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As an airborne electromagnetic method induced by natural sources, the Z-axis tipper electromagnetic (ZTEM) system can primarily recover near-surface shallow structures, due to band-limited frequencies (usually 30–720 Hz) of the airborne survey and high sample rate acquisition along the terrain. In contrast, traditional ground magnetotellurics (MT) allows better recovery of deep structures as the data acquired are typical of large site intervals (usually higher than 1 km) and lower frequencies (usually lower than 400 Hz). High-resolution MT surveys allow for shallow small and deep large anomalies to be adequately interpreted but need large site intervals and broadband frequency range, which are seldom used as they are quite costly and laborious. ZTEM data are tippers that relate local vertical to orthogonal horizontal fields, measured at a reference station on the ground. As the 1D structures produce zero vertical magnetic fields, ZTEM is not sensitive to background resistivity. Thus, in general, ZTEM can only reveal relative resistivities and not real resistivities. A combination of the ZTEM and MT methods can be an effective technique, alleviating the shortcomings of the individual methods. At present, complex underground structures and topography introduce difficulties for data inversion and interpretation, as conventional ZTEM and MT forward modeling are generally used on structured grids with limited accuracy. To effectively recover complex underground structures with topography, we developed a 3D framework for joint MT and ZTEM inversion with unstructured tetrahedral grids. The finite element method is used for the forward problem because of its flexibility with unstructured tetrahedral meshes. The limited-memory quasi-Newton algorithm (L-BFGS) for optimization is used to solve the joint inverse problem, which saves memory and computational time by avoiding the explicit calculation of the Hessian matrix. To validate our joint inversion algorithm, we run numerical experiments on two synthetic models. The first synthetic model uses two conductive anomalous bodies of different sizes and depths. At the same time, a simple quadrangular is used for comparing the inversions with and without topography. In contrast, the second synthetic model represents a realistic topography with two different conductivities and the same depth. Both single-domain and joint inversions of the ZTEM and MT data are carried out for the two synthetic models to demonstrate the complementary advantages of joint inversion, while the second model is also used to test the adaptability of the joint inversion to complex topography. The results demonstrate the effectiveness of the finite element method with unstructured tetrahedral grids and the L-BFGS method for joint MT and ZTEM inversion. In addition, the inversion results prove that joint MT and ZTEM inversion can recover deep structures from the MT data and small near-surface structures from the ZTEM data by alleviating the weaknesses of the individual methods.
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1 INTRODUCTION
As an effective geophysical technique, the electromagnetic (EM) method plays an essential role in understanding the electrical conductivity of the Earth (Haldar, 2013). EM methods can be divided, according to the type of source, into active-source EM methods and natural-source EM methods. Natural source EM (NSEM) methods include magnetotellurics (MT) and various airborne adaptation systems. These methods use natural sources, such as lighting and solar events, which have exploration capability from shallow Earth to the upper crust. Due to plane wave excitation, the investigation depth of NSEM compared to active-source EM methods is much deeper. Generally, NSEM data can be collected on the ground or in the air. Ground MT surveys can provide high-quality datasets and can be used to give a detailed electrical conductivity distribution of the Earth at depth by optimally planning the survey parameters. However, in areas with rugged topography, such as western China, the deployment of this method can be very difficult, especially when exploring a large area where high spatial resolution is required (Smiarowski and Konieczny, 2019). However, a practical limitation of the ground MT method is that the surveys are costly and time-consuming, as they are increasingly being planned in areas that are difficult to access (Holtham, 2012). In contrast, airborne NSEM surveys can efficiently collect data over large areas, though the datasets are of lower quality than ground MT datasets at lower frequencies.
