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The evolution and stability of fracturing in the cyclothymic deposition of phosphate rocks are strongly affected by the viscoelasticity and structural form of the rock-forming minerals. Presently, there is no standardized method that has been widely accepted to accurately quantify the elastic-plastic deformation and fracturing of such striped structural rock nor reflect the role of the different lithogenous minerals in phosphate rocks when subjected to viscoelastic strain loading. In this study, integrated mathematical equations were formulated for modelling the mechanical and fracture behaviour of cyclothymic deposition in structured phosphate rocks. These constitutive equations were developed based on Maxwell’s Theory after the elastic modulus and damping coefficient of the rock-forming mineral from the mechanical testing were substituted into the derived-equations. In these new models, the apatite stripes and dolomite stripes were incorporated into the transverse isotropic model through the analysis of structural characteristics of the phosphate rock. Through experimental validation, the response curves of the creep and stress relaxation tests were found to be consistent with the deformation curves generated by modelling using the mathematical equations. Overall, the formulated model along with the corresponding equations was found to exhibit good applicability properties to describe phosphate’s mechanical and fracture behaviour under low horizontal compressive stresses. In the study, the creep mechanism in phosphate rocks were satisfactorily analysed from the angles of microscopic morphology, cracks evolution, and inter-crystalline strength. The hard brittle apatite was found to be surrounded and separated by high creep variant dolomite. Furthermore, the analysis showed that dolomite crystals possessing high creep properties dominated the distribution and evolution of secondary structures in the phosphate rock, under the condition of long-term low-stress loading.
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INTRODUCTION
Due to the widespread usage of phosphate rocks in industrial and agricultural applications, numerous studies have been conducted on the correlation-ship between the mechanical behaviour of the phosphate rock mass and its petrologic properties. Some studies have shown that the thermal and physical stresses in granites, quite often, lead to the initiation and propagation of the cracks (Homand-Etienne and Houpert, 1989; Chen et al., 2010; Li et al., 2015; Zhao et al., 2022). Through the analysis of microcrack anisotropy evolution in deep mining phosphate rocks, it has been confirmed that intergranular fracture is the main grain boundary damage type, and, that the weak grain boundary surface is the contact boundary between dolomite and colloidal phosphate (Zhao et al., 2015; Tu et al., 2017; Bond and Zikry, 2018; Hurai et al., 2022; Zhang et al., 2022).
Regional differences in the petrographic type and the effective mineral quality of the phosphate rock has also inherently led to studies focusing on the formation conditions and mechanical properties of phosphate (Nguidi et al., 2021). Specifically, focus has been on the influence of the ancient geographical environment on the formation of inter-crystalline strength of the rocks (Priyank et al., 2015; Qin et al., 2015; Zhang et al., 2015; Han et al., 2016; Pan et al., 2017; Orlov et al.,2020). These studies have shown that the basic mechanical behaviour of rocks is influenced by the mineral composition, structure type, and formation conditions. But other literature suggests otherwise, the viscoelastic and rheological properties of ribbon structured rocks under low-stress levels have resulted in a series of safety accidents and property losses including instability of roadways and drill pipe sticking (Kounadis, 2014; Zhang et al., 2014). Although, in addition to providing a mathematical model to link the elastoplasticity of rocks to their mechanical behaviour, Maxwell’s Theory also provides a model for relating the rate of damping to the elastic modulus of cracks (Shen and Chen, 2006). However, this is only applicable to homogeneous rocks.
So based on the above background, more research is needed to build a more comprehensive mechanical model to accommodate non-homogeneous rocks, which not only considers characterizing and quantifying the response behaviour of sedimentary rocks with a horizontal bedding structure, but also reflects the viscoelastic and rheological properties of dolomite and apatite. In particular, this has a practical significance when it comes to selecting appropriate cost-effective and safe mining techniques for phosphate rocks.
As presented in this paper, strip-type phosphorus block rocks were used as the test subject of the study. By using a rock triaxial apparatus, the constative modelling of phosphate rock’s elastic and rheological properties under external loading can be accomplished based on Maxwell’s Theory (Maxwell, 1881) through the triaxial test.
The experimental research plan for the study comprised of a six-step work schemes. These steps are described in the subsequent text.
