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The method to determine the active earth pressure and critical width for finite soil behind the retaining wall in mountainous areas is one of the concerns of geotechnical engineering. In order to study the active earth pressure distribution of the finite soil against the retaining wall and determine the critical width of the boundary between the finite soil and the semi-infinite soil, this study focuses on investigating a retaining wall with finite cohesionless backfill. The shape of the failure surface is assumed to be a cycloid passing through the heel of the wall in the limit equilibrium state. Considering the deflection of soil principal stress induced by wall–soil friction effect, a calculation method of active earth pressure for finite soil is proposed by using an arc-shaped small principal stress trajectory, and the rationality of this method is verified. On this basis, a calculation formula of the critical width for finite soil is proposed. The influence of the internal friction angle and the wall–soil friction angle on the critical width of finite soil is examined. The results indicate that the active earth pressure of finite soil presents a nonlinear drum distribution along the height of the retaining wall under the failure mode of the cycloidal surface. The maximum value of active earth pressure is close to the bottom of the wall. The critical width of finite soil decreases with the increase of the internal friction angle, and its variation rate decreases gradually. The critical width of finite soil increases with the increase of the wall–soil friction angle, and its variation rate also increases gradually. Under different internal friction angles and wall–soil friction angles, the critical width values of finite soil calculated by the assumption of the cycloidal failure surface are smaller than those calculated by the Coulomb earth pressure calculation method.
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INTRODUCTION
At present, the classical earth pressure theory is widely used to calculate earth pressure in the design of retaining walls, and one of the prerequisites is that the soil behind the wall is a semi-infinite space body. In mountain road engineering, due to the influence of geology, topography, and boundary line of the land, many retaining walls are close to the stable rock strata, and a large number of foundation pits in the cities are also close to the buildings (Huang et al., 2021; Huang et al., 2022). Under the aforementioned scenarios, the soil behind the wall should be considered finite, and the boundary conditions and failure modes are obviously different from the semi-infinite soil. Furthermore, the basic assumption of classical earth pressure theory is that the slip surface behind the wall is a plane surface, but a large number of model tests and practical projects have proved that the slip surface should be curved (Liu et al., 2021; Huang et al., 2021). The reasonable value of soil pressure is an important basis for the design of retaining walls. If the classical soil pressure theory is still used to calculate the size and distribution of active soil pressure of finite soil, it will inevitably increase the error of the design, which may affect the safety of structures in serious cases. Therefore, it is necessary to determine the critical width of finite soil and subsequently seek a method to calculate the active earth pressure of finite soil.
Several scholars have studied the soil pressure of finite soil in various aspects. Wang et al. (2016) derived the expression of soil pressure of non-cohesive finite soil by using the horizontal thin-layer element method. The results illustrated that the ultimate failure angle of finite soil varied with the parameters. Hu et al. (2018) derived the soil pressure calculation method of finite width soil under limit state based on the plastic upper limit theory of soil, considering the frictional energy consumption between the retaining wall and the building–soil interface. Handy (1985) derived the soil pressure distribution curve behind the wall by assuming a suspended chain linear principal stress trajectory line between two parallel walls. The shape of the principal stress trajectory to arc curve was simplified to derive the calculation formula of active earth pressure of a rigid retaining wall by assuming the retaining wall surface and the sliding surface as two arch feet in Rankine’s theory (Paik and Salgado, 2003). Liu (2018) considered the shear stress between the horizontal soil layers in the sliding soil wedge behind the wall. The horizontal differential layer method was applied to analyze the stress. Meanwhile, the equilibrium control equation was established, and the theoretical expression of active earth pressure with nonlinear distribution was obtained. Zhao and Zhu (2014) solved the lateral earth pressure coefficients based on the principal stress rotation concept, from which the active earth pressure solutions for finite soils were derived. Xu et al. (2019) derived the distribution of soil pressure by assuming the minor principal stress trajectory as circular, catenary, and parabola. Xu et al. (2020) studied a finite range of cohesive soils behind the retaining wall and obtained the theoretical expression of active earth pressure for finite soil, considering the soil arching effects. The distribution law of lateral earth pressure on the wall side of the retaining wall under the active translation mode was investigated by the model test, and the arch effect behind the retaining wall under the active translation mode was verified (Khosravi et al., 2013). The soil arching effect was considered to calculate the finite soil pressure between two parallel retaining walls with cohesive fill. The results indicated that the earth pressure without considering the soil arch effect is on the dangerous side according to the conventional method (Wu et al., 2014).