In recent years, several airborne MT methods have been developed: the Z-axis tipper electromagnetic (ZTEM), AirMt, and MoblieMT methods (Legault, 2009; Legault et al., 2012; Sattel et al., 2019). ZTEM uses airborne measurements of the vertical magnetic field, while horizontal magnetic fields are recorded at the base station. Due to flight speed and sampling rate, the frequency range of the ZTEM survey is nominal, 22–720 Hz, which allows deeper depth detection than AirMt and MoblieMT. AirMt measures three-component airborne magnetic fields and records three-component magnetic fields at the base station, and MoblieMT measures three-component airborne magnetic fields while monitoring the horizontal electric field at the base station (Sattel and Witherly, 2021). The detection depth of ZTEM can reach beyond 1 km, affording a greater depth of investigation than active source airborne EM methods (generally, several hundred meters) and most active source ground EM methods. Thus, ZTEM has become an important tool in environmental engineering and in mineral and hydrocarbon explorations (Legault et al., 2009; Holtham and Oldenburg, 2010; Cao et al., 2022). Sampson and William (2021) combined ZTEM and Helitem (a time-domain active source AEM method) for camp-scale carlin-type deposit exploration, showing that ZTEM can add significant value by providing deeper penetration. Although the ZTEM method gains a greater depth of investigation than active-source airborne EM methods by using the natural plane wave, it lacks information about background resistivity (Lo and Zang, 2008; Holtham, 2010). Whereas active-source AEM can give more background information and is mainly sensitive to conductive structures, the joint inversion of ZTEM and Dighem (a frequency-domain active source AEM method) are discussed by Sattel and Witherly (2021), who demonstrated that joint inversion combines the depth of the former and the shallow high resolution of the latter. However, for a deep investigation of more than 2 km, particularly in conductive environments, the depth of investigation by joint ZTEM and other AEM methods may not be adequate. Thus, the study of the joint inversion of AEM and ground EM data has been the subject of much research in recent decades (Sasaki et al., 2014). One way to improve the depth and calibrate background resistivity information is to add a ground MT survey to develop the joint inversion of ZTEM and MT data.
The sensor location creates a noticeable difference between ZTEM and the ground MT. To address this, one can follow a similar procedure for joint inversion of MT and ZTEM data, as is conducted for ground MT or airborne ZTEM, meaning that the forward modeling of the ZTEM and MT responses is computationally efficient and straightforward. With the advent of the ZTEM system, it is now possible to collect and invert ZTEM and MT data simultaneously. Sasaki (2014) has developed a 2D joint inversion of audio magnetotelluric (AMT) and ZTEM data, which shows that simultaneously inverting both data sets led to better results than the sequential approach by enabling the identification of structural features that were difficult to resolve from the individual datasets. Soyer and Mackie (2018) analyzed the separate and joint inversion of MT and ZTEM data. They concluded that joint MT-ZTEM inversion benefits from a similar acquisition and workflow and that only sparse MT station spacing can benefit from joint MT-ZTEM. For 3D MT and ZTEM modeling, the finite difference (FD) method and finite volume (FV) method are most popularly used, generally on structured hexahedral grids. However, precision is heavily dependent on the mesh quality of the structured grids, especially for complex structures and topography. Unfortunately, in areas with rugged topography, it is difficult to handle complex underground structures and topographic Earth surfaces. Kaminski et al. (2013) have shown that ZTEM data are very sensitive to topography and, if ignored, can lead to false structures being obtained. Unstructured tetrahedral mesh can readily fit an undulating Earth surface and complex underground structures with fewer cells (Jahandari and Farquharson, 2018). It has been used increasingly widely in 3D electromagnetic modeling and inversions with the finite element method (Ren et al., 2013; Jahandari and Farquharson, 2018; Wang et al., 2018). Although the 3D joint inversion of MT and ZTEM data considering topography have not been well-studied to date, it is ideal for developing a robust 3D joint inversion MT and ZTEM data using the finite element method with unstructured tetrahedral grids.
