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Sonic and dipole wireline tools measure Vp and Vs along the vertical direction.

The state of stress in the subsurface is predominantly anisotropic, while most

laboratory experiments measuring the dynamic elastic properties are

conducted under hydrostatic stress. The question we ask is whether such

laboratory experiments provide the velocities that are close to those

measured in the vertical wellbore where the stresses are anisotropic. To

address this question, we conducted ultrasonic pulse transmission

experiments on several room-dry rock samples. The comparison was made

between the P- and S-wave velocities obtained at pure hydrostatic loading

conditions and those at a smaller hydrostatic stress with added axial stress, so

that the total stress along the axis of a cylindrical plug was the same as under

pure hydrostatic loading. These differences were significant in the extreme case

of only 1 MPa hydrostatic confining stress with the axial stress increasing up to

40 MPa. However, as the hydrostatic (confining) stress increased, the

differences between the velocities along the axis of the sample became

smaller and smaller. For example, at 1 MPa confining and 30 MPa axial stress,

the relative difference in Vp was about 10%, while that in Vs was about 20%.

However, at 10 MPa confining stress, these differences became about 3% and

6%, respectively, and further decreased as the confining stress increased. This

means that even at strong in-situ contrasts between the vertical and horizontal

stresses, the results of laboratory hydrostatic experiments can be used for in-

situ velocity estimates. These results also appear to be consistent with a

theoretical model that predicts the directional velocities at any triaxial stress

conditions from those measured versus hydrostatic stress.
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Introduction

The elastic-wave velocities in porous rocks are practically always sensitive to stress,

especially so for the samples extracted from the deep subsurface. Many laboratory tests

indicate that both the P- and S-wave velocities increase with increasing stress. The

commonly accepted reason for such behavior is the closure of compliant cracks present in

the pore space, as well as the stiffening of compliant grain contacts (e.g., Hudson, 1980;

Johnson, 1985). These subtle features may occupy only a small portion of the entire rock

OPEN ACCESS

EDITED BY

Luan Thanh Pham,
VNU University of Science, Vietnam

REVIEWED BY

Bikash Sinha,
Schlumberger Doll Research,
United States
Nicolás Barbosa,
Université de Lausanne, Switzerland

*CORRESPONDENCE

Jack Dvorkin,
jackdvorkin007@gmail.com

SPECIALTY SECTION

This article was submitted to Earth and
Planetary Materials,
a section of the journal
Frontiers in Earth Science

RECEIVED 26 June 2022
ACCEPTED 27 July 2022
PUBLISHED 29 August 2022

CITATION

Muqtadir A, Al-Dughaimi S, Alzaki T and
Dvorkin J (2022), Vertical velocity at
hydrostatic and anisotropic stresses.
Front. Earth Sci. 10:978647.
doi: 10.3389/feart.2022.978647

COPYRIGHT

© 2022 Muqtadir, Al-Dughaimi, Alzaki
and Dvorkin. This is an open-access
article distributed under the terms of the
Creative Commons Attribution License
(CC BY). The use, distribution or
reproduction in other forums is
permitted, provided the original
author(s) and the copyright owner(s) are
credited and that the original
publication in this journal is cited, in
accordance with accepted academic
practice. No use, distribution or
reproduction is permitted which does
not comply with these terms.

Frontiers in Earth Science frontiersin.org01

TYPE Original Research
PUBLISHED 29 August 2022
DOI 10.3389/feart.2022.978647

https://www.frontiersin.org/articles/10.3389/feart.2022.978647/full
https://www.frontiersin.org/articles/10.3389/feart.2022.978647/full
https://crossmark.crossref.org/dialog/?doi=10.3389/feart.2022.978647&domain=pdf&date_stamp=2022-08-29
mailto:jackdvorkin007@gmail.com
https://doi.org/10.3389/feart.2022.978647
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/earth-science
https://www.frontiersin.org
https://www.frontiersin.org/journals/earth-science
https://www.frontiersin.org/journals/earth-science#editorial-board
https://www.frontiersin.org/journals/earth-science#editorial-board
https://doi.org/10.3389/feart.2022.978647


volume, yet their contribution to the compliance of rock material

is enormous. The smaller the aspect ratio of the crack the more

compliant it is (e.g., Hudson, 1980). Hence, once these cracks

close, the stiffnesses of the sample and the respective velocities

strongly increase.