The aforementioned studies assume that the failure mode of soil is a linear failure, and the results of multiple model tests show that the slip surface of soil behind the wall is curved (Yang et al., 2016; He et al., 2020). He et al. (2020) studied the development laws of displacement and shear strain in the process of active failure of soil using particle image velocimetry technology and translational model tests of rigid retaining walls with different aspect ratios. According to the test results, the final soil sliding surface is composed of two parts: the plane presented π/4+φ/2 with the horizontal plane in the range of 0.815–1.0 H and the sliding surface in the range of 0–0.815 H, which is a surface between the Coulomb sliding surface and the logarithmic spiral. An experimental study on the soil pressure for finite width non-cohesive soil behind a rigid retaining wall was carried out (Yang et al., 2016). The results show that the failure surface of the soil with finite width is a continuous surface. Cao (1995) studied the distribution of soil pressure behind the retaining wall by assuming the generation of a cycloidal failure surface in the semi-infinite soil. Yang et al. (2017) assumed the sliding surface of semi-infinite soil as a cycloidal line to study the soil pressure distribution behind the retaining wall by considering the soil arching effect. The slip surface curve of the semi-infinite soil behind the wall with a vertical back and horizontal surface was proposed as a logarithmic spiral under the limit state. The corresponding active earth pressure calculation formulas were also derived (Wang et al., 2011). Greco. (2013) studied a finite width retaining wall with non-cohesive soil fill. The failure mode of multi-line soil was proposed, and the finite width soil pressure was calculated by the limit equilibrium method. The slip surface curve of the finite soil behind the wall was considered a logarithmic spiral, and the corresponding active earth pressure calculation formula was proposed (Yang et al., 2017; Yang et al., 2020). However, the theoretical fracture angle was not given. The results found that the initial fracture angle of the finite soil slip surface with different width-to-height ratios could be taken as π/4+φ/2 with partial safety.
From the aforementioned studies, it can be concluded that when the soil behind the wall is finite, the calculation of soil pressure by using the curve slip surface is more in line with the actual situation. Therefore, in order to calculate the distribution of active earth pressure of finite soil more reasonably and explore the value of the critical width between finite soil and semi-infinite soil, this article assumes that the sliding surface of the soil is a cycloidal line, considering the influence of principal stress deflection of soil. The function expression of the sliding surface of the cycloidal line and the critical width of finite soil is obtained by calculation. Meanwhile, the corresponding calculation method of active earth pressure of finite soil is proposed. The influence of the internal friction angle and wall–soil friction angle of finite width soil on the critical width of finite soil is discussed in depth, which can provide design reference for the retaining wall design of related projects in the future.
THEORETICAL ANALYSIS OF ACTIVE EARTH PRESSURE
Mechanical Model of Earth Pressure
As shown in Figure 1, a schematic diagram is established with finite soil as the research object, with the retaining wall on the left, the bedrock on the right, and non-cohesive soil between them. The width of the finite soil is X. The internal friction angle of the soil is [image: image]. The gravity is [image: image]. The buried depth of the retaining wall is Z1. The external friction angle of the soil is [image: image]. The distance between the intersection of the bedrock and sliding surface and the ground is Z2. The external friction angle of the soil is [image: image]. When the soil reaches the limit equilibrium state, a curve slip surface through the bottom of the wall is formed within the soil. H is the height of the slip surface. [image: image] is the angle between the tangent of any point of the slip line and the horizontal line. According to the different boundary conditions, the finite soil is divided into I and II zones.
[image: Figure 1]FIGURE 1 | Mechanical model of earth pressure.
The following assumptions are made to simplify the theoretical derivation:
1) The finite soil behind the wall is a single soil layer, which is homogeneous and non-cohesive.
2) It is assumed that the supporting structure only moves in the plane, and each section of the supporting structure remains a complete plane along the transverse direction, which is perpendicular to the longitudinal direction.
3) Ignore the effect of the supporting structure weight.
4) The slip surface passes through the bottom of the retaining wall structure.
Assumption of the Soil Sliding Surface
If the classical earth pressure theory is used to calculate the active earth pressure, one of its assumptions is that the sliding surface is a straight line passing through the bottom of the wall. However, the experiments and theories of some scholars proved that the sliding surface of active earth pressure is not a straight line. A number of nonlinear sliding surface models have been proposed by many scholars, such as cycloidal lines (Cao, 1995; Yang et al., 2017), logarithmic spiral curves (Wang et al., 2011; He et al., 2020), and folding lines (Greco, 2013). In this study, it is assumed that when the retaining wall is in limit equilibrium, the soil in the active zone behind the wall produces a cycloidal line slip surface through the heel of the wall as shown in Figure 2.
