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The concept of resolving set and metric basis has been very successful because
of multi-purpose applications both in computer and mathematical sciences. A
system in which failure of any single unit, another chain of units not containing
the faulty unit can replace the originally used chain is called a fault-tolerant
self-stable system. Recent research studies reveal that the problem of finding
metric dimension is NP-hard for general graphs and the problem of computing
the exact values of fault-tolerant metric dimension seems to be even harder
although some bounds can be computed rather easily. In this article, we
compute closed formulas for the fault-tolerant metric dimension of lattices
of two types of boron nanotubes, namely triangular and alpha boron. These
lattices are formed by cutting the tubes vertically. We conclude that both tubes
have constant fault tolerance metric dimension 4.

KEYWORDS

metric dimension, fault-tolerant metric dimension, boron tubes, metric basis, 2-d
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1. Introduction

Computer networks are graphs with vertices representing hosts, servers, or hubs, and
edges as connecting mediums between them. Vertex is actually a possible location to
find faults or some damaged devices in a computer network. This idea somehow created
an urge in Slater and independently in Harary and Melter (1976) to uniquely recognize
each vertex of a graph in a network so that fault could be controlled efficiently. Thus,
the basis for the notion of locating sets and locating the number of graphs came into
existence. Since then, the resolving sets have been extensively investigated (Buczkowski
et al., 2003; Caceres et al., 2005; Javaid et al., 2008). The resolving set contributes to
various areas such as network discovery (Khuller et al., 1994, 1996), connected joins
in graphs, strategies for the mastermind games (Chvatal, 1983), applications of pattern
recognition, combinatorial optimization, image processing (Melter and Tomescu, 1984),
pharmaceutical chemistry, and game theory.

A moving point in a graph may be located by finding the distance from
the point to the collection of sonar stations that have been properly positioned
in the graph. Thus finding a minimal but sufficiently large set of labeled
vertices such that a robot can find its position, is a well-established problem
known as robot navigation. This sufficiently large set of labeled vertices is a
resolving set of the graph space and the corresponding cardinality is the metric
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dimension. Similarly, on another node, a real-world problem is
the study of networks whose structure has not been imposed
by a central authority but has arisen from local and distributed
processes. It is very difficult and expensive to obtain a map of all
nodes and the links between them. A commonly used technique
is to obtain a local view of the network from various locations
and combine them to obtain a good approximation for the real
network. Metric dimension also has some applications in this
aspect as well.

Consider a simple, connected graph G, and metric
dg:V(G) x V(G) — N U {0}, where N is the set of
positive integers and dg(x, y) is the minimum number of edges
{wi, wa, ..., wi}
be an ordered set of vertices of G and let v be a vertex

in any path between x and y. Let W =

of G. The representation r(v|W) of v with respect to W
is the k—tuple (dg(v,w1),dg(v,w2),...dg(v,wy)). If distinct
vertices of G have a distinct representation with respect to
W, then W is called a resolving set of G (see Khuller et
al., 1994, 1996; Buczkowski et al., 2003; Javaid et al., 2008).
Such a resolving set with minimum cardinality is a basis
of G and the metric dimension of G, denoted by B(G) is
its cardinality.

Buczkowski et al. (2003) established the metric dimension
of wheel W, to be L%J for n > 7. Caceres et al.
(2005) found that the metric dimension of fan to be L2”—5+2J
> 7. Tomescu and Javaid (2007) determined the
dimension of Jahangir graphs ], to be L%"J foralln > 4. A

for n

particular metric-feature of the family of graphs is independent
of metric dimension on the particular element of the family. A
connected graph has a constant metric dimension if B(G) =
k, where k € N is fixed. This feature has been presented
in Imran et al. (2012) study. Imran et al. (2013) computed
metric dimension of flower graph and some families of convex
polytopes. Chartrand et al. (2000) proved that a graph has
a constant metric dimension of 1 if it is a path. Ali et al
(2012) computed partial results of the metric dimension of the
Mobius ladder, whereas Munir et al. (2017) computed exact
and complete results for the metric dimension of the Mobius
Ladders. Hussain et al. (2010) computed upper bounds for
the metric dimension and partition dimension of generalized
Mobius ladders. Poisson and Zhang (2002) computed the
metric dimension of uni-cyclic graphs. For detailed review of
some variants of dimensions, please see Tomescu and Imran
(2009), Manuel (2010), Afzal and Imran (2014), Raza et al.
(2018).

Recent development in this context has paved way for a
new related concept known as fault-tolerance in the metric
dimension. Suppose that, in a network, n processing units are
interlinked, and of these units, forming a chain of maximal
length are used to solve some task. To have a fault-tolerant
self-stable system, it is necessary that in the case of failure of
any single unit, another chain of units not containing the faulty
unit can replace the originally used chain. Thus, a fault-tolerant
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design enables a system to continue its intended operation,
possibly at a reduced level, rather than failing completely. The
units and the links are represented by graphs refer to Slater
(1975, 1998, 2002) and Hayes (1985). A resolving set S is
considered fault-tolerant if § \ {v} is also a resolving set, for each
v € &, and the fault-tolerant metric dimension, B'(G), is the
minimum cardinality of such S. A family G of connected graphs
is said to have a constant fault-tolerant metric dimension if it
is independent of any choice of a member of that family. Fault-
tolerant designs are widely used in engineering and computer
sciences (Hayes, 1985). Slater (2002) introduced the study of
fault-tolerant locating-dominating sets. Hernando et al. (2008)
introduced the idea of a single fault-tolerant metric dimension.
The authors discussed the single fault-tolerant metric dimension
of trees. They also proved that fault-tolerant metric dimension
is bounded by a function of the metric dimension irrespective
of the choice of the graph given be BG) < BG +
2.58 (G)fl). Javed et al. discussed fault tolerance in resolvability
(Chaudhry et al., 2010) and computed fault tolerant metric
dimension of some graphs (Javaid et al., 2009). It is easy to
gather that ,8(G) > B(G) + 1 (Javaid et al., 2009). Shabbir
and Zumfererscu (2016) discussed fault tolerance in triangular
lattice networks.