Literature on stress-induced anisotropy is massive. Arguably,

the first quantitative and rigorous report on stress-related

velocity anisotropy is by Nur and Simmons (1969). The

authors show that a granite sample subject to uniaxial stress

makes the P-wave velocity highest along the direction of the

applied stress and makes this velocity substantially slower along

the direction normal to the stress. Moreover, this work, for the

first time reported the so-called S-wave splitting, meaning that

these polarized waves travel with different speeds in any

direction. S-wave splitting, also called seismic birefringence, is

the phenomenon that occurs when a polarized shear wave enters

an anisotropic medium, whereby the incident S-wave splits into

two polarized shear waves.

This work was followed by Nur’s (1971) theoretical

investigation on the effect of the directional distribution of

cracks on velocity anisotropy. These theoretical results

matched the experimental data obtained on two granite samples.

These two pioneering publication have been since followed

by an avalanche of experimental and theoretical publications. It is

simply impossible to refer to all of them here. Instead, we will

quote only selected ones.

Crampin (1985) shows that shear-wave splitting in

seismographs may be interpreted, under a set of

assumptions, in terms of crack orientation, thus also

implying the anisotropy of permeability in reservoirs.

Zamora and Poirier (1990) experimentally investigate the

P-wave velocity anisotropy, as well as S-wave splitting in

Fountainebleau sandstone in two orthogonal directions. They

also show that the crack orientation inferred from these

experiments and using the Crampin (1985) theory

qualitatively match the orientations observed in the

respective Scanning Electron Microscope (SEM) images. An

experimental study by Dillen et al. (1999) explores stress-

induced velocity anisotropy due to triaxial state of stress in a

low-porosity sandstone. Once again, these authors confirm the

already known fact that anisotropic stresses result in

anisotropic speeds of wave propagation. Another elaborate

study on stress-induced velocity anisotropy using a spherical

sample is by Nadri et al. (2011). Later, Bhuiyan and Holt (2016)

presented experimental results on velocity anisotropy in dry

and saturated sand as the axial stress varied between 1 and

15 MPa.

Recent publications by Gong et al. (2018) and Ramos et al.

(2019) explore, experimentally and theoretically, the effects of

clay mineralogy and lamination, respectively, on elastic

anisotropy in shale samples. Let us also bring the reader’s

attention to a recent important publication by Barbosa et al.

(2019), where the authors estimate fracture compliance from

attenuation and velocity analysis using full-waveform

wireline data.

Because the elastic anisotropy is sometimes related to crack

orientation that, in turn, may affect the transport property

anisotropy, many attempts have been made to infer the latter

from the former. One of the most recent examples is by Falcon-

Suarez et al. (2020) whose experiments indicate that in a weakly

consolidated sandstone, the stress orientation affects the elastic

and electrical properties in a congruent way. Recent work by Cilli

and Chapman (2021) presents a fundamental theoretical analysis

linking the elastic and electrical properties of rocks with the crack

aspect ratio being a critical variable.

Earlier rigorous experimental and theoretical studies linking

the elastic to permeability anisotropy are by Rasolofosaon and

Zinszner (2002), as well as by Gueguen and Schubnel (2003).

Teng (1998) explores relations between the seismic anisotropy of

fractured formations and fluid flow. This study also provides an

extensive overview of the theories of fracture-induced elastic

anisotropy.

Needless to say that stress-induced anisotropy (and

anisotropy in general) has provided a comfortable target for

numerous, often unnecessary elaborate, theories. Once again,

we have no way of quoting all these theories here. Ciz and

Shapiro (2009) discuss the applicability of theoretically derived

stress-induced anisotropy in transversely isotropic media to

experimental data from shale samples. A series of publications

by Gurevich et al. (2011); Collet and Gurevich (2013); and

Collet et al. (2014) puts forward an elaborate analytical

apparatus for modeling elastic anisotropy resulting from

triaxial state of stress. Bandyopadhyay (2009) presented an

exhaustive theoretical study on stress-induced anisotropy

invoking third-order elasticity, as well as discussing contact-

based effective-medium models for stress-induced anisotropy

in granular materials.

