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The non-orthogonal multiple access (NOMA) scheme has been recognized as a
promising candidate for future generationwireless communication networks that
require a high data rate and spectral efficiency. In order to achieve a superior
spectral efficiency, the orthogonal frequency division multiplexing (OFDM)
technique with the robust channel estimation algorithm can be combined
with the NOMA scheme. However, due to the inherent problem of inter-
carrier interference in the OFDM-based systems, channel estimation using
training symbols are not usually perfect. Furthermore, the successive
interference cancellation (SIC) process commonly carried out in NOMA
systems to address the interference among users is also imperfect under
practical scenarios. Thus, a theoretical framework of the OFDM-based NOMA
system to analyze the effect of both the imperfect SIC and channel estimation
errors is presented in this paper. In particular, the effect of both the channel
estimation errors and imperfect SIC, introduced at the receiver, on the bit error
rate (BER) performance metric is analyzed under Rayleigh fading channel
conditions. Our analytical results are compared to the corresponding
simulation results for different design parameters. It is shown that the
analytical and simulation results are in good agreement. Moreover, while
revealing the importance of CSI and SIC, the results equally show that the
assumption of perfect CSI and SIC is not practical, hence the need for
accurate schemes for improved BER performance.
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1 Introduction

Future wireless networks are expected to support higher data rates, very large
network capacity, high spectral efficiency, and more mobility. The non-orthogonal
multiple access (NOMA) scheme is seen as a very viable and attractive scheme that can
effectively meet the demands of future radio access networks and applications. Earlier
multiple access schemes have focused on the orthogonal techniques (Gilhousen et al.,
1991; Brannstrom et al., 2002; Liu et al., 2006; Wang et al., 2006; Liu et al., 2017).
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Although orthogonal techniques ensure the avoidance of intra-
cell interference, the techniques usually involve stringent
requirements. Orthogonal techniques also require a sufficient
distance between re-used channels, which results in a reduced
cellular spectral efficiency. On the other hand, the NOMA
scheme ensures a high spectral efficiency and mass
connectivity. The NOMA scheme is able to accommodate
concurrent users through non-orthogonal resource allocation
(Liu et al., 2019; Jain et al., 2020; Li et al., 2019; Bariah et al.,
2020). Although this comes with an increased inter-cell
interference (ICI), the successive interference cancellation
(SIC) technique (Liu et al., 2017; Liu et al., 2019) is exploited
to mitigate the ICI at the receiver.

In order to achieve a higher spectral efficiency and a better
throughput, the NOMA scheme can be combined with the
orthogonal frequency division-multiplexing (OFDM) scheme (Li
et al., 2016; Moose, 1994; Chen, 2002; Morelli and Mengali, 2000;
Hilario-Tacuri et al., 2021). The combination of the NOMA and the
OFDM scheme, however, comes with challenges such as the peak-
to-average power ratio (PAPR) and channel estimation problems
(Mohsan et al., 2023; Kay, 1995). In Liu et al. (2019); Jain et al.
(2020), the BER analysis of NOMA-enabled visible light
communication systems was studied. Furthermore, the study in
Li et al. (2019) provided a comprehensive performance analysis for
spatial modulation-aided cooperative NOMA, while Bariah et al.
(2020) carried out a study on error performance of NOMA-based
systems with power constraints. In Hilario-Tacuri et al. (2021),
authors focused on deriving the analytical expression of BER for the
downlink NOMA-OFDM system in the presence of a high-power
amplifier (HPA) with memory. Nevertheless, it is commonly
assumed in the literature (Liu et al., 2019; Jain et al., 2020;
Bariah et al., 2020; Hilario-Tacuri et al., 2021) that the successive
interference cancellation method commonly carried out in the
NOMA system to address the interference among users is
perfect. However, this is not always true in practice, and the
inaccurate interference assessment of the multiple users using
SIC detection can lead to more prominent errors and affect the
bit error rate (BER) performance of the system. So far in the
literature, not so much has been done to mitigate the effect of
the inaccurate interference assessment and to achieve some
improvement in providing more accurate reconstruction in using
SIC detection. In Ouaissa et al. (2022), the authors considered
mitigating the effect of imperfection in NOMA by introducing a
cancellation error in the receiver, while Mohsan et al. (2023)
proposed a recurrent neural network-based guided frequency
interference coefficient estimation algorithm in a NOMA visible
light communication (VLC) system.

This work focuses on the theoretical BER analysis by derivations
of closed-form analytical expressions to analyze the performance of
the OFDM-based NOMA system. Unlike Li et al. (2016); Hilario-
Tacuri et al. (2021) who investigated a downlink NOMA-OFDM
system, our paper considers an uplink system. The consideration for
the uplink introduces more challenges which include the need for
accurate CSI for both users and potential error propagation on the
weaker signal due to imperfect SIC. Consequent upon this, we
studied a system that is plagued with channel estimation or
channel state information (CSI) errors and successive interference
cancellation (SIC) errors. To date, the BER derivation and analysis

for an OFDM-based NOMA system with both channel estimation
and SIC errors have not been comprehensively addressed in the
literature. This gap is filled by deriving and analyzing the closed-
form BER expressions using binary phase-shift keying (BPSK),
quadrature phase-shift keying (QPSK), and 16-QAM modulation
schemes in a multipath-fading channel. Notably, the approach
employed for the BER derivations and analysis in this work can
be easily extended to other modulation sizes. The derived BER
expressions are in a simple form that requires no numerical
integration, thus providing a practical and efficient tool for
performance evaluation. Table 1 outlines the main differences
between our work and the previous studies on the BER of the
NOMA system.

Moreover, the results obtained in this study can significantly
benefit research involving machine learning (ML) techniques. The
closed-form BER expressions and insights into the impact of
channel estimation and SIC errors can serve as a valuable
benchmark for training and validating ML models. These models
can be designed to optimize power allocation, improve the channel
estimation accuracy, andmitigate the effects of SIC errors in OFDM-
based NOMA systems. By integrating the analytical results from this
work, future research direction can enhance the robustness and
efficiency of ML-driven solutions, fostering advancements in
adaptive and intelligent communication systems. By bridging the
gap between theoretical analysis and practical implementation, this
work not only advances the understanding of OFDM-based NOMA
systems but also lays the groundwork for future ML-driven
optimization in fifth generation (5G) and beyond wireless
communications.

The main contributions in this paper, therefore, include
the following:

1. The closed-form bit error expressions for OFDM-based
NOMA systems are derived using BPSK, QPSK, and 16-
QAM modulation schemes. This is different from the works
in Li et al. (2016); Hilario-Tacuri et al. (2021). While Li et al.
(2016) merely present the BER results obtained using
computation and simulation with the assumption of perfect
SIC and without consideration for channel estimation, the
authors in Hilario-Tacuri et al. (2021),, although analytically
investigated the BER performance of the OFDM-based NOMA
system, did not consider channel estimation, and the work
equally assumes a perfect SIC at the receiver in the analysis.

