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Considerations for Latitudinal
Time-Averaged-Field Palaeointensity
Analysis of the Last Five Million Years

Adrian R. Muxworthy*

Natural Magnetism Group, Department of Earth Science and Engineering, Imperial College London, London, United Kingdom

Central to palacomagnetism and geophysics is the assumption that the time-averaged
geomagnetic field is approximated by a geocentric-axial-dipole (GAD). In this paper, it is
demonstrated through the use of a simple cap model that due to secular variation the
time-averaged palaeointensity record will always have a smaller latitudinal dependency
than a true GAD field. However, the simple cap model does not fully explain the behavior
of the palaeointensity database (averaged over 0-5Ma) especially at high-latitudes.
To investigate this dependency | use a Giant Gaussian Processes (GGP) model to
estimate the contribution of permanent non-dipole features and determine their statistical
significance. It was found that an axial quadrupole term between —5 and —10% of
the GAD field combined with octupole term ~ —15% of the GAD field, best explained
palaeointensity latitudinal behavior. In particular, the octupole term with a sign opposite
to that of the GAD, is required to describe the palaeointensity behavior at high latitudes,
i.e., >60°.

Keywords: geocentric axial dipole hypothesis, time-averaged field, palaeointensity, palaeosecular variation,
non-dipole field

INTRODUCTION

From geomagnetic observations and palacomagnetic records, we know that the Earth’s magnetic
field is dominated by a dipole component, which is also dynamic and changing in terms of
both its direction and intensity (Valet, 2003). Central to much palaecomagnetic research, e.g.,
palaeogeographic reconstructions, is the assumption that the time-averaged field (TAF) is a
dipole field aligned parallel with the Earth’s spin axis, the so-called geocentric-axial-dipole (GAD)
hypothesis. Over very long periods of time, i.e., 200 million years, from palacomagnetic directional
data this hypothesis has been shown to hold (Merrill and McFadden, 2003); however, it has
been known for some time (Wilson, 1970) that there are systematic departures from this simple
model over shorter timescales. Direct field observations only encompass the last 400 years or so
(Jackson et al., 2000), and reveal a strongly non-GAD field. If undetected, these non-GAD fields
can have a major impact on palacogeographical reconstructions creating spurious mismatches, for
example, palaeomagnetic results from the timespan 0-5 Ma (Kono et al., 2000; Johnson et al., 2008)
suggest a significant non-GAD contribution to the TAF of the order ~5% (mostly quadrupole and
octupole) that can correspond to ~500 km reconstruction mismatches. Deviations from GAD are
greatest at high-latitudes, but the exact nature and duration of these deviations is still debated
(Constable, 2007). These high-latitudes deviations are greater in the ancient geomagnetic field
intensity (palaeointensity) record than the directional record (Constable, 2007).
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In the analysis of palaeointensity data as a function of latitude,
it is common to plot palaeointensity data as a function of latitude
for latitudinally binned “reliable” absolute palaeointensity data
from the last 5 Myr using the PINT database (Biggin et al.,
2009) available at http://earth.liv.ac.uk/pint; when binning the
data sometimes the average of each bin is taken (e.g., Lawrence
et al, 2009; Wang et al, 2015) and sometimes the median
(e.g., Cromwell et al., 2015; Dossing et al., 2016). The definition
of “reliable” varies between studies, but the same trend is
observed: the measured intensity data deviates most from the
GAD intensity model BP at high latitudes, where B varies with
the (magnetic) co-latitude 6 by.

1
BP = Bgl(l + 3cos%6)? (1)

where BQI is the field intensity at the equator for an axial dipole
field.

If the geomagnetic field was a steady-state GAD field, then a
plot of the binned palaeointensity data from the last 5 Myr against
latitude should lead to a dipole field, however, we know from
the current-day geomagnetic field that the field it is not a GAD
and it displays secular variation. However, by comparing the
GAD intensity model and the binned palaeointensity data against
latitude, it is intrinsically assumed that a TAF has the possibility
of resembling a GAD field. In this paper, by considering the
contribution of secular variation to the geomagnetic field, I show
that it is simply incorrect; comparing binned palaeointensity data
against a dipole field aligned along the rotation axis leads to an
overestimation which is greatest at high latitudes, i.e., it is not
possible for a TAF to be a GAD field due to secular variation.
However, including dipole secular variation, does not explain the
data trend found in the PINT database (Biggin et al., 2009); I
further then investigate how permanent non-dipole structures
might explain the latitudinal discrepancy.