FIGURE 1
Schematic depiction of the experimental setup.
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It is important to mention a substantial body of theoretical

work by Mark Chapman and collaborators discussing elastic and

attenuation anisotropy, as well as the effects of the pore fluid

saturation and viscosity and frequency on velocity anisotropy

(e.g., Chapman et al., 2003; Chapman, 2009; and Amalokwu

et al., 2015).

Additional references on the subject follow. Smith (1963)

reviews various theories existed at the time and compares

them to experimental data concentrating mostly on the effect

of shear wave birefringence in metals. A rigorous report

discussing the theoretical and experimental aspects of

stress-induced seismic anisotropy is by Rasolofosaon

(1998). Yin (1992) presents pioneering experimental results

on stress-induced attenuation and elastic anisotropy under

three-dimensional polyaxial loading. Majmudar and

Behringer (2005) present an experimental study on stress-

induced anisotropy in granular materials. They address the

fundamental phenomenon of the heterogeneity of the contact

stress chains in such dry particulates under different boundary

conditions. Hu et al. (2010) report the emergence of stress-

induced anisotropy in sands due to cyclic loading and only

using numerical two-dimensional discrete element method

simulations. Johnson and Rasolofosaon (1996) discuss, in

detail, stress-induced anisotropy in rocks on the basis of

non-linear elasticity, as well as compare their theoretical

results with the existing experimental data. Kuhn et al.

(2015) employ three-dimensional discrete element method

simulations, together with the Lattice-Boltzmann method for

simulating fluid flow to numerically explore the elastic and

permeability anisotropy in granular packs as a result of biaxial

plane-strain compression with constant mean stress. An early

experimental work on two-dimensional granular assemblies

made of plastic is by Oda et al. (1985).

We believe that the most relevant and, coincidentally, elegant

theoretical development came from Mavko et al. (1995), by far

preceding (and perhaps triggering) the avalanche of the later

theories. These authors derived a simple analytical transform to

predict stress-induced elastic anisotropy in stress-sensitive

materials just from the isotropic Vp and Vs measured versus

hydrostatic pressure. This is the theory we will use here to

support and explain our new experimental data.

The question that triggered the new experimental work

presented here is whether the elastic-wave velocities measured

in the laboratory under hydrostatic stress conditions are

approximately the same as the vertical velocities in the crust

where the stresses are anisotropic but the vertical stress is the

same as the hydrostatic stress in the laboratory. Perhaps the

answer is buried in the multitude of earlier experimental and

theoretical results. Yet, to the best of our knowledge, nobody

before has explicitly asked this question and provided a clear

answer.

To this end and to clearly answer the question posed, we have

conducted experiments on 6 samples, including sandstones, glass

beads, and carbonates. These experiments were done 1) at pure

hydrostatic stress and 2) at a uniaxial state of stress. In the latter

experiments, the confining hydrostatic stress was kept constant,

FIGURE 2
P-wave (left) and S-wave (right) waveforms in Berea sandstone at 30 MPa pure hydrostatic stress (top) and 10 MPa hydrostatic stress plus
20 MPa axial stress (bottom), equivalent to 30 MPa total axial stress. The arrows show the first arrival picks.
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while the axial stress was gradually increased. The vertical

velocities were compared to those measured at pure

hydrostatic stress matching the total axial stress.

This comparison indicates that the answer to the posed

question is “yes, approximately.” These results are confirmed

by the Mavko et al. (1995) theory.

FIGURE 3
P-wave and S-wave velocities in Berea sandstone for pure hydrostatic loading as denoted by black symbols; and fixed hydrostatic stress 1 and 10
MPa (top) and 20 and 30MPa (bottom) with the increasing axial stress as denoted by open symbols. The latter results are compared to those from the
Mavko et al. (1995) model (denoted by open-square symbols).