[image: Figure 2]FIGURE 2 | Cycloidal failure surface.
The right-angle coordinate system is established as shown in Figure 2. The equation of the cycloidal line can be expressed as:
[image: image]
where R1 is the radius of the rotating wheel, and θ is the rotating angle.
When the cycloidal line passes through the wall toe, [image: image], the radius of the rotating wheel can be obtained as:
[image: image]
where [image: image] is the initial rotating angle of the cycloidal line.
Thus, the height of the cycloidal line slip surface can be obtained as Eq. 3:
[image: image]
If [image: image], it indicates that the sliding surface of soil reaches the ground within the range of finite soil, which is semi-infinite at this time. Take [image: image], then R1 is calculated by the second equation in Eq. 4:
[image: image]
The rotating angle θ at any point on the slip surface is shown as:
[image: image]
The slope of any point on the slip surface tanψ is shown in Eq. 6:
[image: image]
The angle between the tangent and horizontal direction at any point on the slip surface ψ is shown as:
[image: image]
Stress Analysis of Soil
With the lateral displacement of the retaining wall during the active failure of the soil, the soil and the back of the wall produce relative slip. The friction between the wall and the soil deflects principal stress of the soil element. After the soil element is deflected, the curve formed by the principal stress direction is called the principal stress trajectory. The principal stress trajectory is generally a catenary curve. Paik and Salgado (2003) compared the catenary trajectory line with the arc trajectory line. The results show that the difference between the two calculation results is not significant. Meanwhile, the circular arc is simpler than the catenary calculation, which is more convenient for practical application. Therefore, this study adopts the circular arc for stress analysis.
Layer AB of Zone I is shown in Figure 3, and layer AB of Zone II is shown in Figure 4. The length is Lz. When the soil after the retaining wall reaches the active limit equilibrium state, the stress deflection occurs in AB, which forms a circular arc minor principal stress trajectory. The center of the circle is located at point O in the figure. The radius is R2. The angle between the connection line of any point D in the arc and the center O in the horizontal direction is ε. The angle between AO and the horizontal direction is εA. The angle between BO and the horizontal direction is εB.
[image: Figure 3]FIGURE 3 | Trajectory of minor principal stress of Zone I
[image: Figure 4]FIGURE 4 | Trajectory of minor principal stress of Zone II
When active failure occurs at point D, the horizontal [image: image] and vertical stresses [image: image] can be expressed as (Zhu and Zhao, 2014):
[image: image]
[image: image]
where [image: image] is the angle between major principal stress and horizontal direction.
The vertical force of point D, i.e., [image: image] is shown as:
[image: image]
The relationship between the radius of small principal stress traces R2 and the distance Lz between the two points AB is as follows:
[image: image]
It can be seen from Figure 5 that the angle between the minor principal stress at point A and the horizontal direction is εA. The angle between the minor principal stress at point B and the right tangent is εB.
[image: Figure 5]FIGURE 5 | Mohr’s circle of stress at point A.
When AB is located in Zone I:
[image: image]
[image: image]
[image: image]
[image: image]
When AB is located in Zone II:
εA is the same as in Zone I, εB is equal to the sum of the angle between the minor principal stress at point B and the tangential direction of the slip surface, and the angle between the tangential direction of the slip surface and the horizontal direction, namely,
[image: image]
In the calculation of earth pressure on retaining walls by the horizontal differential layer method, the active lateral earth pressure coefficient [image: image] is the ratio between [image: image] and vertical average stress [image: image].
The following equation can be deduced:
[image: image]
It can be seen from Eq. 17 that when the horizontal differential layer is located in Zone I, [image: image] is a fixed value; when the horizontal differential layer is located in Zone II, it changes with the slope of the slip line, namely, [image: image] changes with the rotation angle of the cycloidal line.
Calculation of Active Earth Pressure
A horizontal differential element layer at z from the ground is taken, and the equilibrium equations are established for analysis according to the different stresses on the soil in Zone I and Zone II. Assuming that there is no relative slip between the horizontal differential layers of soil, namely, the shear stress between layers is not considered.
The mechanical model is shown in Figure 6 when the horizontal differential layer is located in the soil of Zone I, [image: image]. [image: image] is the average vertical stress acting on the upper surface of the differential element, [image: image] is the average vertical stress acting on the lower surface, [image: image] is the horizontal stress of the retaining wall structure side, and [image: image] is the horizontal stress of the bedrock side. The thickness of the differential horizontal element is [image: image], and the volume is [image: image].