A SIMPLE CAP MODEL FOR DIPOLAR
SECULAR VARIATION

In studies that compare intensity vs. latitude (e.g., Lawrence et al.,
2009; Cromwell et al., 2015; Wang et al., 2015; Dossing et al.,
2016), it is the geographical latitude, not the palacomagnetic
latitude, that is used; this removes the circular logic of using
GAD theory to calculate the palacomagnetic latitude in a study
of the robustness of the GAD hypothesis. Only palaeointensity
data from the last 5 Myr are usually considered, because, as a
first-order approximation, this removes the need to include any
tectonic corrections to the sample locations’ geographic latitudes.
Once selected and latitudinally binned, the palaeointensity data
are often directly compared to the intensity of the GAD field B?
Equation (1).

However, the field experienced at a sample location S is not a
GAD field, but as a first-order approximation a dipole field with a
pole position P (Figure 1). The position of the current-day dipole
field pole drifts, i.e., westward drift, 360° around the rotation axis
and geographic pole G, with a tilt angle of ~11°; the tilt angle

FIGURE 1 | Schematic diagram showing the relationship between the
geographic pole position G, a dipole pole position P and a sampling locality S.
The three positions are connected by three great-circle arc-lengths p, s and g
at angles p, y, and o as shown. Note the break from the standard naming
convention for a triangle. The limits pmax and pmin are shown, with a
corresponding integration surface for Equation (3) in gray.

also varies (Jackson et al., 2000; Constable, 2007). In determining
the TAF intensity behavior of the palaeointensity database, we
need to include secular variation of pole position P; it is simply
incorrect to average all the data points from a given latitude as the
field experienced at a given latitude depends on the magnetic co-
latitude, which varies with time and depends on a cosine function
of the co-latitude Equation (1).

To demonstrate the effect of latitude on dipolar secular
variation, consider a simple cap model of dipolar secular
variation: The average great-circle length between P and §, i.e.,
g (Figure 1), which equals the magnetic co-latitude on a unit-
sphere. For a fixed sample location S, the arc-length g depends
on both y (westward drift) and tilt angle (arc-length p). y varies
between 0 and 360°, and the tilt-angle/arc-length p between pmin
and pmay; if pmin = 0 the area is simply a cap. The average g for a
point S can be determined using the Law of Cosines, which on a
sphere with unit radius gives:

Pmax 27w
[ [ (cospcoss+ sinpsinscosy)sinpdydp
P=Pmin y=0
COSg = Pmax 21w
[ [ sinpdydp
P=Pmin y=0

_coss (oS 2pmin — €OS 2Pmax)

4 (cOSPpmin — COS Prmax)

2
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where Cos g is the average cosg for the area under consideration.

To study the TAF, the palaeointensity data are binned from
different time periods over intervals of typically 10-15° latitude
(Wang et al., 2015; Dossing et al., 2016). The average of cos gim

'min

over a sample latitude window smin to smax is simply given by:

Smax
T (s (c08 2pmin — cos meax)) sin sds
4 (Cospmin - COSPmax)

—_ $=Smin
cos 52?:: - Smax
[ sinsds
$=Smin
1 (cOS2Pmin — €OS2Pmax) (COS 2Smin — €OS 2Smax) 3)
16 (cOSPmin — COSPmax)  (COS Smin — COS Smax)

To calculate the time-averaged intensity B™F as a function
of latitude for a dipole field that displays secular variation as
recorded by latitudinally binned palaeointensity data, simply put
Equation (3) into Equation (1) to give:

BTAF — BZ‘F (1+ 3c032§§$3’:)% (4)
where gim is the average of ¢ determined from Equation (3) for
a site-latitude window between spin t0 Smax, and BZ;F is the field
intensity at the equator for the TAF.