The subject matter of this article is fault tolerance
in metric dimension of lattices of two types of boron
nanotubes, alpha boron o;x, and triangular boron
nanotubes Ty;x,. These lattices are formed by cutting
both tubes vertically. Kwun et al. (2018) computed M-
polynomials and related topological indices of these tubes
and drew some nice comparative remarks about these
tubes. Recently, Hussain et al. (2018) computed the metric
dimension of oy,xp. Figure 1 presents a triangular boron
tube lattice.

Figure 2 presents alpha boron tube lattice.

2. Main results

This section discusses main results. At first, we compute the
fault-tolerant metric dimension of triangular boron tubes and
then we focus on alpha boron tubes.

Theorem 2.1. Let Ty ; denote the graph of k x [, 2D-lattice of
triangular boron nano tubes. Then g'(Ty ;) < 4.

Proof. The vertex set of Tk is
(V1,15 V1,25 V1,35 o0 V11 V2,15 V2,25 V2,35 -0 V2 s V3,15
V3,25 V3,35 cevvees V3 Js conees Ve 15 V25 Vi35 oo Vi ). Let F =

{v1,1, V1> Vk,1> and v ;). We prove that F is an FTRS for
Ty In general, the tube is “cut” vertically, and the upper
left triangle is pointing up as shown in Figure 3. This figure
presents labeling of vertices that becomes optimal for the basis
of fault tolerance.
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FIGURE 2
Alpha boron nanotube lattice, ;.

CaseI: Let k < 21, k is odd.

We give the distance vectors of all vertices v, j, of Ty ; relative
to F.
Fora=1

(v plF)

k+1

(b-1Ll-bk-151 1), if1<b<i- &
=1 b-1LI-bk—1k—1),ifl- 1 <p< &l
<bs<

2
(b—1,1- b 52 + bk —1), if 43 !
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Fora=2

r(vyp|F)

(b-11+1-bk-25 yi1-p) if2<b<l
(b—114+1—bk—2k—2),ifl - k3 <p< k1
<b<l

kol
2

‘(l,l,klkzl—i—lb), ifh=1

(b—1,1+1-b5> + b k—2), if &3

In general, if kis odd, x = k — a,aisodd,and 3 < a < f’%] and
then

r(va,b |F)

(@a—1,1%+1-bxn+%i-b),ifl <b<!
(L%2) + b, 15] +1-bx 5 +1-b), if 431
sb=*2

(L2322 +b 151+ 1= 0,552 +b,5 +1-D),

if 2 < b <1 242
(L§J+b,L%J+l—b,’%2+b,x), ifl -3
<b<i-%!

(153 + ba— 1,252 4 b,x), if 1 — 453 < b <1

If k is odd, a is odd, and [%] +1 <a < kthen

r(va,b |F)
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@a—1,1% J+l—bx,2+l—h) if1<b< 42
(@—1L1%+1-b%2 +b,3+1-b), 1f"+4
<b< a+1
(L%J+b,LgJ+z—b,"2;2+b,§+l—b), if 933
<b<l_@

(1452 3J+ba—1 240, 3 +1-b),ifl -
(L%Hb,a—l,x—gub,x), ifl—3<b<l

Ifkisodd,aiseven,and 3 < a < |—§1 then

(v plF)
@—1L14)+1-bx, 3 +1-b),ifl <b<$
(192 + b, 18] +1—byx, XL 41— b), if 442
Sb_x+3
(La J+b|_ J+l—bx,x),1fx+5
(1521 + bL J+l—bx 3 4 bx), if1— 551
= EZ—T
(193] + ba—1,%52 + b,x), if | — 54 <b <

If k is odd, a is even, and f’{I +1 < a < kthen

r(Va,hlp)

(@— LI+ 4] —bx, L +1-0b),if1 <b <L
(a— 1,1+ 1%]-b* 3+b"+1+l—b) lfx+3
<b<$

(52 + b0+ (4] — 0,52 + b, 5L 41— p), if 42
<b<l_j
(1F+ba—1,52 + b, 41 -p), if1 - 952
gbgz—&

(71 +ba— 1572 1 b, il - 55 < b=

—

Fora = 21—1,r(Vu)b|S) = (21-2,21-2,9—1,1—¢q), ifl < g <
Ifkiseven,aisodd,and3 <a < [%1 then

r(Va,hlp)

(@— 11+ 14 —bx, 55t +1-b), if1 < b < %5
(L9521 + b, 18] +1- by 351 1= b, if o1
<b<l x+3

(152 3J+bL I+ 1—bxx), if | — L
+1

<bs<*f

(L9523 ) + b, 18] +1— b 55 + b,x), if 53
<b<]— +1

(L“T3J+b — 1,5 4 bx), ifl - S <b <1

N‘

If a is odd, k is even, and [%1 +1 < a < kthen

r(Va,hlp)
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(@—1,14)+1-bx, 5t +1-b),ifl <b< >
(a—lLJ+l—bx1+bX14J—b)ﬂx3
Sbsl—“—“
(a—l,a—l,b—kx—gl,"z;l—kl—b), if1— a1
<b<4!

