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The load displacement curve model of bolt is of great significance to estimate

the ultimate uplift bearing capacity of bolt and analyze the force transmission of

bolt. Therefore, it is particularly necessary to establish a high-precision load

displacement curve model of bolt. In this paper, the statistical damage theory is

introduced to establish a new stiffness degradation model of bolt load

displacement curve, and a model which is more consistent with the test

data and has higher accuracy in predicting the ultimate uplift capacity is

proposed. The influence of model parameters on the model curve is

analyzed. It can be concluded that the key to the load displacement curve

of the anchor and the prediction of the uplift bearing capacity of the anchor is to

determine the statistical random distribution characteristics of the micro

element strength of the anchor interface.
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Introduction

Bolt support is widely used in foundation pit, slope, tunnel and roadway engineering.

The ultimate uplift bearing capacity and stress characteristics of bolt have always been an

important issue concerned by scholars and engineering designers (Li, 1999; Li et al., 2012;

Wang et al., 2019; Wang et al., 2021a; Wang et al., 2021b; Zhang et al., 2022). The ultimate

pullout bearing capacity of the bolt is usually determined by the pull-out test of the bolt. In

order to study the ultimate pullout bearing capacity of bolt, some scholars analyze the

ultimate bearing capacity of bolt from the perspective of limit equilibrium and limit

analysis (Serrano et al., 2000; As and Co, 2002; Serrano and Olalla, 2002; Wang et al.,

2013). Some scholars estimate the ultimate bearing capacity of the anchor rod from the

load displacement curve of the anchor rod pull-out test. This method can not only

estimate the bearing capacity of the anchor rod, but also describe the load displacement

curve, which lays a foundation for further analysis of the stress distribution of the anchor

OPEN ACCESS

EDITED BY

Chong Xu,
Ministry of Emergency Management,
China

REVIEWED BY

Fei Guo,
China Three Gorges University, China
Luqi Wang,
Chongqing University, China

*CORRESPONDENCE

Song Chen,
chennsongg@163.com

SPECIALTY SECTION

This article was submitted to
Geohazards and Georisks,
a section of the journal
Frontiers in Earth Science

RECEIVED 24 July 2022
ACCEPTED 22 August 2022
PUBLISHED 15 September 2022

CITATION

Yang Z, Chen S, Sun J, Zheng Y, Li L and
Yuan Y (2022), Bar load-displacement
curve model based on statistical
damage mechanics.
Front. Earth Sci. 10:1001777.
doi: 10.3389/feart.2022.1001777

COPYRIGHT

© 2022 Yang, Chen, Sun, Zheng, Li and
Yuan. This is an open-access article
distributed under the terms of the
Creative Commons Attribution License
(CC BY). The use, distribution or
reproduction in other forums is
permitted, provided the original
author(s) and the copyright owner(s) are
credited and that the original
publication in this journal is cited, in
accordance with accepted academic
practice. No use, distribution or
reproduction is permitted which does
not comply with these terms.

Frontiers in Earth Science frontiersin.org01

TYPE Original Research
PUBLISHED 15 September 2022
DOI 10.3389/feart.2022.1001777

https://www.frontiersin.org/articles/10.3389/feart.2022.1001777/full
https://www.frontiersin.org/articles/10.3389/feart.2022.1001777/full
https://www.frontiersin.org/articles/10.3389/feart.2022.1001777/full
https://crossmark.crossref.org/dialog/?doi=10.3389/feart.2022.1001777&domain=pdf&date_stamp=2022-09-15
mailto:chennsongg@163.com
https://doi.org/10.3389/feart.2022.1001777
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/earth-science
https://www.frontiersin.org
https://www.frontiersin.org/journals/earth-science
https://www.frontiersin.org/journals/earth-science#editorial-board
https://www.frontiersin.org/journals/earth-science#editorial-board
https://doi.org/10.3389/feart.2022.1001777


rod along the rod length (Huang et al., 2014; Zou and Zhang,

2019). The load displacement curve was first used in the

estimation of the ultimate bearing capacity of the pile.