The first step of the work scheme involved identifying the banding phosphate rock type, which was sourced from Yichang Xingfa Group Co., Ltd. in China. The composition and tectonic characteristics of phosphate rock were analysed using an electron microscopy.
The second step of the work scheme involved quantifying the mechanical characteristics of the phosphate rock, the mining roadway wall, and identifying the boundary conditions. Constitutive equations for modelling the mechanical properties of phosphate rock ribbon structure was conceptualized based on the Maxwell Theory of rheology and viscoelastic media.
The third step of the work scheme. The chemical components and micro-morphology were analysed using an X-ray fluorescence ADVANT’XP and a Scanning Electron Microscope, all acquired from Japan.
The fourth step of the work scheme. Preliminary testing was conducted in accordance with the American GCTS rock mechanics test specification (GCTS, 2020) to measure and quantify the mechanical properties of the phosphate rock including the elastic modulus, Poisson’s ratio, and the viscous-damping coefficient. The tested phosphate rocks comprised of carbon-fluorine apatite and dolomite, respectively. Thereafter, the measured laboratory test data were used as input parameters in the preliminary conceptual model for formulating and developing the final constitutive model for the depositional-belt type phosphatic rock.
The fifth step of the work scheme. The mineral phosphate rock’s mechanical test response-curve was verified and compared with the phosphate rock’s deformation that was estimated using the constitutive model. The model prediction accuracy was accordingly judged and ascertained from a comparison of the test response-curves and model deformation predictions, respectively.
The sixth step of the work scheme. The loaded-deformation mechanism of the belt type phosphatic rock was analysed lastly, essentially from the angle of a lattice constant and fracture evolution.
GEOLOGICAL PROPERTIES OF PHOSPHATE ROCK
Geologically, the banded phosphate rock found in central China has a high degree of crystallization, hard texture, and a horizontal bedding structure. As can be seen in Figure 1, it has the typical horizontal bedding structure of a sedimentary rock. Geological survey data have shown that the phosphate rock mineral is predominantly composed of sedimentary and metasomatism phosphate on the edge of the craton that was formed during the sinian period, after a series of mineralization processes such as deposition, transformation, and enrichment (Andrieux and Aminot, 2001; Cao et al., 2011). In phosphate, rock apatite usually occurs with siliceous shale and/or carbonate interlayer. The thickness of a single-layer ranges from 1 cm to several meters—see Figure 1. The average burial depth of the ore beds is 800 m. The seam dip angle is less than 5°. The stress level is usually low and equivalent to 10%–20% of the peak stress from the rock strength test because the tectonic stress is mainly controlled by the overburdened rock mass. Furthermore, the rock mass did not show any signs of accelerated creep destruction, which corresponds to the stable creep state expressed by the Maxwell model (Maxwell, 1881).
[image: Figure 1]FIGURE 1 | Cyclothymic deposition structure of phosphate rock.
Apatite’s grain aggregate presents dense clumps and is colourlessly transparent. However, the apatite in the sedimentary rock is dark grey because of silicon. The hardness and relative density are 5.0 and 3.2, respectively (Ma, 2011; Levasseur et al., 2015). Although the dolomite crystal lattice belongs to the hexagonal system just like apatite, its hardness and relative density are 3.7 and 2.75, respectively. From the SEM (scanning electron microscope) test results, it is clear that the crystal lattices of the dolomite are small and orderly arranged, and that the apatite’s lattices are presently bulkier and mutually interlocked—see Figure 2. To set up the perspective for the mathematical model, the phosphate rock band structure was simplified by superimposing it with dolomite and apatite.
[image: Figure 2]FIGURE 2 | SEM image of Dolomite and Apatite. (A) Dolomite (B) Apatite.
FORMULATION OF THE MECHANICAL MODEL
Combined with the physical and structural characteristics of the aforementioned banded phosphate rock (Yang and Xiao, 2019), phosphate rock specimens were modelled as an axial superposition of different thickness mineral belts. The thickness of each mineral belt was assumed to be a constant value in the horizontal direction as exemplified in Figure 3. Since each mineral belt was kept in a series condition, the axial stresses were correspondingly equal in each mineral belt. Therefore, the model’s total strain produced by stress loading was considered to be comprised of every mineral belt’s strain when the axial compression load is acting on both ends of the model. Furthermore, the longitudinal deformation of the rock mass was determined as a function of the deviatoric stress, which is essentially the difference in the value of the maximum and minimum principal stresses as expressed in Eq. 1:
[image: image]
[image: Figure 3]FIGURE 3 | Ribbon structure of an ideal model.
