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FAMU is an INFN-led muonic atom physics experiment based at the RIKEN-RAL muon facility at the ISIS Neutron and Muon Source (United Kingdom). The aim of FAMU is to measure the hyperfine splitting in muonic hydrogen to determine the value of the proton Zemach radius with an accuracy better than 1%. The experiment has a scintillating-fibre hodoscope for beam monitoring and data normalisation. In order to carry out muon flux estimation, low-rate measurements were performed to extract the single-muon average deposited charge. Then, detector simulation in Geant4 and FLUKA allowed a thorough understanding of the single-muon response function, which is crucial for determining the muon flux. This work presents the design features of the FAMU beam monitor, along with the simulation and absolute calibration measurements in order to enable flux determination and enable data normalisation.
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1 INTRODUCTION
The aim of the FAMU experiment (Pizzolotto et al. (2020); Vacchi et al. (2023); Rossini et al. (2024a)) is to explore the magnetic structure of the proton through a measurement of the proton Zemach radius (Carlson (2015); Antognini et al. (2022)). The latter is extracted from a measurement of the hyperfine splitting energy of the muonic hydrogen ([image: image]H) ground state. [image: image]H atoms are produced by injecting a high-rate, low-momentum pulsed muon beam into a pressurised gaseous target. The experiment is currently in operation at the RIKEN-RAL muon facility (Matsuzaki et al. (2001); Hillier et al. (2019)) at the ISIS Neutron and Muon Source (Didcot, UK). The observable of the experiment is the number of delayed muonic oxygen ([image: image]O) X-rays resulting from the transfer of the muon from [image: image]H to oxygen atoms. This is clearly dependent on the number of [image: image]H atoms created, which is directly related to the incoming muon flux. As a consequence, having an accurate and efficient beam monitor with minimal beam absorption is a crucial point in the data normalisation.
A beam hodoscope, composed of two planes of 32 scintillating fibres read out by silicon photomultipliers (SiPMs), has been set up for the experiment. The specific design of this detector, discussed in Section 2, is the best match among the number of available channels (64), the detector area, and its thickness. Other detector designs, such as muon cameras (Lord et al. (2011)), were avoided in order to minimise the amount of material immersed in the beam, as the beam monitor is expected to stay in the beam for the duration of the experiment. Similar detectors for higher rates and continuous beams are being developed at other muon facilities, such as PSI (Papa et al. (2015); Papa et al. (2019); Dal Maso et al. (2023)). The hodoscope serves both as a beam shape detector to optimise beam centring and focussing and as a flux meter. The latter role of the detector is made possible thanks to the analyses reported in this work.
The estimated average negative muon flux with a momentum of 55 MeV/c is on the order of [image: image] muons per second (Matsuzaki et al. (2001); Hillier et al. (2019)). The beam is delivered in two 70-ns spills with an average repetition rate of 40 Hz (the synchrotron rate is 50 Hz, but one in five pulses is directed to the other target station). Therefore, during a spill, approximately 100 muons are delivered in 70 ns. Even though the system is based on a SiPM readout with fast signals ([image: image] ns), it is clearly not possible to tell single-particle signals apart. For this reason, the detector measures the total deposited charge [image: image], which is converted into muon flux using the result coming from calibration measurements (Carbone et al. (2015); Bonesini et al. (2017); Bonesini et al. (2019); Rossini et al. (2023b); Rossini et al. (2023a); Rossini et al. (2024b)).
Initially, data from cosmic muon calibrations combined with Particle Data Group (PDG) [image: image] results to match the gap between energies of approximately 4 GeV and the used beam momentum ([image: image] MeV/c), were used to obtain an estimate of the muon flux vs muon beam momentum (Bonesini et al. (2017)), which compared well with previously published results (Matsuzaki et al. (2001)). In this case, two 3-mm pitch hodoscopes (Hodo-2 and Hodo-3) were used.
Then, a 1-mm pitch hodoscope with adjacent fibres (Hodo-1) was calibrated at the CNAO synchrotron in Pavia (Italy) with a low-rate proton beam with energy loss [image: image] comparable to FAMU muons (Rossini et al. (2024b)). A proton beam of kinetic energy 150 MeV was tuned to allow single-particle events and directed against the hodoscope for testing.
