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Slope reliability analysis can be conducted based on representative slip surfaces
(RSSs) more efficiently than the conventional analysis based on many potential slip
surfaces (PSSs). Various methods for selecting RSSs are proposed to enhance the
efficiency of slope reliability analysis. These methods, however, generally require a
complex calculation procedure (e.g., evaluation of reliability index for each PSS
and/or correlation coefficients among PSSs) that cannot adaptively single out the
RSSs, and the selected RSSs by these methods are commonly related to the
statistics of soil properties. This leads to the question of how to efficiently and
adaptively identify the RSSs of a slope for a subsequent reliability analysis with
many parametric studies. To answer this question, an adaptive K-means
clustering-based RSSs (AKCBR) selection method has been recently developed
that is able to select the RSSs adaptively and efficiently from many PSSs. The RSSs
identified by AKCBR do not vary with the variation of soil statistics, such as the
inherent spatial variability that is beneficial to slope reliability analysis involving
many parametric studies. As such, limitations of the available methods are tackled
in AKCBR. A comprehensive comparative study is conducted in this paper to
explore in detail the strength and weaknesses of the AKCBR against the available
methods. Four slope examples that represent four kinds of slope stability problems
are considered. Results show that AKCBR provides reliability results comparable
with the available methods in terms of probability of failure and the most dominant
failure modes, and it is generally more efficient. The AKCBR can adaptively identify
the RSSs of slopes belonging to different types, and the RSSs are statistically robust
against the statistics of soil properties, which is beneficial to reliability analysis
involving many parametric studies.

KEYWORDS

slope reliability analysis, representative slip surfaces, K-means clustering, probability of
failure, spatial variability

1 Introduction

Slope reliability analysis has been a popular topic in geotechnical engineering since the
21st century because of, at least partially, the fast development of computer science (Ji and
Low, 2012; Phoon and Ching, 2014; Phoon and Retief, 2016; Jiang et al., 2018; Jiang et al.,
2020; Liu et al, 2021; Liu L.-L. et al,, 2022; Huang et al,, 2022; Liu and Wang, 2022).
Generally, in slope reliability analysis, statistics and probability theory are first used to
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quantify and simulate geotechnical uncertainties, such as the
inherent spatial variability (ISV) of soil properties (Jamshidi
Chenari and Alaie, 2015; Jiang S.-H. et al, 2022). Then,
reliability approaches, for example, the Monte Carlo simulation
(MCS) and the first-order reliability method (FORM), are utilized to
calculate the probability of failure (P) or the reliability index () of
a slope based on a conventional deterministic slope stability analysis
model; for example, the limit equilibrium method (LEM) and the
finite element method (FEM). Among the deterministic methods,
LEM is the one most used with probabilistic approaches for slope
reliability analysis because of its simplicity and wide applications in
conventional slope designs (Javankhoshdel et al., 2020; Mafi et al.,
2020). LEM, however, searches for the factor of safety (FS) of slopes
among a large number of potential slip surfaces (PSSs), which might
be time-consuming (Zhang et al, 2011). This time inefficiency
would become more serious in system slope reliability analysis,
especially when MCS is involved (Zhang et al., 2011; Liu and Cheng,
20165 Jiang Q. et al., 2022; Liu J. et al., 2022). Therefore, it is of
significance to enhance the computation efficiency of LEM-based
slope reliability analysis using a limited number of slip surfaces or
representative slip surfaces (RSSs), especially when ISV is
considered.

According to Zhang et al. (2011), the FSs for many of the PSSs are
somehow correlated because these slip surfaces share almost the same
uncertain soil properties. With this idea in mind, PSSs can be classified
into a finite number of groups. Slip surfaces in each group are correlated
with each other and can be represented by a specific one called the RSS.
The FSs of RSSs from different groups are generally uncorrelated or
weakly correlated. Therefore, if RSSs can be effectively identified, slope
reliability analysis can be conducted based on the RSSs rather than on
the PSSs, thus increasing the computation efficiency. Many efforts have
been made to identify the RSSs of slope in the literature. To the best of
our knowledge, the pioneer work was done by Zhang et al. (2011). In
their work, reliability index f is first calculated for all PSSs, which is
achieved by FORM (Low and Tang, 2007). Then, RSSs are iteratively
identified based on reliability index 3 and a threshold correlation
coefficient p, between the FSs of two PSSs. The effectiveness of the
method has been illustrated and validated by three slope reliability
analysis examples without considering ISV. The influence of p, on the
reliability results has also been fully examined.

To bypass the recursive determination of RSSs by Zhang et al.
(2011), Li et al. (2013) further proposed using an equivalent
reliability index  and the correlation coefficients between the FS
of the deterministic critical slip surface (CSS) and the FSs of other
slip surfaces to select the RSSs of a slope. However, both f3 and the
correlation coefficients between FSs of two slip surfaces are
calculated by approximate analytical methods, which is suitable
for slope examples with several random variables and might be
inefficient for slope reliability analysis involving multiple random
fields. Li et al. (2014) also used a procedure similar to that used by
Zhang et al. (2011) to recursively select the RSSs but employed a
different approach (i.e., THE mean value first-order second-
moment method) to evaluate the reliability index . The effect of
po on the selection of RSSs has also been investigated, but there is still
no efficient guideline for the determination of py. It should be noted
that this method has also been extended for risk assessment of slope
failure by the same authors very recently (Li and Chu, 2016). Chu
et al. (2015) used the correlation coefficient between two slip
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surfaces, rather than between the FSs of two slip surfaces, to
select the RSSs based on the geometric dimensions of slip
surfaces. A threshold correlation coefficient value, however, is
needed in advance. Jiang et al. (2015) have taken the CSSs
corresponding to 1,000 realizations of random fields underlying
spatially varied soil properties as the RSSs. The effectiveness of the
method was verified by two slope examples with many parametric
studies, and the results showed that RSSs varied with ISV. Jiang et al.
(2017) used the Pearson correlation coefficient to measure the
correlation of FSs of the PSSs and divide the PSSs into different
groups. The RSSs were selected by the minimum FS among each
group of slip surfaces, but the number of RSSs, that is, the number of
groups of slip surfaces, was determined by a sensitivity study, which
might be inefficient. Furthermore, Ma et al. (2017) proposed a
method to identify the non-circular RSSs using the shear strength
reduction method, which facilitated to some extent reliability
analysis of slopes based on non-circular slip surfaces.