On the other hand, every mineral belt’s strain is comprised of the summation of the elastic strains εe and plastic strains εv, respectively (Shen and Chen, 2006). The strain summation as derived based on Maxwell’s Theory is illustrated in Eq. 2:
[image: image]
Where ε is the total strain, and εe and εv are elastic and plastic strains, respectively. The differential equation for the phosphate rock strain rate after differentiating Eq. 2 is shown in Eq. 3 as follows:
[image: image]
The change rate to the time of elastic strains was derived as expressed in Eq. 4 below:
[image: image]
In Eqs 5a–ca–cEqs 5a–c, the symbols [image: image]d and [image: image]a are the sticking factor for the dolomitic and apatite ribbons, respectively. The elasticity modulus of the ribbon structure model was assumed to be the weighted mean of the elasticity modulus based on the thickness summation shown in Eq. 6. In the model formulation, the four lengths were first selected, which are 90° apart from each other in the circumferential direction. Each length is equalled to 2 mm a measured with a ruler. Secondly, the thickness of the dolomitic ribbon Hd1∼ Hd4 and the thickness of the apatite ribbon Ha1∼ Ha4 were measured. The number of dolomitic and the apatite ribbons were each measured in length and multiplied by 2 mm, respectively. The thickness of the dolomitic ribbon Hd and apatite ribbon Ha of the test specimens were thereafter calculated according to Eqs 5a,b (Ref).:
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In the study, it was assumed that the plastic deformation-rate of the ribbon structured model is comprised of the plastic deformation rate of the dolomite and apatite ribbon, respectively. The plastic deformation of the ribbon structure is basically a function of the thickness of the dolomite and apatite ribbons. Similar to elastic deformation, plastic deformation was modelled and computed as illustrated in Eq. 6:
[image: image]
Substituting Eqs 4–6 into Eq. 3 yields Eq. 7 as demonstrated below:
[image: image]
In Eq. 7, the phosphate rock specimen’s stress is the same in the axial direction and is characterized as follows: σ0=σe=σv=σ1-σ3. The stress remains unchanged and is characterized by a differential function dσ0/dt=0. Integrating both sides of Eq. 7 with respect to time, yields Eq. 8 as expressed below:
[image: image]
When the load first acts on the specimen, only the elastic deformation emerged with no plastic deformation. Therefore, the constant term C is characterized by ε0=σ0/E, after t=0 has been substituted into Eq. 8. Then, a mathematical model such as Eq. 9 was derived, which represents the relationship of the phosphate rock deformation with loading time under constant-stress conditions. At the same temperature, parameters such as [image: image], [image: image], [image: image] in Eq. 9 were assumed to be constant values, which is considered a representation of the rocky material properties in itself.
[image: image]
By contrast, the phosphate rock strain was held constant in the other tests, in which the strain rate is zero and can be characterized as ε′=0. With this consideration, the ε′ model was derived as shown in Eq. 10. After differentiating Eq. 10 with respect to time, t, Eqs 11, 12 were derived as expressed below:
[image: image]
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Integrating both sides of Eq. 12, with respect to time, t, yields the exponential function illustrated in Eq. 13:
[image: image]
At 0 h of the test, t = 0s and [image: image] With these parametric relationships (i.e., t = 0s and σ = σ0), Eq. 13 reduces to Eq. 14. Eq. 14 is basically the stress-relaxation expression of the phosphate rock and illustrates that the internal stress of rock mass would be gradually reduce with time, under the condition of constant strain.
[image: image]
LABORATORY TESTING, RESULTS, AND DATA ANALYSIS
The mechanical properties of the rock-forming minerals
Preliminary mechanical tests were carried out to measure the mechanical properties of each rock-forming mineral. One set of specimens for apatite and dolomite were analysed according to the international rock mechanics experiment standard (Ref), with letters “A” used to represent apatite and “D” for dolomite. The specific parameters associated with each rock-forming mineral are listed in Table 1 and includes the dimensions and thickness.
TABLE 1 | Specimen dimensions and density for the rock-forming minerals.