In this paper, we use the finite element method with unstructured tetrahedral grids to calculate 3D MT and ZTEM responses. For the joint inversion, we use the limited-memory quasi-Newton algorithm (L-BFGS) for large-scale 3D joint MT and ZTEM inversion, avoiding the costly explicit calculation of Hessian and Jacobian matrices and reducing memory requirements. Our joint MT and ZTEM inversion is an extension of the MT inversion algorithm (Cao et al., 2018a) and the ZTEM inversion algorithm (Cao et al., 2022). In the following, we first revisit the finite element method with unstructured tetrahedral grids used for 3D MT and ZTEM forward modeling. Then we establish equations for the joint MT and ZTEM inverse problem based on the L-BFGS algorithm. Finally, we validate our inversion algorithm by inverting two synthetic models, one with multiple anomalous bodies and one with rugged topography.
2 3D FORWARD METHOD
To solve the 3D MT and ZTEM forward problem, the source-free Helmholtz equation for the electric field and a time-dependent of [image: image] are used, which takes the form:
[image: image]
where for a separated system, [image: image], i, [image: image], [image: image] and [image: image] are the electric field, the imaginary unit, the angular frequency, the magnetic permeability of the free-space, and the conductivity, respectively. The forward method in this paper is based on FEM with unstructured grids as described by Cao et al. (2018a), which is solved by the Galerkin method of weighted residuals with an inhomogeneous Dirichlet boundary condition on the outside boundary [image: image]. The model domain is discretized into tetrahedral elements, and the electrical fields at the edges of the elements are interpolated using the vector basis function [image: image] from Jin (2014). Taking the vector inner product of Eq. 1 by [image: image], we obtain the weighted residual of Eq. 1. Subsequently, integrating the weighted residual over the model domain [image: image] gives
[image: image]
With a Gaussian step integral to Eq. 2, we obtain the weak form of Eq. 1:
[image: image]
where [image: image] is the outer normal vector on the outside boundary [image: image]. Taking the integration in Eq. 3 to each element and subsequently assembling the integrations for all elements with the Dirichlet boundary condition on [image: image] gives the following large system of a linear complex equation,
[image: image]
where [image: image] is the total coefficient matrix, and [image: image] denotes the boundary. Eq. 4 is solved using PARDISO, an efficient parallel sparse direct solver. The electrical field and the magnetic field components at any position are calculated using [image: image] on the edges of the corresponding element and Faraday’s law. After obtaining the electrical and magnetic fields, we can calculate the MT impedance tensor at the observation by solving the following equations:
[image: image]
where 1 and 2 represent the conjugated polarization mode in the x- and y-directions, respectively. The ZTEM response, namely tipper, is a transfer function that relates the vertical magnetic field observed in the air to the horizontal magnetic fields recorded at the fixed reference station. The relation between the tipper and the magnetic fields takes the form:
[image: image]
where [image: image] and [image: image] are the ZTEM tippers, r denotes the location of the vertical magnetic sensor in the air, and [image: image] denotes the location of the ground-based reference station. The same two polarization modes as Eq. 6 are used to calculate the tippers in the following equation:
[image: image]
Solving Eq. 7 yields the following ZTEM tippers:
[image: image]
The modeling accuracy of the above unstructured FE method has been verified by Cao et al. (2018b, 2022).
3 3D L-BFGS ALGORITHM
3.1 L-BFGS algorithm
In the typical BFGS method for inversions, the following iterative process calculates the inverse Hessian matrix:
[image: image]
where [image: image], [image: image], [image: image], [image: image], [image: image], and [image: image] is a unit matrix. The BFGS method needs to store the M × N elements of the Hessian matrix (N is the number of inversion data points), which is unsuitable for 3D large-scale MT and ZTEM inversion. Nocedal (1980) has further proposed a limited-memory BFGS (L-BFGS) method for the solution of large-scale inversion problems. As L-BFGS stores the last [image: image] (a same number, generally less than 10) pairs of [image: image] and s vectors of length M, where M denotes the number of unknown, only [image: image] values need to be stored. For our 3D joint MT and inversion, N (a large number, generally more than 1,000) is much larger than [image: image]. This leads to a much smaller memory cost than the typical BFGS method, which is suitable for large-scale 3D inversions. Table 1 outlines the L-BFGS algorithm used in this paper.
