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This paper investigates the consensus of multi-agent systems (MASs) by virtue of event-
triggered mechanism. Considering the existence of external disturbances, we use a
disturbance observer to estimate the disturbance signals and eliminate the
corresponding effects by using estimators to compensate the input control terms. The
self-triggered condition is designed and proved that there is no Zeno behavior. We show
that the proposed disturbance observer can estimate the external disturbance signals well
under the self-triggered condition. Finally, simulation examples are presented to verify the
theoretical results.
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1 INTRODUCTION

Inspired by the behavior of cluster organisms in nature, people find that the ability of a distributed
network system is far better than the sum of individual abilities when encountering large-scale
complex tasks. In recent years, more attention has been paid to the study of multi-agent systems
(MASs), especially to the formation control problem (Beard et al. (2001), Dai et al. (2018), and He
et al. (2019)), the consensus problem (Yuan et al. (2008) and Li et al. (2015)), and the flocking
problem (Olfati-Saber (2006) and Chen et al. (2019)) in MASs.

In practice, most control systems are subjected to uncertainties caused by time delay,
inaccurate modeling, or external disturbance, which may largely degrade the system
performance somehow. Therefore, it is of significant practical importance to investigate the
control system with uncertainties, giving rise to numerous available developments in the
literature. Chen W. H. et al. (2016) carry out detailed and comprehensive analysis on many
anti-interference/uncertainty methods, including disturbance-observer-based-control (DOBC),
active disturbance rejection control (ADRC), and other methods, and discuss and compare the
design process of each disturbance rejection method. Kempf and Kobayashi (1999) design the
discrete-time tracking controller by using the disturbance observer and proportional derivative
(PD) compensation for precision positioning table actuated by direct-drive motors. For the
containment control problem of the multi-agent system, Xiao et al. (2017) use the disturbance
observer to estimate the exogenous disturbances, and propose the distributed containment
control protocol, and obtain sufficient conditions by using Lyapunov theories. Chen C. L. P. et al.
(2016) studied the tracking control problem of second-order MASs with nonlinear dynamics,
immeasurable states, and disturbances, and used the fuzzy system and adaptive high-gain
observer to estimate the unknown nonlinear dynamics and unmeasured states, respectively.
Ding (2015) uses the relative state information to reject part of the disturbances that impact the
common trajectories and obtain the consensus conditions. As for three-phase two-level grid-
connected power converters, Liu et al. (2017) put forward the extended state observer (ESO) by
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virtue of second-order sliding-mode control such that the
currents can track the desired values for a high performance.

Despite the considerable advances on the consensus of MASs
subjected to external disturbances, the communications resource
consumption poses a more difficult problem. Note that the
communication and computing resources in MASs are usually
limited. Frequent communications between agents do not always
enhance the control performance. It may result in a waste of
resources, poor performance, and even system crash. Motivated
by this, this paper proposes a self-triggered control strategy by
improving the centralized event-triggered mechanism raised in
Wu et al. (2018), Cheng and Li (2019), He et al. (2020), Hu et al.
(2020), and Li et al. (2017) with the use of a disturbance observer.
The contribution of this paper is that 1) we design a distributed
disturbance observer to estimate the external disturbance of each
agent in real time and reduce the influence of disturbances, and 2)
we design a self-triggered control strategy, which can effectively
reduce the updating times of agent control law and reduce the
network burden on the premise of ensuring the consensus of
MASs. At the same time, we show that there is no Zeno behavior
in the proposed self-triggered control strategy. Compared with
the traditional event-triggered control strategy (Li et al. (2017),
Cheng and Li (2019), and He et al. (2020)), the self-triggered
control strategy proposed in this paper not only has a simple
structure and does not occupy a large amount of computing
resources of every agent, but also does not require external
devices to monitor error signals in real time, which saves costs
to some extent.