(1% )+ ba— 1,51 + b1+ 51 —p), if 24!
<bs<l-3

(1%2) +ba— 1,251 + bx), if 1 - =L

<b<l

If kis even,aiseven,and 3 < a < [%] then

r(va,b |F)

(@—114+1-bx 52 +1-b),if1<b<$
(L9523 + b, 18] +1—bx, % +1-b), if 142
<b<]— X2

== 2
(L“T_3Jk+(b,L§J+l—b,%2+b,§+l—h), if1— %
<p<2ldzd)

-7 = 2

(%2 +b, 18] +1-b,52 + bk —a), if 232
<b< _;2

(1952) 4 boa— 1,552 4 b, if1— 53 < b <

If k is even, a is even, and [%1 +1 <a < kthen

T(Va,b|F)

(a—1,1%]+1- bx,2+l—b) if1<b< 32
(@—1,131+1-b52 + b5 +1-b), if *
<b<l_%

(a—1a— +b —b),ifl-95% <b<
(%2 3J+ba71 +b +1— b),1f+
<b<l—ﬁ

(143 3 4 ba— 1,52 4+ by, ifl—%<bs<l

[NSTESY

Fora=2Lr(V,plS) = 2l - 1,2l=1,b—1,1-b), if 1 <b <
Fora = 2I-1,r(V,,|S) = (2I-2,2]-2,9—1,1—¢q), if 1 < g <]
Ifkiseven,aisodd,and 3 < a < [%] then

r(VyplF)

(a—1,15]+1-bx 1 +l—b) ifl1<b< 5t
(1952 3J+bLJ+l—bx, +l—b),1f%
fbfl X+3

(L5520 4 b, 19 41— by, iff— 551 < b < 231
(15240 (51 +1-0250 4 bk —a), if 52

<b<l-d

(%2 +ba— 1,5 +b,x),if1 - 45 <b <1

If k is even, a is odd, and [%] + 1 <a < kthen

}“(Va’h|F)
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(@a—114)+1-bxl+*L —b),if1 <b< L
(a—1,15]+1-b 52 1+b,l+" L _p), 1f"+3
<b<l-H

(a—1l,a— 1"1+bl+——b) if 1 — 251

= <Ig<“T1

(152 +ba— 1,5 + 0,14+ 551 —b), if oL
Sbfl x—53

(1552 +ba— 1,25 + byx), if 1 - S <b <1

If kis even, aiseven,and 3 < a < [%] then

T(Vu’b|F)

(a—1L 51 +1-bx,5+1-b),ifl<b<$
(L9223 ] + b, 4] +1—bx, % +1—b), if 142
<b<l-— x+2

RS 3J+bLJ+l—b“+b —b),

- ifl—§§b<%
(L9523 + b, 18] +1— b, %52 + b,x), if %32
<b<i-b32
(192 ] + ba— 1,552 4 b,x), ifl — 452 <b <1

If k is even, a is even, and [%1 + 1 <a < kthen

(V! F)

(@—1 4] +1-bx%+1-b),ifl <b<*2

(a— 1LJ+l—b"2+b +1—1b), 1f"+4
<b<l- 22

=1 @a-lLa—1%52 +b +1-0b),ifl—- 5% <b< g
(== 3J+ba—1 +b +1-b),
fa+2<b<l x+2

(L552) 4 ba— 1,552 4 b, ifl— £ <b <1

Fora =21, r(V,,|S) =
Case II: Let k > 21
Lety=rl4+p—1.1fr > 2,7l < k < (r+ 1)l,and k is odd.
Fora = rl+ p, where 1 < p < land ais odd

2l-1,21-1,b—1,1-0),if1 <b<

T(Va’b|F)

—b),ifl<b< w
k—(rl
# —b),
k—(rl-+p—2)
2
k—(rl+p)
2

k—(rl+p)
(}’»)/, x4+  —

Oy, D) g gy

<b<l-—

" kf(rlJer74)

(o, SEUTED 4y ), if ] — <b<l

If a is even

(Vg plF)
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G+ 50 ), if1 < b < E0HRD)
_1o »@M,H%—b),
if k=Hp=9) ) oy p=tp=)

Gy, D g e gy, if 1 — FEUHRED

<bzxsl

Ifkiseven,r > 2,and rl < k < (r + 1)l then
Lety=rl4+p—1.Fora=rl+ pwherel <p <landaisodd

V(Va)b|F)

w b), ifl <b< ;
k—(rl
(rl ;IH_I) _ b),
k— (T p—3)
2

O, y»m—a,n+
k—(rl+p+1
(82 7('2’7 )

o k=(rp=3)

+0b 1+
<b<l-—

KUTptD) 4 bk —a), if1— 52 <b <1

52

If ais even

(Vg plF)

k—(rl+p) k—(rl+p—2)
O yox, =5 —

—-b+Lifl<b<
3, mf(rl+p+2) T kf(rznﬁl’) +1—b),
k= (rl-zi-p 2y <q<i- k—(rl+p—2)

m— (rlz+p+2) +bk k*(glﬁv)

—a), ifl —

<bz<l

5

These vectors are distinct in at least two coordinates. So F is an
FTRS for Ty ;. Therefore, 8'(Ty ) < 4.