TABLE 1 | Outline of L-BFGS algorithm.
[image: Table 1]3.2 Objective function and its gradient
In the L-BFGS algorithm for 3D joint MT and ZTEM inversion (Table 1), only the objective function and its gradient are needed. For that purpose, we first parametrize the conductivity model into tetrahedral elements and allocate each element a conductivity [image: image]. Logarithmic values are used to ensure that the inverted conductivities are positive and finite in the joint inversion, so the ith element takes the form
[image: image]
where [image: image] denotes the low boundary of [image: image]. Then, we reconstruct the conductivity model as [image: image], where M denotes the number of elements. Based on Tikhonov and Arsenin (1977), the objective function for our 3D ZTEM inversion can be defined as
[image: image]
where [image: image] denotes the data misfit, while [image: image] denotes the model constraint, and [image: image] is the regularization factor that balances [image: image] and [image: image]. In our joint inversion, we use a linear cooling schedule to set [image: image]. We assume a large [image: image] initially and then reduce it by decreasing linearly by a constant factor ([image: image] = [image: image] c, we use c=0.9) when step size [image: image] in Table 1 is too small. The data misfit term [image: image] is defined as
[image: image]
where [image: image] and [image: image] are the values for observed data impedance and tipper. [image: image] and [image: image] are, respectively, the observed and calculated data (impedance components), which are split into real and imaginary parts and put into an array with all imaginary parts staying behind the real parts. Similarly, [image: image] and [image: image] are those of tipper components. [image: image] denotes the error for MT or ZTEM data. The model structure [image: image] is composed of the roughness measure [image: image] and the closeness measure [image: image] (Jahandari and Farquharson, 2018), i.e.,
[image: image]
where [image: image] and [image: image] are used to balance [image: image] and [image: image]. The roughness measure [image: image] is defined as
[image: image]
where [image: image] denotes the model roughness operator used to stabilize the joint inversion. The following weighted sum is used to define the roughness:
[image: image]
where
[image: image]
The term in curly brackets in Eq. 15 approximates the L2-norm of the parameter gradient in a ball surrounding the ith element. In the above equations, [image: image] is the volume of the jth element, [image: image] is the number of the elements sharing nodes with the jth element, and [image: image] is the weighting coefficient for the jth element. [image: image] is the distance between the ith and jth elements, which is computed using the coordinates of the centroid of each element. In Eq. 13, [image: image] is a measure of the closeness of the current model [image: image] to a reference model [image: image] that is defined as
[image: image]
where [image: image] denotes the weight to control the closeness. The following weighted sum is used to define the closeness, namely,
[image: image]
where [image: image] is the corresponding model of model [image: image].From Eq. 12, the gradient of the objective function can be written as
[image: image]
where, according to Eqs 15–19, [image: image] can be directly calculated, while [image: image] can be written as
[image: image]
To calculate Eq. 20, the observed and predicted data and their weighted difference in Eq. 12 are redefined to be complex quantities, i.e.,
[image: image]
and
[image: image]
Hence, for the kth model parameter and MT impedance data, we have
[image: image]
where * denotes the complex conjugate. Similarly, for ZTEM tipper data we have
[image: image]
The model updates are given by [image: image]. The sensitivity elements for impedance [image: image] are given by
[image: image]
where the two vectors [image: image] and [image: image] (i, j=x, y) are linear combinations of the vectors that interpolate electrical and magnetic fields for two conjugated polarizations. [image: image] denotes the inverse of the FEM matrix employed in Eq. 4. The two electric fields [image: image] and [image: image] in Eq. 25 are the solutions from two polarizations for the definition of tippers at each frequency. Similarly, we can obtain the sensitivity elements for the tipper as
[image: image]
These sensitivities quantify small changes in the tipper elements at the receiver location due to small changes in the kth model parameter. The four vectors ([image: image], [image: image], [image: image], and [image: image]) are specified in Appendix A (Cao et al. 2022). They denote the linear combinations of vectors that interpolate electrical and magnetic fields for two conjugated polarizations from the forward modeling grids to the receiver site at its location. Eqs 25, 26 can be solved by two adjoint forward models, as in the ground MT (Newman and Alumbaugh, 2010).
