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The paper considers the distribution of magnitudes of the strongest
aftershocks—depending on the time after the main shock-that occur during the
extraction of minerals in tectonically loaded rock massifs. The study is based on the
data of long-term seismological observations at the apatite-nepheline deposits of the
Khibiny Massif located in the Kola Peninsula. The article demonstrates that the distribution
of the difference between the magnitudes of the strongest aftershock and the main shock
is described by the dynamic Bath law, previously obtained by the authors during the study
of the regularities of aftershock processes of tectonic earthquakes.
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1 INTRODUCTION

The present study is a continuation of the research on the aftershock hazard assessment associated
with mining-induced seismicity. In previous studies (Shebalin et al., 2020; Shebalin and Baranov,
2021), the law of productivity for tectonic earthquakes was established. According to this law, the
productivity (the number of events triggered by another—earlier-earthquake) has an exponential
distribution. This law was also confirmed for the mining-induced seismicity of the Khibiny Massif
(Baranov et al., 2020a).

This study examines the distribution of magnitudes of the strongest aftershocks depending on the
time after the main shock. Previously in (Baranov and Shebalin, 2018; Baranov et al., 2022) it was
theoretically substantiated the Bith law (Bath, 1965), according to which the average difference
between the magnitude of the strongest aftershock and the main shock is 1.1-1.2. There it was also
obtained the distribution of the difference in the magnitudes of the strongest aftershock and the main
shock depending on time, which we call the dynamic Béith law, and demonstrated the
correspondence of this model to the regional and global statistics of tectonic earthquakes over a
long period.

In this paper, we will demonstrate the implementation of the dynamic Bath law for the case of
mining-induced seismicity that occurs during the extraction of minerals in tectonically loaded rock
massifs, using the Khibiny massif as an example.

The relevance of the study is determined by two components. The first component is the
summarization of the theoretical constructions obtained for tectonic earthquakes for the case of weak
mining-induced seismicity, which is recorded only by local monitoring networks and does not reach
the catalogs of seismological agencies. In this regard, this research fills a gap between laboratory
experiments (see, for example, (Smirnov et al., 2019) and studies performed using global and regional
data. The second component is determined by the possibility of using the dynamic Béth law as a base
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FIGURE 1 | Epicenters of mining-induced earthquakes with M > 1.5 occurred in the Khibiny Massif from 1996 to August 2020 explicated over the relief. A rectangle
on the insert indicates the location of the research area. The figures indicate the deposits: 1 —Kukisvumchorr, 2—Yukspor (developed by the Kirovsk Mine); 3— Apatite
Circus (Rasvumchorr Mine); 4—Rasvumchorr (until 2014 Central, currently Eastern Mine).

[F67°40'N

33°55'E

model when testing other developed models for post seismic
hazard assessment (see, for example, (Baranov et al., 2019)) on
mining areas.

The practical significance of this article is determined by the
demand of mining enterprises for aftershock hazard assessment
initiated by a seismic event. Such an assessment is necessary when
planning measures to mitigate risk during mining operations.

2 MATERIALS AND METHODS

Similarly to the previous works devoted to the study of mining-
induced seismicity of the Khibiny Massif (Baranov et al,
2020a,b), this study uses a catalog of seismic events registered
by the seismic monitoring network of Europe’s largest mining
company, the Kirovsk branch of Apatit JSC for the period from
1996 to August 2020 (Figure 1). The monitoring network
provides complete registration of seismic events with M > 0
(E = 10*)) with accuracy of up to 25 m in the area of increased
accuracy and up to 100 m in the area of confident registration
(Korchak et al., 2014). This completeness and accuracy of the
calculation of hypocenters makes it possible to make studies for
very weak seismicity, filling the gap between laboratory
experiments and natural observations.