Theorem 2.2. Let Tj; denote the graph of k x I, 2D-lattice of
triangular boron nano tubes. Then g'(Ty ) > 3.

Proof. For the lower bound on S'(T}, ), we discuss the following

cases:

Casel: k < I

We claim that any set of cardinality 3 is not an FTRS for Ty ;. Let

F = {vij,vap vrs} wherei < a < randj < b < sbe an FTRS

for Ty ;. Then F; = F\ {v} is a R.S. for each v € F. We discuss

the following possibilities:

Possibility 1: When all vertices in F lie on the same row.

(i) If all vertices in F lie in the first row, theni = a = r =
L Let F1 = {vy,vyp} then r(vy p1|F1) = r(vypy1lF1), @

contradiction.

(ii) If all vertices in F lie in p — th row and 1 < p. Let

Fi = {n, Vp,b} then either #(vy 4 1[F1) = r(vk_1p411F1) or

r(vp’b+1 |F1) = r(vp+1’b+1 |F1), a contradiction.

Possibility 2: When two vertices in F lie on the same row.

land r # I Let
r(vl_Lq_HlFl) or

7(Vl,q+1|Fl) = r(Vl+1,q+1 |F1), a contradiction.

Possibility 3: When the vertices in F lie on three different rows.

bIfj =

{v1,1,va,1} then r(vy1|F1) = r(v22]F1), a

WLOG we may suppose that i = a =
F = {Vl,j’Vl,q} then either ”(Vl,q+1|F1) =

(i) Two vertices in F lie on same column, let j =
b=1land F; =
contradiction.

frontiersin.org
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() IfF1 = {vi1,vj1} 1 < i < j < k then either r(vj3|F1) =
r(vj+1,3|F1) or r(vj3|F1) = r(vj4+1,2|F1), a contradiction.

(i) If F1 = {vjp,vjp} 1 =i <j < kand 1 < q < Ithen either
r(Vir1,61F1) = r(jp 1 p11F1) or r(vjp g plF1) = r(vjpy p—11F1)
a contradiction.

(iv) If all vertices in S lie on different columns. Let §; =
{Vij Vaph i < athen

(@) If j < b then either r(v,p1IF1) = r(vopy pt1lF1)
r(Vap+11F1) = r(vay1 p|F1), a contradiction.

(b) If j > b then either r(v,_y,|F1) = r(vgpy1lF1)
r(Va—1,p+11F1) = r(vg p41|F1), a contradiction.

From the above discussion, we conclude that F is not an FTRS
for Ty,n. So B'(Tim,n) > 3 in this case. Hence B/(Ty ) = 4.
Casell: k > |

In order to prove that there is no FTRS for T} ; having cardinality
3, it is enough to prove that any set of vertices having two
elements is not an R.S. for Ty ;. Let F1 = {v;,v,;} be an RS.
for Ty ;. There are three possibilities

Possibility 1: If v; Jj»Va,b are taken from same row, i.e., i = a then
(i) If F; = {v1,1,v1,} then r(vl+1,%|F1) = r(Vl+1,Z+TZIF1) if
[ is even and r(vl+1,l+TllF1) = r(vl+1,’+T3lF1) if [ is odd, a
contradiction.

(i) I F1 = {vijviph 1 < i < kandl <j < b < Ithen
r(Vip+11F1) = r(viy1 p41/F1), a contradiction.

(iii) If F; = {v,-,j,v,-,b},l <i<kandl < j < b = Ithen
r(vij—11F1) = r(viy1j1F1), a contradiction.

(iv) If F1 = {vgjvkptand 1 < j < b < I'then r(vgpi1|F1) =
r(Vk—1,p+11F1) or r(vi py1|F1) = r(vi_y p|F1), a contradiction.
V) IfF; = {Vk,j)Vk,b} and 1 < j < b = [ then f(Vk,j_1|F1) =
r(vk_lJlFl), a contradiction.

i) If F; =
r(vit+1,11F1), a contradiction.

(vii) If F; = {Vk,l’vk,l} then T’(Vk,l,3|F1) = T(kal,4|F1), a
contradiction.

vit,vigd and 1 < i < kthen r(vi_11|F1) =

Possibility 2: If v; > Va,b are taken from same column, i.e.,,j = b
then

G) If F; =
contradiction.

(v, V1) then r(va1|F1) = r(va2|F1), a
(i) If F1 = {vi1,vj1} where 1 < i < j < mthen r(vj3|F1) =
r(vji+1,3|F1) or r(vj3|F1) = r(vj+1,2|F1), a contradiction.

(iii) If F; = v, vj1} and 1 < i < j = k then r(v;3|F) =
r(vi—1,2|F1) or r(v;3|F1) = r(vi—13|F1), a contradiction.

(V) IfFy = {vip.vjph 1 =i <j<kandl < b < Ithen
r(Vir1,61F1) = r(vip 1 py1[F1) or (Vi1 plS1) = r(Vig p—11S1)
a contradiction.

) If F; = {Vi,b’Vj,h})l <i<j<kandl < b < [then
r(vi—1,j—11F1) = r(vi—1jIF1) or r(vi—1j|F1) = r(vi—1,j411F1), a
contradiction.

(Vi) If Fy = {vjp,vjphi = 1,j = k,and 1 < g < [then
r(v,jIF1) = r(v2,j+1|F1), a contradiction.

(i) If Fi = {vj;_1.vjy—1} and i <k then
r(Vii—2lF1) = r(vjp11-2lF1) or r(vj_31F1) = r(vjii11-2|F1)
a contradiction.