It can be seen from the aforementioned literature analysis that
the available RSSs methods suffer individually or simultaneously
from the following three limitations: 1) a complex procedure,
including but not limited to the evaluation of the reliability index
associated with each PSS and/or correlation coefficient between two
arbitrary PSSs, is generally required to single out RSSs; 2) the RSSs
cannot be adaptively selected because of the prerequisite of defining
a threshold correlation coefficient among the PSSs or the number of
RSS groups; and 3) the RSSs identified by these methods commonly
vary with the statistics of soil properties, such as ISV, which is not
convenient for situations where various parametric studies are
necessary. A clustering-based RSS method recently proposed by
Wang et al. (2020), however, can tackle these issues with ease. The
method is conceptually simple and effective and utilizes an adaptive
K-means clustering approach to identify the RSSs of slope. The RSSs
identified by the method are invariant for different statistics of soil
properties, enabling parametric studies that must often be efficiently
achieved in slope reliability analysis. However, the effectiveness of
the method was only applied to several simple slope examples, and
the method lacks rigorous theoretical support and might be sensitive
to the selection of initial cluster centers. In addition, different RSS
methods have their own merits and limits.

Therefore, this paper mainly aims to 1) further examine the
capability of the proposed K-means clustering method for RSS
identification of more general slope cases and 2) present a
comprehensive comparison of available methods of RSS identification
that has not been studied before. Details of these methods are presented
and the corresponding Matlab code is included in Supplementary
Material. Four slope examples, representing four different types of
problems with different conditions of soil spatial variability and slope
geometrical complexity, are analyzed.

2 Review of available methods for
identification of slope RSSs

2.1 Method I: RSSs identified by reliability
index and correlation coefficient

The first method for identifying RSSs was proposed by Zhang
et al. (2011) based on the observation that FSs of many PSSs are
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somewhat correlated. With this idea, the contribution of different
PSSs to the system failure probability of a slope can be different and
represented by some important slip surfaces or RSSs. For simplicity
purposes, the major steps of the method are summarized as follows:

Step 1: Calculate the reliability index 8 of each PSS using FORM
with the following equation:

B = min Vaal, (1)

where g (0) — 1 = 0 is the limit state function for a slip surface, 0 is a
vector of random variables considered, and « is a vector of
uncorrelated reduced variables corresponding to 6.

Step 2: Find the slip surface corresponding to the smallest reliability
index and take it as an RSS.

Step 3: Calculate the correlation coefficients between the FS of the
RSS found in Step 2 and the FSs of other PSSs using the following
equation:

aa’

Pii= %
T BB

where f; and f3; are reliability indices for the ith and jth PSSs
calculated in Step 1.

)

Step 4: Exclude the slip surfaces that have correlation coefficients
with the RSS found in Step 2 larger than a threshold value p, from
further consideration, as these PSSs are represented by the RSS
identified in Step 2.

Step 5: Repeat Steps 2-4 until all PSSs are excluded and
represented.

It should be noted that p, has a significant influence on the
results of RSSs. A larger p, results in a larger number of RSSs,
leading to more cost of computer resources, and vice versa. In the
original work by Zhang et al. (2011), p, is determined by a
parametric study where several values of p, are chosen to study
its influence on the Py, although generally a value around 0.8 can
reach accurate estimations of the system P for the considered
slope examples. In addition, the ISV of soil properties is not
considered in this method.

2.2 Method Il: RSSs identified by equivalent
reliability index and correlation coefficient

This method is proposed based on Method I by Li et al. (2013) to
overcome the problem of Method I in recursively selecting RSSs. It
also uses the reliability index and correlation coefficient between two
PSSs to identify the RSSs. The differences between the two methods
lie in that Method II identifies all RSSs at one time, and a reference
slip surface is used to calculate the correlation coefficients. The
concrete procedures follow:

Step 1: Perform a deterministic stability analysis of a slope to obtain

the critical deterministic slip surface (CDSS) and take it as a
reference slip surface S.
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Step 2: Calculate the correlation coefficients between the FS of Sy
and all PSSs using the following equation (Chowdhury and Xu, 1995;
Bhattacharya et al., 2003):

Yhihihor,
Pu =
(ke (ke )
JG oG, 3)
1h, =90k, %G , (
i ax] i axj
6 _G'-G
axj_ 20y,

where o, is the standard deviation of random variable x;, Gy and G;
are, respectively, the limit state function values corresponding to the
kth and Ith slip surface, G and G~ are limit state function values for
the variable x; greater than and less than the mean value by o,
respectively, and p,; is the correlation coefficient between the FS of
the kth and Ith slip surface.