The Khibiny pluton located in the west of Kola Peninsula is the
world’s largest alkaline intrusion (Arzamastsev et al, 2013),
which contains unique deposits of apatite-nepheline. The
largest deposits (Kukisvumchorr, Yuksporr, Apatite Circus,
and Rasvumchorr Plateau, see Figure 1) are concentrated in
the southwestern part of Khibiny and represent various parts of
the same apatite-nepheline rock body (Nivin, 2019) extended for
about 12km in length. The deposits lie at a depth of up to
1,500 m, varying in thickness from a few meters to 500 m. The

Khibiny massif has a high level of tectonic stress established by
field measurements (Kozyrev et al., 2017). The maximum tectonic
stress (compression stress) of rock in the massif reaches
40-60 MPa at depths of 200-600 m from the day surface,
which is 3-5, and in some cases 20 times higher than the
gravitational stress (see (Rebetsky et al., 2017) and references
therein) due to the weight of the overlying rocks. There are many
faults in the Khibiny massif (Arzamastsev et al., 2013), some of
them cross the area of deposits. The present tectonic evolution of
this region is evidenced by recent uplifts of the massif at a rate of
0.5 to 2-4mm per year and periodical earthquakes
(Kremenetskaya and Trjapitsin, 1995). Thus, the seismicity of
the Khibiny massif is the result of combined influence of tectonic
conditions and mining activity.

Selecting triggering events (main shocks) and the triggered
ones (aftershocks) was carried out using the “nearest neighbor”
method (Zaliapin and Ben-Zion, 2013, 2016), based on the use of
the proximity function in space-time-magnitude (Baiesi and
Paczuski, 2004), which depends on the parameters of the local
seismic regime: b-value and the spatial fractal dimension of the
earthquake hypocenters dy.

df - o bm;
i = t,-j(r,»j) 10 m’ tij>0’ (1)
H +oo, t,‘jSO,

where t; = t; — t; is the interevent time, r; the spatial distance
between the events, m; the magnitude of event i, ds the fractal
dimension of the epicenter distribution and b the slope of the
earthquake-size distribution.

The idea of the method is to find an “ancestor” for each
event from the catalog (except the first one); it is determined by
the minimum of values of the proximity functions (Eq. 1)
calculated for all previous events. If the distance to the
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FIGURE 2 | Estimating Gutenberg-Richter b-value for the set of 451
aftershock series. Cumulative (circles, thick line) and differential (squares, thin
line) graphs of frequency-magnitude relationship for M-M,,,. Circles denote
cumulative values, squares denote differential ones. Dashed lines mark

the interval [-1.5, 0.2] for estimating b-value. The value b, = 1.19 + 0.09 (95%
confidence interval).

“ancestor” is less than some threshold value 7o, then the
“ancestor” is declared the trigger for a given event.
Otherwise, the connection between these events is broken.
Events have not been triggered are background ones.

Various methods based on mixture modeling have been
proposed to estimate the #o-value, e.g., Weibull or Gaussian
distributions (Zaliapin and Ben-Zion, 2013). Bayliss et al.
(2019) suggested to use Markov Chain Monte Carlo mixture
models based on Weibull or gamma distributions. Here, as in
(Baranov et al., 2020a), we used a model-independent
method, which may be more preferable for the case of
mining seismicity, when industrial explosions affect the
aftershock decay. However, the decay of aftershock
number over the set of series (see below) obeys the Omori-
Utsu law.

The application of the nearest neighbor method to
declustering the seismicity of the Khibiny Mountains was
discussed in detail in (Baranov et al., 2020a). The following
parameter estimates were also obtained there: b = 1.25
(Supplementary Figure S1 in supplementary material), d; =
1.5 (Supplementary Figure S2 in supplementary material),
logioto = — 6.25 (Figure 2 from (Baranov et al., 2020a)).

3 BATH LAW DYNAMIC

Problems of theoretical background and interpretation of the
Bath law are considered in detail in (Baranov and Shebalin, 2018;
Baranov et al., 2022). Here, for the convenience of the reader, we
will only briefly outline the derivation of the formula. The
probability that an arbitrary triggered event has a magnitude
less than M is given by the Gutenberg-Richter distribution
(Gutenberg and Richter, 1956):

F(M)=1-¢Fa®M) =1 _ 107 (MM, 2)

Distribution of the Strongest Aftershock Magnitudes

Here f8,/10g(10) = b, is the slope of the frequency-magnitude
curve of triggered events; Mc is the lower cutoff magnitude not
less than the completeness one.