< J
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(vili) If F1 = {vy}, vk} then r(vg_y_1|F1) = r(vk_yIF1) or
r(Vk—2,—11F1) = r(vi_3IF1), a contradiction.

Possibility 3: If v;j,v,; are taken from different rows and
different columns, i.e., i # p,j # q. Let F1 = {vjj,v,;} and
i<a

i Ifj <
(Vg p411F1) = r(Va41,pIF1), a contradiction.
(i) If j > b then r(vy_plF1) =
r(Va—1,p4+11F1) = (v p411F1), a contradiction.

b then r(vypy1lF1) = r(vapqp1lF1) or

(Vg pt1lF1) or

(iii) If a = kand i = 1 then r(v2,jlF1) = r(vj+1lF1) or
r(vyjr1lF1) = r(vajr1lF1) or r(vi_y py1|F1) = r(vip—11F1),
a contradiction.

Thus no set having two vertices is an R.S. for Ty ;. So 8’ (Ty;) > 3
in this case. Hence g'(Ty) = 4.

The next theorem gives g’ (e ).

Theorem 2.3. Let oy ; denote the graph of k x I 2D-lattice of «
boron nano tubes. Then g’ (et ;) = 4

Proof. Consider k x [ 2D-lattice of «-boron Nanotubes. We
denote this graph by «y ;. In general, the tube is “cut” vertically
and the upper left triangle is pointing up as shown in Figure 4.
This figure presents labeling of vertices that becomes optimal for
the basis of fault tolerance. The vertex set of ay; is partitioned

as  {V1,15 V1,25 V1,35 oo V11> V2,15 V2,25 o> V2 1> VA, 15 VA2 weveees VA |5
V5,15 V525 ceeeee s VS,Z’ V7.1-V7.2>
...... s V7 D> weeeens Vi 15 Vi 2o V30 00 Vk,l} U

{V3,1> V3,2,V3,4,V3,5,V37, V3,85 .- V3 |, V6,1, V6,35 V6,4>
V6,6) V6,7) V6,9) seeny V6,l) Vg,l) V9,2) V94,) V9,5) V9,7) V9,8) ----)9,1 PRTTIIN }

Casel: When k < I.
Let F = {v1,1, V1> Vk,1> Vk,1}- We show that F is an FTRS for ay ;.
We give the distance vectors of all vertices v, , of . relative to
F.
Letkbeodd and k # 6q + 1,9 € Z+.
Fora=1

r(vaplS)

(b—11—bm—11+%% —a)if1 <b< kL
={-LI-bb+ 314 k0 _p) i3 <p <) KL
(b-11-bb+ 53 k-1, ifl -5 <b<i

Fora=2

r(Va,plS)

(LLk—214+ 51 —b), ifb=1
(b—1L1+1-bk-21+ —p),if2<b< L
=1 (b-1L1+1-bb+ 5214+ ), if K3
§b§l—kg—1
(b—11+1-bb+ 55 k—2),ifl- %3 <p<i
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KL k2 k3 ... ki

FIGURE 4
Labeling of vertices of ay.

In general, ifais odd, a # 3p, p € ZT,and3 <a < f%] then

r(Va,bIS)

(@— LI+ 4] —bxl+%—b),ifl <b< L

(192 + b1+ 14] — b D+ 5 —b), if 241

<b<i-*2
U5+ b+ 1) - b, if1- %
RS

(L] + b1+ 5] —bb+ 72 k—a),

if 534 <p <] a7l

(192 ) +ba—1L,b+552,x),ifl - 52 <b<]I

Ifaisodd,a;é3p,peZ+,and [%1 +1 < a < kthen

(Ve plS)

(@a— LI+ 1§ —bxj+1-b),ifl <b<*f?

(@—1,1+ %] —b,%5% +b,%5 +1-b), if 2

<bsI-ft

=1 (a—La-1Lb+*2 5 +1-0),ifl - 933
(L“T*J+b,f2—1,b+%2,g—b+z>,ifazj

X

So=i=5"

Ifaiseven,a # 3p,p € Zt,and3 <a < f%] then

r(vgplS)
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(@— LI+ %) —bx, L +1-b),if1 <b<$
O+ 19201+ 18] — b, XL 41— b), if 442
<b= 2

=1 b+ 52 L1+ 4] —boxx), if 32 <b<1- L
(L9552 + b0+ (4] — b b+ % k—a), if | - 51
<h =122

(1553 + ba— 1,253 4 b,x), if 1 — 454 < b <1

Ifaiseven,a¢3p,peZ+,and [%1 +1 < a < kthen

(Ve plS)

@@= LI+ 5] —bq+ 22,5 +1-b), if 22
<b<3

(1521 + b0+ 15 - b b+ 22, 5 1),

e a2

ifg= <b<Ii-%

(12 +ba—1,53 + b, +1-b), if1 - %52
<b<I-*

(12 +ba—1,%2 +bx), if - L <b <1

Letk=6p+ 1.
Ifaisodd, a # 3p,keZ+,and3 <a< [%1 then

(Ve plS)

(@— LI+ %) —bx%—b+D,ifl <b< L
(%2 + b1+ 18] — byx,§ —b+1), if 95
<bs<l-*2

(52 + b1+ (4] —bxx), ifl-5<b<%
(L%2) + b1+ (4] — bx+ L), ifb= %
(1521 + 8,14 — b+ Lb+ 252,

if 2 < b <127
(193] + ba— 1,552 + bx), if - 953 <b <

Ifaisodd,a;é3p,peZ+,and [%] +1 <a < kthen

r(vaplS)