2. The impact of channel estimation errors on the BER
performance of OFDM-based NOMA systems is
investigated. In addition, this work theoretically shows the
importance of power allocation and channel estimation in
OFDM-based NOMA systems.

3. The effect of SIC error on the BER performance of OFDM-
based NOMA systems is investigated. The effect of the SIC
error is practically considered during the modeling and
derivation of the closed-form BER expressions for the
various modulation schemes considered.

The rest of this paper is organized as follows: Section 2 presents
the NOMA-OFDM system model. Section 3 presents the closed-
form BER derivations and analysis. Section 4 presents the simulation
results, while Section 5 presents the conclusion.
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2 The NOMA-OFDM system model

An uplink OFDM-based NOMA system with K users is
considered, where the users transmit signals Sk(n), k ∈ K � {1, 2}
on the subcarrier n ∈ {1, . . . ,N}. The SIC technique, which is a vital
part of the OFDM-NOMA system, is utilized to separate the
superimposed signals of various users. Moreover, transmit power Pk

is assigned to a particular user k ∈ K, based on its relative distance from
the base station (BS). Thus, the signal for the kth user on the subcarrier
n ∈ N after power allocation can be mathematically represented as in
Equation 1 (Wang et al., 2021; Chen, 2016)

Xm
k n( ) � �����

Pk n( )√
Smk n( ). (1)

For ease of notation, the superscript m � {p, d} represents the
type of data symbol. Although m � p denotes the training symbol,
m � d represents the data symbol. Therefore, the received frequency
domain signal, after the fast Fourier transform (FFT) has been
performed, in the presence of carrier frequency offset (CFO) can be
expressed as

Y � ∑K
k�1

HkXk + G, (2)

where in Equation 2, the parameter Y � [Y(1)Y(2), . . .Y(N)]T and
Xk � [Xk(1)Xk(2), . . .Xk(N)]T. The parameter G �
[G(1), G(2), . . . , G(N)]T denotes the additive white Gaussian
noise (AWGN) with covariance σ2GIN, while IN is an identity
matrix. The covariance matrices of the channel Hk can be also
expressed as RHk � σ2Hk

IN. In addition, the parameter H can be
represented as in Equation 3 (Lopez-Martinez et al., 2010; Yih, 2007;
Kara and Kaya, 2018; Savaux et al., 2016),

H n( ) � ∫∞

−∞
h t( )e−j2πnt/Tdt � ∑Q−1

q�0
hqe

−j2πnq/N, (3)

where h(t) is the impulse response of the channel in the time
domain, T is the effective OFDM symbol period, and Q<N is the
number of multipath, while the path gains hq are independently
circularly symmetric complex Gaussian random variables. Two
users (i.e., K � 2) are assumed to minimize the multiuser
interference (MUI) on each subcarrier and reduce complexity.
Thus, the received signal can be expressed as in Equation 4a

Y � H1X1 +H2X2 + G, (4a)
which can be, otherwise, rewritten as Equation 4b

Y � H1

��
P1

√
S1 +H2

��
P2

√
S2 + G, (4b)

where P1 � PTl1 and P2 � PTl2. The parameters S1 and S2 represent
the transmit signals from user 1 and user 2, respectively, while l1 and
l2 represent the path losses of the first user and second user,
respectively, from the base station. The path loss of a particular
user from the base station is related to the distance, by the expression
10 log(lk) � 148.1 + 37.6 log10(dk) dB (Björnson et al., 2013), while
PT is the total power.

3 The BER analysis for NOMA-OFDM

In this section, the OFDM-based NOMA system is analyzed to
consider the effect of both the imperfect SIC and channel estimation
errors on the bit error performance metric.

3.1 BPSK derivation

The BER expressions for an uplink OFDM-based NOMA
system is derived and analyzed in this section. The BER
expression is derived using BPSK signaling in a multipath fading
channel. It is assumed that BS has the knowledge of the relative
distance of the users in the OFDM-based NOMA system. Thus, the
user with a shorter relative distance to the BS is taken as the stronger
user, while the farther user is taken as the weaker user. For the
purpose of this work, Y1 is taken as the stronger user, while Y2 is
taken as the weaker user. Thus, for the channel estimation of the first
user (user 1), the received training symbol can be expressed as in
Equation 5

Y1 n( ) � H1 n( ) ��
P1

√
Sp1 n( ) +H2 n( ) ��

P2

√
Sp2 n( ) + G1 n( )︸����������︷︷����������︸
Z1

, (5)

and the covariance of Z1 can be obtained as CZ1 �
( ���

P2
√

Sp2 )σ2H2
( ���

P2
√

Sp2 )T + σ2
G1

(Hilario-Tacuri et al., 2021). A
simple channel estimation method, based on training symbols, is
given by Kay (1995); Savaux et al. (2016) as written in Equation 6.

TABLE 1 Summary of the NOMA-based system in the literature.

Reference NOMA OFDM SIC error CSI Remarks

Li et al. (2016) ✓ ✓ × ‡ Simulation

Liu et al. (2019); Jain et al. (2020) ✓ × × ‡ Analysis and simulation

Li et al. (2019) ✓ × × ‡ Analysis and simulation

Bariah et al. (2020) ✓ × × ‡ Analysis and simulation

Hilario-Tacuri et al. (2021) ✓ ✓ × ‡ Analysis and simulation

Ouaissa et al. (2022) ✓ × ✓ ‡ Simulation

Mohsan et al. (2023) ✓ × ✓ ‡ Experiment

This paper ✓ ✓ ✓ + Analysis and simulation

Legends: ✓ = considered, + = considered imperfect channel estimation, × = not considered, and ‡ = no channel estimation.
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Ĥ1 n( ) � H1 n( ) + H2 n( ) ��
P2

√
Sp2 n( )��

P1
√

Sp1 n( ) + G1 n( )��
P1

√
Sp1 n( ). (6)

Thus, from Equation 6, a more compact expression can be obtained
as in Equation 7

Ĥ1 n( ) � H1 n( ) + R1 n( ) + Ĝ1 n( ), (7)
where

R1 n( ) � H2 n( ) ��
P2

√
Sp2 n( )��

P1

√
Sp1 n( ) and Ĝ1 n( ) � G1 n( )��

P1

√
Sp1 n( ).

Therefore, the received data symbol after FFT can be expressed
as in Equation 8

Y1 n( ) � H1 n( ) ��
P1

√
Sd1 n( ) +H2 n( ) ��

P2

√
Sd2 n( ) + G1 n( )︸����������︷︷����������︸
Z1

, (8)

where Sd1(n) ∈ {± 1} and the parameters Sd1 and Sd2 denote the data
symbols of user 1 and user 2, respectively.