FIGURE 4
Same as Figure 3, but for Red sandstone.
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Theory

The Mavko et al. (1995) theory allows for inferring the

velocities along the axial direction at anisotropic uniaxial

loading from those measured at pure hydrostatic stress. The

essence of this theory is that the part of the pore space

represented by compliant cracks is characterized by

compressional and shear compliances that are derived from

Vp and Vs measured at hydrostatic loading.

Two important assumptions allow us to transform the

compliances under hydrostatic stress to those under uniaxial

stress: 1) The compliant cracks that are solely responsible for

the stress dependence of the elastic-wave velocities are

planar and, hence, their normal and shear deformations

can be decoupled from each other. So is the in-plane and

out-of-plane deformation. Mathematically this means that the

crack compliance tensor is sparse. 2) For a thin crack under

any stress field, it is predominantly the normal stress

component, as resolved on the crack’s face, that is

responsible for the crack’s closure and, hence, for the

stress-dependence of the elastic properties of the rock

containing these cracks.

FIGURE 5
Same as Figure 3, but for Scioto sandstone.

FIGURE 6
Same as Figure 3, but for glass beads.
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These assumptions allow one to use the elastic-wave velocities

measured versus hydrostatic stress to be mapped to those at any

applied anisotropic state of stress. Hence, the only required inputs

are Vp and Vs obtained during hydrostatic loading.

This theory is formulated in terms of the compliance tensor

Sijkl that is defined as:

δεij � Sijkl(σ)δσkl, (1)

FIGURE 7
Same as Figure 3, but for carbonate CA 18-10.

FIGURE 8
Same as Figure 3, but for carbonate CA 18-41.
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where δεij are small increments of the stress tensor elements due

to the small increments δσkl of the stress tensor σ.

The change in the elastic compliance at any state of stress σ is:

ΔSijkl(σ) � Sijkl(σ) − S0ijkl � ∑
q

ϕ(q)(σ)W(q)
ijkl (σ), (2)

where S0ijkl are the compliances at the ultimate (very large) stress

at which all the compliant parts of the pores are closed, ϕ(q) is the
porosity of the q-th crack, and W(q)

ijkl is the q-th crack’s

compliance. This equation is general under the assumptions

of (a) elastic behavior and (b) homogeneity of the mineral matrix.

Next, all cracks having approximately the same orientation

are combined into n < q sets of cracks. The unit vector m̂ for each

such set is defined as:

m̂ � (sinθcosγ, sinθsinγ, cosθ)T, (3)

where θ and γ are the Euler angles describing the orientation of

the normal to each of the n-th crack set and T means

transposition.

The final equation for the compliance increments versus

stress σ is:

ΔSijkl(σ) � ∫
π/2

θ�0
∫
π

γ�0
WH

rstu(m̂Tσm̂)βnirβnjsβnklβnlusinθdθdγ, (4)

where WH
rstu are the compliances determined from the

hydrostatic experiments and βnij are the direction cosines

between each crack set coordinates axes and the global

coordinate axes. All theoretical equations were coded in

Matlab with the code supplied to us by the authors of the

Mavko et al. (1995) theory.

Mavko et al. (1995) illustrate the applicability of their theory

by using the Barre granite and Massillon sandstone examples.

Here we apply this theory to the new experimental data reported

in the previous sections. These theoretical computations are

based on the pure hydrostatic velocity data shown as black

circles in Figures 3–8. The resulting velocities computed at

uniaxial stress are shown in the same figures as light squares

and compared to the respective velocities measured at the same

uniaxial stress (light circles). The theory is reasonably close to the

data even in the presence of strong stress anisotropy with the

confining stress 1 MPa. As this stress increases, the match

between the theory and experiment further improves and

becomes practically perfect at high stress.

Not only does this theoretical exercise somewhat validate our

experimental data. It also presents a “yes” answer to the question

posed that motivated this work.

Samples and experiments

A total of six samples were selected for this study, three

sandstones, two carbonates, and loose glass beads. The three

sandstone samples were low-clay-content medium porosity

rocks. The glass beads used were well-sorted and had high

sphericity. The two carbonates, essentially pure calcite, had

porosity about 10%. The porosities and mineralogies of these

samples are listed in Table 1, together with the dimensions of the

samples.