4 SYNTHETIC EXPERIMENTS
4.1 Synthetic data inversion with two anomalous bodies of different depths
We demonstrate the effectiveness of the joint inversion of ground MT and airborne ZTEM data compared with single-domain inversion of MT and ZTEM data by examining the synthetic models in Figure 1 with and without a quadrangular platform terrain. The regular quadrangular platform is 300 m long above, 3000 m long below, and 300 m high and is located in the center of the survey area. Referring to Figures 1A,C, the MT survey was simulated with 49 stations in total with 1-km station and line intervals, while the subsampled ZTEM survey had 256 stations (ZTEM Hz coils locations) in total with 500-m station and line intervals. The horizontal magnetic fields were calculated at a ground-based reference station (ZTEM horizontal coil location) located at x=3750 m, y=3750 m. The models had a shallow small block and a deep block, and all intruded in a background host. The half-space had a resistivity of 100 Ω·m. The shallow body had a resistivity of 10 Ω·m with dimensions of 500 m ×500 m ×300m in the x-, y-, and z-directions, respectively, and the center of the body was located at (1750 m, 0 m, 450 m). The deep conductive body had the same resistivity of 10 Ω·m with dimensions of 2000 m × 2000 m × 1000 m in the x-, y-, and z-directions, respectively, and the center of the conductive body was located at (−1500 m, 0 m, 1500 m).
[image: Figure 1]FIGURE 1 | Survey grids for the synthetic models. (A) Synthetic model without topography on xy plane; (B) synthetic model without topography on yz plane; (C) synthetic model with topography on xy plane; (D) synthetic model with topography on yz plane. The three grids are MT sites (red squares), ZTEM sites (black circles), and ZTEM base site (yellow square).
The ZTEM vertical magnetic fields at frequencies of 30, 45, 90, 180, 360, and 720 Hz were computed both at a fixed altitude of 100 m over the plat and for a quadrangular platform Earth surface. To complement the ZTEM survey, the MT survey data of 0.04, 0.1, 0.4, 1, 3.5, 7, 45, 70, 90, 180, and 360 Hz were simulated. We used TetGen (Si, 2013) to generate the unstructured tetrahedral grids. As shown in Figure 2A, the computational domain for the model without topography was discretized into 272,798 elements for the forward modeling, while for the inversion in Figure 2A we divided the model into 265,981 elements. As shown in Figure 2C, the computational domain for the model with topography was discretized into 471,203 elements for the forward modeling, while for the inversion in Figure 2D we divided the model into 487,828 elements. We added 2% Gaussian noise to the synthetic ZTEM transfer functions tipper data MT and impedance data and set [image: image] in Eq. 12 to 0.002 for ZTEM and 2% times |ZxyZyx|1/2 for MT, respectively. Both the initial and reference models for the inversions were chosen to be a half-space as in Figures 2B,D with a given resistivity. Determining a reasonable starting model is critical for any inversion. We chose different resistivities of the initial models for four different test inversions, as shown in Table 2, to evaluate our joint inversions.
[image: Figure 2]FIGURE 2 | Model discretization for (A) forward modeling without topography, (B) inversion without topography, (C) forward modeling with topography, and (D) inversion without topography.
TABLE 2 | Initial model settings.