The rest of this paper is organized as follows. Section 2
introduces the basic ides of graph theory and gives some useful
definitions and lemmas. Section 3 includes the design process of
our methods; that is, the design of the disturbance observer, and the
event-triggered mechanism. We show that the proposed
disturbance observer can estimate the external disturbance signal
exponentially, and the self-triggered control mechanism can make
the system consensus without Zeno behavior. The simulation
experiment is presented in Section 4 to verify the effectiveness
of our theorems, and conclusions are given in Section 5.

2 MATERIALS AND METHODS
2.1 Graph Theory

Let us begin the section with notations in this paper. A”
represents the transpose of matrix A. || represents the
Euclidean norm of a matrix or vector. For a complex number
x, the real part is denoted by Re(x). The eigenvalue of matrix A is
denoted by A(A). For a matrix A, we say that A is Hurwitz if and
only if all eigenvalues of A have negative real parts.

Then we shall introduce some background on graph theory.
Let G=(V,E,A) be a graph of order n(n>2), where
V={v,v2...;v}, EC Vx V,and A = [a;;] are called the set
of nodes, the set of edges, and the adjacency matrix, respectively.
Each edge is denoted by e;; = (v;,v;) € E,i, j € I.The adjacency
elements associated with the edges of the graph are positive, i.e..e;;
€ Eif and only if a; > 0. If all agents do not have self-loops, i.e., a;;
= 0 for all i € I. The set of neighbors of node v; is denoted by

Self-Triggered Control of MASs

N; = {vj eV (vj,v) € E} The Laplacian matrix L = [/;;] can be
written as follows:

zﬂ
a.v
L :‘[ j=Lj#

—Qij>

j=i
j#i.

2.2 Problem Formulation
In this paper, we consider the following systems:

X (1) = w;i (1) + wi (t) (1)

where x,(), u;(t), and wi(t) are the system state, system input, and
external disturbance of the i-th agent, respectively. The following
are the essential assumption and definition used in this paper.

Assumption 1. The disturbance in the MAS control channel is
harmonic or periodic noise, which can be described by the
external system,

{&(r) = W& (t),
wi(t) = YEi(t),

where Y is a known constant matrix and (W, Y) is observable. The
matrices W and Y determine the upper bound of the
disturbances wj(t).

Definition 1. Consider the linear continuous-time MAS with n
agents. For any initial state x;(0), there exists some distributed
control protocol such that

lim|x; (£) = x; (6] = 0 2)
foralli,j=1,2,...,n,1#j, then Equation 1 achieves consensus.

To achieve consensus in the multi-agent network, we consider
the following distributed linear control:

wi(t)= Y ai[x;(t) = x: ()] - @; (1), (3)

vj€N;

Under protocol Equation 3,
equivalent to

%)= ) ay|xj () -x@O)] -0 ) +wi(), @)

vj€N;

system Equation 1 is

The following lemma is essential in our subsequent results.

Lemma 1. | Assume matrix A € R™, B e R™? and vector
x € R™. The following inequalities hold

(1) 1AB| < [IAlllBI,
(2) llAxIl < [IANlx.

3 MAIN RESULTS

In this section, we shall elaborate our main results on the consensus
of MASs subjected to external disturbances. As depicted by
Figure 1, the system (1) is partitioned into two parts, one is the
design of the disturbance observer, the other is the event-triggered
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Disturbance
estimate

FIGURE 1 | Control structure of the system (1).

mechanism. More specifically, the disturbance observer performs
continuous real-time estimation of an external disturbance and
compensates the estimation to the plant to eliminate the influence
of the disturbance. The switch is used in the event-triggered
control, while the change of control input is segmented.

3.1 Disturbance Observer Design

The first part is the design of the disturbance observer. Since the
system Equation 1 is affected by the external disturbance w,(f),
we use the disturbance-observer-based control to estimate the
existing disturbance. To reduce the adverse impact of the
disturbance, we compensate the control input u,(t) according
to the disturbance estimate obtained by the disturbance observer.
Here we put forward the theorem:

Theorem 1. Consider the MAS (Equation 1) subjected to the
external disturbance w;(t). The disturbance observer is as follows:

Zi(t) = (W -KY)(zi(t) - Kx; (t)) - Ku; (t),
&) =zi(t) + Kxi (1), (5)
w;(t) =Y (1),

wherei=1,2, .. . 1, zi(t) is an intermediate vector, K is some

constant matrix, ¢;(¢) and @; () are the estimates of &(t) and
w;(t), respectively. Then, the observed value of the external
disturbance converges to w;(t) asymptotically.

