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To achieve versatility, a unified nonlinear strength (UNS) criterion is put forward for capturing the complicated strength behaviors exhibited by geomaterials under three dimensional (3D) stress paths. The UNS criterion, widely covering meridian planes and octahedral planes, can serve for describing the nonlinear strength behaviors exhibited by soils, as well as confirm how the intermediate principal stress affects the strength of different materials. Based on UNS strength criterion, an elastoplastic constitutive model is presented, with the purpose of predicting the strength as well as deformation behavior exhibited by soils under 3D stress conditions. Besides, although the proposed model is extremely simple, it is fit for predicting the results of true triaxial tests in related literature with the help of the UNS criterion, and meanwhile can confirm how intermediate principal stress affects material strength and material deformation when the stresses are different.
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1 INTRODUCTION
Geotechnical engineering has been paid much attention on studies of failure criterion and constitutive model. During the past century, researchers put forward numerous strength criteria (Matsuoka and Nakai, 1974; Matsuoka, 1976; Lade and Duncan, 1975; Lade, 1977; Hoek and Brown, 1980; Yu et al., 1985; Yu et al., 1992) for explaining properties regarding soils and rocks, namely the failure and the strength. For meridian plane, these proposed criteria appear linear. For octahedral plane, criteria put forward by Matsuoka-Nakai and Lade-Duncan are round triangular curves. In spite of this, they are not generally suitable for different soils when stresses are different. Consequently, some researchers (Yu et al., 2002; Liu et al., 2003; Yao et al., 2004; Li et al., 2005; Mortara, 2008; Mortara, 2009; Su et al., 2009; Xiao et al., 2011a; Lu et al., 2016; Tan et al., 2022) attempted to put forward a unified one to fit various soils. For example, Liu and Carter (2003), taking into account the well-known Mohr-Coulomb criterion, came up with a different strength criterion for explaining the strength of soils at peak and in critical state, and applied it to test the strength of rock, sand, cemented sand as well as clay. Yao et al. (2004), partially taking into account of the SMP criterion and Mises criterion, put forward a new unified nonlinear strength (UNS) criterion, meanwhile used it for testing the properties of rock, sand as well as clay. A different UNS was obtained based on shape function changing. Lu et al. (2016) came up with another one considering the D-P criterion together with the stress space transforming method, meanwhile, for proving that if was better than other criteria, comparison was performed.
Unified strength theories used currently were on the basis of the adjustment of failure plane position as well as outer normal direction, of which the expressions show a strong complication, thus are inconvenient to use. To be specific, twin-shear unified strength theory is expressed as a piecewise linear function, and has a discontinuous partial derivative. The generalized nonlinear strength theory adopted the interpolation approach for determining the failure plane outer normal direction. A variable is needed for reflecting the intermediate principal stress effects regarding different geomaterial types. The variable can be the adjustment of failure plane or the adjustment of acting stress.
When considering how intermediate principal stress affects soil strength and deformation, the constitutive model shall be extended into the 3D stress space, where the Extended Mises criterion (i.e., Cam-Clay model) is the mostly used. Nevertheless, as found by the experiments, the Extended Mises criterion always overestimated the strength when performing triaxial extension, therefore, when performing plane strain, the intermediate stress ratio is inaccurate (Wroth and Houlsby 1985; Wang et al., 2022a). Generally, on octahedral plane, soils exhibit a strength shape of round triangular curve as presented in the Matsuoka-Nakai criterion or Lade-Duncan criterion, and not a circular curve presented in the Extended Mises criterion. On that account, the constitutive model was tentatively extended into 3D stress space. For a more reasonable description of soil strength and deformation behaviors when the stress is normal, a yield function or plastic potential function was developed by adopting various dilatancy equations (Rowe 1962). Other researchers conducted corresponding experiments and numerical analysis on the strength of materials (Jiang et al., 2016; Fan et al., 2019; Liu et al., 2020a; Liu et al., 2020b; Fan et al., 2020; Wang et al., 2020; Kang et al., 2021; Wang et al. 2021a; Wang et al. 2021b; Wang J. et al., 2022; Wang L. et al., 2022; Zhou et al., 2022). Researchers adopted a tedious process for switching the flow rules in the process of the mutual change of load extension and compression. Thus a complex constitutive model was obtained. In the research by Chang and Yin (2010), the micromechanics approach helped to obtain dilatancy equation to deal with stress extension and compression. The dilatancy of soils was uniform, however, it is difficult to determine the equation parameters.
Since the Mohr-Coulomb criteria, the Lade-Duncan criteria, the Matsuoka-Nakai criteria, etc. can not effectively capture the soil strength behaviors in normal stress conditions, this paper pays attention to a the unified nonlinear strength (UNS) criterion, etc. the round triangular curve on the octahedral plane. UNS criterion is capable of presenting soil nonlinear strength behavior on the meridian plane, as well as the intermediate stress behaviors on the octahedral plane. On this basis, a simple but effective soil elastoplastic constitutive model was presented regardless of the changing stress conditions. At last, experimental results of authors together with literature data were used for testing whether the model is applicable.