Van er veen C (1953) described the load displacement curve

of the pile with an exponential function model and predicted the

ultimate bearing capacity of the pile. Xu et al. (2000) described

the load displacement curve of uplift pile with power function

model and predicted the ultimate bearing capacity. Deng and Lu

(2002) described the pile load displacement curve with the

adjusted hyperbolic model and exponential model, and

predicted the ultimate bearing capacity of the pile. Jiang et al.

(2009) uses Weibull mathematical model (y � a − be−(cx)
d
) to

describe the load displacement curve of PHC pile, which is better

than exponential function and hyperbolic function. However,

when the model is applied to the load displacement curve of some

anchor bolts, the accuracy of predicting the ultimate uplift

bearing capacity is not high, and the improved physical and

mechanical mechanism is not clear. Li (2009) believed that the

load displacement curves of pile and anchor rod are similar to

each other. Ying et al. (2005) applied the exponential model to

the load displacement curve of anchor rod. Zhang et al. (2005)

described the load displacement curve of the anchor rod through

the double broken line relationship, and obtained the expression

of the ultimate bearing capacity of the anchor rod through the

load transfer analytical method. However, the expression is

complex, there are many parameters and the prediction

accuracy is low. Sun et al. (2015) proposed a power

exponential mixed form bolt load displacement curve model

by using the general function model framework, and applied it to

two forms of bolt load displacement curve, reflecting the

advantages of the improved model in terms of accuracy.

However, the improvement of this method is also based on

pure mathematical method, which cannot be analyzed from

the perspective of mechanical principle.

Based on the exponential function of bolt load displacement

curve proposed in reference (Ying et al., 2005), a modified

exponential function model is proposed by introducing

statistical damage mechanics (Rinaldi et al., 2007; Chen,

2020; Xie et al., 2020). By analyzing the deterioration law of

the pullout stiffness of the exponential function model, it is

found that the pullout stiffness of the bolt in the model

decreases exponentially with the displacement. This law

essentially reflects the assumption that the micro element

strength of the anchorage interface follows a certain random

exponential distribution, but the exponential distribution is not

accurate enough to describe the random distribution of micro

element strength of the anchorage interface. Therefore, the

prediction of the ultimate pullout resistance of the anchor

bolt is inaccurate and the deviation between the fitting curve

and the test data points is large. In view of this, a modified

exponential function bolt load displacement curve model is

proposed by using the higher-order statistical distribution of

exponential distribution modified Weibull distribution (Lai

et al., 2003) and combined with the principle of statistical

damage mechanics, and the accuracy of the modified model

is verified by six groups of pull-out test data.

Stiffness deterioration law of exponential
function model

According to the principle of damage mechanics, accurately

describing the change law of nonlinear curve stiffness is an

important premise for establishing a more accurate model.

Therefore, the key to improve the accuracy of constitutive

curve model is to accurately describe and predict the

deterioration and change law of curve stiffness. Based on this

principle, the load displacement curve model of exponential

function bolt is improved. The model built in this paper

applies to anchor bar is pulled out and anchor solid is pulled

out these two cases.

Ying et al. (2005) proposed an exponential function model

for describing the load displacement curve of anchor rod and

predicting the ultimate uplift bearing capacity. The expression is

as follows.

P � Pu[1 − exp(−as)] (1)

Where, P is the bolt load, Pu is the ultimate pullout bearing

capacity of the bolt, a is the attenuation coefficient (mm-1), and s

is the shear displacement of the bolt under pullout.

The slope of the curve is defined as the uplift stiffness of the

anchor rod, hereinafter referred to as the stiffness. The expression

of uplift stiffness in the load displacement curve of anchor bolt

can be obtained from Eq. 1 as follows.

Q(s) � dP

ds
� Pua exp(−as) (2)

From Eq. 2, it can be known that the ratio of stiffness and

initial stiffness under a certain displacement is:

H � Q(s)
Q(s � 0) �

Pua exp(−as)
Pua

� exp(−as) (3)

Where, the ratio (H) of stiffness and initial stiffness under a

certain displacement is a dimensionless parameter, which is

hereinafter referred to as stiffness deterioration coefficient. It

can be seen from the above formula that the stiffness degradation

law is described as a degradation law in the form of exponential

function.