Then the probability that N of the triggered events have
magnitudes less than M is equal to F(M)". Assuming that
these N aftershocks follow the Poisson distribution with the
rate A and, following the formula of total probability, we will
obtain a distribution of the probability that the magnitude of the
strongest aftershock (M) in an individual sequence is a double
exponent (Vere-Jones, 2008; Zoller et al., 2013):

P(M;<M)=F,(M) = i A—NF(M)N = g MISFOD] -
1 = I = Z N = = 3)

_ eng’ﬁa(Mch) _ e,Al(ybu (Mﬂ\;c)‘

In order to proceed to the distribution of M, over a set of series
(Bath law), it is necessary to take into account that A obeys an
exponential distribution (Baranov et al., 2020a; Shebalin et al.,
2020) with density

£y = e, @
AM

The Equation 4 is the law of earthquake productivity. The
parameter Apy;, clustering factor, is the mean rate of events with
magnitude M > M,,—AM, AM > 0, triggered by an event of
magnitude M,,.

By combining Eqs 3, 4, we get

G = [ F.ODS (A

= J exp[—AlOfb“(M’MC)*W dA.
AAM 0

Integrating, we obtain

1
1+ AAM 10_17“ (m+AM)*

GM,-M,,<m) = (5)

Equation 5 is known as logistic distribution. In (Baranov et al.,
2019) it was shown that this distribution is also valid for an
arbitrary time interval (¢, T). In this case, the value A in Eq. 5
must be replaced by a time-dependent value Ay (t, T) obeying
the Omori-Utsu law (Utsu et al., 1995), then we can write Eq. 5 as
follows:

1
1+ AAM (t, T) 107b“ (m+AM)’

P(m, (t,T)<m)=G(m;t,T) = (6)
Here m(t, T) = M(t, T)-M,, is the difference between the
magnitudes of the strongest aftershock (M;) and the main shock
(M,,,) in the time interval (t, T) after the main shock; b, is the b-
value estimated by the set of aftershock series; Aap(t, T) is a mean
rate of triggered events in the time interval (¢, T) with the
magnitude M > M,,—AM > M,, determined by the relation:

[1(t+o)rar D(t,T;c, p)

Aart (6T) = Aapg (0, T) o = App (0, T) =222
A ( ) ( )J'Z(t+c)’Pdt A ( )D(O,T,C,P)
(7)
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FIGURE 3 | Estimating parameters ¢ and p of Omori-Utsu law for the set of 451 aftershock series: (A) a posteriori distribution of Bayesian estimates of ¢ and p.
Contours with markers show lines of levels of quantiles, white circle marks position of maximum likelihood; (B) distribution of times of aftershocks. Blue circles show
empirical distribution over the stack; thin black line shows distribution by Omori-Utsu law with estimated parameter values ¢ = 0.013 + 0.008 days, p = 1.22 + 0.056

(95% confidence interval).
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Here ¢, p are the parameters of the Omori-Utsu law, estimated
from a set of series; Aap (0, T) is a parameter of the productivity
law (4), the estimation of which is the average number of
triggered events with M > M,,—AM at a time interval (0, T);
the function D(#;, ty; ¢, p) is the integral of the Omori-Utsu law:

log(t, +¢) —log(t; +¢), p=1,
(tz + C)li‘D - (tl - C)li‘p
1-p ,p# 1

D(t,t2;c,p) =

The law of productivity (Eq. 4) was confirmed for mining-
induced seismicity of Khibiny Mountains by Baranov et al
(2020a) (events with magnitude M,, > 1.5 were considered as
triggers). Therefore, in this case, the application of dynamic Bath
law does not contradict the theory.

The mean, median and mode of the distribution (Eq. 6) are
equal and have the form:

E[m, (t,T)] = Mode[m, (t,T)]
2 log,y (A (0, 7))

1 D(t,T;c,p)
+ laalogl()(D (0) T:c, P)) (8)

=-AM +

The value of — AM + log;o[Aam(0, T)]/b, in Eq. 8 sets the
average difference between the magnitudes of the strongest
aftershock and the main shock E[m;(0, T)], which according
to the Béth empirical law does not depend on the main shock
magnitude and is equal to 1.1-1.2. The third term in Eq. 8 defines
how this average difference of magnitudes decreases with time.