The velocity measurements were conducted in

AutoLab1500 machine manufactured by New England

Research. It is a triaxial frame used for ultrasonic, triaxial, as

well as permeability and resistivity tests. The ultrasonic module

contains a set of piezoelectric sensors located in the coreholders

with the frequency 750 kHz. The source sends three input

impulses: one P- and two S-waves (the latter two with the

normal to each other polarization) through the sample. The

arrivals are captured at the receiver at the base of the coreholder.

Each sample was placed in a rubber sleeve (holder) subject to

hydrostatic pressure exerted by the surrounding mineral oil.

Additional vertical axial stress was applied by a piston

through the end caps in the holder. All samples were room-

dry. The length of the sample was recorded by a pair of linear

variable differential transformers (LVDT). The schematic

depiction of the experimental setup is shown in Figure 1.

The P- and S-wave velocities were computed by dividing the

sample length by the signal arrival time (first break). The sample

length used was variable as recorded by LVDT. The latter was

picked at the first arrival as shown in Figure 2 (an example for

Berea sandstone).

The P-wave arrival was picked at the first break while the

S-wave arrivals were picked at the first trough (as shown in

TABLE 1 Samples used in the experiments, their porosities, mineralogies, and dimensions (length by diameter in inches).

Sample Sample type Porosity Quartz Clay Calcite Glass Dimensions

Berea Sandstone 0.1920 0.95 0.05 0.00 0.00 2.5 x 1.5

Red Sandstone Sandstone 0.2103 0.90 0.10 0.00 0.00 2.0 x 1.5

Scioto Sandstone 0.1330 0.80 0.20 0.00 0.00 3.0 x 1.5

Glass Beads Granular 0.3400 0.00 0.00 0.00 1.00 2.0 x 1.0

CA 18-10 Carbonate 0.0931 0.00 0.00 1.00 0.00 2.0 x 1.0

CA 18-41 Carbonate 0.1089 0.00 0.00 1.00 0.00 2.0 x 1.0
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Figure 2). These picks were first determined at high stress where

the arrivals appeared very clear. Then the waveform features thus

established were tracked to the lower-stress arrivals. The errors in

velocity determination did not exceed 1%.

Each sample was subject to five separate experiments: 1) pure

hydrostatic loading from zero to 40 MPa with a 10 MPa

increment and 2) four constant confining stress stations of 1,

10, 20, and 30 MPa with the axial stress gradually increasing at

each station with a 10 MPa increment. Maximum stress never

exceeded 40 MPa. In all cases, the samples were subjected to

several loading/unloading cycles to arrive at repeatable velocity-

stress behaviors. During the final two cycles (loading and

unloading) the velocity versus stress curves were practically

the same. No hysteretic behaviors were observed.

In the case of glass beads, we were only able to obtain reliable

results with the 10 MPa difference between the hydrostatic and

axial stress. Past that stress difference, the sample simply

collapsed.

In all cases, the S-wave splitting was minimal, hence

indicating very small (practically negligible) anisotropy in the

relevant direction.

Results: Sandstones

The experimental results for Berea sandstone are shown in

Figure 3. Here, we compare Vp and Vs measured at pure

hydrostatic stress with those measured at the equivalent total

axial stress. The differences appear to be significant at the 1 MPa

fixed hydrostatic stress station, but become small at 10 MPa

station even where the contrast between the total axial and fixed

hydrostatic stress is as high as 30 MPa.

These velocity differences become hardly noticeable at the

20 and 30 MPa fixed hydrostatic stress stations hence proving

that even in the presence of large stress anisotropy, the vertical

velocities at pure hydrostatic stress are approximately the same as

at the equivalent total axial stress.

The same results, but for the “Red Sandstone” sample are

shown in Figure 4. The conclusion here is the same as in the case

of Berea sandstone. This conclusion also holds for Scioto

sandstone sample (Figure 5).

