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Bedded sandstone is classified as sedimentary rock, which is a typical bedded rock with
obvious layered structure characteristics. Bedded rocks formed different bedding
orientations in the long and complicated geological tectonic evolution and thus have
anisotropic mechanical characteristics. Therefore, the strength anisotropy of bedded
sandstone depends on the bedding dip angles. In this study, the fracture
characteristics and strength criterion of bedded sandstone were studied by triaxial
compression tests on rock specimens with different bedding dip angles under different
confining pressure. The test results show that the failure mode and strength of the bedded
sandstone are related to the bedding dip angles, showing obvious anisotropy. The
experimental data are broadly in line with the Jaeger’s surface of weakness (JPW)
model. However, considering the difference in the strength of sandstone specimens
with horizontal bedding dip (β = 0°) and vertical bedding dip (β = 90°), an improved JPW
model is proposed to distinguish the strength criteria for the aforementioned differences.
On the basis of considering the nonlinear relationship between confining pressure and rock
strength, the JPW model is improved accordingly to make it suitable for predicting the
strength behavior of bedded rocks.
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1 INTRODUCTION

There is a long tradition of research on the structure of rocks. In the Earth’s lithosphere, the main
components are magmatic rocks, metamorphic rocks, and sedimentary rocks. The sedimentary rocks
with a special bedded structure are distributed in two-thirds of the natural land (Blenkinsop, 2000).
Rocks show anisotropy on micro- and macroscales. The combination of rock components and
mineral aggregates has a great influence on the anisotropy of rock mechanics. Therefore, when
considering the mechanical properties of rock, it is necessary to take into account its structural type.
In practical engineering application, a set of comprehensive physical and mechanical parameters for
a certain range of rock is usually proposed for designing calculation, but the relationship between
anisotropy of rock and the condition of multiple engineering forces is rarely considered (Cheng et al.,
2015). The anisotropic characteristics of the rock have a great impact on civil engineering, mining, oil
exploration, nuclear waste storage, and other projects (Li et al., 2018; Winn et al., 2019; Hu et al.,
2021; Zhang et al., 2021). As shown in Figure 1A, for tunnel engineering, the angle between the
direction of tunnel axis and the bedding orientations has a great influence on the failure mode of the
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surrounding rock and the bearing mode of the supporting
structure after tunnel excavation. As shown in Figures 1B,C,
in order to evaluate the stability of bedded rock slopes with two
different bedding orientations, the physical and mechanical
parameters used for strength and deformation analysis should
be analyzed according to the bedding orientations of rock.

The structural characteristics of bedded rock are due to the
symmetrical arrangement of its crystal structures, and its
mechanical behavior can be described by five independent
elastic constants (Dieter, 1987). The rock bedding formation
makes the sedimentary rock possess the initial anisotropy of
the microlevel surface, which can be simplified to a
transversely isotropic material, owing to its symmetry
arrangement (Hobbs et al., 1976). The bedding direction
determines its physical and mechanical anisotropy
(Ramamurthy, 1993; Amadei, 1996; Nasseri et al., 2003;
Hakala et al., 2007; Gonzaga et al., 2008).

The strength criterion of anisotropic rock is derived based
on its mechanical behavior. The existing anisotropic rock
strength criteria include mainly the mathematical continuity
strength, empirical continuity strength, and discontinuous
strength criteria (Duveau et al., 1998; Cho et al., 2012;
Alejano et al., 2021). The mathematical continuum strength
criterion is based on the classical continuum mechanics
theory, assuming that the strength criterion is a
continuously changing function. The empirical continuous
medium yield criterion assumes that the strength
parameters in the criterion change according to some
empirical laws. The anisotropic parameter in the expression
is considered to be an empirical function of the loading
direction angle (McLamore and Gray, 1967; Jaeger, 1971;
Ramamurthy et al., 1988; Amadei 1996). The anisotropic
rock failure modes are divided based on the discontinuous
yield criterion. Different failure modes correspond to different
loading angles and are expressed by different piecewise
functions (Jaeger, 1960; Hoek, 1983; Duveau et al., 1998;
Tien and Kuo, 2001). While mathematical continuity
strength criteria are preferred for numerical modeling
purposes, rock mechanics practitioners tend to prefer the
so-called discontinuous approaches (namely the Jaeger’s

plane of weakness model). In these discontinuous models,
strength is associated to a type mechanism (sliding through
bedding, shearing, or tensile failure through intact rock);
moreover, the required parameters are not many, and they
have a clear physical meaning, so they can be more easily
extended to practical applications such as well-stability or
underground excavation design.