[image: Figure 6]FIGURE 6 | Microelement mechanical model of Zone I.
According to the balance of forces in the horizontal direction, Eq. 18 can be obtained:
[image: image]
According to the balance of stresses in the vertical direction, Eq. 19 can be obtained:
[image: image]
Combining Eqs 17–19:
[image: image]
Differential Eq. 21 can be obtained:
[image: image]
The horizontal earth pressure is:
[image: image]
When the horizontal differential layer is located in Zone II, [image: image]. The mechanical model is shown in Figure 7. [image: image] is the average vertical stress acting on the upper surface of the differential element. [image: image] is the average vertical stress acting on the lower surface. [image: image] is the horizontal stress acting on the side of the retaining wall. [image: image] is the reaction of soil to the differential element. [image: image] is the internal friction angle of the soil. [image: image] is the angle between the tangent of the slip surface at the differential unit and the horizontal direction. The thickness of the differential unit is [image: image]. The volume is [image: image].
[image: Figure 7]FIGURE 7 | Microelement mechanical model of Zone II.
The top width of the differential element can be calculated as:
[image: image]
The bottom width of the microelement can be calculated as:
[image: image]
The microelement weight can be calculated as:
[image: image]
Omitting the higher order differential, we get:
[image: image]
According to the balance of stresses in the horizontal direction, the following equations can be obtained:
[image: image]
[image: image]
According to the balance of stresses in the vertical direction, the following equations can be obtained:
[image: image]
[image: image]
The Eq. 31 can be obtained by combining Eq. 17.
[image: image]
The horizontal earth pressure is shown as follows:
[image: image]
For a given soil and retaining wall, parameters [image: image], [image: image], [image: image], and [image: image] are known. [image: image] is unknown. However, due to a large number of parameters, it is difficult to obtain the analytical solution in the aforementioned derivation process of active earth pressure. This study adopts MATLAB software to calculate by the numerical method, and the specific calculation process is as follows:
1) Assuming an initial rupture angle, according to Eq. 1.
2) The height [image: image] of Zone I, the height [image: image] of Zone II, the radius of the rotating wheel [image: image] in Zone II, and the angle [image: image] between any point and the horizontal direction can be calculated by Eqs 2–7.
3) Assuming that the depth z of the layer changes from 0 to Z1, and each layer’s thickness is [image: image].
4) The lateral earth pressure coefficient [image: image] of each layer of the differential element layer is calculated by Eq. 17.
5) The horizontal earth pressure of the first layer of the differential element layer in Zone I is calculated by the boundary condition, and the horizontal earth pressure of each element in Zone I and Zone II is calculated again through Eqs 22, 32.
6) Calculate the total earth pressure stress by [image: image].
7) Changing [image: image] can obtain different [image: image], which can draw the [image: image]-[image: image] curve. The first extreme point [image: image] of earth pressure is the initial angle of the slip surface.
MODEL TEST VERIFICATION
Yang et al. (2020) conducted a model test on the active earth pressure of sand with finite width. The model parameters are as follows: dry density of non-cohesive filler is [image: image], internal friction angle is [image: image], and [image: image]. There is no load on the fill surface, and the height of the soil behind the retaining wall is 1.3 m. The width of the finite soil is 0.16 and 0.36 m.
Figure 8 shows the comparison between the theoretical solution of finite soil and the experimental value. Compared with the experimental value, the theoretical value obtained by the method proposed in this study is generally in good agreement. The trend of variation is also more consistent. The bottom soil pressure strength is slightly different from the test results, which may be due to the influence of the bottom boundary conditions of the test. The aforementioned soil pressure distribution curve leads to the following conclusions: when the soil behind the wall is limited, the horizontal soil pressure intensity on the retaining wall is a nonlinear drum distribution. The maximum strength value appears near the bottom of the wall.
[image: Figure 8]FIGURE 8 | Comparison of lateral earth pressure.
Take and Valsangkar. (2001) performed a centrifuge model test in which both the retaining wall back and rock surface were in the vertical direction. The maximum and minimum dry densities of non-cohesive fillers were 1.62 g/cm3 and 1.34 g/cm3, respectively. Their relative compactness was 79%. The internal friction angles corresponding to the peak value and the critical state were 36° and 29°, respectively. In the test, the peak value of the wall–soil friction angle was 25°, and the critical value was 23°. The acceleration adopted in the test was 35.7 g (where g is the gravity acceleration). As a result, the retaining wall model with a height of 140 mm in the test after centrifugal amplification was equivalent to the retaining wall with a height of 5 m in reality. The limited filling widths are L = 15 and 38 mm, which are equivalent to the filling widths b = 0.54 and 1.36 m. In this study, the calculation and model tests are compared.