[image: Table 2]Figures 3, 4 show the slices of the results from our test inversions on the horizontal and vertical planes, respectively. The rectangles indicate the outlines of the anomalous bodies. The results of the MT inversions with and without topography for start model 1 shown in Figures 3A, 4A, 5A, 6A only recover the lower conductive body but have a poor revolution for the shallow small body. This is expected, as MT is used with site intervals and lower frequency. For this reason, MT is mainly used to study the conductivities of large and deep structures in the Earth. Start model 3 uses an accurate initial model. The results of the ZTEM inversion for start model 2 in Figures 3B, 4B, 5B, and 6B recovered the shallow body and deep body. However, the deep body is vertically compressed compared to the real model, indicating that ZTEM has a poor resolution for deep structures below 1,500 m. As ZTEM is sensitive to upper structures, which have significant relative resistivity to the background medium [2–3], traditional methods that are used to determine a best-fitting half-space resistivity model cannot be used for ZTEM inversion. Start model 1 and start model 3 use inaccurate initial models. The results of the joint inversion in Figures 3C, 4C, 5C, 6C for Model 3 show that the joint inversion recovers both bodies. In addition, the recovered resistivities of the abnormal bodies and the background are approximate to those of the real model. This indicates that combining coarse MT and ZTEM inversion is effective in alleviating the shortcomings of the single MT and ZTEM inversion and has improved the model in the near-surface and at depth. The results of the ZTMT inversion for start model 4 in Figures 3D, 4D, 5D, 6D also recover anomalies with relatively correct positions. However, the lower part of the true body is not clearly displayed in the case without topography. As a comparison, the lower part of the true body is lost for the case with topography, as topography adds the depth of the deep structure. Comparing start model 2 and start model 4, it can be found that ZTEM inversion can give a reasonable resistivity model only when the initial models are close to the real background, while joint inversion does not depend on an accurate initial model and eliminates the redundant structures in ZTEM inversion. At the same time, joint inversion can combine the advantages of MT and ZTEM, which can provide a good revolution on shallow and deep structures.
[image: Figure 3]FIGURE 3 | Inversion results for the synthetic model without topography respectively at the xz section for y=0 m. (A,D) and (C) are MT inversion, ZTEM inversion, and joint MT and ZTEM inversion with initial model and a 200 Ω·m half-space, respectively. (B) is the ZTEM inversion with a 100 Ω·m half-space.
[image: Figure 4]FIGURE 4 | Inversion results for the synthetic model with topography at the xz section for y=0 m. (A,D) and (C) are the MT inversion, ZTEM inversion, and joint MT and ZTEM inversion with initial model and a 200 Ω·m half-space, respectively. (B) is the ZTEM inversion with a 100 Ω·m half-space.
[image: Figure 5]FIGURE 5 | Inversion results for the synthetic model without topography at xy section for z=−450 m. (A,D) and (C) are the MT inversion, ZTEM inversion, and joint MT and ZTEM inversion with initial model and a 200 Ω·m half-space, respectively. (B) is the ZTEM inversion with a 100 Ω·m half-space.
[image: Figure 6]FIGURE 6 | Inversion results for the synthetic model with topography at xy section for z=−450 m. (A,D) and (C) are the MT inversion, ZTEM inversion, and joint MT and ZTEM inversion with initial model and a 200 Ω·m half-space, respectively. (B) is the ZTEM inversion with a 100 Ω·m half-space.
Figure 7A shows that the fastest convergence of the model without topography is the ZTEM inversion with an accurate initial model. The slowest convergence is the MT inversion with an inaccurate initial model of 200 Ω·m. The convergence of an accurate initial model for ZTEM is faster than the inexact model inversion with 200 iterations, and it is similar to that of the model with topography in Figure 7B. This indicates that different initial models can result in variations in inversion result models, even if the data are sufficiently fit. The convergence of the joint inversion is between the MT and ZTEM, even if the initial model is inexact. Figures 7C,D show [image: image] to increase rapidly at first and finally to decrease slightly to convergence for all inversions, with and without topography. For the ZTEM inversions with and without topography, [image: image] converges to approximately the same value. At the same time, for MT inversions and joint ZTEM and MT inversion without topography, [image: image] converges to approximately the same value. For MT inversions and joint ZTEM and MT inversion with topography, [image: image] converges to a larger value for MT inversion than the joint inversion. Figures 7E,F show [image: image] to converge to different values for inversions with and without topography. In general, [image: image] for inversions with topography are greater than without topography.