Stiffness change correction method based
on statistical damage mechanics

According to the principle of strain equivalence (Voyiadjis

and Kattan, 2016; Xu et al., 2017; Chen et al., 2018a; Chen et al.,

2018b), the damage factor can generally be defined as:
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D � 1 − Q(s)
Q(s � 0) (4)

From the above formulas, the load displacement curve

expression of anchor rod with damage factor can be obtained.

P � PuD � Pu(1 −H) (5)

Statistical damage mechanics considers the heterogeneity of

the medium from the microscopic point of view, and considers

that the micro damage of the medium is caused by the failure of

the internal micro elements after reaching a certain strength.

Therefore, statistical damage mechanics is used to reflect the

essential law of curve stiffness degradation.

It is assumed that the micro element strength random

distribution characteristics of the anchor bolt anchorage

interface obey the modified Weibull distribution (Sun et al.,

2015), and the displacement is taken as the strength criterion

parameter.

Firstly, the probability density function expression of the

modified Weibull function is as follows.

f(x) � awx
bw−1(bw + cwx) exp[cwx − awx

bw exp(cwx)] (6)

Where, aw , bw, cw are the fitting parameters describing the

statistical distribution form respectively. The modified

Weibull statistical distribution is more accurate than

ordinary Weibull in describing material life estimation. It is

TABLE 1 Overview of cite experiment.

Name Project Anchor
diameter/mm

Anchor bar Type of
anchoring agent

Stratum

Experiment 1(Sun
et al., 2015)

Anti floating anchor rod of a club in
Shenzhen A1

150 2V32 Screw thread steel cement mortar Gravel sand cohesive soil and
medium coarse sand mixed clay

Experiment 2(Sun
et al., 2015)

Anti floating anchor rod of a club in
Shenzhen A2

150 2V32 Screw thread steel cement mortar Gravel sand cohesive soil and
medium coarse sand mixed clay

Experiment 3(Wang

and Guo, 2016)

Indoor simulation experiment - 30 mm Diameter
anchor bar

cement mortar -

Experiment 4(Liu
et al., 2011)

Rock bolt foundation in a
mountainous area

150 42 mm Diameter
reinforced anchor rod

cement mortar/Fine
aggregate concrete

Rock stratum

Experiment 5(Zhang
and Tang, 2002)

Grouting anchor rod for
foundation pit of a high-rise
building M3

130 2V32 Threaded bar
anchor

cement mortar The anchorage section is hard
clay

Experiment 6(Jia et al.,
2017)

Indoor simulation experiment 75 Unthreaded anchor bar cement mortar Hard rock stratum simulated by
rough steel pipe

Note: “-” in the Table indicates the situation not described in the cited literature.

FIGURE 1
Comparison of fitting results of experiment 1.

FIGURE 2
Comparison of fitting results of experiment 2.
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also one of the commonWeibull statistical distributions in the

field of Applied Mathematics. In order to more accurately

describe the deterioration characteristics of stiffness, it is

assumed that the random distribution characteristics of

micro element strength at the anchorage interface obey the

modified Weibull distribution. When cw � 0, the modified

Weibull distribution degenerated to the ordinary Weibull

distribution; When cw � 0 and bw � 1, the modified Weibull

distribution degenerates to a negative exponential

distribution.

Assuming that the failure occurs when the shear

displacement of the interface micro element reaches a certain

value, the number of failure of the anchor bolt anchoring

interface micro element under a certain displacement can be

expressed by modifying the probability distribution density

function of Weibull statistical distribution:

n � ∫u

0
Nf(u)du � ∫u

0
Nawu

bw−1(bw + cwu) exp[cwu − awu
bw exp(cwu)]du

� N −N exp{ − awu
bw exp(cwu)}

(7)

Where, n is the number of damaged micro elements, N is the

total number of micro elements, where the dimension (aw) is

FIGURE 3
Comparison of fitting results of experiment 3.

FIGURE 5
Comparison of fitting results of experiment 5.

FIGURE 4
Comparison of fitting results of experiment 4.

FIGURE 6
Comparison of fitting results of experiment 6.
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mm−1, and the dimension (cw) is mm−1, and bw is a dimensionless

parameter.