[image: Table 1]Three axial ultimate bearing capacity tests were performed on the first three blocks of each group, using the dynamic rock triaxial apparatus RTX-1000 American GCTS—see Figure 4. In consideration of the burial conditions of the phosphate rock deposits, the test control conditions in this study were selected as follows: the direction of the specimen axial direction was assumed to be consistent with the gravitational direction, the confining pressure was constant at 5 MPa, and the test temperature was maintained at 15°C in a strain-controlled loading mode. The strain rate was 0.006%/min, which is equivalent to one microstrain per second. The mechanical parameters/properties including the elastic modulus are shown in Table 2.
[image: Figure 4]FIGURE 4 | The GCTS Triaxial test apparatus.
TABLE 2 | Parametric results from the mechanical testing of the rock-forming minerals.
[image: Table 2]As shown in Table 2, the mean value of the ultimate compressive strength reached 317.8 MPa, which is 2.59 times than that of dolomites. Although the average density of apatite is 1.09 times that of dolomite, its poisson’s ratio is only half that of dolomite in the elastic deformation stage. The test results of Table 2 indicates that dolomite has obvious deformation susceptibility under the effects of equal confining pressure and loading rate—see Figure 5.
[image: Figure 5]FIGURE 5 | The response curves of the rock-forming minerals from mechanical testing. (A) Dolomite (B) Apatite.
The last fourth set of specimens, denoted as D-4 (dolomite) and A-4 (apatite) were used for creep coefficient determination. However, the creep coefficient of a rock is restricted by the load combination, temperature, and stress state. In consideration of the actual geological conditions and brittle characteristics of the phosphate rock, the ribbon structured model in this study was assumed to be under typical low stress loading conditions at a constant temperature. For apatite and dolomite, the creep tests were conducted in stress-controlled loading mode. The axial principal stress was 25 MPa and was held constant over a test time of 300 h under a confinement pressure of 5 MPa (Jiang et al., 2016; Zhou et al., 2016). The creep test results are shown in Figure 6.
[image: Figure 6]FIGURE 6 | The response curves for creep coefficient of rock-forming minerals.
From Figure 6, the strain value of apatite increased from 0.38 × 10−3 to 0.61 × 10−3 whilst that of dolomite increased from 0.53 × 10−3 to 2.92 × 10−3. As shown in Figure 6, the total strain magnitude of dolomite is equivalent to about 4.8 times that of apatite. From these data, the sticking factor of apatite and dolomite were determined to be 25,862 GPa•h and 3,968 GPa•h, respectively.
Verification test and comparative analysis
During the verification-test phase, creep and stress relaxation tests of the phosphate rock specimens were conducted to verify and validity the models in Eqs 9, 13. Similar to Table 1, the external dimensions of the phosphate rock test specimens were measured as shown in Table 3.
TABLE 3 | Dimensions and density of the verification-test specimens.
[image: Table 3]The creep and stress-relaxation response curves from the verification-tests are plotted in Figure 7. The test conditions were similar to the previous test for the creep coefficient determination, namely stress-controlled loading mode, 25 MPa axial principal stress, and 5 MP confinement pressure. In Figure 7, the solid lines represent test results whilst the dotted lines represents the simulation results.
[image: Figure 7]FIGURE 7 | Graphical plot of the verification-test results (test versus simulation). (A) The creep response curve. (B) The stress-relaxation response curve.
With respect to the creep properties, it is evident from the “P- C” response curve in Figure 7A that the initial strain of the phosphate rock specimen was about 0.26 × 10−3 under the effects of a deviatoric stress of 20 MPa. Thereafter, the strains increased to 0.36 × 10−3 after 84 h and then, maintained a constant rate of 0.65 x 10−3 after 320 h. In general, Figure 7A indicates that the strain increased linearly as a function of loading test-time.
The stress response curve, “P-SR,” of the phosphate rock specimen from the stress-relaxation verification-test is shown in Figure 7B. In the first phase of the test plan, the specimen’s deviatoric stress increased steadily to 20 MPa within 15 min. In the second phase of testing, the control strain was maintained at a principal strain of 0.28×10−3. Based on the “P-SR” response curve in Figure 7B, the stress of the phosphate rock specimen decreased steadily from 20 MPa to 3.84 MPa over a period of 12 days.