[image: Figure 7]FIGURE 7 | (A,B) Data misfit [image: image], (C,D) model roughness measures [image: image], and (E,F) smallness measures [image: image] versus iterations.
4.2 Synthetic data inversion with topography
In this section, we demonstrate the effectiveness of our joint inversion algorithm for a topographical Earth, as shown in Figure 8. The elevation varies from 230 m to −10 m (Figure 6A). Referring to Figures 8A,B, the model consists of an Earth with a conductive body and a resistive body embedded. The half-space has a resistivity of 100 Ω·m. The conductive body has a resistivity of 10 Ω·m with dimensions of 2000 m × 2000 m × 1,000 m, respectively, in the x-, y-, and z-directions. The center of the conductive body is located at (1,500 m, 0 m, 750 m). The resistive body has a resistivity of 500 Ω·m with dimensions of 2000 m × 2000 m × 1,000 m, respectively, in the x-, y-, and z-directions. The center of the conductive body is located at (−1,500 m, 0 m, 750 m). The ZTEM vertical magnetic fields at frequencies of 30, 45, 90, 180, 360, and 720 Hz are computed at a fixed altitude of 100 m over the topographical surface. In addition, the MT survey data of 0.04, 0.1, 0.4, 1, 3.5, 7, 45, 70, 90, 180, and 360 Hz are simulated. Three different survey configurations over an 8 km × 8 km area were used, as shown in Figure 8A. The first survey has sparse MT stations, with only five stations, with 3-km station and line intervals, which could not be used for any 3D exploration projects due to their poor resolution. The second survey is a finer MT survey with 49 stations on the topographical surface in total, with 1-km station and line intervals. The third survey is a fine ZTEM survey with 256 stations (ZTEM Hz coils’ locations) at a fixed altitude of 100 m over the total topographical surface, with 500-m station and line intervals. The horizontal magnetic fields are calculated at a ground-based reference station (ZTEM horizontal coil location) located at x=3,750 m, y=3,750 m.
[image: Figure 8]FIGURE 8 | Survey grids for the synthetic model. The three grids are coarse MT (red squares), fine MT (blue diamonds), and ZTEM (black circles). The blue square is the ZTEM base.
Since the ZTEM data are very sensitive to topography, it is important to finely discretize them. The computational domain was discretized into 414,394 elements for the forward modeling (Figure 9). We added the Gaussian noise, as in the previous section, to the synthetic ZTEM transfer functions tipper data and MT impedance data before inversion. Both the initial and reference models for the inversions were chosen to be a half-space, which was divided into 362,745 elements with the same topography as Figure 9A. Four inversions with different initial model and survey configurations were tested, as shown in Table 3. Start model 1 is a ZTEM inversion with a 200 Ω·m initial model. Start model 2 is a ZTEM inversion with a 100 Ω·m initial model. Start model 3 is the joint MT and ZTEM inversion with the sparse MT survey and a 200 Ω·m initial model. Start model 4 is the joint MT and ZTEM inversion with the fine MT survey and a 200 Ω·m initial model.
[image: Figure 9]FIGURE 9 | Model discretization for the forward modeling. (A) 3-D view of the models. (B) Side view of the model (y=0 m). (C) Plane view of the model (z=−1100 m).
TABLE 3 | Inversion settings.
