnyak’s theorem and the stationarity for ®, we have
Eg) ([T b (X, = 2)] = E[[],_,h (X4)] = Go (h), which completes
the proof.

Remark 3. The right-hand side of (Eq. 5) is given as the
generating functional Gy (h) of the stationary version of ¥
multiplied by the integral term fh(z) Q (dz). Since h(z)
represents the generating functional of an offspring process
whose parent is shifted to z € R? and Q™ is the distribution of
the location of the parent point of the offspring at the origin
on the event {¥({0}) = 1}, this integral term represents the
generating functional of the cluster which is given to have a
point at the origin. In other words, Proposition 1 implies
that, for a stationary PPCP, its Palm version is obtained by
the superposition of the original stationary version and an
additional independent offspring process whose parent is
placed such that it has an offspring point at the origin. This

Neveu’s Exchange Formula for Wireless Networks

observation is already found in, e.g., (Saha et al., 2019) and is
also interpreted such that a point z € R? is first sampled from
the distribution Q™ and the Palm version of ® at z is then
obtained as @ + §, by Slivnyak’s theorem, which works as a
parent process of the Palm version of W. Proposition 1
indeed supports this interpretation.

3.3 Nearest-Neighbor Distance

Distributions

For a stationary point process ¥ on R, let ¥' = Y™°_ 8y, be its
reduced Palm version on {¥({0}) = 1} and let Y- denote the
nearest point of ¥' from the origin. Then, the nearest-neighbor
distance distribution for ¥ is defined as the probability
distribution for ||Y+|| with respect to P%, where || -|| denotes the
Euclidean distance. We show below that the nearest-neighbor
distance distribution for a stationary PPCP is obtained in a
similar way to Proposition 1.

Proposition 2. For the stationary PPCP ¥ described in Section
3.1, the complementary nearest-neighbor distance distribution is
given by

P?y(llY*llﬂ)=gq>(hr*)th(t)Q’(dt), r20, @)

where K’ (x) = e#Qb (=% and by(r) denotes a d-dimensional
ball centered at the origin with radius r.

Proof. As with the proof of Proposition 1, we consider the
conditional probability given the parent process ® =Y Jx,
and obtain

B, (4] >7 | ) = PY(¥ (bo (1) = 0| @) = P(¥(by () = 0 | B)

oo

- ﬁe*HQ(bo(r)*Xn) - 1_[ B (X)), 9)
n=1

n=1

where the second equality follows from Slivnyak’s theorem
and the third does because ¥' is conditionally an
inhomogeneous PPP  with the intensity measure
Uy 1S-x,Q when @ is given. The rest of the proof is
similar to that of Proposition 1.

Remark 4. In (Eq. 8), the term Gy (h}') is the complementary
contact distance distribution and that is obtained by taking
the expectation of (Eq. 9) with respect to P, instead of P§, [see,
e.g., (Miyoshi, 2019)]. The result of Proposition 2 is
consistent with the existing ones in, e.g., (Baudin, 1981;
Afshang et al., 2017a,b; Pandey et al., 2020) and gives a
unified approach to derive the nearest-neighbor distance
distributions for stationary PPCPs.

4 APPLICATIONS TO WIRELESS
NETWORKS WITH HOTSPOT CLUSTERS

In this section, we apply Theorem 1 to the analysis of a D2D
network with hotspot clusters modeled using a stationary PPCP.
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We here suppose d = 2, but unless otherwise specified, the
discussion holds for d > 2 theoretically.

4.1 Model of a Device-To-Device Network
Wireless devices are distributed on R? according to a stationary
point process ¥ = ) °_| dy,. At each time slot, each device is in
transmission mode with probability p € (0, 1) or in receiving
mode with probability 1 — p independently of the others (half
duplex with random access). Devices in the transmission mode
transmit signals but can not receive ones, whereas the devices in
the receiving mode can receive signals but can not transmit ones.
We assume that all transmitting devices transmit signals with
identical transmission power (normalized to one) and share a
common frequency spectrum. The path-loss function
representing attenuation of signals with distance is given by ¢
satisfying £(r) > 0, r > 0, and Ije(r) rd1dr < oo for € > 0. We
further assume that all wireless links receive Rayleigh fading
effects while we ignore shadowing effects. We focus on the device
at the origin, referred to as the typical device, under the condition
of {¥({0}) = 1} and examine whether the typical device can
decode messages from other transmitting devices. Let W1y =

w10y, denote the sub-process of W representing the
locations of devices in the transmission mode and for each
meN, let H, denote a random variable representing the
fading effect on signals transmitted from the device at Y,
where H,,, m € N, are mutually independent, independent of
W1y and exponentially distributed with unit mean due to the
Rayleigh fading. With this setup, the received signal power by the
typical device amounts to H,, £]|Y'_m| when it receives signals
from the device at Y,,. Hence, if the typical device is in the
receiving mode and communicates with the transmitting device
at Y,,, the signal-to-interference-plus-noise ratio (SINR) is
given as