(a—LI1+ 5] —bx5—b+1]),ifl<b=<3
(@— LI+ %) —bx+1,5 b+, ifb=22
(@a— 11+ %] —bb+ 52,5 —b+)), if 2
<bs<l-41

(L% +ba= 1252 + 5,5 —b+1),
if gl <p<1- 2
152 +ba— 152 + b0, ifl -5 <b=<k

Ifaiseven,a # 3p,p € ZT,and3 <a < [%1 then

(v plS)

(@—LI+ 14 —bk—a L +1-b),if1 <b< L

1

(@a—lLa—1,b+%52% b4, ifl- 23 <b< !
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@=Ll —b+Lx S —b+D),ifl<b<$

(LT3J+bLJ—b+lx,"+1 b+ 1), if 452

sbs=*t

(LS2 )+ b, 18] —b+Lx+ 1,5 — by, ifb= 233
=1 (1952 +b,[4] —b+1Lxx), if 52

Sbfl_&

(1% + bLgJ—b+1,b+%,k—a),ifz—xT—l

< Sl_azz

(%3] + bya— 1,b+ 53, %), if [ — 5% < b <1

Ifaiseven,a# 3p,p € Z+,and f%] +1 <a < kthen

r(vaplS)

(@— LI+ %) —bx+1, 3L —b+10),ifb =33
(@a— LI+ 4] -bb+ 52,5 —b 1)), f"+5)

a
<b<j

— 3 3 1 : 2
=0 O+ PN+ 18] - bbb+ 22, by, if 452

<b<l—§

<b<I-— x+1
(L%Hb,a—l,%w,x), ifl - 51 <b<i

Ifaisodd,a:3p,peZ+,3 <a< [gl,andbqéSqthen

r(va, b|S)

@—1L1%)—b+Lx5—b+D ifl<b< %t
(b+ 19521 18] — b+ — b+, if ¢
<p<i-a

b+ 2], 1+ 1§) - boxx), if - %
<bs<

b+ L%ﬂ,llﬂ%J ~ 0,532 4 b,x), if 534

sbsl-9-

Ifaisodd,a:3p,peZ+, [§1+1§a§k,andb¢3qthen

r(vgplS)

(@— LI+ %] —bxl+%-b),ifl <b<*f2
(@a—1,15] —b+1%52 +b,5 —b+1), if 4*
—1

sbsl-f"

(a—1la—1b+ 52,1+ ke _p) jf]— a53
<p o5l
(1553 + ba— 1,252 + 5,5 —b+1), if %L

(12 +ba— 1,552 + bx), if |- § <b <l
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Ifaiseven,a:3p,peZ+,3<a§ [%1,andb¢3q—lthen

r(Va,plS)

@—LI+ 51 —bx S —b+D,ifl <b<$,
b#31—1

b+ 195211+ 4] — box, [+ L —b), if 432
b=

b+ %521, 14] = b+ Lxx), 'f"+5<b<l =3
(1552 + b I+ (4] —bb+ % ,x) if 1 — x51
<bi- o2

(152 +ba— 1,552 +bx), if - 95 <b <1

Ifaiseven,a=3p,peZ+, [%1—!—1 <a<kandb#3g—1
then

(Ve plS)

(@=1,14] —b+Lx, 3l —ptD),if1 <b< D
(@—1,14) —b+155 +b, 5 —b+1), if 233
<b<$

(b+ 19214 18] —bb+ 5520, 541 _py), ifaf2
<b<l_j
(1F+ba—1,%2 +b, 5L b4, if1 - 952
<b<l—&

(%52 3 4 b 1,53 4 bx) ifl— %7 <b<i

Letkbeevenand k # 6p+2,p e Z™.
Ifaisodd,a # 3p,p € Zt,and3 <a < f%] then

(Ve plS)

(a—115] - b+lx,2—b+l) ifl<b< 93!
b+ 1% 3Jl+LJ—bx, —b+1), if @
Ebil—Q

O 5218 - bt b, i << 2
(L953) + b, 12] — b+ Lb+ 35 ), if 53
<p<i-ol

b+ 1552 ha—1,b+ 50 5, if - 951 <p <1

Ifaisodd,a7é3p,peZ+,and f%] +1 <a < kthen

r(vaplS)
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(afl,L%Jfb+l,x,ﬂfb+l) if1<b<*
(@— 114 —b+1L5 +5, 5 — b)), if 52
sbsl-

| @-na-1p B g xly) fp - b2
T ==
b+ 1%2)a—1,50 4,551 —p 4, if ol
<b<i-x

b+ 19520~ 1,0+ 251 v, if 1 - 5L

<b<l

Ifaiseven,a # 3p,p € Zt,and3 <a < f%] then

(Vg plS)

(a—l,L%J—b—l—l,x,%—b—l—l) 1f1<b<%

b+ 1%2],14] —b+1Lx 5 —b+]), if 42
=b<i-

b+ 1521+ 15— b2 + b5 — b+ 1), if - §
<b<x+2

(b+L“T*3J,l+LgJ—h,";2)+b,x), if 244
<bs<l-%2

(152 +ba—1,b+52,x), if | -

—4
7 sbsl

Ifaiseven,a # 3p, p € 7%, and f%] +1 < a < kthen

r(Vap!S)
(@a— LI+ ] —bxl+5—b),ifl <b< 2
@—1L1§)—b+1L252 + b5 —b+1), if
<b<l-42
_ e+ 152018 - b+ 152 b0+ 5 - b, if1- 5