Using a latitudinal bin size of 10°, I have calculated Equation
(4) for three model scenarios, and compared these to the simple
dipole model Equation (1) in Figure 2 for BET;F = qu =25uT.
The three models are: (1) pmax = 45° and pmin = 0°, (2) Pmax
= 20° and pmin = 0°, (3) pmax = 45° and ppin = 20° and (3)
Pmax = 15° and pmin = 5°. A maximum tilt angle of 45° was
chosen as this is commonly argued as the latitudinal limit of a
non-transitional pole position (Tauxe, 2010); however, the exact
cut-off is not significant.

All three models have a weaker latitudinal dependency than
the dipole model of Equation (1) (Figure 2), that is, the effect of
including dipolar secular variation into the TAF intensity model
is to reduce the expected latitudinal dependence of the observed
field, i.e., a TAF palaeointensity record cannot have the same
latitudinal dependency as a GAD field. For a constant equatorial
field the deviation between the dipole model and the TAF model
is enhanced at high latitudes. This is expected: consider the case
where the sampling locality is approximately at the geographic
North Pole, i.e., smax is slightly larger than sy, but both are
close to 0°, and ppin >> 0°, then the value of gj;: used in
Equation (4) is >0° reducing B™F at high latitudes; this effect is
less pronounced for equatorial sampling localities. Generally the
value of sy was found to be more important than sp;,, and the
effect of bin size is relatively unimportant for bin sizes between
5° and 15°.

A GIANT GAUSSIAN PROCESSES (GGP)
MODEL APPROACH TO SECULAR
VARIATION

While the simple cap dipolar model demonstrates the effect of
secular variation on binned palaeointensity data, it does not

55
50 . )
— Pox =45, pmn =0° e
45 o Pmax = 20°, pmin =0°
g, | — T
2 40 raii i
z —— dipole s
5 35
g
30
2
200 20 40 60 80
latitude (°)

FIGURE 2 | BIAF (Equation4) calculated for four models as a function of
latitude using a latitudinal bin size of 10°: 1) pmax = 45°, Pmin = 0°, 2) Pmax =
20°, pmin = 0° and 3) pmax = 45°, pmin = 20°. Additionally the standard
dipole model (Equation) is also calculated. In all four models the equatorial

field was set to 25 T, i.e., Blg" = B5, =25 uT.

attempt to describe secular variation, as it is flat distribution.
There is a class of models based on Giant Gaussian Processes
(GGP) (Constable and Parker, 1988; Kono and Hiroi, 1996;
Quidelleur and Courtillot, 1996; Constable and Johnson, 1999;
Tauxe and Kent, 2004; Shcherbakov et al., 2014), that express
secular variation by varying the Gauss coefficients g/", h}"; the
gauss coefficients have a mean and standard deviations (o;) that
are a function of degree . Generally the mean g\ (axial dipole)
and g} (axial quadrupole) are non-zero, and the higher order gJ,
are zero, though occasionally non-zero mean gJ (axial octupole)
terms are considered (Tauxe and Kent, 2004) (Table 1).

The variation is partially accommodated by the a parameter,
and is given by

g2 (/e )
SR VETY

where c¢/a is the ratio of the core radius to that of the Earth’s, and
«a a fitted parameter. Through time the models have developed,
with increasing complexity used to describe the variation in
the individual Gauss coefficients (Table 1). The early model of
Constable and Parker (1988), did not accommodate the observed
latitudinal variation in the scatter of the virtual geomagnetic pole
(VGP) data. Later models did this by weighting some of the
variance parameters (Quidelleur and Courtillot, 1996; Constable
and Johnson, 1999; Tauxe and Kent, 2004) (Table 1).

Constable and Johnson (1999) compared their GGP model
to the then palaeointensity record, and found a reasonable
correlation. However, in the last 20 years the palaeointensity
database has changed significantly, with the inclusion of far more
high-latitude data points. Additionally, the selection criteria for
drawing samples from the database are far more stringent now
than it was in the late 1990s (e.g., Lawrence et al., 2009; Cromwell
et al., 2015; Wang et al., 2015; Dossing et al., 2016). As we will
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TABLE 1 | Parameters for secular variation models considered in this paper. CJ98
is from Constable and Johnson (1999)and TKO3 refers to Tauxe and Kent (2004).