4 ESTIMATION OF THE PARAMETERS

To estimate the average values of the parameters b, c and p of the
model (Eq. 6), we will use the technique of aftershock stacking

(Shebalin and Narteau, 2017; Baranov et al., 2019). We will stack
all aftershock sequences into a single set, replacing for each
sequence the values of the aftershock magnitudes M with
relative magnitudes M—M,,,. Times are calculated relative the
time of corresponding main shock. This data set is then
rearranged in increasing time.

This approach to estimation is more preferable compared to
averaging the estimates obtained for individual sequences, since
the distributions of parameters are generally asymmetrical.
Moreover, the parameters p and ¢ of the Omori-Utsu law are
correlated with each other. Thus, when the fracture occurs along
the formed fault, the relaxation parameter p increases with
increasing axial stresses; the delay in the onset of hyperbolic
decay (parameter ¢ in the Omori-Utsu law) decreases with the
growth of axial stresses and increases with the rise of the level of
uniform compression (Smirnov et al., 2019). For example, in a
number of laboratory and natural studies, correlation of the
Omori-Utsu and Gutenberg-Richter parameters is revealed,
indicating realization of various relaxation mechanisms (see,
for example, (Smirnov et al., 2019, 2020) and references therein).

The parameters of the Gutenberg-Richter and Omori-Utsu
laws were estimated using the set of series at the time interval
[tstare = 0.005, tyo, = 30] days. The delay after the main shock
(tstare) 1s mecessary to eliminate the bias of parameter estimates
due to a lack of weak aftershocks at the beginning of the sequence
(Narteau et al., 2009; Smirnov et al., 2010; Holschneider et al.,
2012). The value of £y,, = 30 days after main shock was chosen
because during this time cumulative curve (cumulative number of
aftershocks vs time) build from stacked aftershocks sequences has
a regular form and Omori-Utsu law describes well the
observed data.

Estimating the parameter b, of the Gutenberg-Richter law using
relative magnitudes from the set of sequences has the following
advantages. First, the magnitude of completeness for -early
aftershocks depends on the main shock magnitude, while the
relative completeness magnitude does not have such a
dependence (Helmstetter et al., 2006; Hainzl, 2016). Second, the
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FIGURE 4 | Comparison of observed and model values of the average
differences of magnitudes of the strongest aftershocks and main shocks E
[M4(t,90)-M,,,] calculated using Eq. 8 at b, = 1.19, ¢ = 0.013 days, p = 1.22,
A45=2.7. Circles (dots) indicate observed values E[M1(t, 90)-M,,] (plus/
minus observed standard deviations); solid (dotted) line indicates model
values (plus/minus model standard deviations).

value is estimated for all series using large magnitudes, thereby
minimizing the possible effect of break of slope in frequency
magnitude distribution due to possible post-seismic deformations
in the earthquake source (Vorobieva et al, 2016; Shebalin and
Baranov, 2017). Third, the use of large magnitudes for estimating
b-value eliminates the problem of incomplete detection of early weak
aftershocks. In the case of small number of aftershock series to avoid
this problem one can use the Omi et al. (2013) method to explicitly
take into account the aftershocks incompleteness. Another way is to
extract the parameters of Gutenberg-Richter and Omori-Utsu laws
from the ground velocity recorded some minutes after the main
shock (Lippiello et al., 2019).

Distribution of the Strongest Aftershock Magnitudes

Figure 2 shows the differential and cumulative graphs of the
distribution of the value M — M,,, in a set of series. The value of the
parameter b, is estimated using the Bender (1983) method in the
interval [—1.5, 0.2] and the estimate is b, = 1.19 + 0.09 (the 95%
confidence interval). The left boundary of this interval
corresponds to the completeness magnitude. Limiting the
estimate on the right with a value of 0.2 is to exclude the
possible effect of finite volumes (Romanowicz, 1992).