In this study, the anisotropic fracture characteristics and
strength criterion of bedded rock are studied by the triaxial
loading test of bedded sandstone. The directional dependency
of strength of bedded rock is described by the JPW criterion. In
addition, based on the existing strength criterion, the different
possibilities of the JPW (Jaeger’s weak surface) strength
method are analyzed and extended. Considering the
difference of strength between rocks with horizontal
bedding and vertical bedding, the Mohr–Coulomb failure
criterion, different from intact rocks, is preliminarily
analyzed, and an improved JPW strength criterion for
determining the strength parameters of intact rocks
according to the bedding dip angle (β) is proposed. In
addition, the strength and confining pressure of rock are
usually regarded as a simple linear relationship, which is
very different from the actual situation. The compressive
strength prediction based on the nonlinear strength
criterion still needs to be further developed.

2 JAEGER’S PLANE OF WEAKNESS
THEORY FOR BEDDED ROCKS

To our best knowledge, rock mechanics practitioners tend to the
so-called discontinuous approaches (namely the Jaeger’s plane of
weakness model) (Cho et al., 2012; Ambrose, 2014; Setiawan and
Zimmerman, 2018). In these discontinuous models, strength is
associated to a type mechanism (sliding through bedding,
shearing, or tensile failure through intact rock); moreover, the
required parameters are not many, and they have a clear physical
meaning, so they can be more easily extended to practical
applications such as well-stability or underground excavation
design.

FIGURE 1 | Influence of the anisotropy of rock mass on the tunnel failure mode and the stability of slope. (A) Failure mode of the surrounding rock after tunnel
excavation; (B) Stability analysis of bedded rock slope with small difference between slope angle and bedding orientation (C) Stability analysis of bedded rock slope with
large difference between slope angle and bedding orientation.
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As shown in Figure 2A, there are layered structural planes
inside the rock, and it is assumed that the angle between the inside
of the layer and the largest principal plane is β. From the Mohr’s
stress circle theory, the normal stress and shear stress acting on
the structural plane are

σ � σ1 + σ3
2

+ σ1 − σ3
2

cos 2 β

τ � σ1 − σ3

2
sin 2 β

⎫⎪⎪⎪⎬⎪⎪⎪⎭. (1)

The shear strength inside the layer is assumed to obey the
Coulomb–Navier failure criterion as follows:

τf � σtgφj + cj. (2)
Substituting Eq. 2 into Eq. 1, the conditions for shear failure

along bedding orientations can be obtained as follows
(Zimmerman et al., 2018):

σ1 � σ3 +
2(cj + σ3tgφj)

(1 − tgφjctgβ) sin 2 β, (3)

where cj and φj are the cohesion force and friction angle of the
bedding planes, respectively. It can be seen from Eq. 3 that the
rock strength changes with the bedding dip angle. When β →
φj or β → 90°, rock will not be sheared along the bedding
orientations.

3 LABORATORY TESTS

3.1 Specimen Preparation
The schematic flowchart of preparation of rock specimens with
different bedding dip angles is shown in Figure 3. The rock
specimens used in the test were taken from the tawny bedded
sandstone of Shannan, Qinghai Province, China. The porosity of
bedded sandstone is 12.8%, and the dry density is 2.19 g cm−3.
According to the International Society of Rock Mechanics
standards, the sample was processed into a cylindrical shape
with 50 mm diameter and 100 mm height. The length error of all
samples was less than 2 mm, and the unevenness of both ends
after polishing was within ±0.05 mm. The end face was
perpendicular to the axis, the maximum deviation was no
more than 0.25°, and the angles between the specimen and the
axial direction of the specimen were 0°, 22.5°, 45°, 67.5°, and 90°,
respectively, as shown in Figure 3. In order to minimize the
influence of the unevenness of the sample on the test results, all
samples were taken from different directions on the same rock.

3.2 Testing Methods
Equipment used was the GCTS RTR-1000 rock triaxial test
system, as shown in Figure 4. The equipment was controlled
by a dynamic and static closed-loop digital electro-hydraulic
servo system, which can perform strain or stress control as well
as conduct behavior tests after rock failure. The maximum
axial load of test equipment is 1,000 kN, and the loading frame

FIGURE 2 | (A) Material principal axis and principal stress coordinate system of bedded rock and (B) the strength criterion based on the JPW model.