3.1.1 Impact of SIC and channel estimation errors
For BPSK modulation, the impact of SIC imperfection and

channel estimation errors on the error probability can be
expressed in Equation 9 as (Savaux et al., 2016)

℘1 n( ) � Pr Re Y1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ) � 1{ }. (9)

In Kara and Kaya (2018), to obtain the error probability, a joint
distribution for the sum of the independent non-identical Rayleigh
channel distributions is obtained. Furthermore, the probability
density function for the difference of two independent non-
identical Rayleigh distributions is derived. These joint
distributions are then used to obtain the bit error probability of
the NOMA system. However, a much simpler method is to obtain
the error probability using the approach in Proakis (2001), which
can be derived in such a way that numerical integration is not
required. Hence, the derivation of ℘1(n) follows Proakis (2001) and
the Appendix, in order to characterize the effects of SIC and channel
estimation errors on the bit error of the NOMA-OFDM system.
Therefore, ℘1(n) is obtained as

℘1 n( ) � 1
2

1 −
Re μY1Ĥ1 |Sd1[ ]����������������������������

μY1Y1 |Sd1μĤ1Ĥ1 |Sd1 − Im μY1Ĥ1 |Sd1[ ]( )2
√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (10)

where μY1Ĥ1
, μY1Y1

and μĤ1Ĥ1
are computed for the user 1 as follows:

μY1Ĥ1 |Sd1 � E Y1 n( )Ĥ1* n( ) | Sd1 n( )[ ]
� E H1 n( ) ��

P1

√
Sd1 n( ) +H2 n( ) ��

P2

√
Sd2 n( )([

+ G1 n( )) H1 n( ) + R1 n( ) + Ĝ1 n( )( )*]
� σ2H1

��
P1

√
Sd1 n( ) + E H1 n( )R1* n( )[ ] ��

P1

√
Sd1 n( )

+ E H2 n( )R1* n( )[ ] ��
P2

√
Sd2 n( ) + E G n( )Ĝ* n( )[ ],

(11)

μY1Ĥ1 |Sd1 � σ2H1

��
P1

√
Sd1 n( ) + N0��

P1

√
Sp1 n( ), (12)

μY1Y1 |Sd1 � E Y1 n( )Y1* n( ) | Sd1 n( )[ ]
� E H1 n( ) ��

P1

√
Sd1 n( ) +H2 n( ) ��

P2

√
Sd2 n( )([

+ G n( )) H1 n( ) ��
P1

√
Sd1 n( )(

+ H2 n( ) ��
P2

√
Sd2 n( ) + G n( ))*],

(13)

μY1Y1 |Sd1 � σ2H1

��
P1

√
Sd1 n( )∣∣∣∣ ∣∣∣∣2 + σ2H2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 +N0, (14)

μĤ1Ĥ1|S1d � E Ĥ1 n( )Ĥ1* n( ) | Sd1 n( )[ ]
� E H1 n( ) + R1 n( ) + Ĝ n( )( ) H1 n( ) + R1 n( ) + Ĝ n( )( )*[ ]
� H1 n( )H1* n( ) + 2Re E H1 n( )R1* n( )[ ][ ]

+R1 n( )R1* n( ) + Ĝ n( )Ĝ* n( ), (15)

μĤ1Ĥ1 |Sd1 � σ2H1
+ σ2H2

��
P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2��

P1
√

Sp1 n( )∣∣∣∣ ∣∣∣∣2 + N0��
P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2. (16)

The average bit error can be expressed in Equation 17 as

℘1 �
1
N

∑N−1

n�0
℘1 n( ). (17)

Since the SIC is only performed on user 2, it is assumed that
there is no SIC error on user 1. Therefore, the impact of CSI errors
only on the BER performance of user 1 can be considered by
rewriting μY1Ĥ1 |Sd1 , μY1Y1|Sd1 , and μĤ1Ĥ1 |Sd1 in Equations 12, 14, 16 as
μY1Ĥ1_CSI,SIC|Sd1 , μY1Y1_CSI,SIC|Sd1 , and μĤ1Ĥ1_CSI,SIC|Sd1 in Equations 18,
19, 20 as

μY1Ĥ1_CSI,SIC|Sd1 � σ2H1

��
P1

√
Sd1 n( ) + N0��

P1
√

Sp1 n( ), (18)

μY1Y1_CSI,SIC|Sd1 � σ2H1

��
P1

√
Sd1 n( )∣∣∣∣ ∣∣∣∣2 + CδH2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 +N0, (19)

μĤ1Ĥ1_CSI,SIC|Sd1 � σ2H1
+ CδH2

��
P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2��

P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2 + N0��

P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2, (20)

such that Equation 10 can be written as Equation 21:

℘1_CSI,SIC n( )

� 1
2

1 −
1 + N0��

P1
√

Sp1 n( )σ2H1

��
P1

√
Sd1 n( )����������������������������������������������������������

1 + ap1,2
σ2H1

+ ap1,2N0

|σ2H1

��
P1

√
Sd1 n( )|2 + ad1,2 σ2H1

+ ap1,2( ) + σ2H1
N0

|σ2H1

��
P1

√
Sd1 n( )|2 − ad2,2[ ]2√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,
(21)

whereap1,2 �
CδH2

| ��
P2

√
Sp2 (n)|2+N0

| ��
P1

√
Sp1 (n)|2

, ad1,2 �
CδH2

| ��
P2

√
Sd2(n)|2

[σ2H1
| ��

P1
√

Sd1(n)|]2, and

ad2,2 � [Im(μ
Y1 �H1_CSI,SIC|Sd1

)
σ2H1

| ��
P1

√
Sd1(n)| ]2. The expression in Equation 21 indicates

that error probability increases with increasing CSI components in
the denominator. However, for a system with perfect channel
estimation and no SIC error at the receiver, Equation 21 reduces
to Equation 22 as

℘1_SIC,CSI n( ) � 1
2

1 − 1�����������������������������
1 + N0

σ2H1
| ��P1
√

Sd1 n( )|2 −
Im σ2H1

��
P1

√
Sd1 n( )[ ]( )2

σ2H1
| ��P1
√

Sd1 n( )|2

√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.
(22)

If we assume N0

σ2H1
| ��

P1
√

Sd1(n)|2 −
(Im[σ2H1

��
P1

√
Sd1(n)])2

σ2H1
| ��

P1
√

Sd1(n)|2 results in a value

greater than zero, then the error probability ℘1_SIC,CSI(n) increases
with increasing noise power only.