Proof 1 | Denote the estimation error by
ek () =& (1) - & (b). (6)
The following equation is readily derived:
€ (1) = WE () - (Z; (t) + K% (1))
— WE () - [(W ~KY)(& (1) - K ) + WKx; (8) + K (1 (1)

+KYx;) + K(u) + Yf; (t)]

= WE (8) = [(W - KY)E () + KYE (1)]
= WE (1) - KY& (1) - (W - KV)E (1)
= (W - KY)e (). (7)

Self-Triggered Control of MASs

Noting that (W, Y) is observable, there exists a matrix K such
that the matrix (W — KY) is Hurwitz. Hence, the system Equation
6 is asymptotically stable. Therefore, the disturbance estimate
w; (t) can asymptotically estimate the actual external disturbance
signal w(t).

The proof is thus completed.

Under the premise that (W — KY) is Hurwitz, if we choose K
such that Re (\(W — KY)) is smaller, according to Equation 7, the
estimate error eg(t) will converge to zero slower, at the same time,
the multi-agent system Equation 1 will be more affected by the
disturbance observer, which shows that there is a big difference
between the final convergence of the system Equation 1 and that
of the system without disturbance. Therefore, in the process of
application, if we do not want to make a big change in the
convergence state of the system, we can choose K to make Re
(AM(W - KY)) close to 0. When the agent is affected by the external
disturbance signal w,(f), its state shows an obvious periodic
fluctuation, and at the same time, the estimate error eg(t) of
the disturbance observer is very close to 0, so the convergence
state of the system will not be very different from the convergence
state of the system without the disturbance.

3.2 Event-Triggered Control Mechanism
Design

In the MAS Equation 1 subjected to external disturbance w(t),
we denote the state measurement error by

e (t) = x; (t;) — xi (t), t € [tistin1) (8)

where t; represents the i-th triggering instant of the multi-agent
system Equation 1.

For the sake of convenience, we write e;(t), w;(t), and w; (t) in
vector form

e()=le(t) ex(t) ..., e, (D]
wt)=[w @) w(t) ..., w, )]
W) =[wn @) @) ..., W]

Then the proposed control law in the centralized case is
defined as

u(t) = —Lx (t;) —w(t) ©)
Given Equation 8, the closed loop system is set up as

x(t) = -Lx(t) + w(t) - w(t) = -L(x(t) + e(t)) + w(t) — b (t)
(10)

Construct the Lyapunov function as follows:
V= %xTLx (11)
Then
V =x"Lx
= x"L(=L(x(t) +e(t)) + w(t) - w(t))

=—xTLLe — xTLLx + x"Le,
< = ILx|? + ILx[lILllell + ILx[|lleu |

where e, (t) = w(t) — w(¢).
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Through the design of the disturbance observer, lim,_,..e,,(f) =
0, the following inequality holds:

}im V =-xTLLe - x"LLx
< = ||lLx[* + ILxNI LIl el

Let e satisfy

| ||
lel <0=—-
L
with o > 0, we have
V < (0 - 1| Lx]|? (12)

Therefore, V<0 if ¢ € (0, 1).
Consequently, we design the following event-triggered
condition:

Lx
occurs, when [le]l = 0%,
event (13)
) (| L]
doesn't occur,when el < am,

In the centralized event-triggered condition Equation 13,
external devices are required to continuously monitor
the measurement error |[le(t)| of the system, which
undoubtedly increases the cost of the system. Here, we
improve the event-triggered condition proposed above
and propose a novel self-triggering control method.