FIGURE 3 | Preparation of the rock sample.
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stiffness is 1,750 kN/mm. The integrated confining pressure
can reach 140 MPa, the pressure resolution is 0.01 MPa, and
the liquid volume resolution is 0.01 CC. The rock sample size
was up to 75 mm (3 inches). The equipment has an axial and
radial linear variable differential transformer measurement,
deformation range of ±2.5 mm, and deformation resolution of
0.001 mm.

The test confining pressure was set to 0, 5, 15, 25, and
40 MPa. The confining pressure was kept constant during

each of the four levels of the test, and then the axial force
was applied through the displacement control method. The
loading rate was 0.01 mm/min, until the specimen was
broken. The system automatically recorded the axial and
circumferential deformations of the specimen during the test.
In order to reduce the influence of the nonuniformity of
specimens on the test results, the larger discrete type was
removed. The test results were considered valid only when
three or more similar results were obtained.

FIGURE 4 | Test devices.

FIGURE 5 | Experimental data of compressive strength of bedded rock. (A) σ3 = 0 MPa; (B) σ3 = 5 MPa; (C) σ3 = 15 MPa; (D) σ3 = 25 MPa; (E) σ3 = 40 MPa.
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4 TEST RESULTS ANALYSIS

4.1 The Whole Process Characteristics of
Bedded Sandstone Under Triaxial Loading
Figure 5 shows the typical stress–strain curves of bedded rocks
with different layer dip angles of β = 0°, β = 22.5°, β = 45°, β = 67.5°,
and β = 90°, respectively, under different confining pressure of
0 MPa, 5 MPa, 15 MPa, 25 MPa, and 40 MPa. The bedding dip
angle of bedded sandstone has a significant impact on its
stress–strain relationship. The strength of the bedded
sandstone initially decreases with an increase in the bedding
dip angle, and reaches a minimum when the bedding dip angle is
67.5°. Subsequently, the strength of bedded sandstone increases
with a further increase in the bedding dip angle, reaching a
maximum when the bedding dip angle is 90°.

The trend of stress–strain curves of bedded sandstone is
consistent with each other. The bedded sandstone experienced,
as a whole, four stages of development: the pore and fissure
compaction stage; the elastic deformation to the microfracture
stable development stage; the stable fracture development
stage; and the post-destruction stage. In the rock elastic
deformation stage, the elastic modulus of bedded sandstone
initially decreased with the increase in the bedding dip angle,
and the elastic modulus reached the minimum when the
bedding dip angle was 45°. Then, it continuously increased
with the increase of the bedding dip angle, and the elastic
modulus reached the maximum when the bedding dip angle
was 90°. At the beginning of the test, the nonlinear deformation
of the curve is due to the gradual compaction of the feeble
plane of the bedding and the internal micro-cracks under load.
The compression volume deformation of the specimen is also
related to the bedding dip angle.

As shown in Figure 6, the confining pressure has an effect on the
peak strength of the rock. The triaxial compressive strength σ1 of the
rock increases with the increase of the confining pressure σ3, and the
increase rate of σ1 corresponding to the rock with different bedding

dip angles exhibits significant differences. In addition, the confining
pressure also affects the residual strength of the rock. Under uniaxial
loading (σ3 = 0MPa), brittle failure occurs after the rock reaches the
maximum strength, and the residual strength is very low; with the
increase of the confining pressure, the brittleness of the rock weakens,
the plasticity increases, and the residual strength after the peak
becomes more obvious.

By comparing the test results of the compressive strength of
the bedded sandstone with different confining pressure, it can
be found that under the condition of confining pressure σ3 =
0 MPa, the difference value between the compressive strength
of the bedded sandstone with bedding dip angles of β = 67.5°

FIGURE 6 | Experimental data of compressive strength of bedded rock. (A) Strength of specimens with different bedding dip angles under the same confining
pressure; (B) strength of specimens with the same bedding dip angle under different confining pressure.

FIGURE 7 | Failure characteristic of rock A with different bedding dip
angles after the triaxial test.

Frontiers in Earth Science | www.frontiersin.org April 2022 | Volume 10 | Article 8793325

Zhang et al. Anisotropic Strength Criterion of Sandstone

https://www.frontiersin.org/journals/earth-science
www.frontiersin.org
https://www.frontiersin.org/journals/earth-science#articles


and β = 90° is 35.56 MPa. Under the conditions of confining
pressure σ3 = 5 MPa, σ3 = 15 MPa, σ3 = 25 MPa, and σ3 =
40 MPa, respectively, the difference values between the
compressive strength of the bedded sandstone with bedding
dip angles of β = 45° and β = 90° are 51.98, 76.98, 92.74, and
98 Mpa, and compared with σ3 = 0MPa, the difference values of
compressive strength increased by 46.2%, 116.5%, 160.8%, and
175.6%, respectively. The strength anisotropy of bedded rock is
more significant with the increase of confining pressure.