2 UNIFIED NONLINEAR STRENGTH (UNS) CRITERION
2.1 The Form of the UNS
It is not allowed to uniformly apply the criteria of Tresca, the Mohr-Coulomb, the Mises, the Lade-Duncan and the Matsuoka-Nakai to different soil types when the stresses are different. Refer to the form of strength criterion given in literatures (Liu et al., 2010; Xiao et al., 2010; Xiao et al., 2011a; Xiao et al., 2011b; Xiao et al., 2012a; Xiao et al., 2012b; Xiao et al., 2012c; Sun et al., 2013), a simple UNS criterion is given. The formulation can be expressed as:
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or
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where:
[image: image]
[image: image]
[image: image]
[image: image]
[image: image]
σ0 denotes the bonding stress, reflecting the cohesive property exhibited by the cohesive-frictional material, σ0 = ccotφ0 (where c is cohesion, φ0 is friction angle). n denotes the slope in the [image: image] plane. [image: image] denotes the intercept, the effect of geomaterial frictional characteristic. The exponent n serves for describing how hydrostatic pressure affects material failure. α, denotes the combination coefficient, and it is able to confirm its value based on triaxial compression strength and any strength when b ≠ 0. Figure 1 illustrates how φ0 and α affect the curve change of the linear strength criterion in the deviatoric plane when other conditions are the same. It can be seen from the figure that, in theory, the criterion shape is a circular firstly when the friction angle is 20°, and then changes into a curved triangle when it gradually changes to 50°. In an increasing range of −0.3 to 10, the criterion is firstly a SMP curved triangle and then becomes the Mises circle, which approximates all the curves between the SMP curved triangle and the Mises circle. Specifically, with n = 1 and α = 0, we adopt the Lade-Duncan criterion as the UNS criterion. With n = 1 and α = −0.3, we adopt the SMP criterion as the UNS criterion. With n = 1 and α → +∞, it is the Extended Mises criterion. Figure 2 illustrates how σ0 and n affect the failure curves. Accordingly, parallel failure curves can be obtained if other parameters are equal. Figure 2B illustrates how n affects the failure curves in meridian plane and octahedral plane. We can see expanding failure planes with n increase.
[image: Figure 1]FIGURE 1 | Criterion variation with different parameters on the deviatoric plane.
[image: Figure 2]FIGURE 2 | UNS criterion variation with the parameter σ0 and n on the meridian plane.
2.2 Experimental Verification
In the consolidated drained true triaxial strength experiments performed by Toyota et al. (2004) on saturated silty sand, they set the hydrostatic pressures to values of 100, 200, and 300 kPa. In the process of loading, in a given experiment, b held a constant value of 0, 0.25, 0.5, 0.75, and 1.0. Figure 3 shows the experimental results, and as calculated by the proposed criterion, σ0 = 0 kPa, M = 1.509, and n = 1, α = 0.229. Figure 3 also shows the curves under theoretical prediction, which well fit experimental data, showing that the developed criterion is capable of well describing silty sand strength behavior, namely the variations of b and p. In the deviatoric plane, when the hydrostatic pressure is the same, the shear strength shows a downtrend when b increases, showing how the intermediate principal stress affects the shear strength (Figure 3B).
[image: Figure 3]FIGURE 3 | UNS criterion variation (test data from Toyota et al., 2004).
3 CONSTITUTIVE MODEL INCORPORATING UNS CRITERION
3.1 Model Description
In general, there are many factors that decide soil yielding and soil strength, namely the current stress state, the loading history, the internal structure and the loading direction regarding internal structure as well. Also, the yield function shall be objective and not affect or be affected by the coordinate system. In this paper, the yield function is proposed following for describing soil yielding when the intermediate principal stress is taken into account (Gao, 2012):
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The above yield function is modified from the UNS criterion proposed this paper, then a hardening parameter H is used to replace the originally constant frictional coefficient M. The other parameters (p, g(θ), q) are shown in Eq. 2 and 3 and Eq. 4, respectively. In the true triaxial tests, on the deviatoric plane, θ denotes the angle between the current stress state and the vertical stress axes, Figure 4A partitions the deviatoric plane; Figure 4B is the yield surface; Figure 4C is the yield loci with different hardening parameter values.
[image: Figure 4]FIGURE 4 | (A) Angle θ definitionand the deviatoric plane partition under the true triaxial test; (B) the yield surface in the 3D space and (C) the yield loci in the deviatoric plane.
3.2 Hardening Law
The H evolution law is proposed as follows:
[image: image]
In the equation, rH shows the H evolution direction, and rH ≥ 0; dL is a loading index. <x> = 0 is the Macauley bracket, and x ≤ 0 when x > 0, and <x> = x when x > 0; ch denotes a positive constant.
3.3 Dilatancy and Flow Rule
Dilatancy relation supports the soil constitutive model. The dilatancy is described by the dilatancy relation found in the literature of Li and Dafalias (2004):
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In the equation, [image: image] shows the plastic volumetric strain increment; the plastic deviatoric strain increment is denoted as [image: image]; d1 denotes a positive parameter of model; The phase transformation stress ratio is expressed as Mp which is obtained from the conventional triaxial compression tests about remolded samples. The denominator in Eq. 9 serves for controlling the change of volume, particularly in the case of high strain level. With the sample being sheared to critical state, the plastic deviatoric strain increase can be unlimited. Hence, when the flow is unlimited, the denominator term can be infinite, thus the value of D goes to 0.