[image: Table 3]Figures 10, 11 show the slices of the results of the four test inversions at the xz-section for y=0 m and the xy-section for z=−500 m. The rectangles indicate the outline of the true abnormal bodies. In Figures 8A, 9A for start model 1, the average resistivities for the revealed anomalous bodies and the background were higher than the real model. The inversion depth for the resistive body is beyond the real model, as shown in Figure 8A, while the conductive body has low resolution. In contrast, as shown in Figures 10B, 11B for start model 2, the average resistivities for revealed anomalous bodies and the background approximate the real model, which indicates that single-ZTEM inversion depends on an adequate initial model, like the first synthetic data inversion in the previous section. The inversion depth for the conductive body is lower than in the real model, as shown in Figure 10B, and the conductive body has good resolution, as shown in Figure 11B. In Figures 10C, 11C for start model 3, the average resistivities for the revealed anomalous conductive body and the background approximate the real model, but the resistive body also has a moderate resolution. In Figures 10D and 11D for start model 4, the average resistivities for the revealed anomalous conductive and resistive bodies and the background approximate the real model, and the resistive body has good resolution, which indicates that adding MT data calibrates the resistivity of ZTEM inversion. However, that of the sparse MT survey is much higher than the real model. As expected, the inverted depth of Model 4 for the fine MT survey is much lower, nearly the same as the real model; by increasing the number of MT stations, the shapes of the anomaly bodies are better resolved. Models 3 and 4 indicate that adding MT data, even if a sparse MT survey is used, can calibrate the resistivities of ZTEM inversion, and MT data can increase the detection depth of ZTEM inversion.
[image: Figure 10]FIGURE 10 | Inversion results for the synthetic model at the xz section for y=0 m. (A,B) and (C) are the MT inversion, ZTEM inversion, and joint MT and ZTEM inversion with initial model and a 200 Ω·m half-space, respectively. (D) is the ZTEM inversion with a 100 Ω·m half-space.
[image: Figure 11]FIGURE 11 | Inversion results for the synthetic model at the xy section for z=500 m. (A,B) and (C) are the MT inversion, ZTEM inversion, and joint MT and ZTEM inversion with initial model and a 200 Ω·m half-space, respectively. (D) is the ZTEM inversion with a 100 Ω·m half-space.
Figure 12A shows that [image: image] decreases during the iterations for four start model inversions, which shows that the joint inversions converge faster than a single ZTEM inversion; however, the single ZTEM inversion with an inadequate initial model converges the slowest. Figures 12B and C show how the [image: image] and [image: image] change during convergence. Overall, [image: image] increases sharply at first then increases slowly, finally decreasing slowly to convergence. For the joint inversions and the single ZTEM inversion with an adequate initial model, [image: image] increases sharply at first, then increases steadily before a slight decrease and finally decreases to convergence with a once small increase. However, the single ZTEM with the inadequate initial model increases sharply first, then decreases significantly before increasing to the maximum and finally decreasing to convergence. Figure 12 indicates that the L-BFGS inversions are stable and convergent even with the condition of the topography and adequate initial model and the addition of spare MT data can improve the ZTEM inversion.
[image: Figure 12]FIGURE 12 | (A) Data misfit [image: image], (B) model roughness measures [image: image], and (C) smallness measures [image: image] versus iterations.
6 CONCLUSION
In this study, based on the finite element method with unstructured tetrahedral grids and the L-BFGS method, we successfully developed a 3D inversion framework for joint MT and ZTEM data with topography. The unstructured grids can simulate complex underground structures and rugged topography, while the L-BFGS method avoids storing a large matrix; thus, the method is suitable for large-scale 3D MT and ZTEM inversions for complex geologies. An adequate MT survey, which may be inadequate for many exploration projects, can significantly enhance ZTEM inversion and adds significant information about deep structures. Joint inversion of MT and ZTEM data is a typical example of using the complementarity of ground and airborne EM data. Both synthetic data inversions verified the effectiveness of our algorithm. The inversion results showed that joint MT and ZTEM inversion can recover deep structures from the MT data and fine near-surface structures from the ZTEM data by alleviating the weaknesses of the individual methods, which calibrates the resistivities, rendering a correct a priori model unnecessary.
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