The Bayesian estimation of the parameters ¢ and p of the
Omori-Utsu law was made following the Holschneider et al.
(2012) method in time interval [t = 0.005, ty,, = 30] days with
uniform a priori distributions of parameters ¢ in the interval
[tstart/2> 2tst0p] and p in the interval [0.5, 1.5]. Figure 3 shows the
posterior distributions of estimates ¢ and p, as well as the
empirical and theoretical distribution of aftershock times. The
resulting values are ¢ = 0.013 + 0.008 days and p = 1.22 + 0.056
(95% confidence interval). The proximity of theoretical and
empirical cumulative curves of the aftershock number
(Figure 3B) shows that the mining-induced post-seismic
activity can be modeled by the Omori-Utsu law.

Baranov et al. (2020a) showed that post-seismic activity in the
Khibiny Massif obeys the law of productivity: the number of initiated
events is distributed exponentially. In this case, an earthquake with
M,, > 1.5 initiates an average of 2.7 seismic events with magnitudes
M>M,, - 15, ie. A s =27.

5 RESULTS

Substituting the estimates of parameters b, = 1.19, ¢ = 0.013 days,
p =122, A, 5=2.7 obtained in the previous section into Eq. 8, we
get that E[m;] = —1.1, which corresponds to the actual value.

t = 0.00 - 90.0 days

t = 0.02 - 90.0 days

Prob(max |G, - G| > d,) = « for significance level « = 0.05.

FIGURE 5 | Comparison of empirical (G,,) and theoretical (G) distribution functions of the difference of magnitudes of the strongest aftershocks and main shocks
M;(t, 90) — M, for different values of time after the main shock t (days). Steps indicate empirical values; solid line indicates theoretical values calculated using the dynamic
Béth law (Eq. 6) with parameters from the caption of Figure 4. Dashed lines show of G + d,,, where d, is a critical value of Kolmogorov-Smirnov test (Massey, 1951):
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Using these estimates, the values of the mean and standard
deviations of the differences of magnitudes of the strongest
aftershocks and main shocks for the times (f, 90) days after
the main shock at t = 2/, where j = -6, — 5, ..., 2, were
calculated. The time of T = 90 days was chosen because after
this time, aftershocks stop to occur in the Khibiny massif, that is,
stress is almost relaxed. Calculations showed (Figure 4) good
correspondence of actual and model values (the maximum
deviation not exceed 0.05). The actual and theoretical standard
deviations of the value m; = M;—M,, are close and approximately
equal 0.66. From the point of view of practical use, such a
deviation is suitable only as a preliminary estimate obtained
immediately after an earthquake with a magnitude of 1.5 or
higher. To improve the estimate, it is necessary to use information
about aftershocks that have already occurred (see, for example,
(Shcherbakov et al., 2017; Baranov et al., 2019)).

We compared empirical (G,) and theoretical (G, Eq. 6)
distribution functions (Figure 5) using Kolomogorov-
Smirnov test (Massey, 1951). The values of G, are within
interval G + d, where d,, is a critical value of the test for which
Prob(max|Gn - Gl|) >d,) = a at the significance level of o =
0.05. Thus, dynamic Bath law corresponds well to the
real data.

6 DISCUSSION AND SUMMARY

According to the data of long-term seismological observations in
the Khibiny Mountains, it has been demonstrated that for the case
of mining-induced seismicity, the distribution of the difference in
magnitude of the strongest aftershocks and the main shocks
depending on time obeys the dynamic Bath law, which was
previously obtained for tectonic earthquakes.

The use of representative data, starting with the magnitude
M =0, fills the gap between studies performed on laboratory and
field data. The validity of the dynamic Bath law for tectonic
earthquakes and weak mining-induced seismicity is an additional
confirmation of the universal nature of the used laws of statistical
seismology (Gutenberg-Richter, Omori-Utsu and productivity).

The combination of the Gutenberg-Richter (Eq. 2) and
productivity (Eq. 4) laws used in the expression (Eq. 5) makes
it possible to explain not only the average value of the difference
in the magnitudes of the strongest aftershock and the main shock,
determined by the empirical Bath law, but also the form of
distribution of this difference. Taking into account the
aftershock decay rate according to the Omori-Utsu law in the
Eq. 4 made it possible to derive the dynamic Bath law (Eq. 6),
which is an extension of the Bath law taking into account the time
factor.
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