Step 3: Evaluate the equivalent reliability index f3 of each PSS using
the following equation (Ang and Tang, 2007):

G (mx)
VIR0 + 3T () (2 0,

:Bk = (4)

where the subscript k indicates the calculation is based on the kth
slip surface, Xij is the correlation coefficient between random
variables x; and x;, and G(uy) is the limit state function value

when all random variables are set as their mean values.

Step 4: Sort the correlation coefficients obtained in Step 1 in
decreasing order and then divide the slip surfaces corresponding
to them into Ny, (e.g., 10) groups.

Step 5: Find the slip surface with the minimum equivalent
reliability index in each group of slip surfaces and take that slip
surface as the RSS of each group.

It is worthwhile to point out that Li et al. (2013) named the
RSSs identified in Step 5 as candidate RSSs, and the final RSSs of
slope are selected by the number of failures of each candidate RSS
within an MCS analysis. The candidate RSSs, which have no
contributions to the probability of slope failure, are not
included in the final RSSs. In other words, slope reliability
analysis can only be performed based on the candidate RSSs
because the RSSs are the byproduct of reliability analysis.
Therefore, to have a consistent comparison with other methods,
herein the candidate RSSs identified in Step 5 are referred as the
RSSs of the method. It is also noted that although the ISV of soil
properties is properly considered in this method, the computation
cost of modeling the ISV might be very high in the case of
thousands of random field elements.

2.3 Method llI: RSSs identified by CDSS
within the MCS framework

This method is conceptually simple. It is proposed by Jiang et al.
(2015) based on the observation that the CSSs for different
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realizations of random variables or random fields might be the same
PSS. Consider, for example, that an MCS with N » random field
realizations would result in N » CSSs. However, most ofthe N » CSSs
would be the same PSS (e.g., the CDSS obtained by considering soil
properties as spatial constants), which finally leads to N (N, < N;)
CSSs. Jiang et al. (2015) showed that reliability analysis performed
based on N, CSSs produces very similar results as that performed on
all PSSs. The N, CSSs, therefore, are considered as the RSSs and can
be used for the subsequent slope reliability analysis. In general, the
identification of RSSs of the method consists of the following three
steps:

Step 1: Generate N »(eg about 1,000) realizations of random fields
according to prescribed statistical information.

Step 2: Perform deterministic slope stability analysis with the N,
realizations of random fields to obtain the corresponding N, CSSs.

Step 3: Find the duplicates of the N, CSSs and take the unique CSSs
as the RSSs.

Compared with the aforementioned two methods, this method
does not need to calculate the reliability index for each PSS and
correlation coefficient between the FSs of the PSSs but requires some
effort in performing MCS with a small number of MCS samples
before conducting reliability analysis. Thus, the method is relatively
simple and can easily deal with reliability problems with anisotropic
ISV of soil properties. However, it is found that the RSSs identified
by the method are very sensitive to the soil statistics, such as the auto
correlation length of ISV. This is thus not convenient for slope
reliability analysis involving many parametric studies that are often
the case in practice.

2.4 Method IV: RSSs identified by FS and
Pearson correlation coefficient

Because the correlation coefficients between the FSs of two
arbitrary PSSs in Methods II and III are calculated by an
approximate approach that cannot consider the ISV of soil
properties and by FORM that is computationally expensive,
respectively, Jiang et al. (2017) proposed using the Pearson
2009) as an
improvement to measure the correlation between the FSs of

correlation  coefficient (Benesty et al,
PSSs. With the Pearson correlation coefficient, Jiang et al.
(2017) proposed a method similar to Method I for identifying
the RSSs of a slope that also involves dividing the correlation
coefficients into different groups. However, the candidate RSS in
each group of the method herein is taken as the slip surface with
the smallest FS, rather than the smallest reliability index, among
the PSSs in each group, which is computationally simpler and
more efficient. For completeness, the major steps of the method
are briefly described as follows:

Step 1: Perform deterministic slope stability analysis with N PSSs
and select the CDSS as the first RSS.

Step 2: Calculate the correlation coefficients between the FSs of
the CDSS and the other PSSs using the Pearson correlation
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coefficient that is estimated by the simulation method (Zheng

et al., 2016):

D ls(e) i) 1S
\/ZNW [FSi(x,) - FS, s [Fsi(x,) - FS)]’

where N, is the number of MCS samples for the underlying
random variables and/or fields, FS;(X;) is the FS of the ith slip
surface for the jth samples of random variables and/or fields X ;, and

FS; is the mean value of FS;.

Step 3: Sort the N, correlation coefficients in ascending order and
divide them into M groups based on the increment of
Ap = (P max — pmin)/M, which indicates that the corresponding
PSSs are sorted into M groups.

Step 4: Select the slip surface with the minimum FS within each
group as the RSS for each group, resulting in N, RSSs.

Note that, similar to Method I, the RSSs identified in Step 4 are
named as candidate RSSs in the work by Jiang et al. (2017), and the
final RSSs of slope are selected based on the contributions of each
candidate RSS to the system failure probability. However, slope
reliability analysis is performed based on the candidate RSSs because
the RSSs are the byproduct of reliability analysis. Again, to have a
consistent comparison with other methods, herein the candidate
RSSs identified in Step 4 are referred as the RSSs of the method. It is
also noted that although the ISV of soil properties is properly
considered in this method, the computation cost of modeling the
ISV might be high in the case of thousands of random field elements.
In addition, both the simulation times for evaluating correlation
coefficients and the subdividing groups of the correlation
coefficients need to be determined by a preliminary parametric
study.