Parameter CJ98 TKO03 This study
& —30 uT 18T 33T
a9 —15uT 0 33uT
a9 0 0 50uT

[ 15 uT 7.5nT 7.5 nT

B 3.8 3.8

o9 350/ =11.72uT Boj=6.4uT  Boj=6.4uT
of 050/ =1.67 uT o) =1.7nuT oy =1.7nT
ol o5 oy =116 uT 0/ =06puT 0/ =0.6 uT
o 350 =4.06 uT Boy=22uT  Boy=22uT
| —m odd o) Boy Boy

| —m even 1 /1 1
c/a=0547 (o) = (/8@ e/ [(I+1)@1+1)]

The “best-fit” parameters from the model in this study were determined using the results
shown in Figure 5 for g3 = —0.1 g9 and g3 = —0.15 g.

see in the next section the GGP model of Constable and Johnson
(1999) no longer explains the current PINT database.

COMPARISON OF CURRENT GGP
MODELS WITH THE LATITUDINAL
PALAEOINTENSITY DATA RECORD

To compare GGP models with the current palaeointensity data
record, I selected Thellier data with pTRM checks from the PINT
database (Biggin et al., 2009) from non-transitional (or unknown
polarity) samples <5Ma in age with at least three intensity
estimates per unit, i.e., N > 3, with a unit palaeointensity estimate
standard deviation of <50%, as in previous studies (Dossing
et al., 2016). This yields 496 field estimates. I also combined the
northern and southern hemisphere data, because the southern
hemisphere data is very limited both spatially and temporally for
the last 5 Myr. For example, for a 10° bin size, several of the
southern hemisphere bins have no data, and others have only
one dataset covering narrow time periods, e.g., data from Tristan
da Cunha (Shah et al., 2016) is the single data set in the —30 to
—40° bin and covers a time period of <50 kyr. After folding and
binning at 10° steps, the 80-90° bin has no data, but the next least
populated bin, the 0-10° bin, has eight points.

To determine a value for each bin, Dgssing et al. (2016)
calculated the median of the data in each bin. Whilst this
approach makes less assumptions, if we compare the bin with
the most data points (bin 10-20°, 226 points,), we see that at
95% confidence it can be described as Gaussian (Figure 3). I
therefore calculate the mean for each bin, rather than the median
(Figures 4, 5). I also determine a 95% confidence limit for each
bin. The limits are effected by the number of points in each bin;
the 10-20° bin has the narrowest confidence interval (Figure 4).
The mean data are seen to increase with latitude until the 50—
60° bin, then decrease; however, the site data are very scattered
(Figure 3). The simple dipole model Equation (1) increases more
rapidly than the data (Figure 4), and does not describe the data.

20

15

10

bin count

0 20 40 60
paleointensity (uT)

FIGURE 3 | Histogram of bin count vs. intensity for the palaeocintensity data
from the PINT palaeointensity database (Biggin et al., 2009, http://earth.liv.ac.
uk/pint), for the 10-20° bin. The palaeointensity data were selected from the
PINT database from sites <5 Ma, for which there were at least three intensity
estimates. The northern and southern hemisphere data are combined. The
data is not distinguishable from a Gaussian distribution at 95% confidence.

Nor do the simple cap models (Figure 2) describe the data trend
(Figure 4).

I next compare the CJ98 and TK03 GGP models (Table 1)
with the selected PINT data, and determine 95% confidence
intervals using the number of PINT data in each bin to calculate
the models’ confidence limits for comparison with the data
(Figure 4). It is visually clear that neither of these two models
follows the binned palaeointensity latitudinal trend. CJ98 and
TKO3 both increase too rapidly with latitude, plus TKO03 is too
low at the equator. Adjusting the g’ term for TK03 model
does not resolve the latitudinal variation inconsistency. To
statistically estimate if the model and PINT data distributions
are distinct, I calculated two parameters: (1) the Kolmogorov-
Smirnov (KS) distribution probability (Press et al., 2007), and
(2) the Bayes error (Braga Neto and Dougherty, 2015). The KS
distribution probability estimates the likelihood that the data
distributions for each bin are drawn from the same distribution,
i.e,, low probability values suggest that the distributions are
significantly different (Press et al., 2007). The KS distribution
probability examines only the shape of the distributions at
each bin, but is invariant to absolute values. To quantify the
absolute overlap between two normal distributions, I calculate
the upper bound on the Bayes error (Braga Neto and Dougherty,
2015), to estimate the maximum misclassification error between
two normal distributions with means @ and @; and standard
deviations 6y and o7. This is done by finding the value of y, where
0 <y < 1, which minimizes ¢,.