H, (IYnl)
3" H e(Ivil) + N

j#Em

SINR,, = (10)

where N denotes a constant representing noise at the origin. We
suppose that the typical device can successfully decode a message
from the device at Y, if the typical device is in the receiving mode
and SINR,, in (Eq. 10) exceeds a predefined threshold 6 > 0.

4.2 Coverage Analysis

We here suppose that a device in the receiving mode
communicates with the nearest device in transmission mode.
The probability that the typical device can successfully decode a
message from its partner is called the coverage probability and is
given by

CP(6) = (1-p) Y PY(SINR,, > 6, Y, <[]l j e N), (11)

m=

where 1 — p on the right-hand side indicates that the typical
device must be in the receiving mode and the sum over m € N
represents the probability that the SINR from the nearest
transmitting device exceeds the threshold 6. We now suppose
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that the point process ¥ representing the locations of devices is
given as a stationary PPCP studied in Section 3. Then, ¥1x =
Y. m-10y representing the locations of devices in the transmission
mode is also a stationary PPCP, where the parent process remains
the same as the homogeneous PPP ® with intensity Ay, whereas
the offspring processes ¥, = ZZ;I dy, - n € N, are finite PPPs with
the intensity measure puQ.

Theorem 2. For the model of a D2D network described in Section
4.1 with the devices deployed according to a stationary PPCP in
Section 3.1, the coverage probability is given by

CP(O) = (1-ppu[ (o +La)Q @) (12)
where Q" is given in Lemma 1 and
B0 = [0 Co(30E () Q(dy 1)
Rd
Lo®) = o[ [ ™0 Gy (3,6) Co(5,2) Ea () Qdy ~ %) d,
RY RY

o) = exp( ke[ [1 - Coly )] ),

Colyox) = exp<_pﬂ {1 _/uzu>uy||<l o 5((||||JZ’::;>71 Q== X)] )

(13)
Before proceeding on the proof of Theorem 2, we give an
intuitive interpretation to the result of it. First, as stated in the
preceding section, Q~ denotes the distribution for the location of
the parent point of the typical device at the origin. Thus, pul; ¢(t)
and pul,¢(t) in (Eq. 12) represent the cases where the typical
device, whose parent is located at t € RY, communicates with the
transmitting device in the same cluster and in a different cluster,
respectively; that is, the location of the communication partner is
sampled from a finite PPP with the intensity measure puQ(dy — 1)
in I (#) and is from one with puQ(dy — x) in I ¢(t), where x is also
sampled from a homogeneous PPP with intensity Aq. Moreover,
Eq(y) represents the effect from other clusters which are neither
the one having the typical device nor the one having its
communication partner at y. Finally, Cy(y, x) represents the
effect of the cluster with the parent point at x € R? when the
typical device communicates with the transmitting device at y.

Proof. Similar to the proof of Proposition 1, once the parent
process ® = Y | 8, is given, the point process ¥1x representing
the locations of devices in the transmission mode is conditionally
an inhomogeneous PPP with the conditional intensity measure
puY 1 S-x,Q. Thus, we can use the corresponding approach to
that obtaining the coverage probability for a cellular network with
BSs deployed according to a PPP [see, e.g., (Andrews et al., 2011)
or (Blaszczyszyn et al., 2018, Section 5.2)]. Since H,,, m € N, are
mutually independent, exponentially distributed, and also
independent of @, we have from (Eq. 11),

PY(SINR,, > 6, 1Y, <[IY]ll, j € N|®)

0
=P Hp>—

VD) Y He(IY /) + N | IVl <Y/l je N|®
j=1

J#m
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= B, [eoN/e () ﬁ <1 40
j=1

JEm

Il
EIIY II)) ) Lavjs i} | P

where 14 denotes the indicator function for set A and we use
P(H,,>a)=¢" for a > 0 and E[eHi] = (1 +s)! in the last
equality. Summing the above expression over m € N, we have
from Slivnyak’s Theorem for ¥ conditioned on ® and the refined
Campbell formula [see, e.g., (Daley and Vere-Jones, 2008,
Theorem 13.2. III), (Last and Penrose, 2017, Theorem 9.1) or
(Baccelli et al., 2020, Theorem 3.1.9)],