4.2 Compression Failure Mode of Bedded
Sandstone
Bedded sandstone is a transversely isotropic rock, and specimens
with different bedding dip angles exhibit different deformation
and failure behaviors. The failure modes of bedded sandstone
with different bedding dip angles under different confining
pressure can be judged by the distribution of rock cracks after
the triaxial compression test. It can be seen from Figure 7, with
the change of rock bedding dip, the failure mode of bedded
sandstone changes accordingly. The failure mode of the bedded
sandstone can be divided into three categories as follows: mode I
is shear failure, and the rock matrix is cut by the fracture surface.

The fracture surface intersects the bedding planes of the rock.
Mode II is failed along bedding orientations (weakness planes),
and this is a typical failure type of bedded rock. During the
loading process, the cracks are formed in a bedding plane locally
along the bedding orientations, and then the specimen suffered
shear failure along the bedding orientations. Mode III is splitting
tension failure. During the loading process, the cracks are formed
in multiple bedding planes locally along the bedding orientations,
and then the specimen was split along the bedding plane.

Under the condition of low confining pressure, the failure
mode of bedded sandstone changes from mode I shear failure
through the bedding orientations to mode II shear failure
along the bedding orientations and finally to mode III
splitting tensile failure as the bedding dip angle β increases
from 0° to 90°. With the increase of confining pressure, the
number of cracks in the rock sample decreases obviously, and
the macro-cracks are mainly distributed near the maximum
shear stress action surface.

The fractures were scanned when the rock sample is damaged,
and the stratification diagram was drawn (see Figure 8). When
the bedding dip angle is close to the angle of the maximum shear
stress acting plane, the failure mode is the sliding failure in the
bedding; on the contrary, the fracture mode is through the

FIGURE 8 | Failure characteristic of rock B with different bedding dip angles after the triaxial test.

FIGURE 9 | Predicted strength curves of the JPW model and experimental values.
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bedding plan. The failure mode is closely related to bedding dip
angle and confining pressure, and the difference of failure mode
also affects the anisotropic characteristics of the aforementioned
bedded sandstone.

4.3 Optimization of the JPW Strength
Anisotropy Model
In the first instance, the original Jaeger’s plane of weakness (JPW)
model was used to fit the triaxial experimental data of the bedded
sandstone, and then two revised JPW models were proposed as
further refinements to the original JPW model and used to fit the
experimental data. The JPW model is an empirical strength
theory based on the Mohr–Coulomb criterion, which assumes
two different fracture mechanisms for bedded rocks. The first is
related to the intact rock fracture mechanism, which depends on

the cohesion (c0) and the internal friction angle (φ0) of the intact
rock. The second is related to the bedding plane fracture
mechanism, which depends on the cohesion (cb) and the
internal friction angle (φb).

Figure 9 shows the results of fitting according to the JPW
model, combined with Figure 7, illustrating that the fracture
model of the specimens with β = 45° and β = 67.5° slipping along
the bedding planes, while the specimens with β = 0° and β = 90°

penetrate fracture through the bedding planes. For the specimen
with β = 22.5°, the JPWmodel does not explain these data well. In
future studies, other models will be considered to explore the
suitability of the strength criterion under this bedding dip.

The JPW model predicts that bedded rocks exhibit the same
peak strength under horizontal bedding dip and vertical bedding
dip, which is independent of the bedding dip angle. However,
Figure 9 shows a significant difference in peak strength between

FIGURE 10 | Determination of strength parameters of layered sandstone. (A) Mohr–Coulomb strength of bedded sandstone with horizontal bedding dip, (B)
Mohr–Coulomb strength of bedded sandstone with vertical bedding dip, (C) Hoek–Brown strength of bedded sandstone with horizontal bedding dip, and (D)
Hoek–Brown strength of bedded sandstone with vertical bedding dip.
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specimens with β = 0° and those with β = 90°, which has also been
confirmed in other authors’ studies (Donath, 1961; Amadei, 1983;
Ramamurthy et al., 1988; Duveau and Shao, 1998; Bagheripour
et al., 2011; Li et al., 2021). Therefore, the JPW model has a
limitation that it cannot accurately represent the mechanical
properties that intact rock strength may change continuously
with bedding orientation.