1—
. a ‘o] ((V - l)y(uo—u1)2>
Cy, = min

@s(0,1) 2 2 P 2yot —(y —1)od)
(1- V)U() +yoj 1 0

(6)
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palaeointensity database (Biggin et al., 2009, http://earth.liv.ac.uk/pint), which has been binned at 10° degree intervals and the mean determined. The palaeointensity
data were selected from the PINT database from sites <5 Ma, for which there were at least three intensity estimates. The northern and southern hemisphere data are
combined; there is no data >80°. 95% confidence intervals are plotted for the PINT data (shaded green) and the model data (black lines). Additionally the standard
dipole model (Equation1) is also calculated, with ng =25 uT (gray line), in (A) a cap model as shown in Figure 3 (omax = 45°, pmin = 20°). In the lower section of
the figures the Kolmogorov-Smirnov probability and the Bayes error E are plotted as a function of latitude.
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If we assume a priori that the probabilities that the observation
came from each of the distributions is equal, then the upper
bound on the probability of a misclassification error is E < ¢,/2.
If E = 0, there is no probability of a misclassification, i.e., the
two distributions are completely distinct from each other, and
if E = 0.5 there is a 50:50 chance that misclassification will take
place, therefore the two distributions must be identical. However,
the probabilistic nature of the analysis can just be taken as an
intuitive measure of the similarity between two distributions.

For CJ98 and TKO03, both the KS distribution probability and
the Bayes E are generally low, indicating that the models do not
accurately describe the data. For CJ98, Bayes E is >0.45 for the 0-
10° bin, this is partially an artifact of the two mean values being
similar.

PERMANENT NON-DIPOLE FEATURES
AND THE PALAEOINTENSITY DATA
RECORD

It is clear both by inspection and the statistical tests that the
CJ98 and TK03 models to not accommodate the paleointensity
data (Figure 4). To explore this mismatch, I examined the GGP
models, starting with the TK03 model of Tauxe and Kent (2004).
There are many parameters (Table 1) that can potentially change
the shape of the geomagnetic field (Constable and Johnson, 1999;
Merrill and McFadden, 2003), however, whilst changes to the
standard deviation parameters can drastically increase the secular
variation, when averaged over long periods of time, variations in
these parameters contribute more to the scatter rather than the
mean trend, which still resembles a dipole field, albeit reduced, as
demonstrated in the simple cap model (Figure 2).

To change the model trends to resemble something closer to
the PINT database, it is necessary to add permanent non-dipole
terms, in particular ¢) (axial quadrupole) and gJ (axial octupole).
In TKO3 (Table 1) gg is set to zero, however, in most other GGP
models (Constable and Parker, 1988; Quidelleur and Courtillot,
1996; Constable and Johnson, 1999; Tauxe, 2005; Shcherbakov
etal., 2014), this term is non-zero and of the same sign as g’. The
literature provides some indications of what values of gJ and g3
are considered “reasonable”: Using palaeomagnetic data for the
last 5 Myrs, various studies have inverted the palacomagnetic data
to determine the time-averaged Gauss coefficients (e.g., Johnson
and Constable, 1997; Carlut and Courtillot, 1998; Kono et al.,
2000; Johnson et al., 2008). Of these studies, only that of Kono
et al. (2000) attempted to fully invert the palaeointensity data
record. They found that g) ~ —0.06 g and gJ ~ 0.06 g7, which
is in contrast to the palaeodirectional data only inversions that
generally predict that g) and g) have the same sign as g ;
the exception being some of the inversions for single polarities
(Johnson and Constable, 1997; Johnson et al., 2008), where gg was
found to be of opposite sign to g7 Using geodynamo simulations,
Veikkolainen et al. (2017) examined the entire PINT database, in
an attempt to quantify the contribution of ¢) and g to the TAF
through examination of palaeointensity frequency distribution.
They found that the paleointensity record is best described by
periods of different g¥ intensities, however, each period had a
+10% octupole field contribution, with a minimal quadrupole
contribution.