Now for the second user, the received data symbol before
cancellation can be expressed in Equation 23 as

Y2′ n( ) � H2 n( ) ��
P2

√
Sd2 n( ) +H1 n( ) ��

P1

√
Sd1 n( ) + G2 n( ). (23)
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After cancellation, we can obtain Equation 24 and, subsequently
Equation 25 as follows:

Y2 n( ) � Y2′ n( ) − Ĥ1 n( ) ��
P1

√
Ŝ
p

1 n( ), (24)
Y2 n( ) � H2 n( ) ��

P2

√
Sd2 n( )

+ δH1 n( ) ��
P1

√
Ŝ
d

1 n( ) +H1 n( ) ��
P1

√
δSd1 n( ) + G2 n( )︸��������������������︷︷��������������������︸

Z2

, (25)

where Sd2(n) ∈ {± 1} and the covariance of δH1(n) can be expressed
as CδH1 � (R−1

H1
+ ( ���

P1
√

S1)C−1
Z1
( ���

P1
√

S1)T)−1 (Kay, 1995). The
parameter δSd1(n) � Sd1(n) − Ŝ

d
1(n) denotes the SIC error with its

covariance σ2s � ∑3
i�1S

2
i Pr(Si) since it assumes three values 2, 0,−2

with probabilities 1
2℘1, (1 − ℘1) and 1

2℘1, respectively. Therefore, the
covariance can be written as 22 · ℘1

2 + 02(1 − ℘1) + 22 · ℘1
2 � 4℘1. In

the literature, the SIC term is typically modeled as a Gaussian
random variable CN(0, εσH) (Im and Lee, 2019), and
performance results are given for various values of ε, 0≤ ε≤ 1.
However, this does not model the SIC error correctly since δSd1
depends on the SNR experienced by user 1. Thus, the SIC error,
which is denoted as ε, should be 4℘1. Furthermore, RH1 � σ2

H1
IN is

the covariance matrix for H1, while the N × N identity matrix is
denoted by IN (Kay, 1995).

The expression for channel estimation is obtained in Equation
26 as

Ĥ2 n( ) � H2 n( ) + A2 n( ) + Ĝ2 n( ), (26)
where A2(n) � δH1(n) ��

P1
√

Sp1 (n)��
P2

√
Sp2 (n)

and Ĝ2(n) � G2(n)��
P2

√
Sp2 (n)

. Thus, for BPSK
modulation for the second user, the bit error is expressed in
Equation 27 as

℘2 n( ) � Pr Re Y2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ) � 1{ }. (27)

To obtain ℘2(n), μY2Ĥ2
, μY2Y2

, and μĤ2Ĥ2
are computed for user

2 as follows:

μY2Ĥ2 |Sd2 � E Y2 n( )Ĥ2* n( ) | sd2 n( )[ ],
� E H2 n( ) ��

P2
√

Sd2 n( ) + δH1 n( ) ��
P1

√
Ŝ
d

1 n( )([
+ H1 n( ) ��

P1

√
δSd1 n( ) + G2 n( )) H1 n( ) + A1 n( ) + Ĝ2 n( )( )*],

(28)
μY2Ĥ2 |Sd2 � σ2H2

��
P2

√
Sd2 n( ) + N0��

P2

√
Sp2 n( ), (29)

μY2Y2 |Sd2 � E Y2 n( )Y2* n( ) | Sd2 n( )[ ],
� E H2 n( ) ��

P2

√
Sd2 n( ) + δH1 n( ) ��

P1

√
Ŝ
d

1 n( )([
+ H1 n( ) ��

P1

√
δSd1 n( ) + G2 n( )) H2 n( ) ��

P2

√
Sd2 n( )(

+ δH1 n( ) ��
P1

√
Ŝ
d

1 n( ) +H1 n( ) ��
P1

√
δSd1 n( ) + G2 n( ))*],

(30)
� σ2H2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 + CδH1

��
P1

√
Ŝ
d

1 n( )
∣∣∣∣∣∣ ∣∣∣∣∣∣2 +N0

+ σ2H1
E δSd1 n( )δSd*1 n( )[ ], (31)

μY2Y2 |Sd2 � σ2H2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 + CδH1

��
P1

√
Ŝ
d

1 n( )
∣∣∣∣∣∣ ∣∣∣∣∣∣2 +N0 + σ2H1

· 4℘1 n( ),
(32)

μĤ2Ĥ2 |Sd2 � E Ĥ2 n( )Ĥ2* n( ) | Sd2 n( )[ ],
� E H1 n( ) + A1 n( ) + Ĝ2 n( )( ) H1 n( ) + A1 n( ) + Ĝ2 n( )( )*[ ].

(33)

Therefore,

μĤ2Ĥ2 |Sd2 � σ2H2
+ CδH1

��
P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2��

P2
√

Sp2 n( )∣∣∣∣ ∣∣∣∣2 + N0��
P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2. (34)

where Equations 29, 31, and 34 are obtained from Equations 28,
30, and 33 respectively. In a similar fashion to Equation 10, the
probability of bit error on user 2 can be written as in Equation 35:

℘2 n( ) � 1
2

1 −
Re μY2Ĥ2 |Sd2[ ]����������������������������

μY2Y2 |Sd2μĤ2Ĥ2 |Sd2 − Im μY2Ĥ2 |sd2[ ]( )2
√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (35)

The average bit error can be expressed in Equation 36 as

℘2 �
1
N

∑N−1

n�0
℘2 n( ). (36)

The impact of SIC errors and the CSI errors on the BER
performance can be considered under the following two scenarios
as (i) imperfect CSI, perfect SIC and (ii) imperfect SIC, perfect CSI.

• Imperfect CSI, perfect SIC:

Under the scenario of imperfect CSI but a perfect interference
assessment at the receiver, μY2Ĥ2 |Sd2 , μY2Y2|Sd2 , and μĤ2Ĥ2 |Sd2 in
Equations 29, 32, 34 can be written as μY2Ĥ2_CSI,SIC|Sd2 ,
μY2Y2_CSI,SIC|Sd2 , and μĤ2Ĥ2_CSI,SIC|Sd2 in Equations 37–39 as

μY2Ĥ2_CSI,SIC|Sd2 � σ2H2

��
P2

√
Sd2 n( ) + N0��

P2
√

Sp2 n( ), (37)

μY2Y2_CSI,SIC|Sd2 � σ2H2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 + CδH1

��
P1

√
Sd1 n( )∣∣∣∣ ∣∣∣∣2 +N0, (38)

μĤ2Ĥ2_CSI,SIC|sd2 � σ2H2
+ CδH1

��
P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2��

P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2 + N0��

P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2, (39)

such that Equation 35 can be written as Equation 40:

℘2_CSI,SIC n( )

� 1
2

1 −
1 + N0��

P2
√

Sp2 n( )σ2H2

��
P2

√
Sd2 n( )����������������������������������������������������������

1 + ap1,2
σ2H2

+ ap1,2N0

|σ2H2

��
P2

√
Sd2 n( )|2 + ad1,2 σ2H2

+ ap1,2( ) + σ2H2
N0

|σ2H2

��
P2

√
Sd2 n( )|2 − ad2,2[ ]2√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,
(40)

where ap1,2 �
CδH1

| ��
P1

√
Sp1 (n)|2+N0

| ��
P2

√
Sp2 (n)|2

, ad1,2 �
CδH1

| ��
P1

√
Sd1(n)|2

[σ2H2
| ��

P2
√

Sd2(n)|]2, and

ad2,2 � [Im(μ
Y2 �H2_CSI,SIC|Sd2

)
σ2H2

| ��
P2

√
Sd2(n)| ]2. The expression in Equation 40 indicates

that error probability increases with increasing CSI components in
the denominator.