3 Adaptive K-means clustering-based
RSS identification method

Recently, Wang et al. (2020) proposed an adaptive method for
the automatic identification of the RSSs of slopes using the K-means
clustering method (AKCBR). The classical K-means clustering
method is used with a DUNN index (Dunn, 1974) by Wang
et al. (2020) to adaptively select the optimal number of clusters
of correlated slip surfaces from all PSSs. The method consists of five
steps:

Step 1: Select a suitable range for the K value, which is denoted by a
closed interval from K i, to K .

Step 2: Perform a deterministic slope stability analysis based on
mean values of shear strengths and record the FS value and sliding

volume associated with each PSS.

Step 3: Conduct a conventional K-means clustering process for
K min based on the sliding volumes of PSSs.

Step 4: Evaluate the DUNN value, DUNN (K), for the clustering
results obtained in Step 2 as
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. ] d(cv CJ)
PUNNGO = 10 | s [diam(G,)]
K
o (6)
d(cn C, ) dxélg.lil;,lecj{d(dx, d}’)}
diam(C,) = max {d(d..d,)}

dydyeC,

where C; indicates the ith cluster, d (C;, C;) is the distance between
two clusters, calculated as the minimum Euclidean distance between
two observations in different clusters, and diam (C,) is the diameter
of the pth cluster.

Step 5: Increase the value of K by one and repeat Steps 3 to 4 until K
reaches its maximum, that is, K .

Step 6: Compare the DUNN indices for all K values between the
predefined range of K in Step 1, and the best K value K}, is selected as
the one that maximizes the DUNN index.

Step 7: Locate the slip surface with the minimum FS in each cluster
and select it as the RSS of each group.

Overall, the method does not need to predefine the value of K,
which consequently bypasses the prior determination of the number of
RSSs in available methods. Note that clustering is an unsupervised
machine learning approach, suggesting that there is no need to evaluate
the FS or the reliability index of PSSs during the identification of RSSs,
but only the common properties of the clustering objects are required.
Here, the sliding volume values of the PSSs (i.e., clustering objects) are
considered as the calculating index for the clustering process.

4 Slope reliability analysis based on
RSSs

4.1 Response surface method (RSM) based
on RSSs

Although it is not necessary to search for the FS among all PSSs
but only among the RSSs, direct calculation of the FS using LEM
thousands of times is still not a trivial task. To improve the
computation efficiency, a multiple response surface method that
has been demonstrated to be effective and efficient is adopted here
(Li et al,, 2015; Li D.-Q. et al.,, 2016). The quadratic polynomial
without cross terms is taken to construct the RSM as

FS; (X) =dy + ijlbijxj + ZFIC,‘]’X} (i=12,., Nr): (7)

where FS; (X) is the ES for the ith RSS, N, is the number of RSSs, X is
the random variable vector, and ay;, b; s and ¢; j are unknown coefficients
that can be calibrated using central composite design method.

4.2 Monte Carlo simulation for slope
reliability analysis based on RSS-based RSM
(RSS-RSM)

Based on the established RSMs, MCS is then performed for
reliability analysis. Given N, random field and/or variable
samples, the P of slope failure is calculated as
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P = Ni-m Zj”l“"{[ _min_FS, (Xj)] <1}, (8)

where I{-} is an indicator function that is equal to unity when
[ min FS;(X;)] <1 and zero otherwise. The accuracy of Py is
1

assesseﬁl by its coefficient of variation (COV) as

Vp, = .
covy, \ N ©

5 lllustrative examples

In the following four subsections, four slope examples extracted
from the literature are used to compare the effectiveness and
efficiency of the proposed K-means clustering method and other
methods. The four examples are characterized by different slope
geometries, soil spatial variability, and heterogeneity.

5.1 Example I: a layered slope without
considering ISV

In this subsection, the AKCBR is applied to a layered slope
without considering ISV. The slope has been widely studied in the
literature (Chowdhury and Xu, 1995; Zhang et al., 2011). Figure 1
shows the geometry of the slope, which is a fill embankment resting
on a clay layer. The statistics of soil properties for the two soil layers
are tabulated in Table 1 and are the same as those used by Zhang
etal. (2011). The shear strength parameters are subjected to normal
distributions, whereas the unit weights are considered constants.
The mean values of the cohesion c; and friction angle ¢, for the
embankment layer and are 10 kPa and 12°, respectively, whereas the
mean value of the undrained strength of the clay layer c,, is 40 kPa.
The COVs of ¢; and ¢, of the fill embankment are, respectively,
0.2 and 0.25, whereas the COV of the ¢, of the clay foundation is 0.2.
The unit weights of the fill embankment and clay foundation are
18 kN/m® and 20 kN/m’, respectively.

With the aforementioned mean parameters, the deterministic
slope stability analysis is performed using the Bishop’s simplified
method. A total of 4,250 PSSs are generated to cover the whole slope,
and the FS of the CSS is 1.131, which is close to the value of
1.148 reported by Chowdhury and Xu (1995). Note that the FSs and
the sliding volumes for the other PSSs are also calculated during the
deterministic analysis, which can be conveniently used for the
subsequent identification of RSSs. As mentioned before, a
predefined range for the K value is a prerequisite for the adaptive
K-means clustering method. From the previous study (Wang et al.,
2020), an empirical range of [3, 200] is adopted herein. Then, the
DUNN indices for different K values are obtained using the
suggested procedure in Section 3 and Figure 2. The DUNN
values are plotted against different K values. It can be seen from
the figure that the K value has a significant effect on the DUUN
index. As K is taken as 108, the DUNN index reaches the maximum,
which means that clustering all PSSs into 108 sub-clusters is the best.
Thereafter, the slip surface with the smallest FS in each of the
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FIGURE 1
Slope geometry and schematics of RSSs for Example |.