<b<%

(152 +ba—1,%52 +b,5 —b+1), if 42
<b<l-— x+2
(b+L”2;3J,a—1,b+%,x),ifl—%§b§l

Let m = 6k + 2.
Ifaisodd,a #3p,pe Zt,and3 <a < [%1 then

vy plS)

(u—lLJ—b—l—lx,——b—i—l) 1f1§b§%
(L9223 + b, 18] = b+ L 2 — b4 D), if 45
sb<l—L§3

(L“T3J+bL I —b+1Lxx), ifl — 1
= Sbfi
(L“23J+bl+L ] —bx+1x), ifb=*1
(L2 +b, 18] — b+ L350 + b,x), if 552
< Sl_aJrl
(L“T_3J+b,a L5 b, ifl - 25 <b <1
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Ifaisodd,a;£3p,peZ+,and f%] +1 <a <pthen

r(vaplS)

(a—1,1+% J—bx,——b+l) ifl<b<%!
(S 3J+bLJ—b+1x, — b+ 1), if 4
Ebgl_@

3 (L%JMJH%J—b,x,x>,ifl—%sbs%l
(b+ 19521+ 1§] — b1 +x,%), if b= 15
(52 +b,12] - b+ 15 +b,x), if 2=
<p<i- ol
(153 +ba— 1,551

+bx), ifl— 4 <b<l

Ifaiseven,a # 3p,p € ZT,and3 <a < [%1 then

(Ve plS)

(a—1,04 4] —bx, 13>

BX b4, ifl<b<$
(1553) + b I+ |4] —bx I+ L —p), if 244
<b<

(L8520 + b, |%] — b+ 1,1+ x, 551
={ 0+ 193], 18] — b+ Lxx), if 25

—b+1), ifb = )

<b<l 1+X)
b+ %2 3JZ+L 1 =bb+ %3, %), if 1 - XL
<b<i oz

(%2 )+ ba—1,b+%52,%), if - 4% <b <

Ifaiseven,a;é3p,peZ+,and [%1 + 1 < p < kthen

r(vaplS)

(a—l,l—i—l_%J—b,x,l—i—%—b) if1<h§§
(a—1,14+ 15 —bx+ 1,14+ 3 —b), 1fb—%
(a— 1LJ—b+lb+"—25—b+l)1f"4
Sbsl—%2
“@-La—Lb+ 521+ b, 1fl——4§b§%

(152 +ba— 1,252 + b1+ % - b), if - %52
<bs<l-*1

b+ 19 a—1b+ 52 %), ifl -5 <b<l

Ifaisodd,a=3p,p€Z+,3 <ac< [%1,b#3q,andq€Z+
then

r(VaplS)
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@-114)—b+Lx5—b+D, ifl<b<% (@—1LI+ 4] —bxl+3-b),ifl<b<%

(@a— L1 —b+L1+x%5—b+1), lfb_% (@—1LI1+ 4] —bl+x35—q+1),ifb =2

(a—1,LgJ—b+z,xT*2+b, —b+1), if 4 (a—1,1% J—h+z,x2+b, —b+1), f"+4
b=l P <p<losg?

“la-ta-1,"2 10,5 b+, 1fl——4§b§% =l @a—La—1,2 455 b+, ifl - 552
(b+1%2),a —1,"22)+b, —b+1), if 244 <b<%,b#3l

<b<i-meled) (1%2 3J—|—ba—1 24+ b5 —b+ 1), if 242
2 4 ), ifl— 5 <b<l Sbil—ﬁ

(b+L%3J,a—1,b+";2> x), ifl—% <b<l

Ifaisodd, a = 3p,p € Z7, [§1 +1<a<kb#3qand CaseIl: k > 2I.
q € Z* then Ifr > 2,7l <k < (r+ 1)], and k is odd then

Fora =rn+ pwhere0 <p <I—1,a # 3p,and ais odd

T(Va,b|s) T(Vu’b|S)

kf(r2n+p) b), ifl <b< k— (rl+p 2)
k—(rl k—(rl
(2+P) _ b) if (r +P 4)

>y, k—a,n+

(y’y,w_|_b,l+

(a—11+L“J—bx,ﬁ—b+l) if1 <b<1 = 2 elip2)
@=LI+ 15— b1+x 2 —b+1D), ifb=13* sbsl-" 7 o
(@a—1L15] —b+15t 1+b——b+l), if 34 Gy, SRR 4k —a), if1 - SO < p <
1+
<b<l_Ta If a is even
={(a-1la-1%= +b"——b—|—l) 1fl——
==l
b+ 152 a—1,b+ 551+ 51 —b), if r(VaplS)
%1<b<l x+3
(b+L“%3J,a—l,b+x%l,x), ifl— 51 <p<1 oy 52 — b4 1), if1 < b < =023
| Gy Ry ke gy g ke lpS)
If aiseven,a = 3p,p € Z¥,6 < a < [5§1,b # 3g— 1, and <b<1-52
q € Z" then (o b+ SR g KEULPHD gy g
Ifa=3p,aisodd,b7é3q,andqeZ+
r(vyplS)
r(Va,plS)
Oy, =D gy i1 < b < A0HR=D
a) _ ;_ i x=1 k—(rl k—(rl k 1
(a— I’Lﬁj b+1x b+1),ifl <b< 7 _Joyet (1’-;}74—2)) (r2+p) btl) i (r+p 4)
(a 1,|_2J—b+ll+x,l+T—b) 1fb_— b kllp=2)
a—1,15]—b+Lb+ 55 by 1f3+ =0 B
(<h<lLiJ 1ta ’ e I Y Y
T
=4y (a—1la— 1 b S b0, ifl- 95 Ifa =3k aiseven, b #3q—1,andq € ZT
<b<L
=v="3
b+ 1552 a0 — 1,550 + b, 250 — b+ 1), if 2
<b<l-3x r(v4,p1S)
b+ 1%2]a— 1,51 4 b,x), if - X < b <