The latest FAMU hodoscope (Hodo-4), that is, the position-sensitive muon beam monitor detector, is here thoroughly discussed. The design of the detector, discussed in Section 2, fits best with the number of available channels (64) and the required thickness, active area, and space resolution. It is composed of 1 mm fibres, spaced by 1 mm. The simulation and tests of the detector are presented in this work. Calibration measurements were carried out in the FAMU setup, exploiting the RIKEN-RAL Port1 muon beam with a modified configuration to obtain a low-rate muon beam, as later explained in Section 3. This has been crucial in order to disclose single-particle signals. In addition, the detector has been simulated in Geant4 (Agostinelli et al. (2003)) and Flair-FLUKA (Battistoni et al. (2015); Ahdida et al. (2022); Vlachoudis (2009)) to understand its response and extract crucial parameters and information for its calibration.
The equation to extract the muon rate from the hodoscope reading is the following:
[image: image]
where [image: image] Hz is the beam repetition rate, [image: image] is the total deposited charge during a full-rate beam spill, [image: image] is the average charge deposited by a 55 MeV/c muon interacting with both planes of fibres, [image: image] for muons interacting with one fibre only, and [image: image] are the fractions of muons interacting with one or two fibres, respectively. The charge deposited in one fibre is written as [image: image] because this value is not directly measured, and [image: image] is calculated from the simulation. In particular, [image: image] is extracted from the simulation, while [image: image] is determined using low-rate data. The main aim of this work, that is, the calibration of the FAMU beam monitor, is to compute the value of the calibration factor [image: image]. This work provides a general method to calibrate other fibre-based hodoscopes that will be used as charged particle beam monitors.
Simulation, measurements, and analysis techniques are presented in Sections 3, 4 and 5, whereas the results are extensively presented and discussed in Section 6. Eventually, the value of [image: image] is computed, and a test estimation of flux during full-rate beam is shown.
2 DESIGN OF THE 1-MM HODOSCOPE (HODO-4)
A [image: image] channel (XY configuration) beam monitor has been set up for the FAMU experiment by INFN Milano-Bicocca and INFN Pavia. The hodoscope consists of two crossed planes of 32 single-clad Saint-Gobain/Luxium BCF-12 polystyrene scintillating fibres. Each fibre is squared, with a pitch of 1 mm, and each fibre is covered with a nominal [image: image]m-thick layer of TiO2-based extramural absorber (EMA, or coating) to avoid inter-fibre optical cross-talk.
Previous hodoscope versions (Carbone et al. (2015); Bonesini et al. (2019); Rossini et al. (2023b); Rossini et al. (2023a); Rossini et al. (2024b)) had either too much material immersed in the beam ([image: image] fibres with a 3 mm pitch, that is, active area of [image: image] cm2 and a total thickness of 6 mm) or too small active area ([image: image] fibres with 1-mm pitch, that is, active area of [image: image] cm2 and a total thickness of 2 mm). The key point of the detector described in this work is having a spacing of 1 mm between adjacent fibres, as shown in Figure 1. This allows a [image: image] cm2 detector area despite keeping the thickness below 2 mm. However, this hodoscope has inhomogeneous volume, which slightly complicates its response function to the muon beam, as further discussed in Sections 5 and 4. In fact, each muon can interact with zero, one, or two fibres depending on its interaction position in the XY plane. The geometric features of this model compared to the previous ones are presented in Table 1.
[image: Figure 1]FIGURE 1 | Hodoscope without its cover. The interspaced scintillating fibres are clearly visible in the middle (white). The internal printed circuit boards hold the SiPMs, and they are connected by stripes to the external ones, holding the 64 micro coaxial connectors (MCXs, signals) and 4 LEMO (bias supply) connectors.
TABLE 1 | Comparison among the various models of [image: image] hodoscope developed for the FAMU experiment. Hodoscopes with 1-mm fibres have only a 2 mm thickness but a small active area, whereas those with 3-mm fibres have a larger area but are 6 mm thick. The model described in this work and finally installed in FAMU has 1-mm fibres interspaced by 1 mm, allowing a mid-size active area without compromising the detector thickness.