TABLE 1 Statistics of soil properties for Example 1.

Parameter Distribution Mean cov
c Normal 10 kPa 0.2
o 120 0.25
Cuy 40 kPa 0.2
A Deterministic 18 kN/m?
¥, 20 kN/m?
8.0x10° -
7.0x1023 |
6.0x107
[0}
35.0x10° |
©
> -3
% 4.0x10™ |
=) 3L
a 3.0x10
2.0x10° -
1.0x10°
0.0+
0 50 100 150 200
K
FIGURE 2

Variation of DUNN with K for Example I.

108 clusters is taken as the RSS of that cluster. Overall, 108 RSSs are
finally identified and are also plotted in Figure 1. Note that the CSS
signified by the dashed line in Figure 1 is also included in the final set
of RSSs. To gain more insight into the effect of the clustering on
PSSs, Figure 3 plots three typical clusters of the PSSs for the slope
example. The figure shows that different clusters of slip surfaces
exhibit different failure modes, and the slip surfaces in the same
cluster present similar failure modes. For example, the slip surfaces
of the 11th cluster plotted in Figure 3A are mainly shallow failure

Frontiers in Earth Science

modes, whereas the slip surfaces in the 36th and 78th clusters tend to
be much deeper.

Response surfaces are then constructed based on the
previously identified RSSs using Py, followed by the MCS
directly performed on the response surfaces to evaluate the Py
of the slope. The Py is estimated as 0.398 and is very close to the
value of 0.404 reported by Zhang et al. (2011), validating the
accuracy of the method. The efficiency of the AKCBR can be
approximately measured by a dimensionless nominal index N
that indicates the total times of the FS evaluation of a single slip
surface. Consider, for example, the deterministic slope stability
analysis of the slope using 4,250 PSSs. The Ny is equal to
4,250 because 4,250 evaluations of the FS are required for the
4,250 PSSs. The computation cost for the reliability analysis of
the AKCBR is mainly composed of 1) the time for identification
of the RSSs and 2) the time for the calibration of the RSS-RSM.
The first part can be equivalently evaluated using the actual
physical time for the RSS identification divided by the time
needed to calculate the FS of a single slip surface. For
example, it takes about 0.001 s to calculate the FS of a single
slip surface using a desktop computer with 16G RAM and an
Intel(R) Core(TM) i9-9900x and 59 s to select the RSSs, so the
N for the first part is approximately calculated as 59/
0.001=59,000. In addition, the time of constructing the RSM
and MCS with RSM is trivial and can be ignored. Therefore, the
N, for the AKCBR is about 63,250. In contrast, the time
consumption of Method I (Zhang et al., 2011) is mainly for
the evaluation of the reliability index of the 4,250 PSSs based on
Eq. 1, and it takes about 80 s with the same computer. As such,
the N for Method I is about 80,000, which is larger than that for
the AKCBR.

5.2 Example II: an undrained cohesive slope
considering 1-D ISV

This part applies the AKCBR for evaluating the reliability of
an undrained cohesive slope to consider the ISV of the undrained
shear strength ¢, in the vertical direction, which has also been
studied in the literature (Wang et al., 2011; Li et al., 2013). The
geometry of the slope is plotted in Figure 4, which has a slope
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Typical clusters of PSSs for K=108 for the undrained cohesive slope of Example I. (A) The 11th cluster with 46 slip surfaces, (B) the 36th cluster with
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FIGURE 4
Geometry and RSSs of the undrained cohesive slope for Example II.

height of 10 m and a slope angle of 26.6". To enable a convenient  spatially in the vertical direction and has a mean y_ and
and consistent comparison with previous studies, the mean of¢, ~ COV,, of 40kPa and 0.25, respectively. The ISV of ¢, is
is 40 kPa, and the coefficient of variation is 0.25 (Wang et al.,,  simulated by a stationary random field characterized by
20115 Li et al., 2013). The saturated unit weight y_,, of the soil is 40 random variables, which are the same as those used by Li
20 kN/m?, which is considered as a deterministic value in this et al. (2013) and described by the single exponential decaying
analysis. The undrained shear strength c,, however, varies  correlation structure as
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R;j = exp (—le)tz]), (10)
where R;; denotes the correlation between the soil properties at the
depths z; and z I8 and A is the autocorrelation length. In theoretical
engineering, A can be generally determined from a large quantity of
measurement data, which is, however, often not available in practice.
Therefore, different values of A varying from 0.5 to +oo are adopted
to consider the effect of SOF on slope reliability assessment.

First, the deterministic slope stability analysis model was
established using the aforementioned mean parameters, with
4,281 PSS covering the whole slope. The slope stability results are
schematically shown in Figure 4, where the CSS passes through the
bottom of the slope. The corresponding FS is 1.178, which is
identical to the FS reported by Wang et al. (2011). Then, the
4,281 slip surfaces are divided into different clusters using the
proposed adaptive K-means clustering method. The results show
that when K is set as 154, the DUNN index reaches the maximum,
signifying the optimal cluster number for the PSSs. Therefore, there
are finally 154 RSSs identified for this slope example. All the RSSs are
plotted in Figure 4, and the deterministic CSS is also included in
the RSSs.