• Imperfect SIC, perfect CSI:

Analogous to Equations 37–39, the effect of the imperfection on
SIC only (while it is assumed that there is perfect channel
estimation) on the parameters μY2Ĥ2|Sd2 , μY2Y2|Sd2 , and μĤ2Ĥ2|Sd2 can
be expressed as in Equations 41–43 respectively

μY2Ĥ2_SIC,CSI|Sd2 � σ2H2

��
P2

√
Sd2 n( ), (41)

μY2Y2_SIC,CSI|Sd2 � σ2H2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 +N0 + σ2H1

· 4℘1 n( ), (42)
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μĤ2Ĥ2_SIC,CSI|Sd2 � σ2H2
, (43)

where the expression in Equation 35 can now be written as in
Equation 44:

℘2_SIC,CSI n( ) � 1
2

1 − 1�����������������������������
1 + σ2H1

·4℘1 n( )+N0

σ2H2
| ��P2
√

Sd2 n( )|2 −
Im σ2H2

��
P2

√
Sd2 n( )[ ]( )2

σ2H2
| ��P2
√

Sd2 n( )|2

√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.
(44)

The expression in Equation 44 shows that error probability
increases with increasing imperfection in the interference
assessment by the SIC at the receiver. As the component of the
SIC, i.e., σ2H1

· 4℘1(n) increases, the parameter ℘2_SIC,CSI increases.
However, for a system with perfect channel estimation and a

perfect interference assessment at the receiver, the expressions in
Equations 40, 44 reduce to Equation 45 as

℘2_SIC,CSI n( ) � 1
2

1 − 1�����������������������������
1 + N0

σ2H2
| ��P2
√

Sd2 n( )|2 −
Im σ2H2

��
P2

√
Sd2 n( )[ ]( )2

σ2H2
| ��P2
√

Sd2 n( )|2

√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.
(45)

If we assume N0

σ2H2
| ��

P2
√

Sd2(n)|2
− (Im[σ2H2

��
P2

√
Sd2(n)])2

σ2H2
| ��

P2
√

Sd2(n)|2
results in a value

greater than zero, then the error probability ℘2_SIC,CSI(n) increases
with increasing noise power only. Table 2 shows the summary for
the derived BPSK scheme.

3.2 QPSK derivation

The closed-form BER expressions for the BPSK-modulated
OFDM-based NOMA have been derived in Section 3.1. Here, the
BER expression for an OFDM-based NOMA, using QPSK
signaling, is considered. Generally, the constellation of QPSK
can be expressed mathematically as in Equation 46

TABLE 2 Summary of the BPSK scheme.

User 1 Perfect CSI/SIC Imperfect CSI/SIC CSI error only SIC error only

μY1Ĥ1 |Sd1 σ2H1

���
P1

√
Sd1(n) σ2H1

���
P1

√
Sd1(n)

+ N0���
P1

√
Sp1 (n)

σ2H1

���
P1

√
Sd1(n)

+ N0���
P1

√
Sp1 (n)

σ2H1

���
P1

√
Sd1(n)

μY1Y1 |Sd1 σ2H1

���
P1

√
Sd1(n)

∣∣∣∣ ∣∣∣∣2
+N0

σ2H1

���
P1

√
Sd1(n)

∣∣∣∣ ∣∣∣∣2
+CδH2

���
P2

√
Sd2(n)

∣∣∣∣ ∣∣∣∣2
+N0

σ2H1

���
P1

√
Sd1(n)

∣∣∣∣ ∣∣∣∣2
+CδH2

���
P2

√
Sd2(n)

∣∣∣∣ ∣∣∣∣2
+N0

σ2H1

���
P1

√
Sd1(n)

∣∣∣∣ ∣∣∣∣2
+N0

μĤ1Ĥ1 |Sd1 σ2H1 CδH2

���
P2

√
Sp2 (n)

∣∣∣∣ ∣∣∣∣2���
P1

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2
+ N0���

P1

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2 + σ2H1

CδH2

���
P2

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2���
P1

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2
+ N0���

P1

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2 + σ2H1

σ2H1

User 2 Perfect CSI/SIC Imperfect CSI/SIC CSI error Only SIC error Only

μY2Ĥ2 |Sd2 σ2H2

���
P2

√
Sd2(n) σ2H2

���
P2

√
Sd2(n)

+ N0���
P2

√
Sp2 (n)

σ2H2

���
P2

√
Sd2(n)

+ N0���
P2

√
Sp2 (n)

σ2H2

���
P2

√
Sd2(n)

+ N0���
P2

√
Sp2 (n)

μY2Y2 |Sd2 σ2H2

���
P2

√
Sd2(n)

∣∣∣∣ ∣∣∣∣2
+N0

σ2H2

���
P2

√
Sd2(n)

∣∣∣∣ ∣∣∣∣2
+CδH1

���
P1

√
Sd1(n)

∣∣∣∣ ∣∣∣∣2
+N0 + σ2H1

· 4℘1(n)

σ2H2

���
P2

√
Sd2(n)

∣∣∣∣ ∣∣∣∣2
+CδH1

���
P1

√
Sd1(n)

∣∣∣∣ ∣∣∣∣2
+N0

σ2H2

���
P2

√
Sd2(n)

∣∣∣∣ ∣∣∣∣2
+σ2H1

· 4℘1(n)+N0

μĤ2Ĥ2 |Sd2 σ2H2 CδH1

���
P1

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2���
P2

√
Sp2 (n)

∣∣∣∣ ∣∣∣∣2
+ N0���

P2

√
Sp2 (n)

∣∣∣∣ ∣∣∣∣2 + σ2H2

CδH1

���
P1

√
Sp1 (n)

∣∣∣∣ ∣∣∣∣2���
P2

√
Sp2 (n)

∣∣∣∣ ∣∣∣∣2
+ N0���

P2

√
Sp2 (n)

∣∣∣∣ ∣∣∣∣2 + σ2H2

σ2H2

FIGURE 1
QPSK constellation.
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γ � 2i − 1( ) + 2q − 1( )j( )�
2

√ , i � 0, 1; q � 0, 1[ ]. (46)

As shown in Figure 1, using Gray encoding, two information bits
are mapped into a QPSK constellation symbol. In a scenario where
perfect channel estimation is assumed, one constellation symbol can
be sent as a result of the symmetry of the constellations and decision
boundary. However, when considering an OFDM-based NOMA
system with channel estimation errors, the constellations of the
demodulated signals are scaled and rotated. Therefore, in this case,
two constellation symbols are sent and the BER of the most
significant bit (MSB) and the BER of the least significant bit
(LSB) are then computed. Now, for the first user, considering
two constellation symbols (1+j)�

2
√ and (−1+j)�

2
√ , it can be seen from

Figure 1 that the decision boundary for the MSB is the real axis.
Thus, the BER of the MSB can be computed for the first user as

℘11 n( ) � 1
2

Pr Im Y1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ) � 1 + j( )�
2

√{ }[
+ Pr Im Y1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ) � −1 + j( )�

2
√{ }].