Y P&,(SlNRm >0, 1Yl <Yl j € N|®>

(v \" :
e(liyll) {I1> 11}

5 [ sl 1o
n=1 j=1

Q(dy - Xn)'

y
(14)

Furthermore, the generating functional of a PPP applying to the
above expectation yields

a "
]E|:JI:11 (1 6 €€((|\1;||)) ) Loy i3 | P
= eXP( ~pu Z/ I: ( Illjlll‘l) ) {qu>\\y||}] Q(dz - X,-))

- -1
:]'[exp(—py[l—/ <1+6€("Z")
i=1 llzI>l1y

e(iyl) ) Q(dz - Xi)]) = ECB (o X5).
Plugging this into (Eq. 14), taking the expectation with respect to P},
and then applying Neveu’s exchange formula in Theorem 1, we have

CP(6) = (1 —P)PIUES/[;/ & ON/e (1) ﬁcg(y,xi)Q(dy_Xn)]
o1/ R i=1
- p)pEy [/w ;/We"’”/"(‘”“) 1;[()9 (X - ) Q(dy - X, + 1) ¥, (dt)]

_ p)p,,/RdEg, [ifwe—ew/z(uyu) ﬁcy (3, X 1) Q(dy - X, +1) ] Q(db),
=0 i=0

(15)

where we note the existence of X, = 0 on {®({0}) = 1} in the
second equality and apply Campbell’s formula in the third
equality. Noting that Xy = 0 on {®({0}) = 1}, we separate the
expectation in (Eq. 15) into

Eg) [;/RdeGN/E(IyII) L_OICH (y’ X, - t) Q(d)/ - X, + t)}

oo

_ /Rdefezv/e(nyu) Co(y,—t)E, [H Co(y, X

i=1

n=1

—t)]cz(dw)
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]‘[cg ¥, X; - ) Q(dy - X, +t)] (16)
I#n

and consider the two terms on the right-hand side of (Eq. 16) one by
one. For the first term, the generating functional of a PPP yields

(Lst term of (Eq. 16))
:/ e ON/e(In) Co (y, —t) exp(—/\q,/ [l - Cy (y, w)] dw)
R4 R4

Q(dy +t) =I9(-1). (17)

On the other hand, applying Campbell’s formula and the
generating functional for @ to the second term on the right-
hand side of (Eq. 16), we have

(2nd term of (Eq. 16))

= -oN/e (Iyh) _ 0
/\@/Rd/we y Ce(}’, t) Cy (y,x) Eg [HC
Q(dy — x)dx

- Ad}/Rd./RdeiaN/e(”y") Co (}A _t) Co (}’) x)

eXp(—/\q)/]Rd [1-Co(y,w)] dw> Q(dy — x)dx
=ILe(-t). (18)

Finally, plugging (Eqs 17, 18) into (Eq. 16), and then into (Eq.
15), we have (Eq. 12) and the proof is completed.

When d = 2 and the distribution Q for the locations of
offspring points depends only on the distance; that is, Q(dy) =
fo(lyll) dy for y € R?, we obtain a numerically computable form of
the coverage probability.

Corollary 1. When d = 2 and Q(dy) = f,(lyll) dy, y € R?, the
coverage probability in Theorem 2 is reduced to

P()=2rn(1-p)pu /0 7:e-f’N/“<s> Eo(5) Co (s,1) T (s, 1) ds fo (1) udu,

(19)
where

fg(s,u)

Ep(s) = exp<—2n)tq,/w[1 —Cy(s, v)] vdv),
0

o -1
Co(s,7) = exp(—py[l —/ (1 +0 8(( ))> g(ql r)dq] ),
/ f0<\/sz +17 =2 srcos ¢ ) de.
(20)
Proof. Since the distribution Q depends only on the distance, it

holds that Q7 (dt) = Q(df) = f(ll#ll) dt, ¢ € R?, and (Eq. 12) is
reduced to

=g(s| u)+2m\q>/wég(s,r)g(s | ) rdr,
0

g(slr)=
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CP(0) = (1= p)pu | (1ua(6) + Lo (0)) £ ()

T (1)
=201 p)pu [ (Tup 00+ Top 00) Fo ),

where the polar coordinate conversion is applied in the second
equality and

fo(u) = / &N/ Cy (s,1) Bg (s) g (s | u) ds,

Lg(u) = Zﬂ/lcp// e N8O Cy (s,u) Co (5,7) Eg (s) g (s | r) dsrdr.
0J 0
Therefore, we have

Bou) + Eaa ) = [ e/00 Co(s,) Eo (9 Ta (1) ds.
0

Plugging this into (Eq. 21), we have (Eq. 19) and the proof is

completed.