It can be seen from Figure 9 that the theoretical value of finite soil pressure strength calculated in this study is close to the experimental value. The range of the maximum value is also the same. The results are similar in the depth range of 2∼4.5 m, but the experimental value in the depth range of 0.5∼1.5 m has a large discreteness, which is different from the theoretical value. More finite soil centrifuge tests are needed to verify.
[image: Figure 9]FIGURE 9 | Comparison of lateral earth pressure.
CRITICAL WIDTH OF FINITE SOIL
Determination of the Critical Width
Geotechnical engineering is concerned with determining the critical width of finite soil. The width calculated by the Coulomb earth pressure theory is commonly used as the critical value by most researchers. However, the critical width of the soil is not accurate because the Coulomb earth pressure assumes that the sliding surface behind the wall is straight.
Based on this, after deriving [image: image] by the aforementioned method, the slip crack surface width X0 can be deduced as:
[image: image]
This study selects the retaining wall height of 10 m, the filling weight of 14.6 kN/m3, and the filling surface without load as examples to investigate the influence of various parameters on the critical width of finite soil.
Effects of the Internal Friction Angle
The wall–soil friction angle is taken as a fixed value [image: image]. The internal friction angle is varied for analysis. The critical slip surface of the finite soil and semi-infinite soil is shown in Figure 10. The corresponding critical widths of the finite soil are 5.41, 4.63, 4.08, 3.56, and 3.11 m. At this time, the critical widths calculated according to the Coulomb earth pressure theory are 6.75, 5.92, 5.18, 4.52, and 3.92 m. It can be seen that when the internal friction angle increases, the critical width of the finite soil decreases gradually. The change rate also decreases gradually. The critical width value obtained by this method is obviously smaller than the calculated value of Coulomb earth pressure.
[image: Figure 10]FIGURE 10 | Influence of the internal friction angle on the slip surface.
Effects of the Wall–Soil Friction Angle
The internal friction angle is taken as [image: image] and the wall–soil friction angle is taken as [image: image] for analysis. The critical slip surface of the finite soil and semi-infinite soil is shown in Figure 11. The corresponding critical widths of the finite soil are 3.89, 4.08, 4.42, and 5.05 m, respectively. At this time, the critical widths calculated according to the Coulomb soil pressure theory are 4.94, 5.18, 5.42, and 5.67 m. The results show that when the wall–soil friction angle increases, the critical width of the finite soil gradually increases, and the change rate gradually increases. The critical width of finite soil is smaller than the Coulomb theoretical value under different wall–soil friction angles.
[image: Figure 11]FIGURE 11 | Influence of the friction angle between the wall and soil on the slip surface.
CONCLUSION
This study derives the soil pressure distribution of non-cohesive soil with finite width behind the retaining wall based on the assumption that the soil behind the retaining wall has a cycloidal slip surface. The following conclusions can be drawn:
1) For the case of finite non-cohesive soil behind the retaining wall, a method for calculating the active earth pressure of soil with finite width is proposed based on the failure mode of the cycloidal line sliding surface passing through the wall toe caused by the translation of the retaining wall. This method considers the principal stress deflection induced by the friction between the wall and the soil and assumes that the trajectory of the minor principal stress is a circular arc.
2) According to the theoretical equations, the distribution law of active earth pressure of finite soil is obtained. When the retaining wall moves horizontally, the soil pressure of the finite soil behind the wall presents a nonlinear drum distribution along the height direction of the retaining wall. The maximum soil pressure distribution is close to the bottom of the wall.
3) The calculation method of the critical width of finite soil is proposed. The critical width of a retaining wall decreases as the internal friction angle of the soil increases during the translation process and increases with the increase of wall–soil friction angle. The critical width of finite soil obtained by this method is smaller than the critical width value calculated by the Coulomb earth pressure theory.
4) This study analyzes the earth pressure of the non-cohesive soil and rigid retaining wall. In practical engineering, there may be cohesive soil or multi-layer soil behind the wall. Meanwhile, there are also many flexible retaining walls. Subsequently, the earth pressure distribution of finite soil will be further investigated in the case of flexible retaining wall structure and clay filling.
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