(47)
For the BER of the LSB for the first user, the decision boundary is

the imaginary axis. Thus, considering two constellation symbols (1+j)�2√
and (1−j)�

2
√ , the BER of the LSB can be computed as

℘12 n( ) � 1
2

Pr Re Y1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ) � 1 + j( )�
2

√{ }[
+ Pr Re Y1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ) � 1 − j( )�

2
√{ }]. (48)

The average bit error can then be expressed in Equation 49 as

℘1 �
1
N

∑N−1

n�0
℘11 n( ) + ℘12 n( )( ). (49)

The expressions in Equations 47, 48 are computed using Lemma
1 (See Supplementary Appendix S1), while μY1Ĥ1

, μY1Y1
and μĤ1Ĥ1

are computed as derived in Equations 11, 13, 15. Furthermore, for
user 2, the same approach can be followed, with the bit error for the
MSB and LSB given as in Equations 50 and 51

℘21 n( ) � 1
2

Pr Im Y2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ) � 1 + j( )�
2

√{ }[
+ Pr Im Y2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ) � −1 + j( )�

2
√{ }].

(50)
℘22 n( ) � 1

2
Pr Re Y2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ) � 1 + j( )�

2
√{ }[

+ Pr Re Y2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ) � 1 − j( )�
2

√{ }], (51)

respectively, while μY2Ĥ2
, μY2Y2

and μĤ2Ĥ2
are obtained as expressed

in Equations 29, 32, 34.

3.3 16-QAM derivation

Here, the 16-QAM constellation, which is generally denoted by
± ad ± jbd, is considered (Chen, 2016). The normalization coefficient is

represented as d, while a and b can take the values 1 or 3. The 16-QAM
constellationwithGray coding is as shown in Figure 2.Moreover, the 16-
QAM analyses can be divided into two parts, namely, the MSB and the
LSB. As seen in the figure, the first and the third bits correspond to the
in-phase (I) components, while the second and fourth bits correspond to
the quadrature bits (Q). TheGray encoder assigns the bits 01, 00, 10, and
11 to the levels 3d,d,−d,−3d, respectively, where d � �����

Es/10
√

. The
arrangement and the decision boundaries for the MSB and the LSB of
the I/Q components are shown in the second and third lines of Figure 2,
respectively (Chen, 2016). For this analysis, the BER calculation for only
the I components is considered since the I and Q components are
symmetrical. Now, let the constellation of 16-QAM be denoted as γ. Let
γ1 be the set of the four 16-QAM constellation symbols with d as their
I-component, which can be expressed as γ1 � {x ∈ γ: R[x] � d} .
Likewise, let the set of the four 16-QAM constellation symbols
having 3d as their I-component be denoted by γ2, which can be
expressed as γ2 � {x ∈ γ: Re[x] � 3d}. As the decision boundary
for the MSB bit is the imaginary axis, the error probability of the
MSB bit of the I-component can be expressed in Equation 52 as

℘MSB
b1 n( ) � 1

8
∑

Sd1 n( )ϵ γ1∪γ2{ }
Pr Re Y1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ){ }. (52)

Next is to obtain the decision boundary for the LSB bit, which are
I � 2d and I � −2d on the I − Q plane. Calculating the error

FIGURE 2
16-QAM constellation with Gray encoding: (A) 16-QAM
constellation. (B) 16-QAM constellation (bit-by-bit demapping).
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probability of the LSB bit is not as straightforward as that of theMSB bit,
which directly follows Lemma 1. In order to obtain the error probability
of the LSB bit, in such a way that it is in the exact form as Lemma 1, the
variable Y1(n) needs to be transformed into a new variable Ŷ1(n).
Therefore, considering the probability in Equation 53,

f Sd1 , D( ) � Pr Re Y1 n( )Ĥ1* n( ){ }< H1 n( )| |2{ }, (53)

where D denotes the decision variable at the detector of the
communication system (please refer to Supplementary Appendix
S1). A new variable Ŷ1(n) can be defined in Equation 54 as

Ŷ1 n( ) � Y1 n( ) − Ĥ1 n( )D
� H1 n( ) ��

P1
√

Sd1 n( ) +H2 n( ) ��
P2

√
Sd2 n( ) + G1 n( ) −H1 n( )D.

(54)
Hence,

f Sd1 , D( ) � Pr Re Ŷ1 n( )Ĥ1* n( ){ }< 0 | Sd1 n( ){ }. (55)

Now, based on Equation 55, the LSB can be obtained using
Lemma I. Therefore, μŶ1Ĥ1

, μŶ1Ŷ1
, and μĤ1Ĥ1

are computed as follows
in Equations 56 and 57:

μŶ1Ĥ1 |sd1 � E Ŷ1 n( )Ĥ1* n( ) | Sd1 n( )[ ]
� E H1 n( )Ĥ1* n( )[ ]Sd1 n( ) − E Ĥ1 n( )Ĥ1* n( )[ ]D
� σ2H1

��
P1

√
Sd1 n( ) − σ2H1

D − σ2H2

��
P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2��

P1

√
SP1 n( )∣∣∣∣ ∣∣∣∣2 ·D + N0��

P1

√
Sp1 n( ) ·D,

(56)
μŶ1Ŷ1 |sd1 � E Ŷ1 n( )Ŷ1* n( ) | Sd1 n( )[ ] � E H1 n( ) ��

P1

√
Sd1 n( )([

+ H2 n( ) ��
P2

√
Sd2 n( ) + G1 n( ) − Ĥ1* n( )D)× H1 n( ) ��

P1

√
Sd1 n( )(

+ H2 n( ) ��
P2

√
Sd2 n( ) + G1 n( ) − Ĥ1* n( )D)*]

� σ2H1
| ��

P1

√
Sd1 n( )|2 − 2σ2H1

��
P1

√
Sd1 n( )D + σ2H1

|D|2

+ σ2H2

��
P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2��

P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2 · |D|2 − N0��

P1

√
Sp1 n( ) ·D + N0��

P1

√
Sp1 n( )

· D| |2,
(57)

while μĤ1Ĥ1|Sd1(n) is given in Equation 15.
Therefore, ℘LSB

b (n) can be computed as in Equation 58

℘LSB
b1 n( ) � 1

8
∑

Sd1 n( )ϵγ1
1 − f Sd1 , D( ) + f Sd1 ,−D( )[ ]⎛⎜⎜⎝

+ ∑
Sd1 n( )ϵγ2

f Sd1 , D( ) − f Sd1 ,−D( )[ ]⎞⎟⎟⎠.