[image: Table 1]This model of the hodoscope has been considered the best compromise among all features, and it has, therefore, been installed in the final FAMU setup for 2023 and 2024 runs. Consequently, carrying out single-particle calibration was crucial for its operation in the FAMU experiment. The position of the hodoscope in the FAMU setup is shown in Figure 2.
[image: Figure 2]FIGURE 2 | FAMU in the 2023 setup. The picture on the left shows a CAD scheme of the target and detector system in the 2023 setup: the hodoscope (beam monitor) is positioned just after the muon beamline collimator, whereas all other detectors (LaBr3 and HPGe) are positioned around the gas target. On the right is shown a picture of the setup, where the hodoscope (copper-shielded detector) is in a close-up view. Figures taken from Rossini et al. (2024b).
Each fibre is read out by a [image: image] mm2 Hamamatsu S12571-050P SiPM (cell size 50 [image: image]m) on one side. SiPMs are supplied with a positive bias of [image: image] V (finely tuned for each group of 16 SiPMs to optimise the uniformity of the detector response)1. SiPM signals are fanned out through 4 m cables with MCX connectors and digitised using two CAEN V1742 (32 channels each). The trigger is supplied to all digitisers (including these) through the FAMU system, which provides a beam trigger coming from the synchrotron with a rate of 50 Hz.
3 HODOSCOPE MEASUREMENTS AT RIKEN-RAL PORT1
The FAMU experiment is installed at the RIKEN-RAL Port1 muon beamline at the ISIS Neutron and Muon Source in Didcot, United Kingdom. The experiment consists of a pressurised cryostat holding [image: image] bar of a hydrogen-oxygen mixture at a temperature of approximately 90 K. The gas chamber is the target of the muon beam, with the aim of forming muonic hydrogen atoms.
The ISIS synchrotron accelerates protons with an energy of 800 MeV with a pulse rate of 50 Hz. Four consecutive pulses are sent to Target Station 1 (TS1), and one is sent to Target Station 2 (TS2). The graphite target for muon beamlines is located in the beampipe connecting the synchrotron to TS1. Hence, it receives protons and produces muon pulses at the same rate as TS1 ([image: image] pulses per second). Negative pions are directed in the RIKEN beampipe, where they decay to negative muons and are delivered to the four RIKEN-RAL Ports alternatively. RIKEN-RAL Port1 is currently dedicated to the FAMU experiment. The beam time structure, which is the same for high and low-rate measurements, is shown in Figure 3 as measured by the FAMU hodoscope in a low-rate test beam. Each beam pulse consists of two 70 ns spills separated by 320 ns.
[image: Figure 3]FIGURE 3 | Time structure of the muon beam for each trigger. This normalised histogram has been measured by the FAMU hodoscope at a low rate, but the time structure holds for a high rate as well.
3.1 High-rate measurements at RIKEN-RAL
The beam is generally set to work at the highest available rate. At the momentum value used in FAMU, the average rate is the order of [image: image] muons/s. The quadrupole and bending magnet configuration have been optimised to deliver the best beam rate and geometry that suit the experiment during the FAMU beam commissioning in July 2023 (4 beam days, dataset RAL202303).
After that, two FAMU data-taking runs were carried out in October 2023 (6 beam days, RAL202305) and December 2023 (12 beam days, RAL202306).
3.2 Low-rate measurements at RIKEN-RAL
After carrying out some tests with protons at the CNAO synchrotron in Pavia (Rossini et al. (2024b)), it was decided to characterise the current hodoscope directly on the FAMU setup as its particular design was expected to be more sensitive to beam geometry changes.
In order to obtain a single-particle beam, the currents of some quadrupole and bending magnets were de-tuned to minimise the amount of pions directed in the beampipe. In particular, the first two quadrupoles (RQ1 and RQ2) were turned off to widen the pion bunch, and the first bending magnet (RB1) was de-tuned to direct the beam halo, rather than its central part, into the beampipe. See Figure 4 for a detailed map of the path followed by the beam from the target to Port1, including the magnets encountered. The choice of which magnets had to be tuned was made to not compromise the beam optics, which would result in not delivering the beam to Port1. The shut-down of the two quadrupoles resulted in a [image: image]90% beam intensity drop. The optimisation of the bending magnet current was carried out progressively to make sure that the rate would be as low as required. Figure 5 shows the effect of the progressive variation of the RB1 current out of its optimal value. The muon current (proportional to [image: image]) decreases, whereas the number of events marked as single coincidences increases, reaches a maximum, and starts to decrease. This latter behaviour means that the muon flux is so low it allows events with only one coincidence, that is, single-muon spills.