Given the limited number of binned data (8 points), the aim
of the exploration was to reproduce the same trends as observed
in the data and not to determine an exact fit. Therefore, in the
following calculations, I varied only the gV, g3, and gJ terms
within the TK03 model. I normalized the TK03 model with
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FIGURE 5 | GGP model intensity predictions vs. latitude for: (A) gg ~ —0.05 g? (—5%) and gg ~ 0 (0%), (B) gg ~ —0.05 g? and gg ~ —0.05 g?, (C) gg ~ 0and
gg ~ —0.1 g?, (D) gg ~ 0.05 g? and gg ~ —0.1 g?, (E) gg ~ —0.05 g? and gg ~ —0.15, and (F) gg ~ —0.1 g? and gg ~ —0.15 g?. Included are the binned
palaeointensity data (green dots) from the PINT palaeointensity database. The northern and southern hemisphere data are combined; there is no data >80°, 95%
confidence intervals are plotted for the PINT data (shaded green) and the model data (black lines). Additionally, the standard dipole model (Equation1) is also
calculated, with ng =25 uT (gray line). In the lower section of the figures the Kolmogorov-Smirnov probability and the Bayes error E are plotted as a function of
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respect to the most accurate PINT database bin (10-20° bin), i.e.,
gYwas calculated for each model. This normalizing clearly affects
the Bayes error, however, it is consistent across the models for
comparison.

Adding ¢) and gJ terms of the same sign as g simply increases
the latitudinal variation, and makes the fit between the models
and the data worse than when g) and g} are both zero. Therefore,
to match the PINT database trends for the last 5 Myrs, permanent
g and gg terms of the opposite sign to g are required. Various
combinations of gJ and gJ are plotted in Figure 5; g0 and g are
expressed as percentages of g. The effect of introducing g5 and
g3 of the opposite sign to g? is to decrease the rate of latitudinal
increase, producing a flatter’ trend. It was found that to represent
the data trend at high latitudes under the constraint g3, gJ < 0.2
g%, both g9 and gJ have to be of the opposite sign to gV.

In Figure5A, I consider a 5% quadrupole field with no
octupole field, as suggested by several palaeodirectional studies
(e.g., Carlut and Courtillot, 1998). I plot only the case where
gy = —0.05 gV, as this trend matches the data better than for
gy = +0.05 g%, however, its latitudinal dependency is too high
even for the negative contribution. Adding a g0 = +0.05 g’
term to this figure, i.e., approximately the same configuration as
suggested by Kono et al. (2000), makes the mismatch between
model and data worse than in Figure 5A. The effect of adding a
gy =—-0.05g% termtoag) = —0.05g?, sharply decreases the field
intensity at high-latitudes (Figure 5B). The behavior for mixed
quadrupole/octupole —5% contribution (Figure 5B) is similar
to that of a pure octupole term of —0.1 g0 (Figure 5C). This
latter configuration is the same as that suggested Veikkolainen
etal. (2017) who examined the entire PINT database. Attempting
to combine quadrupole and octupole terms of opposite signs
does not improve the data fit (Figure 5D). The models that
best describe the data are shown in Figures 5EF; that is,
g =-0.15gY and g9 = —0.05 and —0.1 g). Even within these
models there is still a large degree of mismatch at mid-latitude.
The g¥ term determined by fitting the models to the 10-20° bin,
was consistently between 33.0 and 33.2 WT, a little larger than the
values commonly quoted, e.g., 30 WT (Constable and Johnson,
1999; Shcherbakov et al., 2014).

The g9 and g contributions are higher than that found from
the directional palaecomagnetic data (e.g., Carlut and Courtillot,
1998), however, this is not inconsistent. The large g} was needed
to accommodate the high-latitude palaeointensity data behavior;
it is well-documented that palaeointensity data is more sensitive
to high-latitude geomagnetic field behavior than declination
and inclination data (Constable, 2007). Therefore, it appears
that the paleointensity database is highlighting high-latitudinal
behavior not accessible to the declination and inclination
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