(58)

Then, the average BER for the 16-QAM constellation can be
expressed in Equation 59 as

℘1 �
1
2N

∑N−1

n�0
℘MSB
b1 n( ) + ℘LSB

b1 n( )( ). (59)

Now, to obtain the BER for the second user, the error probability of
the MSB bit of the I-components can be expressed in Equation 60 as

℘MSB
b2 n( ) � 1

8
∑

Sd2 n( )ϵγ1∪γ2
Pr Re Ŷ2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ){ }. (60)

In order to obtain the error probability of the LSB for the second
user, a new variable Ŷ2(m) is obtained as in the case of the first user.
Therefore, considering the probability as expressed in Equation 61,

f Sd2 , D( ) � Pr Re Y2 n( )Ĥ2* n( ){ }< H2 n( )| |2{ }. (61)

Let Ŷ2(n) � Y2(n) − Ĥ2(n)D, which can be written as
Equation 62

Ŷ2 n( ) � H2 n( ) ��
P2

√
Sd2 n( ) + δH1 n( ) ��

P1

√
Ŝ
d

1 n( )
+ H1 n( ) ��

P1

√
δSd1 n( ) + G2 n( ) − Ĥ2 n( )D.

(62)

Thus,

f Sd2 , D( ) � Pr Re Ŷ2 n( )Ĥ2* n( ){ }< 0 | Sd2 n( ){ }. (63)

Based on Equation 63, μY2Ĥ2
, μŶ2Ŷ2

, and μĤ2Ĥ2
are computed as

follows in Equations 64–66:

μŶ2Ĥ2 |Sd2 � E Ŷ2 n( )Ĥ2* n( ) | Sd2 n( )[ ]
� E H2 n( )Ĥ2* n( )[ ]Sd2 n( ) − E Ĥ2 n( )Ĥ2* n( )[ ]D
� σ2H2

��
P2

√
Sd2 n( ) − σ2H2

D − CδH1

��
P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2��

P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2 · D

+ N0��
P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2 ·D,

(64)

μŶ2Ŷ2 |Sd2 � E Ŷ2 m( )Ŷ2* n( ) | Sd2 n( )[ ]
� E H2 n( ) ��

P2
√

Sd2 n( ) + δH1 n( ) ��
P1

√
Ŝ
d

1 n( )([
+ H1 n( ) ��

P1
√

δSd1 n( ) + G2 n( ) − Ĥ2 n( )D) H2 n( ) ��
P2

√
Sd2 n( )(

+ δH1 n( ) ��
P1

√
Ŝ
d

1 n( ) +H1 n( ) ��
P1

√
δSd1 n( )

+ G2 n( ) − Ĥ2 n( )D)*], (65)
μY2Y2 |Sd2 � σ2H2

��
P2

√
Sd2 n( )∣∣∣∣ ∣∣∣∣2 + σ2H2

|D|2 + CδH1

��
P1

√
Ŝ
d

1 n( )
∣∣∣∣∣∣ ∣∣∣∣∣∣2

+CδH1

��
P1

√
Sp1 n( )∣∣∣∣ ∣∣∣∣2��

P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2 |D|2 + N0��

P2

√
Sp2 n( )∣∣∣∣ ∣∣∣∣2|D|2

− CδH1

��
P1

√
Sp1 m( )��

P1
√

Sp1 n( ) D

+ σ2H1
· 4℘1 n( ) +N0, (66)

while μĤ2Ĥ2|Sd2 is given in Equation 34.

4 Numerical results

In this section, the BER performances of the different
modulation schemes considered are evaluated using the
expressions derived in Section 3. The results are validated using
simulations. The NOMA-OFDM system, in the presence of SIC and
channel estimation errors, is implemented with N � 64 subcarriers
and the cyclic prefix of length 16. The OFDM subcarrier spacing is
15kHz, while the carrier center frequency is 2.5GHz. The power
delay profile of the multipath Rayleigh channel decays exponentially
(Lopez-Martinez et al., 2010; Yih, 2007). Furthermore, the root
mean square delay spread is 100 ns, and the number of training
symbols used for channel estimation is 2. The transmit power
PT � 10dBm and SNR = [260, 280]dBm, where
N0 � (PT · 10−SNR

10 ). The BPSK, QPSK, and 16-QAM modulation
schemes are considered. For the purpose of this work, the least-
squares method is used for analytical purposes. Very importantly,
because an uplink NOMA-based system is considered, the analysis
of the SIC imperfections would be limited to the weaker signal
(i.e., user 2) only since user 1 can be decoded without interference
cancellation.
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4.1 Impact of the modulation order on BER
performance

Figures 3, 4 illustrate the BER performances of the NOMA-
OFDM system for user 1 and user 2, respectively, for BPSK and
QPSK modulation schemes after channel estimation and SIC.
The solid lines are obtained from simulations, while the dotted

lines represent the plots from the theoretical computation.
From these results, the following can be observed: i) user
1 has lower BER than user 2 and ii) the BER is lower at a
lower modulation order than at the higher modulation order.
Although the former could be a result of the combined effects of
the impact of SIC error and the reduced SNR for user 2 since it is
the user with a weaker signal, the latter is essentially because
lower modulation schemes have fewer possible symbol states,
making them more robust against noise and signal degradation.
It can be seen that the theoretical analysis closely matches the
simulation results.

4.2 Impact of channel estimation errors on
BER performance

In Figures 5, 6, the BER versus transmit SNR (PT/N0) plots for
the QPSK and the 16-QAM modulation schemes are shown
respectively. For these plots, the BER performance of user
1 and user 2 is compared. It is assumed that the channel
estimation and SIC are perfect. As modeled in Section 2, the
user with the stronger signal and the user with the weaker
signal are determined based on their relative distance from the
base station. The path loss of a particular user is related to its
distance from the base station dk and can be evaluated as
10 log(dk) � 148.1 + 37.6 log10(dk) dB (Lopez-Martinez et al.,
2010). It is assumed that the distances of user 1 and user
2 from the base station are 1 km and 1.5 km, respectively. The
total power PT � 10dBm. Using these values, it can be seen from
the plot that the average difference between the performance of the
two users evaluated as 20 log10(BER1

BER2
) is approximately 5 dB due to

path loss. This difference can increase even further in an imperfect

FIGURE 3
BER vs. transmit SNR for user 1.