For analytical modelling, the creep and stress-relaxation simulation equations were derived under low-stress loading conditions after the known parameters were substituted into Eqs 9, 14, respectively. These parameters, including the mechanical properties such as the elastic modulus, sticking factor, and the weighted thicknesses of each rock-forming mineral, were obtained from the previous test results contained in Figure 1 through to Figure 6 and Table 1 through to Table 3, respectively.
The simulation response curves “PS- C” and “PS- SR” are shown in Figure 7 with dotted lines. The simulation response curves generally reflect the instantaneous elastic deformation and subsequent steady creep process of the phosphate rock mass when subjected to loading (Walubita et al., 2011). Additionally, the elastic recovery and permanent residual deformation of the phosphate rock mass during unloading are also reflected by similar simulation equations.
Comparing the experimentally measured (solid-curve plots in Figure 7) response curve of the phosphate rock specimen with the predicted values (dotted-curve plots in Figure 7) obtained from the modified models, it was confirmed that the developed approach successfully captures the effect of creep and stress-relaxation of ribbon types of the phosphate rock under low-stress level environment.
Analysis of fracture evolution and creep mechanism

(a) The slip and diffusion resistance to mineral crystals have a close relationship with the lattice constant and its spatial structure (Li, 2009; Wang et al., 2015; Sassoni et al., 2021). It was pointed out in the literature that dolomite crystals belong to the trigonal system and its molecular formula is CaMg[CO3]2 and a0 = 0.601 nm. On the other hand, apatite crystal belongs to hexagonal crystal system and its molecular formula is Ca5 [PO4]3(F,OH) and a0 = 0.943–0.938 nm (Ma, 2011). The crystal constant of dolomite is significantly less than apatite. In other words, the crystal size of apatite is greater than that of dolomite crystals.
The SEM of the preliminary microstructure observation tests showed needle-shaped apatite crystal balls presenting an interpenetrating-interlocking typical space architecture like that of a silicate water rigid cementing material. By and large, this type of lattice arrangement improves the integrity of apatite. On the other hand, the total strains of a ribbon type phosphate rock is comprised of the elastic strain εe, and plastic strain εv, that is represented by Eq. 9. The elastic strain of phosphate rock were determined to be 0.26 × 10−3 based on the initial point of the creep response curve, namely the “P-C” plot in Figure 7. However, the elastic strains increased to 0.65 × 10−3 after 320 h.
The plastic deformation in the latter part of the experiment was found to be about three times the elastic deformation. This means that the creep is one of the key factors controlling the mechanical response-behaviour of the phosphate rock. The sticking factor of dolomite was determined to be 3,968 GPa•h, which is significantly smaller than the 25,862 GPa•h of apatite—see Figure 6. Overall, it was concluded that the intergranular creep rupture of dolomite is the leading cause of the mechanical deformation of phosphate rock when subjected to long loading times under low-stress environments.
(b) The creep property of mineral crystals is generally reflected by the distribution and evolution of rock fractures (Reiko and Richard, 2002; Xin, et al., 2017). Based on careful observation of the cylindrical specimen surfaces, the black apatite ribbon has relatively larger crack density of about 2-4 strip/cm2, which is 3.5 times that of dolomite—see Figure 8. Most of the cracks were observed to be in line with the cylindrical axis and perpendicular to horizontal bedding. As indicated by arrow A in Figure 8, the cracks ran through several groups to dozens of bands. These cracks, which exceed all the mineral crystals in the direction of the fracture, were possibly formed by accidental loading forces, such as earthquakes. However, most of these cracks also have a common feature that the same cracks in the dolomite stripe are significantly narrower with some of them even going to the point where it disappears.
[image: Figure 8]FIGURE 8 | Surface fracture morphology of banded phosphate rock.
The literature shows that dolomite’s critical transformation pressure from brittleness to plasticity is 9.6 MPa, which is less than half of the loading in the Triaxial creep test. This means that the vertically fractured stress of the dolomite crack tip is large enough to make the crack close. Thus, the dolomite crystals were moved from a high-stress place to a lower stress region after overcoming the intercellular sliding resistance. Similarly, some of the apatite-stripe cracks may have been creep-filled with smaller particle size crystals at this stage. This creep-filling behaviour increases the width of the cracks and makes the individual apatite slime slivers to spin at an angle, as indicated by arrow B in Figure 8. With the occurrence of this phenomenon, the end result is that the apatite stripe becomes surrounded by dolomite stripes.