Theorem 2. Consider the MAS Equation 1 subjected to the
external disturbance w(t), where the communication topology is
undirected graph. The system can achieve consensus if the
control input (Equation 3) and self-triggered condition
(Equation 14) are adopted, where (i + 1)-th triggering instant
is determined by i-th triggering instant and the system state x(t)
with

o allLx ()]
IR ()] + Nlew ()1

where 0 is some constant within the range [0, 1]. Furthermore, the
Zeno behavior can be ruled out.

(14)

Proof 2. Consider the time interval t € (f;, t;;;). The system
Equation 10 is equivalent to

x(t) = —Lx (t;) + ey () (15)
Take the integral of Equation 15 from both sides. We are
led to

t

x(t)—x(t;) =-Lx(t;)(t - t;) + Jew(s)ds (16)

ti

Note that e, (f) exponentially converges to zero, and
lel, (t:)] 2 |€l, (1)] for t € [t;, o).

Self-Triggered Control of MASs

Equation 16 can be rewritten as
t

e (8) = x (6= | - Loe(£) (¢ — £) + jew(swsn

t;
t

<= Lx(t) (E =)l + |l jew (s)ds|
ti
SILx @I (t = t) + llew (EDN (£~ t5)
= (¢t = t;) (I1Lx ()N + llew (1)
Then with the definition of e(f), Equation 13 is rewritten as

ILx (D)l
L

< (=) (ILx ()] + llew (21 (17)
or equivalently,

a|Lx (1)l

[ P LI (N Lx (DN + llew (DD

(18)

Here, the upper bound on the next trigger time t;,, is given by

Lx(t
NP 1210 19)
IZI CILx (£ + llew (£)11)
We denote inter-execution time by T = t* — ¢, so
Lx(t
oLxel 0

" ILEALx ()T + llew (2)1)

Note that Lx and e, are indicators used to represent the
consensus problem of the multi-agent system and the estimation
performance of the disturbance observer Equation 5, respectively.
Lx = 0 means that the system achieves consensus. e,, = 0 shows that
the observer estimates the external disturbance signals perfectly.

The proof is thus completed.

For the case that the communication topology of the agent
system is a directed graph, the Lyapunov function Equation 11
can be modified, and the corresponding event-triggered
mechanism can be designed according to a similar process.

If the communication topology of the system changes due to
some external factors, the event should get triggered in the
moments of switching topology (see Li et al. (2015)).

4 EXPERIMENTAL EXAMPLES

In this section, we will use several examples to verify the

effectiveness of the above-mentioned control method. Here in

this scenario, we consider a multi-agent network system

consisting of seven agents. These agents’ initial states are x (0)

= (40, 55, 75, 60, 80, 20, 15)", respectively. Select o = 0.9. The

communication network of the system is depicted in Figure 2.
Then the Laplacian matrix is

r3 -1 0 0 0 -1 -17

-1 4 -1 -10 0 -1

0 -12 0-10 0
L={0 -1 0 2 -1 0 O
0 0 -1-13 -1290

-1 0 0 0 -1 3 -1
L-1 -1 0 0 0 -1 3]
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FIGURE 2 | Communication topology.

80
agent1
agent2
70 [ agent3
agent4
agent5
607 agent6
\.,,_ agent7

NN

Time(s)

FIGURE 3 | The states of a multi-agent system without the disturbance
observer.

Suppose that the external disturbance signal w,(f) is generated
by the following external system:

Lo = [_05 g]m,
wi =16 31,

Here, let
£(0)=[1.1504 0.1196]%,&,(0) = [0.4696 0.7063],
£5(0) = [1.6424 0.0308]",&,(0) = [0.0860 0.3380]",
£(0) = [1.2982 1.4634]7,&,(0) = [1.2955 0.9018]7,
£,(0) = [1.0940 0.592 6]"be the initial state of the external
disturbance system.

To make the matrix (W — KY) mentioned in Equation 7 be
Hurwitz, we choose the observer gain matrix K = [ %]T.