In order to overcome the aforementioned shortcoming of the
JPW strength criterion for bedded rock, an improved theoretical
prediction method of strength anisotropy, called the JPW-MC
model, is proposed. Themodel determines strength parameters of
intact rock according to the bedding orientation. In addition, the
facture model evolution is also considered the strength of intact
rock from fracture through the bedding planes (β = 0°) to splitting

FIGURE 11 | (A) Predicted strength curves of the JPW-MC model and experimental values and (B) predicted strength curves of the JPW-HB model and
experimental values.
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tensile failure (β = 90°). This model combines two different failure
criteria: for shear failure mode on bedding planes, using the JPW
model representation of Eq. 3; for the failure mode on the intact
rock, a strength criterion related to the bedding dip is proposed,
as shown in Eq. 4.

σ1(β) � σ0+

1 + σ90+
1 − σ0+

1

90
β. (4)

When determining the parameters corresponding to the intact
rock in the JPW-MC criterion, the first step is to determine the
strength parameters of the specimens with β = 0° and β = 90° based
on the linear strength criterion. As shown in Figures 10A,B, by
fitting the relationship between τm = (σ1-σ3)/2 and σm = (σ1+σ3)/2,
the cohesion (cb) and the internal friction angle (φb) were
determined. Then, the peak strength corresponding to any
bedding dip angle β can be calculated according to Eq. 4.
Figure 11A shows the results of curve fitting of the JPW-MC
criterion. Compared with the JPW criterion, the prediction
accuracy of the failure criterion for intact rock is significantly
improved.

Considering that the rock’s strength envelope is usually
nonlinear when the confining pressure changes greatly, an
improved theoretical prediction method of strength anisotropy
is introduced, called the JPW-HB model. The model is based on
the Hoek–Brown nonlinear strength criterion, as shown in Eq. 5.

σ1
σc

� σ3
σc

+ (1 +m
σ3
σc
)0.5

. (5)

When determining the parameters corresponding to the intact
rock in the JPW-HB criterion, the first is to determine the
strength parameters of the specimens with β = 0° and β = 90°

based on the linear strength criterion, as shown in Figures 10C,D,
through fitting the relationship between σ1 and σ3 and
determining the strength parameters m and σci. Then, the
peak strength corresponding to any bedding dip angle β can
be calculated from Eq. 4. Figure 11B shows the results of curve
fitting of the JPW-HB criterion.

There is a significant difference in the strength of the bedded
rock between β = 0° and β = 90°. In terms of numerical prediction,
compared with the JPW model, the JPW-MC and JPW-HB
models, especially the last one, can significantly improve the
prediction accuracy of the strength anisotropic behavior of
bedded rocks. Since the highest confining pressure of the test
conducted in this study is 40 MPa, the advantages of the JPW-HB
model are not prominent compared with those of the JPW-MC
model. However, when the confining pressure changes greatly in
engineering, the strength envelope of the rock is usually a
nonlinear curve; at this time, the prediction accuracy of the
JPW-HB model based on the nonlinear strength criterion will
be more in line with the actual situation.

5 CONCLUSION

Different fracture characteristics were observed in triaxial tests on
bedded sandstone specimens. The specimens of β in the range of

45°–67.5° failed along bedding orientations (weakness planes),
while the specimens with β = 0° and 90° failed through bedding
orientations. However, under the condition, it is also observed
that the fracture characteristic of the specimens with β = 90°

exhibits splitting tensile failure and lower strength than
specimens with β = 0°.

The mechanical anisotropy of bedded rock can be directly
expressed by the failure mode, which is closely related to not only
the bedding dip angle but also the confining pressure. The stress-
induced anisotropy of bedded rock caused by confining pressure
makes its anisotropic strength more significant with the increase in
confining pressure.

The JPW model is proved to be suitable for predicting the
anisotropic strength of bedded rock by comparison with
experimental data. However, the JPW model has a limitation
that it cannot accurately represent the mechanical feature that
intact rock strength may change continuously with bedding
orientation. The JPW-MC and JPW-HB models proposed in
this study improved this shortcoming of the JPW model.

Considering that the rock’s strength envelope is usually nonlinear
when the confining pressure changes greatly, the JPW-HB criterion is
established on the basis of the Hoek–Brown nonlinear strength
criterion. Its prediction accuracy will be more in line with the
actual situation in engineering when the confining pressure
changes greatly.
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