[image: Figure 4]FIGURE 4 | Path followed by the negative muons (red arrow) from the graphite target to Port1, where the FAMU target and detectors are located. The quadrupole (RQ) and bending magnets (RB) implied in the delivery of muons to FAMU are labelled. Adapted from https://www.isis.stfc.ac.uk/.
[image: Figure 5]FIGURE 5 | Optimisation of the RB1 current to obtain the low-rate configuration. The upper panel shows the fraction of events selected as single-particle events as a function of the RB1 current displacement, while the lower one shows the related decrease of [image: image]. Working at RB1[image: image] guarantees low-rate conditions.
The low-rate data acquisition RAL202306 consisted of several hours of beam optimisation and final [image: image]-event measurements with and without the beam.
4 DATA ANALYSIS
The data analysis technique, described in Figure 6, is based on imposing single coincidences between each detector plane.
[image: Figure 6]FIGURE 6 | Scheme of the coincidence data processing workflow, described in Section 4, to select events with a single muon interacting with both detector planes (2-hit data).
For each beam trigger, the FAMU DAQ system opens an acquisition window and digitises the signals coming from each hodoscope channel at a rate of 1 G/s. The resulting data packet is called an event. In the previous analysis procedure, extensively described and tested by Rossini et al. (2024b), an event was considered a single-particle hit if only one fibre per plane had integrated charge over a given threshold. This method has been considered valid as the hodoscopes had no interspacing, and the measurements were particle-triggered. This means that most muons arrived at the same time (given the fixed pre-trigger window) and passed by one fibre per plane. However, in this case, the trigger comes from the synchrotron, and the full-rate beam shape is complex (every synchrotron trigger corresponds to two [image: image] ns spills separated by a [image: image] ns gap). The low-rate time structure of the beam is the same: even though the beam is tuned to allow single-particle events, they might come from either the first or the second spill, and some events might have more than one muon. In addition, the spacing between adjacent fibres makes it less probable to have muons hitting one fibre per plane, as better discussed and quantified in Section 5. For this reason, it was decided to use a time coincidence-based approach.
During data processing, for each event and for each hodoscope fibre [image: image], the hodoscope low-rate data processing system retrieves the 64 waveforms and looks for peaks, returning the total integrated charge [image: image] and, for every peak [image: image], the time-of-arrival [image: image] and the pulse height [image: image]. At this point, the coincidence is imposed, with a tolerance of 50 ns (small enough to exclude particles coming from two different spills), for hodoscope peaks having [image: image] over a certain threshold to be determined. Events with only one coincidence are selected as single-particle events and used for the hodoscope characterisation.
The value of total deposited energy for every event is the sum on all fibres of the integrated charge [image: image]. This holds for both low- and high-rate measurements. As one can see in Section 6, the shape of the [image: image] histogram for low-rate measurements is asymmetric. After exploring some possibilities (combinations of Landau and Gauss profiles), it has been decided to fit this histogram with the convolution of a Gaussian and a decreasing exponential profile; that is:
[image: image]
having five free parameters: additive constant [image: image], amplitude [image: image], Gaussian mean [image: image], Gaussian sigma [image: image] and exponential decay constant [image: image]. The fit boundaries are chosen by looking for optimal and stable reduced [image: image]. The maximum, which corresponds to the estimate for [image: image], has no known analytical expression. Consequently, it was determined on the fit function through the numerical Brent method2. The uncertainty on [image: image] is obtained by variations of the fit boundaries around the optimum. This is done recursively to select a region in the two fitting boundaries in which [image: image]. The variation of [image: image] in this region is then used as an estimation for its uncertainty.