In the laboratory, the creep crystals and their surrounding dolomite stripes were confirmed to possess the same elements and content using the Energy Dispersive Spectrometer test. This again illustrates that the dolomite creep ability is much higher than that of apatite, which indicated that creep was critical factor in characterizing and quantifying the mechanical behaviour of phosphate rocks.
The creep property of the minerals is controlled by the intergranular bonding force (Roufail and Klein, 2013; Li et al., 2020). After experiencing the same grinding energy, the rock-forming mineral produced the corresponding dissociation effect with different intermolecular forces. In this paper, the inter-crystalline strength of different mineral crystals was analysed using the crushability test of minerals. Grinding is the first process of the phosphate ore dressing. The energy efficiency of the process is directly related to the inter-crystalline bonding force of the ore minerals.
For the crushability test, approximately 300 g of the mixed phosphate rock specimens were obtained. These specimens were first broken into a median diameter of 10 mm and put into a ball-mill for 15 min regular grinding. The phosphate rock powder before and after sieve analysis was used to determine the fractional composition and quality of the constituent compounds, which were screened with an 0.08 mm diameter sieve. The test results are shown in Table 4.
TABLE 4 | The mineral composition changes before and after the crush sieving.
[image: Table 4]From Table 4, the fractional composition of P2O5, as an important component of apatite, went up 1.6 times after screening. However, the content of Silicon dolomite is represented by 65% of CO2 and SiO2 before screening. During the crushability test, it was observed that phosphate minerals are more difficult to break than silicate minerals under the same grinding energy conditions. Furthermore, it was found that the inter-crystalline strength of apatite was even greater than that of dolomite. In other words, apatite needs more external force to do work for relative motion among the crystals and that its creep performance is relatively low.
CONCLUSION AND RECOMMENDATIONS
In this study, integrated mathematical equations were formulated for modelling the mechanical and fracture behaviour of phosphate rocks. The scope of work incorporated model formulation based on Maxwell’s Theory and laboratory testing that included creep, stress-relaxation, crushability, and SEM morphological evaluation. Comparisons with the test data provided a verification and validation platform for the proposed models. From the study results and findings, the following conclusions and recommendations were drawn:
(1) Modelling the relationship between the stress and strain responses of phosphate rocks is an important undertaking for engineering applications tailored towards solving rock related problems. Maxwell Theory has been successful in modelling the rheological behaviour of the rock, however its capacity is restricted in effectively simulating the rheological properties of ribbon structured rock such as phosphate rocks. Constitutive equations reflecting the creep properties and stress-relaxation of phosphate rock were deduced, which are based on the ribbon structural model representing the paragenetic replacement of dolomite and apatite.
The constitutive equations were successfully used to model and characterize the rock-forming mineral’s effects on the elastic-plastic deformation mechanism of the phosphate rock. The equations were able to accurately simulate the deformation of the ribbon structure in the phosphate rock, which is composed of different thickness mineral belts in all the stress stages. The correctness of these constitutive equations were successfully validated by comparing the simulation results with the measured creep response curve of the ribbon structured phosphate rock.
(2) The horizontal tensile strength of the apatite stripe is greatly weakened because there are high density of vertical fractures in them. To avoid the risk of vault collapse, it is suggested to use a relatively complete thick layer of dolomite as the direct roof of the tunnel or alley.
(3) Based on the mechanical test results, it was clear that dolomite’s compressive strength was lower than apatite’s, and its creep ability was about three times greater than apatite’s. And based on the SEM tests, the mechanism of mechanical response-behaviour about the high-intensity apatite crystals been separated by the low-intensity dolomite crystal was analysed from the mesoscopic perspective. The analysis showed that the dolomite crystals possessing high creep properties dominated the distribution and evolution of the banded structure in the phosphate rock under the condition of long-term low-stress loading.
The constitutive equations were developed and enhanced by studying and modelling the elastic-plastic mechanical response-behaviour to cyclothymic deposition structure rock. However, the effects of the small angle for the strip interface was not considered and wants further research in future follow-up studies.
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