4.3 Device Discovery

We next consider the problem of device discovery. Devices in the
transmission mode transmit broadcast messages, whereas a
device in the receiving mode can discover the transmitters if it
can successfully decode the broadcast messages. When a device in
the receiving mode receives the signal from one transmitting
device, the signals from all other transmitting devices work as
interference. Then, the expected number of transmitting devices
discovered by the typical device is represented by

N(@©)=(1-p)Ey|) I{SINRM>9}:|- (22)

Proposition 3. Consider the D2D network model described in
Section 4.1 with the devices deployed according to a stationary
PPCP given in Section 3.1. Then, the expected number N (6) of
transmitting devices discovered by the typical device is obtained
by (Eq. 12) in Theorem 2 replacing the integral range ||z|| > ||yl in
(Eq. 13) by R?. Moreover, when d = 2 and Q(dy) = f(lyll) dy for
y € R%, V() is reduced to (Eq. 19) in Corollary 1 replacing the
integral range (s, o) in (Eq. 20) by (0, o).

Proof. Since E?y [ZZ:II{SWRW, >0 = ::IP?I/ (SINR,,, > 0), the
difference between (Eq. 11) and (Eq. 22) is only the event
Y.l < IIYjII,j € N}. This leads toAthe difference of the integral
ranges in Cy(y, x) in (Eq. 13) and in Cy(s,r) in (Eq. 20). Remark 5.
Since P (-, {SINR,, >0} <Y PS, (SINR,, > 0) = NV (6),
Proposition 3 also gives an upper bound for the coverage probability
with the max-SINR association policy, where a device in the receiving
mode receives a message with the strongest SINR. This upper bound is
known to be exact for 8 > 1 since ZLJ{SINRM sep<1+ 67! almost
surely [see (Dhillon et al, 2012) or (Blaszczyszyn et al, 2018,
Lemma 5.1.2)].

4.4 Numerical Experiments

We present the results of numerical experiments for the analytical
results obtained in Sections 4.2, 4.3. We set d = 2 and the distribution
Q for the location of the offspring points as Q(dy) = f,(yll) dy and
fols) = e/ (2762), s > 0; that is, Q is the isotropic normal
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FIGURE 2 | Coverage probability as a function of SINR threshold (Aq, =
7', u=10,p =05, =4and N = 0).

distribution with variance ¢’, so that the resulting PPCP ¥ is the
Thomas point process. Furthermore, the path-loss function is set as
e =rP r>o0, with § > 2.

The numerical results for the coverage probability are given
in Figure 2, where the values of CP (6) with different values of 6
and o” are plotted. The other parameters are fixed at Ay = 7",
=10, p=0.5, =4 and N = 0. For comparison, the values when
the devices are located according to a homogeneous PPP are also
displayed in the figure with the label “¢* — .” From Figure 2,
we can see that, as the value of ¢ increases, the coverage
probability decreases and is closer to that for the
homogeneous PPP. This is contrary to the case of cellular
networks, where the coverage probability increases and is
closer to that for the homogeneous PPP from below as the
variance of the locations of offspring points increases [see

0.6 .
\ 6% =0.05 ——
1% . \ 2
g o5l 62=0.10 - - -
5 . \‘\\ 62 -030 -----
° R 2
E 0y 0" > o
o 04} ARA 1
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w TTRE = ==
0 L L L
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FIGURE 3 | Expected number of discovered devices as a function of
SINR threshold (A = 7', 1 = 10, p = 0.5, = 4 and N = Q).
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(Miyoshi, 2019)]. This difference is thought to be due to the fact
that the locations of a receiving device and its communication
partner are near to each other in the PPCP-deployed D2D
network since they are both points of the same PPCP,
whereas the location of a receiver is likely far from that of
the associated BS in the PPCP-deployed cellular network since
their locations are independent of each other.

The results of the device discovery is given in Figure 3, where
we know that the closed form expression of the expected number
of discovered devices is obtained as N PP (0) =
(1 = p) (B/2m) sin (271/B) 6~2F for the case of the homogeneous
PPP with N =0 [see, e.g., (Hamida et al., 2008)]. The figure shows
similar features to the coverage probability.

5 CONCLUSION

In this paper, we have presented an alternative form of Neveu’s
exchange formula for jointly stationary point processes on R? and
then demonstrated that it is useful for the analysis of spatial
stochastic models given based on stationary PPCPs. We have first
applied it to the Palm characterization for a stationary PPCP and
then to the analysis of a D2D network modeled using a stationary
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