The value obtained by analysing the data taken at RIKEN-RAL with low-rate muons is [image: image] ADC channels. The uncertainty is taken by varying the fitting boundaries and imposing [image: image]. The histogram and fit are shown in Figure 7. This is the most probable value of deposited charge by 55 MeV/c muons interacting with two scintillating fibres, one per plane. As discussed, the muon flux with this geometry cannot be simply obtained as [image: image], as most muons do not interact with two fibres. However, the fraction of muons interacting with one fibre per plane [image: image] and with one fibre only [image: image] is mostly geometric and must be extracted from the simulation. Therefore, the flux can be estimated with Eq. 1, that is, weighting [image: image] by a factor [image: image], which is obtained from the simulation in Section 5.
[image: Figure 7]FIGURE 7 | Determination of [image: image] from the fit of the low-rate [image: image] histogram. The fitting function is the distribution in Eq. 2, and the maximum is obtained with the numerical Brent method.
5 HODOSCOPE SIMULATION
In order to understand the energy loss of muons in the detector and, therefore, its theoretical response function, the hodoscope has been simulated using the Geant4 (Agostinelli et al. (2003)) toolkit. The geometry consists of the fibres, coatings and entrance windows as described in Section 2; that is, each fibre (polystyrene, 1 mm pitch, 6.4 cm length) is coated with a 15 [image: image]m layer of TiO2 and positioned in a 32-fibre plane with 1 mm interspacing between adjacent fibres (measured coating-to-coating); two planes are juxtaposed with crossing fibre direction, separated from the world volume with a 0.1-mm-thick PVC window.
The muon beam simulated for this work is a 55 MeV/c negative muon beam with 2-dimensional Gaussian shape, with [image: image] mm and [image: image] mm. The reproduces the beam configuration optimised for the experiment, as measured with the hodoscope during 12 h of full-rate data acquisition.
In order to obtain an uncertainty budget, all simulations were repeated with Gaussian dispersion of momentum ([image: image]%), variable beam size within the [image: image]-[image: image] uncertainties, and variable coating thickness, considering a 5 [image: image]m coating thickness tolerance. This resulted in a geometric systematic uncertainty, which was added to the uncertainty budget as an independent contribution.
All primaries have been tracked and assigned flags depending on whether they passed by front and back plane fibres. In fact, given the geometry of the hodoscope, muons can pass by zero, one, or two fibres. The contributions of these muons are plotted separately and also jointly in Figure 8. In the zero-hit case, the energy deposit different from zero in some events is caused by secondary particles (e.g., delta rays generated in the coating and decay electrons) interacting with the fibres. The probability of hitting zero, one, or two fibres is about 25%, 50%, and 25%, respectively, as one can derive from geometrical considerations from Figure 9. However, the exact values of [image: image] and [image: image] depend on beam geometry, scattering processes, and coating thickness; as a consequence, they must be extracted from the simulation. [image: image] is equal to the fraction of particles interacting with only one fibre, while [image: image] is the fraction of muons passing by two fibres, one per plane.
[image: Figure 8]FIGURE 8 | Geant4 simulation ([image: image] events): energy deposited in scintillating fibres by muons interacting with zero (blue squares), one (orange circles), and two (green diamonds) fibres. The total contribution (thick red line) is the expected response function of the detector.
[image: Figure 9]FIGURE 9 | Graphical representation of the hodoscope subdivision in elementary cells (red). As one can derive from the scheme, assuming uniform flux, muons can interact with either zero (blue), one (orange), or two fibres (green) with probabilities of [image: image] 25%, 50%, and 25%, respectively. As a consequence, the heuristic values to be compared to the simulation are [image: image] and [image: image].
In the Geant4 simulation, [image: image] negative muons with momentum 55 MeV/c were launched. The beam geometry is the one extracted from 12 h of full-rate hodoscope measurements. As expected, about [image: image] of the muons were marked as passing by two fibres, with a statistical counting uncertainty of around 0.2%. The uncertainty budget was completed by repeating the simulation with variations in the fibre pitch within its tolerance (30 [image: image]m), the coating thickness within 5 [image: image]m, the beam momentum within 10%, and the beam shape within the measured uncertainty. Other effects, such as small fibre misplacements, are expected to be averaged and cancelled due to the beam spot size. The total contribution, which is dominated by the uncertainty on the coating thickness, is about 1.8% on the number of muons passing by two fibres. The final estimate for the double-hit fraction is [image: image]. This value is consistent with the heuristic value of 25% estimated from the geometry of the detector elementary cells. Similarly, the single-hit fraction estimate is [image: image].