ok —a 52 +1—a), if1 < b < =233
k—(3+rl+p) k—y - k—(Fl4p—5)
Ifaiseven,a=3p, ke ZF, [51+1<a<kb+#3g—1and b D) o key ) e kU5

k7
q € Z* then Sbfl_Ty
(y,y,%ﬂﬂ))—i—b,k—u), ifl_wibil

Ifkiseven,r > 2,and rl < k < (r + 1)l then
(Vg plS) Fora=rl+pwhere0 <p<Il-1
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Ifaisodd, a # 3p

r(vaplS)
o+ D ) ifr < b < 5

b+ k—rl—zp—l))l+ k—rl;p—l —b), if k—rl;p+3
k—rl—p+3
2

<bz<l-

nb+ D) ) if - 2 < p <
Ifaiseven, a # 3p
(Vg plS)

@%mHW—b), ifl<b< w

B (y,y, b+ k—(rl-zi-p+2)’l+ k—(rzl+p) —b), if k—(rl—zkp—zl)
(g b+ ZUEEED) g D) <

Ifa:3p,aisodd,b¢3q,andqu+

vy plS)

(%y;%H%—b), ifl<b< w

k—1—ri=p k—1—rl—p o k=(rl4+p—3)
()’:}’ab'i‘ 2 > 2 _b+l), lff

= k—(rl+p—3)
— 2

<b<l-

(g, L 4 by, i1 — KUERED g <

Ifa=3p,aiseven, b# 3q—1,andq € ZT

vy plS)

Gy —b+ kG by, if1 < p < 02D

_ O ¥, k—2;rl—p +b, k—(ZH‘P) — b+, if w
R S

(y,y,erb,x), ifl—w <gq<I

These representations are distinct in at least two coordinates. So
F is an FTRS for ay ;. Therefore 8’ (crg ;) < 4. For lower bound
on B’ (g, ) we discuss the following cases:

Casel: k > I.

Since B(ay;) = 3 [19], 50 /() > 3. Hence f'(ag ;) = 4in
this case.

CaseIl: k < I.

Since Boy; = 2if k < 1,50 B'(g;) > 2 in this case. We claim
that any set having three vertices is not an FTRS for oy ;. Let
F = {vij,vap, vrs} wherei < a < randj < b < sbean FTRS
for ay ;. Then Fy = F\ {v} isan R.S. for each v € F. We discuss
the following possibilities.

Possibility 1: When all vertices in S lie on the same row.

(i) If all vertices in F lie in the first row, then i = a =
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r = LLetFy = {vyj,vyp} then r(vy p41|F1) = r(vp pt11F1), 2
contradiction.

(ii) If all vertices in F liein p — throwand 1 < p # 3L1 € ZT.
Let F1 = {vp, Vp,b} then either T’(Vp,b+1|F1) = ”(Vp—l,b+1|F1)
or "(Vp,b+1 |F1) = r(Vp+1,b+1 |F1), a contradiction.

(i) Ifi = a=1r =3¢l € ZV. Let F| = {vaqs V3q,b} then
either r(V3q,Lb+1 |F1) = T(V3q+1’b+1 |F1) or r(V3q,1,b+1 |F1) =
r(v3q,b +11F1); a contradiction.

Possibility 2: When two of vertices in F lie on the same row.
WLOG leti = a = pandr # L Let Fi = {v Vp,h}
then either r(vp’b+1|F1) = r(vp_l)b+1|F1) or r(vp’h+1|F1) =
r(vp+1,b+1 |F1), a contradiction.

Possibility 3: If all the three vertices in F lie on three different
rows

(i) Two vertices in F lie on same column, let j = b. If j =
b = land F; = {v1,1,va1} then r(v31|F1) = r(v22]F1), a
contradiction.

(i) If F1 = {vi1,vj1}, 1 < i < j < k then either r(vj3|F1) =
r(Vj+1,3|F1) or r(Vj,3|F1) = I’(Vj+1,2|Fl), a contradiction.

(i) If F1 = {vjp,vjp}, 1 =i <j < kand1 < b < I then either
r(Vip1,plF1) = r(vjp1p411F1) or r(vipy plF1) = r(vjp1p—11F1),
a contradiction.

(iv) If all vertices in F lie on different columns. Let F; =
{Vij>vap)s i < athen

(D) If j < b then either r(vypy1|F1) = r(vapqp1lF1) or
(Vg p411F1) = r(Va41 pIF1), a contradiction.
(I) If j > b then either r(v,_;plF1) = r(vypy1lF1) or

r(Va—1,p+11F1) = r(vg p411F1), a contradiction.
Thus F is not an FTRS for o ;. So p'(e;) > 3 in this case.
Hence /(e ) = 4.

3. Conclusion

In this article, we computed the fault-tolerant metric
dimension of triangular and alpha boron nanotubes. In both
cases, we proved that this dimension is 4. Hence, these tubes
are families of a constant fault-tolerant metric dimension. These
facts can be used in the networking of nano-devices using these
tubes and nano-engineering.
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