To illustrate the accuracy of the AKCBR, various parametric
studies on the autocorrelation distances normalized by the slope
height are conducted. As can be seen from Figure 5, the P generally
increases as the normalized autocorrelation distance increases.
When % increases from 0.05 to 1 (or A increases from 0.5 to
10 m for H=10 m), the Py significantly increases from 1.3% to
28%, showing that the ISV has a significant influence on slope
reliability. When % >0.5,the P f becomes insensitive to the change of
A as the spatial variety is nearly ignored. Figure 5 also includes the
results of Wang et al. (2011) (based on MCS) and Li et al. (2013)
(i.e., Method II), which agree well with the results from the current
study and validate the accuracy of AKCBR. It is, however, worth
noting that although the number of RSSs identified in this study is
larger than that selected by Method II (Li et al., 2013), the proposed
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(A) Geometry of the cohesive-frictional slope for Example Ill with
7,436 PSSs, (B) RSSs identified for the cohesive-frictional slope for
Example IlI.

method still has eminent efficiency in reliability analysis. To
illustrate this point, the dimensionless nominal index N is
adopted again to compare the computation efficiency between
the two methods. A desktop with 16G RAM and the Intel (R)
Core(TM) i7-9700 k CPU requires about 0.001 s to evaluate the FS
of a single slip surface. The Ny here for the AKCBR is thus
approximately calculated as the summation of 1) the time for the
deterministic analysis (i.e., 4,281), 2) the time for the identification
of the RSSs (i.e., 73/0.001=73,000), and 3) the time for RSM
calibration (i.e., (40x2+1)x154=12,474), which is about 89,755. In
contrast, most of the computation cost for Method II is consumed by
the calculation of the equivalent reliability index for all PSSs, which
requires about 81 times the deterministic analysis, thus resulting in a
N of about 346,761. It is obvious that the computation cost for
Method II, even ignoring the subsequent reliability analysis, is
higher than AKCBR with full analysis.

5.3 Example lll: a cohesive-frictional slope
considering 2-D ISV

This subsection takes a cohesive-frictional slope as an example
to further illustrate the applicability and effectiveness of the AKCBR
for reliability analysis considering 2-D ISV. The slope has been
studied in the literature (Cho, 2010; Jiang et al., 2015; Liu et al., 2017;
Liu et al., 2018), and the results from these available studies can be
easily referred to. A similar slope study case was performed in
Javankhoshdel et al. (2020). The cross-section of the slope is shown
in Figure 6A, where the slope height and slope angle are 10 m and
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45°, respectively. The total unit weight of the soil is 20 kN/m®. The
cohesion ¢ and friction angle ¢ are considered spatially varied and
characterized by two cross-correlated 2-D lognormal stationary
random fields. The cross-correlation coefficient between ¢ and ¢
is —0.7. The mean values of ¢ and ¢ are, respectively, 10 kPa and 30°.
The COV values of ¢ and ¢ are 0.3 and 0.2, respectively. The
horizontal and vertical autocorrelation distances, 8, and 6,, are 20 m
and 2 m, respectively. All these parameters are consistent with those
used in the literature (Cho, 2010; Jiang et al., 2015; Liu et al., 2017;
Liu et al, 2018).

Similar to the last slope example, the geometry of the slope is
discretized into 1,210 random field elements with a side length of
0.5 m to consider the ISV of ¢ and ¢. The mid-point method is also
adopted here to model the cross-correlated random fields of ¢ and ¢
with the squared exponential autocorrelation function. Then, slope
stability analysis is performed to obtain the FS of the slope using
Bishop’s simplified method. The FS is calculated as 1.205, and the
associated CSS among 7,436 predefined PSSs is plotted in Figure 6A.
The results are the same as those reported by Jiang et al. (2015),
suggesting the accuracy of the slope stability analysis model.

Frontiers in Earth Science

(A) Variation of Py with the cross-correlation coefficient, (B)
variation of the number of RSSs with the cross-correlation coefficient.

Then, with the proposed adaptive K-means clustering method,
the 7,436 slip surfaces are divided into different clusters. The results
show that when K is set as 110, the DUNN index reaches the
maximum, signifying the optimal cluster number for the PSSs.
Therefore, there are finally 110 RSSs identified for this slope
example. All the RSSs are plotted in Figure 6B, and the
deterministic CSS is also one of the RSSs. With the RSSs,
reliability analysis is performed using the proposed RSS-RSM in
Section 4 to validate the effectiveness and efficiency of the adaptive
K-means clustering approach for RSS identification. The P based
on adaptive K-means-based RSS-RSM is 4.4 x 107, and the Py
values corresponding to Method III and MCS are 4.9 x 10~ and
3.9 x 107* (Cho, 2010; Jiang et al., 2015). This similarity validates the
accuracy of the AKCBR as well as the applicability for reliability
analysis considering 2-D ISV. Note that Wang et al. (2020)
previously analyzed the reliability of this example with the same
approach but using a different number of RSSs. The reason is two-
fold: 1) the number and locations of the PSSs here are different from
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(A) Geometry of the layered cohesive slope for Example IV with
6,231 PSSs, (B) RSSs for the layered cohesive slope for Example IV.

those used by Wang et al. (2020); 2) the initial clustering centers are
determined by an optimized method in MATLAB 2018b; they are
randomly selected in MATLAB 2014a. Nevertheless, the reliability
results from the two methods are very similar, indicating that the
two methods successfully identified the RSSs.