In addition, the ratio [image: image] between the double-hit and the single-hit mean deposited energy had to be computed. In fact, the data selection described in Section 4 enables only the inclusion of double-hit events. As a consequence, the value of [image: image] calculated from the measurements is only the mean charge deposited by particles hitting two fibres. In principle, with a local linear approximation of the energy-loss curve, one could assume that the energy released by single-hitting muons is [image: image] (i.e., that [image: image], but this must be verified, as the linear approximation might not hold. To do so, the single- and double-hit simulated spectra (see Figure 8) were fitted with Eq. 2. The fit stability was tested and used to determine the uncertainties as in the case of data coming from low-rate measurements (see Section 4), along with parameter variation. The estimated values of deposited energy are [image: image] MeV for the 2-hit and [image: image] MeV for the 1-hit. The resulting beam momentum straggling, which comes from the sparse detector geometry, is comparable to the momentum bite of the incoming beam ([image: image]% (Matsuzaki et al. (2001))) and small compared to the stopping range in the FAMU apparatus. As a consequence, the presence of the hodoscope does not spoil the FAMU data.
The estimate for the ratio between the double-hit and the single-hit mean deposited energy is [image: image].
In parallel, an independent simulation based on the FLUKA-CERN (Battistoni et al. (2015); Ahdida et al. (2022)) toolkit was also developed using the Flair interface (Vlachoudis (2009)) for comparison (reported just as FLUKA in this work, for simplicity). The FLUKA simulation has been modelled to match the exact geometry and beam characteristics with the one in Geant4. The geometric factors determined with the FLUKA simulation with the same number of events [image: image] are: [image: image] and [image: image]. The uncertainties on the FLUKA predictions are underestimated as they only comprise the statistical component. Both values differ by less than three standard deviations from the values estimated in Geant4. The qualitative comparison between the FLUKA and Geant4 histograms of the energy deposited in the hodoscope active volumes is shown in Figure 10. The deposited energies in the 1-hit and 2-hit cases, obtained from fitting with Eq. 2, are [image: image] MeV and [image: image] MeV. These energy deposits differ by about 7% and 6%, respectively, from the Geant4 values. Such a difference is generally considered a sign of accordance between the results retrieved from two independent codes. Their ratio is [image: image], which is consistent with the value extracted from the Geant4 simulation.
[image: Figure 10]FIGURE 10 | Comparison of Geant4 (blue squares) and FLUKA (red circles) simulated energy deposited in hodoscope fibres ([image: image] events). The two energy peaks differ by 6%–7%, which is considered good qualitative accordance between the two approaches. Fine differences between the spectra are currently being investigated.
The FLUKA simulation was also used to estimate effective backscattering, that is, the fraction of particles interacting with one fibre in the first plane, one in the second plane, and then one back in the first plane, as a result of backscattering. Ideally, this value should be minimal for better hodoscope accuracy. The effective backscattering rate is [image: image] ‰, which is negligible.
All the useful parameters extracted from Geant4 and FLUKA simulations are reported in Table 2. The coefficients for Eq. 1 used in this work for flux estimation are taken from the Geant4 simulation because the applied physics lists and transport thresholds had already been tuned and validated for the FAMU experiment.
TABLE 2 | Comparison between parameters estimated by the Geant4 and FLUKA simulations with [image: image] events simulated. The uncertainty balances are obtained through parameter variation, whereas those marked with “stat” are statistical only. The values of [image: image] are consistent with each other, while the values of [image: image] are qualitatively comparable and differ by less than three standard deviations (Student’s t-test). The estimates of [image: image], [image: image], and [image: image] are consistent between the two independent simulation toolkits.
[image: Table 2]Figure 11 shows some 2D distributions obtained using the Flair interface to FLUKA-CERN. In particular, the first row shows the probability density for the particles present in the simulation (primary muons, decay electrons, and photons/electrons resulting from elastic and inelastic processes). The second row shows the space distribution of the energy deposition, which is higher in the detector fibres than in air, reflecting the Gaussian shape of the beam on the [image: image] plane. Muon inelastic processes are negligible for the sake of the experiment. The main mechanism of muon energy loss is by delta ray emission and elastic scattering processes.