FIGURE 4
BER vs. transmit SNR for user 2.

FIGURE 5
BER of QPSK-modulated NOMA-OFDM signals under perfect
conditions.
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CSI scenario. This reveals, theoretically, the importance of
optimum power allocation in NOMA-OFDM systems.
Employing an optimized power allocation method would ensure
that the difference in performance loss among users is reduced.

Figures 7, 8 show the relevance of CSI and the impact of CSI
errors on the BER performance of user 1 for QPSK and 16-QAM
constellations. The plots show the performance when the channel
is not estimated and the performance after channel estimation.
These figures, therefore, illustrate the significance of channel
estimation and equally reveal the need for accurate CSI for
improved BER performance. Although performance shows
marked improvement after channel estimation, nevertheless,
these results show that the assumption of perfect CSI is not
practical as it can easily be seen that the plot for the estimated
channel does not agree with the plot for perfect CSI. In Figure 12,
the BER performance of user 2 is shown. The result compares the
system performance under three scenarios: (i) perfect CSI with
SIC errors, (ii) perfect SIC but with the CSI error, and (iii) perfect
CSI with perfect SIC. Focusing on the relevance of CSI and the
impact of the CSI error, the obtained results reveal that with CSI
errors only (i.e., with perfect SIC), performance improves
marginally with increasing transmit SNR until a constant
value of BER is reached. The reason for this is that at a low
SNR regime, the received signal is highly corrupted by noise,
leading to large estimation errors, and therefore, performance
degrades significantly. As the SNR increases, the noise
component reduces, making it easier to estimate the channel
with better accuracy and thereby achieve some improvement in
the BER performance. Nevertheless, the channel estimation
errors cause a floor effect in the BER performance. Therefore,

while increasing SNR reduces the noise, the system remains
limited by the inaccuracies in the channel estimates,
preventing further improvement in BER, regardless of the
SNR level.

FIGURE 6
BER of 16-QAM-modulated NOMA-OFDM signals under perfect
conditions.

FIGURE 7
Impact of the channel estimation error on the BER of QPSK-
modulated NOMA-OFDM signals for user 1.

FIGURE 8
Impact of the channel estimation error on the BER of 16-QAM-
modulated NOMA-OFDM signals for user 1.
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4.3 Impact of SIC imperfection on BER
performance

Figures 9, 10 show the impact of SIC imperfections together
with CSI errors on the BER performance of user 2 for QPSK and
16-QAM constellations. These figures illustrate the degrading
impact of SIC imperfection on the BER performance. In
particular, when compared with the plots in Figures 7, 8, the

impact of the SIC error becomes more obvious. In Figures 11, 12,
the BER performance of user 2 is as shown. As earlier stated, the
result compares the system performance under three scenarios:
(i) perfect CSI with SIC errors, (ii) perfect SIC with CSI errors,
and (iii)perfect CSI, perfect SIC. However, focusing on the
impact of the SIC, the obtained results reveal that with SIC
errors only (i.e., with perfect CSI), performance improves
significantly with increasing transmit SNR, and at sufficiently

FIGURE 9
BER sensitivity of QPSK-modulated NOMA-OFDM signals in the
presence of SIC and channel estimation errors for user 2.

FIGURE 10
BER sensitivity of 16-QAM-modulated NOMA-OFDM signals in
the presence of SIC and channel estimation errors for user 2.

FIGURE 11
Impact of SIC errors on the BER of QPSK-modulated NOMA-
OFDM signals for user 2.

FIGURE 12
Impact of SIC errors on the BER of QPSK-modulated NOMA-
OFDM signals.
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high SNR, degradation on the BER becomes negligible. This is
because at low SNR, performance is dominated by noise, and
even if there is some SIC imperfections, the system is already
suffering from a lot of noise and the relative impact of SIC
imperfections is less significant. However, as SNR increases, the
noise level reduces and the system becomes more sensitive to the
imperfection in SIC. Nevertheless, at sufficiently high SNR, the
effect of noise is very minimal, and in addition, the receiver is able
to detect the data more distinctly, thereby reducing the impact of
SIC imperfection to achieving a very low BER.

Figure 13 compares the SIC scheme in Im and Lee (2019), where
the interference term is modeled as a Gaussian random variable ϵ
(0≤ ϵ≤ 1) and the proposed scheme in Section 3.1. The plot in the
obtained result shows that based on the Im and Lee (2019) scheme,
performance generally improves as the value of ϵ increases.
Nevertheless, the proposed scheme in Section 3.1 outperforms
the scheme in Im and Lee (2019), as shown in the figure.

4.4 Comparative analysis of the impact of
CSI errors and SIC errors on BER
performance

Revisiting Figure 12, the result further compares the impact of
channel estimation, channel estimation errors, and SIC errors on the
BER performance. The plot reveals that the impact of channel
estimation errors is seen to be more significant that the impact of
the SIC errors. This is due to the fundamental performance limit
introduced by the CSI error, regardless of the SNR level stated as
discussed. On the other hand, SIC errors decrease with increasing SNR.
It is noteworthy to know that the worse-case scenario occurs when there
is SIC imperfection and channel estimation is not carried out, while the
best-case scenario happens with perfect channel estimation and perfect
SIC, highlighting the critical role of channel estimation and successive
interference cancellation in the NOMA-OFDM system.

5 Conclusion

In this paper, closed-form BER expressions for an uplink OFDM-
based NOMA have been derived and analyzed. The BER expressions
are derived while considering the degrading effects of imperfect SIC and
channel estimation errors. The closed-form expressions are initially
derived using BPSK signaling. Then, BER expressions for QPSK and 16-
QAM constellations are derived and analyzed. Obtained results show
agreement between the analytical and simulated results. It is also
noteworthy to know that the impact of the SIC error on the overall
performance wanes in higher SNR regions, while the influence of the
SIC error is better characterized by the proposed model, as against the
existingmodel in the literature.Moreover, it is equally important to note
that CSI errors cause more degradation on the BER performance than
the SIC imperfections particularly, at a high SNR level due to the
fundamental performance limit introduced by the channel estimation
errors. The obtained results while revealing the importance of CSI and
SIC equally show that the assumption of perfect CSI and SIC is not
practical, hence the need for accurate schemes for improved BER
performance. Therefore, this work can provide insights into a
general behavior of NOMA-OFDM systems in the presence of SIC
imperfection and the channel estimation error with a view to
understanding the system’s performance boundaries and limitations.
The BER derivation approach utilized in this work can be extended
easily for other high-order modulation schemes. Furthermore, the BER
expressions obtained, which are dependent on the training symbols, are
in simple forms that require no numerical integration.
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