The damage factor is defined as by the proportion of the

number of damaged micro elements to the total number of micro

elements (Chen et al., 2018b):

D � n

N
(8)

By combining the above two formulas

D � 1 − exp{ − awu
bw exp(cwu)} (9)

By substituting Eq. 9 into Eq. 5, the modified load

displacement curve expression of anchor rod is as follows:

P � PuD � Pu[1 − exp{ − awu
bw exp(cwu)}] (10)

Engineering case verification and
parameter analysis

The bolt pull-out test in reference (Zhang and Tang, 2002;

Rinaldi et al., 2007; Liu et al., 2011; Wang and Guo, 2016; Jia

et al., 2017) is recorded as experiment 1~experiment

6 respectively. The overview of each experiment is shown

in Table 1.

Figures 1–6, it can be seen that the modified model in this

paper is more consistent with the experimental data than the

exponential function model. The modified model is more

accurate in describing the random distribution

characteristics of micro element strength at the anchorage

interface, and can more accurately represent the law of the

deterioration of bolt pullout stiffness with displacement, so it

can be more consistent with the experiment data of load

displacement curve in pullout experiment. It can be seen

from Table 2; Figure 7 that in terms of the accuracy of

predicting the ultimate bearing capacity, the absolute error

range of the modified Weibull model is 1.34–20.9 kN, and the

relative error rate is 0.456%–4.82%. The absolute error range

of the exponential function model is 4.46–98.1 kN, and the

relative error rate is 5.22%–16.1%. The error of the modified

model is basically within 5%, which is obviously better than

the exponential function model. This is because the modified

model can more accurately reflect the macro deterioration law

of bolt pullout stiffness, so as to predict the load (ultimate

pullout capacity) under the “asymptote” limit state more

accurately.

Taking the model parameters of the experiment as an

example, the control variable method is used for parameter

analysis. The influence of each parameter is shown in

Figure 8.

It can be seen from Figure 8 that when the ultimate

pullout force of anchor bolt is certain, the three modelT
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parameters have a great impact on the slope of load

displacement curve. Here, it is proved that it is important

to accurately describe the slope change of load displacement

curve. With the increase of the value a, the rate of the load

reaching the ultimate uplift load increases with the increase of

displacement, and the trend of the damage evolution curve

reaching the maximum damage is also synchronized with it.

With the increase of the value b, the rate of load reaching the

ultimate uplift load increases with the increase of

displacement, and the trend of damage evolution curve

reaching the maximum value of damage is also

synchronized with it. Parameters a and b are important

parameters that affect the micro element strength

distribution at the anchorage interface and the change rate

of anchor pullout stiffness. With the decrease of the value C,

the tail slope of load displacement curve and damage

evolution curve decreases to a certain extent. At this time,

the damage evolution rate decreases, which is mainly

reflected in the slowing down of the degradation rate of

bolt pullout stiffness. Parameters a, b and c make the bolt

load displacement curve adapt to the more complex variation

law of uplift stiffness. In the meso upper layer, the three

parameters can more accurately describe the random

distribution characteristics of micro element strength at

the anchorage interface, reflecting the meso damage

process of the bolt.

FIGURE 7
Absolute error and relative error.
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Conclusion

(1) Based on the principle of statistical damage mechanics, a

correction method of load displacement curve is

proposed in this paper. Through the comparison of

cases and experiments, the modified model can more

accurately describe the load displacement curve of

anchor rod and predict the ultimate uplift bearing

capacity of anchor rod, which has certain engineering

application value.

(2) Through the damage mechanics analysis, the random

distribution characteristics of micro element strength at

the anchorage interface are assumed to be the modified

Weibull distribution, which better optimizes the accuracy

of the function model method in estimating the uplift

bearing capacity of anchor bolts.

FIGURE 8
Influence of model parameters.
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(3) Through parameter analysis, it is found that the modified

Weibull statistical damage mechanics method can better

adapt to the complex load displacement curve.

Compared with the damage evolution curve,

describing the damage characteristics of the anchorage

interface can well characterize the stress change process

of the anchor.
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