Besides, considering the yield function of Eq. 7, we propose the associated flow rule:
[image: image]
In Equation 10, nij denotes a unit tensor, which is defined by:
[image: image]
where C can be explained as the quantity norm in the parentheses in Eq. 11. Of particular note is that Pietruszczak (1999) also has adopted a similar flow rule.
3.4 Constitutive Equation
By applying the consistency condition to the general yield function form in Eq. 7, we can obtain:
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or:
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Kp is the plastic modulus,
[image: image]
The constitutive relations can be derived by following the classical plasticity theory. Regarding the deviatoric and volumetric elastic strain increments, the present model makes a postulation on the [image: image] and [image: image], an isotropic hypoelastic relation:
[image: image]
wherein the expressions regarding the elastic moduli K and G are employed according to:
[image: image]
Regarding the relevant plastic strain increments, the dilatancy equation together with the flow rule assist in obtaining the relations as follows:
[image: image]
and
[image: image]
Equation 11 already gives the definition of nij. Calculation of the incremental stress–strain relation can be achieved with the help of equations mentioned above. Then,
[image: image]
Eq. 18 assumes an additive decomposition regarding the total strain increment [image: image]. Eq. 19 gives the loading index expression on the basis of Eqs 12–18,
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The chain rule serves for obtaining
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where
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Combining Eqs 18, 19, the obtained constitutive relation regarding incremental form serves for the following numerical computations.
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where
[image: image]
The Heaviside step function is expressed as h (dL), and h (dL > 0) = 1, h (dL ≤ 0) = 0.
3.5 Model Calibration and Verification
3.5.1 Calibration of Model Parameters
At first, the discussion about the model parameter calibration shows its value in guiding. Relevant parameters regarding the failure criterion are determined in Section 2. We classified the other parameters into elastic moduli parameter, hardening law parameter and dilatancy relation parameter, of which the calibration can be achieved in conventional triaxial extension and compression tests on the basis of the process given as follows.
(a) Elastic parameters E, G and are ν determined by equal p test.
(b) Mp: The conventional triaxial compression tests can serve for obtaining the phase transformation stress ratio Mp.
(c) d1: When the weak elastic deformation is not taken into account, drained triaxial compression test can help to get the relation as follows,
[image: image]
where [image: image]. Only d1 can affect the model response. Thus, corresponding εq - εv curves can be fit in the tests to calibrate d1.
(d) ch: When the weak elastic deformation is not considered, drained triaxial compression test can help to get the relation as follows,
[image: image]
Regarding the constant-mean-stress test and the conventional triaxial compression test, variable a is 0 and 1/3, respectively. Then, ch becomes the only parameter in Eq. 32, and fitting it to the εq - q curves can assist in achieving its calibration. All parameters can be slightly adjusted by using εq - q results obtained by performing undrained triaxial compression tests.
3.5.2 Experimental Verification and Discussion
Nakai et al. (1986) performed many tests to examine the properties related to Fujinomori clay, and sheared samples under the drainage condition when the effective mean pressure is constant at 196 kPa. They set b at 0, 0.268, 0.5, 0.732 and 1, and corresponding Lode angles at 0°, 15°, 30°, 45°and 60°, respectively. In the established model, material parameters are φ0 = 34.3°, α = -0.23, Mf = 1.39, Mp = 1.39, κ/(1 + e0) = 0.0112, ch = 0.32, d1 = 1.0.
Figure 5 shows both the predictions of the model using Mises criterion and UNS criterion in this study. When the stress paths are different, the failure ratio regarding the model that uses Mises criterion dose not change (constant M) as the failure function is the Mises cycle. Hence, the Mises model predicted a higher strength compared with the test data when b value is 0.268, 0.5, 0.732 or 1. In comparison, the failure function of the proposed model is the UNS, thus, the failure ratio changes when the stress paths are different. Accordingly, the proposed model is capable of better describing the strength and deformation when performing true triaxial compression tests.
[image: Figure 5]FIGURE 5 | Comparisons of the test results and predictions for true triaxial conditions (data from Nakai et al., 1986).
4 CONCLUSION

(1) UNS criterion is proposed for gaining complicated strength behaviors regarding geomaterials. A lot of other criteria can be found in UNS criterion, like the Extended Mises criterion (n = 1 and α→ +∞), the Lade criterion (n = 1 and α = 0) as well as approximate SMP criterion (n = 1 and α = −0.3). On the meridian plane, UNS criterion is capable of well reflecting soil nonlinear strength behavior considering the material parameter n.
(2) The paper put forward a 3D constitutive model using the UNS criterion as the shear failure condition. It is capable of better predicting the results of true triaxial test found in related literature, and helps to confirm how the intermediate principal stress affects soil strength and deformation when stresses are different.
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