[image: Figure 11]FIGURE 11 | 2D distributions extracted from the Flair interface to the FLUKA simulation. The muon beam runs along the [image: image] axis in the positive direction (left to right). The first row shows the density of muons/electrons/photons in the path followed by the muons, with the same colour scale for all plots. The second row shows the spatial distribution of the energy deposit.
6 RESULTS
Following the procedures explained in the previous sections of this work, it has been possible to estimate the values of [image: image] ADC channels, [image: image], [image: image], and [image: image]. The values of [image: image], [image: image] and [image: image] are extracted from the Geant4 simulation as it has already been optimised for muons in this energy range. The physics in the FLUKA simulation is currently being tuned, but the first results presented in Section 5 are qualitatively promising. Hence, the value of the calibration factor [image: image] in Eq. 1 is
[image: image]
Fitting the full-rate beam histogram of the charge deposited in the hodoscope in each muon spill with a Gaussian profile (see Figure 12) made it possible to extract the average value of [image: image] for the analysed run. However, this flux estimation can also be carried out event-by-event simply taking the punctual value of [image: image] and converting it into punctual muon flux. Taking the mean value and converting it into mean muon rate by applying Eq. 1 with the value of [image: image] in Eq. 3, one gets [image: image] muons/s. This value has been obtained with synchrotron current [image: image]% the maximum value. It is consistent with the expected order of magnitude for the 55 MeV/c negative muon flux at full synchrotron current ([image: image] muons/s) (Matsuzaki et al. (2001); Hillier et al. (2019)).
[image: Figure 12]FIGURE 12 | Extraction of average [image: image] from the fit of a high-rate [image: image] histogram with a Gauss profile.
By extracting weighing factors for [image: image] at other momenta from the simulation, it has also been possible to estimate the muon flux during high-rate measurements at momentum different from 55 MeV/c. The result is presented in Figure 13, and the trend is increasing with momentum, as expected.
[image: Figure 13]FIGURE 13 | Estimation of muon flux from three values of beam momentum. The correction factor for the value of [image: image] is extracted from the simulation.
7 CONCLUSION
A full calibration protocol for a beam hodoscope that will be used as a flux monitor has been explained, applied, and tested.
When the beam repetition rate [image: image] is known, the values of [image: image] [image: image], and [image: image] are extracted from simulation, and the value of [image: image] is extracted from low-rate measurements allowing single-particle events. In particular, by modelling the detector in a simulation toolkit (Geant4/FLUKA), [image: image] and [image: image] are obtained by counting the primary muons interacting with fibres in both planes of the detector or with one fibre only, respectively, whereas [image: image] is the ratio of the mean deposited energies in the two cases. On the other hand, [image: image] is obtained by tuning the beampipe (bending and quadrupole) magnets to deliver a small fraction of the beam. By tuning the magnets to allow single-particle spills to reach the detector, it was possible to determine the amount of charge deposited by muons hitting two fibres by imposing coincidence between the two planes during data analysis. This allowed to calculate the calibration constant [image: image] to convert the high-rate deposited charge [image: image] into the muon rate [image: image]. The muon rate plays a crucial role in the data normalisation for the FAMU experiment.
This protocol can be applied to similar detectors to use them for the same particle counting task in cases where single-particle discrimination is not possible.
This procedure can be carried out with any scintillating fibre-based hodoscope that will be used as a muon beamline monitor with various applications. For example, muonic atom X-ray spectroscopy ([image: image]-XES), used for elemental and isotopic analysis (Clemenza et al. (2019); Cataldo et al. (2022); Rossini et al. (2023c)), is a non-destructive technique for the depth-dependent characterisation of materials of interest such as Cultural Heritage samples. It consists of a spectroscopic analysis of the muonic atom X-rays emitted by a sample. Hence, knowing the injected beam rate would give important information about the number of atoms created, helping quantify the elements and isotopes present in the sample. The presence of a calibrated beam hodoscope in such applications would, therefore, help improve the technique.
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FOOTNOTES
1the operational voltage values for the three printed circuit boards (each one holding 16 SiPMs) are as follows: [image: image] V, [image: image] V, [image: image] V, and [image: image] V.
2Using the ROOT (Brun and Rademakers (1997) method TF1:GetMaximumX.
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