To gain more insight into the AKCBR, the effect of the
horizontal and vertical spatial variability on the reliability of the
slope is further checked by the AKCBR in order to illustrate its
effectiveness and efficiency against the variations of 8, and 0,. The
results are plotted in Figure 7. As a reference, the results from Liu
et al. (2018) and Li et al. (2015) are also plotted in this figure. Note
that, in the figure, only one parameter (i.e., 0}, or 0,) is changed for
each case, while others are kept the same as previously defined. In
general, the P '+ increases as the autocorrelation distances increase.
The results obtained from this study show a good consistency with
those from Liu et al. (2018) and Li et al. (2015). Such agreement
suggests that the AKCBR is accurate and robust against the variation
of ISV. Note that although Jiang et al. (2015) did not study the effect
of ISV on the reliability of this slope example using their method, it is
shown by a cohesive slope example application that their method is
also robust against the variation of ISV. The AKCBR, therefore, is
comparable with Method III in the accuracy of the reliability
evaluation for a 2-D spatially varied slope.

10.3389/feart.2023.1100104

Jiang et al. (2015) also conducted a sensitivity study to
investigate the effect of cross-correlation on the reliability of the
slope. To keep a consistent comparison with Method III, the
proposed method is also applied to this example to examine the
influence of the cross-correlation coefficient. The results obtained by
this study and from Method III are plotted in Figure 8A. It is seen
from the figure that the P; obtained by this study increases from
0.44% to 6.8% as p,, varies from —0.7 to 0, suggesting a significant
effect on P;. Meanwhile, the results from Method III by Jiang et al.
(2015) almost overlap those from the current study by the proposed
adaptive K-means clustering-based RSS-RSM method, showing a
good agreement between the two methods.

The efficiency of the AKCBR can also be illustrated by the
dimensionless index Ny used for the last two examples. The
physical time for selecting the RSSs is about 69 s on a desktop
computer with 16G RAM and Intel(R) Core(TM) i9-9900x, and
2,421 runs of the slope stability analysis model are required to
calibrate the response surfaces of the 110 RSSs. This leads to the
N of about 4 x 10° for the AKCBR. In contrast, it requires about
an Ny of 7.4 x 10° to select the RSSs by Method III, where
1,000 LHS samples are generated to directly execute the slope
stability analysis model with 7,436 PSSs. This comparison thus
validates the efficiency of the AKCBR. In addition, note that the
RSSs identified by Jiang et al. (2015) are sensitive to the variation of
statistics of shear strengths (e.g., ISV and p, ), which, however, is
bypassed by the current study and will be further illustrated in the
later discussion section. For example, Figure 8B compares the
efficiency of the two methods in identifying the RSSs. It is observed
that the AKCBR is independent of the p,,, whereas the number of
RSSs identified by Method IIT shows an increasing trend toward
the increase of p,,. This further indicates the high efficiency of the
AKCBR.

5.4 Example IV: a layered cohesive slope
considering 2-D ISV

This part analyzes the reliability of a layered cohesive slope using
the AKCBR. The slope was also widely studied in the literature (Li D.
Q. et al, 2016; Jiang et al., 2017; Wang et al., 2020) for reliability
analysis. The geometry of the slope is schematically shown in
Figure 9A, which has a slope height of 24 m and a slope angle of
36.9% the slope is composed of two clayey soil layers. The statistics of
the undrained shear strengths are the same as those used by Jiang
et al. (2017). The mean of ¢, of layer 1 is 80kPa, and the
corresponding COV is 0.3. The mean of ¢, of layer 2 is 120 kPa,
and the corresponding COV is 0.3. The parameter distributions of
two layers of soil are both lognormal distributions. For the two layers

TABLE 2 Reliability analysis results obtained by different methods for Example IV.

Method Probability of failure Source
Adaptive K-means-based RSS-RSM 527 x 107 This study

MCS 54 x 107 Li et al. (2016b)
Method IV 513 x 107* Jiang et al. (2017)
Subset simulation 4.86 x 107™* Li et al. (2016b)
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FIGURE 10
Comparison of RSSs selected by different methods. (A) Example |, (B) Example Il, (C) Example I, (D) Example IV.

the ), is 12 m, the 0, is 1.2 m, and the unit weight is 19 kN/m”’.
Following Jiang et al. (2017), the slope geometry is discretized into a
finite number (856) of random field elements, and the size of the

element is kept consistent with Jiang et al. (2017) for convenient
comparison. Deterministic slope stability analysis is then performed
with 6,231 PSSs using Bishop’s simplified method. The FS is
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Histograms of the number of failure samples for different RSSs for different examples. (A) Example I, (B) Example Il, (C) Example IlI, (D) Example IV.

calculated as 1.447, and the corresponding CSS passes through the
slope toe. These results are comparable with those reported by Jiang
et al. (2017).

With the AKCBR, 181 RSSs are identified, as schematically
shown in Figure 9B, where the CSS is also included. Note that Wang
et al. (2020) also previously analyzed the reliability of this example
with the same approach but using a different number of RSSs. The
reason is also two-fold and is the same as stated in the last example.
The Py is subsequently estimated as 5.27x107* based on the RSS-
RSM, which is comparable with the value of 5.13x10~* by Method IV
(Jiang et al, 2017) and those from other methods, as shown in
Table 2. The consistency of the reliability results between different
methods thus validates the accuracy of the AKCBR. Note that,
however, the N of 2 x 10° for the AKCBR, estimated as that in the
last example, is far less than that of 6 x 10° by Method IV. This
consequently validates the computation efficiency of AKCBR.