When the multi-agent system is exposed to external
disturbances w;(f), as shown in Figure 3, the state of each
agent produces periodic fluctuations after a transition time of
about 10s, but the agents’ states do not converge over time,
implying that the presence of external disturbances may prevent
the system from achieving consensus.

As shown in Figure 4, when a disturbance observer Equation
5 is added, the states of the five agents converge after about 20 s
and the whole system eventually achieves consensus, despite the
influence of external disturbance signals w;(f) in the input
channel of agents, due to the inclusion of a disturbance
suppression term in the control input term.

80

60 [

State
S
—
odbhNvons
N

20
/ 0 02 0.4
om’/
20
0 5 10 15
Time(s)

FIGURE 4 | The states of a multi-agent system with the disturbance
observer.

801
agent1
701 agent2
agent3
agentd
60 [\ agents
N —agent6
N agent7
Q@ 50 —
T
D40t/
301
20 ¢
10
0 5 10 15

Time(s)

FIGURE 5 | The states of a multi-agent system without the external
disturbance.

Figure 5 shows the state of the multi-agent system unaffected
by external disturbance w;(t). Comparing Figures 4 and 5, it can
be seen that although the system converges for each agent after
the addition of the disturbance observer Equation 5, the
convergence value of the system after the disturbance
suppression term w;(t) is not the same as the convergence
value of the system without external disturbance, which is
mainly due to the influence of the disturbance observer gain
matrix K.

Figure 6 depicts the curve of the measurement error norm
le(H)|l over time. At about 3 s, |le(#)|| is very close to 0. It can be
known from the above theoretical analysis.

For the sake of simplicity, Figure 7 only shows the evolution of
the estimate of the external disturbance w;(t). Other disturbance
estimates are similar to those shown in Figure 7. From the curves,
we can see that the estimate w (t) is very close to w;(t) at about
0.5 s. Here if we take a bigger observer gain K such that Re (A(W -
KY)) is smaller, the estimated error e,, will converge to zero faster.

The evolution of inter-execution time is depicted in Figure 8.
In the simulation time of 15 s, the simulation step size is 0.0001 s,
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Time(s)

triggered control method.

FIGURE 6 | The error norm [le(t)|| of seven agents evolves under the self-

i-th trigger index

instants.
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FIGURE 7 | The comparison between the real external disturbance
signal w(t) and the estimate signal w (t).
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FIGURE 8| The inter-execution time between two contiguous triggering
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and the event is triggered 198 times, that is, the triggering
probability of the event is 0.132%. There are several key
triggering instants in Figure 8, which are the 26th, 41st, 68th,
and 100th triggered indexes, respectively. The corresponding
time of these triggered indexes are 0.0 399s, 0.0 635s, 0.2
068 s, and 1.4 671 s, respectively. It can be seen from Figure 4,
at 0.0 399 s and 0.2 068 s, the states of the seven agents are close,
Lx(t) = 043, according to Equation 20, which makes inter-
execution time be close to 0 at this time. After 0.0 635s, the
reason for the larger inter-execution time is mainly caused by the
larger ||Lx(f)|. Over time, because e, (f) converges to O,
ie, T= %, the inter-execution time remains near
0.1367s, or equivalently, IllLchc((tti))llll = 0.74, which means the event
occurs when || Lx()|| = 0.74]| Lx (¢,)||. Specifically, if we increase the
value of g, the event will be harder to trigger, and the ratio I‘I‘LL;((:,- ))lh
will be smaller, and vice versa.

5 CONCLUSION

This paper studies the consensus problem of a multi-agent system
with external disturbance based on self-triggered control.
Through the designed disturbance observer, the estimate error
can converge to 0 exponentially for periodic external disturbance
signals. On this basis, we design a self-triggered control strategy,
and the multi-agent system can achieve consensus under this
control protocol. In addition, we obtain a strict positive lower
bound of the inter-execution through theoretical analysis, which
rules out the possibility of Zeno behavior. Finally, the simulation
results show that the proposed control algorithm can suppress
external disturbances and make the system achieve consensus.
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