Results: Glass beads

Because the glass beads sample was very friable, we could

only register coherent ultrasonic signals at uniaxial loading where

the difference between the axial and confining hydrostatic stress

did not exceed 10 MPa. Past this threshold, the sample

uncontrollably deformed. Specifically, we can only compare

the velocities measured at 1) the total axial stress 20 MPa with

10 MPa confining pressure to those measured at pure hydrostatic

stress 20 MPa; 2) at the total axial stress 30 MPa with 20 MPa

confining pressure to those measured at pure hydrostatic stress

30 MPa; and 3) at the total axial stress 40 MPa with 30 MPa

confining pressure to those measured at pure hydrostatic stress

40 MPa.

The results shown in Figure 6 indicate that the relative

difference in Vp in the first case is about 3%, while that in Vs

is about 6%. In the second case, these differences are even smaller,

while they are practically zero in the third case.

Results: Carbonates

The measurement results for the carbonate CA 18-10 are

shown in Figure 7. The relative velocity difference at 40 MPa total

axial stress and 1 MPa confining hydrostatic stress is about 5% in

Vp and 7% in Vs. However, as the confining hydrostatic stress

increases, these differences are reduced and become very small at

30 MPa confining hydrostatic stress.

Similarly, the differences between the velocities measured at

pure hydrostatic stress and those measured at the equivalent total

axial stress, the latter at anisotropic loading, appear quite small

for carbonate CA 18-41 (Figure 8). These results confirm the

conclusion derived from the experiments conducted on

sandstones and glass beads that the vertical velocities even at

significant stress anisotropy are close to those at the equivalent

hydrostatic stress.

Discussion

We show, by example, that the vertical P- and S-wave

velocities measured at uniaxial stress are close to those

measured at the same hydrostatic stress even in the presence

of very strong stress anisotropy. Predictably, this match improves

as the stress anisotropy is reduced. These velocities are practically

the same even where the axial stress exceeds the confining

hydrostatic pressure by 10 MPa and at 40 MPa total axial

stress, which amounts to 25% stress anisotropy.

The Mavko et al. (1995) theory confirms this conclusion,

albeit only for materials approximately elastically isotropic under

isotropic stress. The match between the theory and experiment is

practically perfect at high stress and deteriorates at very small

stress. One reason is the idealization present in the theoretical

assumptions. For example, some cracks may open at very high

anisotropic stress, while the theory assumes uniform crack

closure. Also, the theory assumes the initially elastically

isotropic material, while some of the samples used may be

structurally anisotropic. Finally, due to these theoretical

assumptions, the theory underestimates the data at high

anisotropic stress differences. Mavko et al. (1995) show a

similar behaviors in some of their examples.

Of course, as in any robust scientific argumentation, a

counterexample is needed to show where this conclusion is
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invalid, thus hedging the realm of its applicability. To address

this issue, additional experiments are in order, perhaps dealing

with naturally strongly anisotropic rocks, such as laminated

shale.

Another issue not covered by the present study is that of

spatial scale. Namely, how these results obtained on inch-sized

samples can be translated into the reservoir and/or basin scales.

Clearly, controlled experiments at such scales are hardly tenable.

Perhaps analytical techniques can be used to address this

question in the future.

Conclusion

We have provided clear proof that the elastic-wave velocities

measured in a vertical borehole under generally anisotropic state

of stress are very close to those measured in the laboratory at

purely hydrostatic stress equal to the vertical stress in the crust.

This proof is by example. The examples include medium-

porosity sandstones, an unconsolidated glass bead pack, and

low-to-medium porosity carbonates. An existing analytical

theory confirms this result. A practical aspect of this

conclusion is that the velocities measured on the samples

extracted from the borehole and at variable hydrostatic stress

can be used to predict and interpret the time-lapse seismic data as

the pore pressure changes during production. Another practical

implication is for seismic processing, as well as impedance

inversion. Specifically, the elastic properties measured in a

vertical borehole or obtained in hydrostatic laboratory

experiments can be used in the aforementioned procedures.

Finally, our results can be relevant in digital rock physics

experiments where a hydrostatic laboratory experiment can

serve as a calibration for digitally-derived elastic property

computations.
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