6 Discussion

The aforementioned analysis shows that the AKCBR can
the
maintaining accuracy and robustness. However, it is also noted
that the number of RSSs identified by the AKCBR is generally larger

enhance efficiency of slope reliability analysis while
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than that identified by available methods. The reason might be that
some trivial slip surfaces are included in the RSSs because of the
empirical axiom for RSS identification, whereas the available
methods can single out the key failure modes with more rigorous
statistical fundamentals. For example, Methods II and IV identify
the key failure modes of slopes with the contribution of each RSS to
slope reliability. Therefore, to gain more insight into the differences
between the AKCBR and other methods, this part further discusses
the capability of the AKCBR in localizing the key failure modes of
slopes from the perspectives of the locations of RSSs and the
contributions of RSSs to slope reliability.

Figure 10 plots the locations of the RSSs by the proposed method
and other methods. In the figure, the dotted lines represent the RSSs
selected by this method, and the solid lines signify the RSSs by other
methods. Generally, the RSSs selected by the AKCBR contain those
selected by other methods. This indicates that the AKCBR is more
conservative than other methods in determining the key failure
modes but presents more variability. Again, the reason is mainly that
the AKCBR relies only on the similarity of the shape and volume
between different slip surfaces. Nevertheless, the AKCBR does not
miss those key failure modes identified by other methods.

To quantify the contribution of each RSS to slope reliability,
Figure 11 first plots the histograms of the numbers of failure samples
for different RSSs selected by this method and other methods. Then,
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FIGURE 12
Pareto charts of the number of failure samples for different RSSs in different examples. (A) Example |, (B) Example Il, (C) Example Ill, (D) Example IV.

Figure 12 further quantifies the contribution of each RSS by a Pareto ~ samples of the CSS, respectively. It is observed from the histogram
chart. Note that, in Figure 11, Ny, and N¢gs indicate the maximum  that, although there are more than 100 RSSs selected for each
number of failure samples for an RSS and the number of failure  example, not all RSSs have a probability of failing. This shows
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that the contributions of different RSSs to slope reliability are
different. For example, when ISV is not taken into consideration
(Figure 11A), the slope probably may fail along only several (about
four) of the RSSs with a large probability. This observation is also
quantified by the proportion of the number of failures to the overall
failures of an RSS, as shown in Figure 12A. It is seen from Figure 12A
that the CSS and another RSS contribute almost 90% to the slope
failure, with CSS taking up about 60%, and four failure modes can be
found. It conforms with the traditional opinion of slope stability
analysis that CSS is the most important failure mode of the slope. For
other cases, it is found that as the degree of ISV increases (i.e., from
Examples II to IV), more and more failure modes appear, and the
CSS is no longer the most important one for slope failure. For
example, the proportion of CSS contributing to the slope is the
largest when 1-D ISV is considered in Example II (see Figures 11B,
12B), but it becomes not the most important RSS when 2-D ISV is
considered in Example III (see Figures 11C,D, 12C,D). Therefore, it
is insufficient to evaluate the reliability of a whole slope system using
the CSS. These observations verify the available opinion that slope
failure is a system problem considering many PSSs, and the slip
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surface with the minimum FS is not necessarily the slip surface with
the maximum probability of failure. Overall, the aforementioned
observations are consistent with those from other methods in the
literature (Zhang et al., 2011; Li et al., 2013; Jiang et al., 2015; Jiang
et al., 2017).

Figure 13 presents the RSSs that contribute to the slope failure,
where the solid lines represent RSSs selected by the proposed
method, and the dashed lines represent the RSSs selected by
other methods. Generally, the following observations can be
obtained: (1) there are more failure modes identified by the
proposed method than other methods; (2) the key failure modes
identified by the proposed method and other methods are nearly at
the same locations, being either the CSS or other RSSs; and (3) the
potential failure areas identified by the proposed method and other
methods almost overlap. These observations show that the proposed
method can provide comparable information on slope failure modes
with other methods.

7 Summary and conclusion

This paper applies a recently proposed method for identifying
the RSSs of slopes, offering an efficient slope reliability analysis
considering various situations. A comprehensive comparison
between the AKCBR and other methods is presented from the
perspective of computation accuracy and efficiency, as well as the
capability for identifying the key failure modes of slopes. The
fundamentals and procedures of the AKCBR and other methods
are briefly reviewed. Four different slopes with different degrees of
ISV are taken as illustrative examples to examine the effectiveness
of AKCBR and elaborate the merits and limitations of the AKCBR
against other methods. It is generally found that the number of
RSSs identified by the AKCBR is much larger than that obtained by
other methods because of the different axioms for different
methods. However, the distributions of the RSSs obtained by
different methods overlap, good
consistency between these methods in slope failure area
detection. It is also observed that the AKCBR can identify
almost the same key failure modes of slopes as other methods
identify. For example, the CSS is identified by both the AKCBR and
Method I as the critical reliability slip surface (CRSS) when ISV is
ignored. When ISV is considered, the CSS is no longer the CRSS
with the AKCBR and other methods. However, the AKCBR
outweighs other methods in computation efficiency as the

generally showing a

method requires only one execution of the deterministic slope
model with an improved adaptive K-means clustering procedure.
By contrast, other methods need either complex calculations of
reliability indices for all PSSs or several random slope stability
analyses. Overall, the AKCBR can provide comparable reliability
results with other methods for different slope examples while
offering a certain efficiency advantage.

Although the method is more efficient than the compared four
methods, it is still necessary to clarify the limitations of the AKCBR
and the merits of other methods. First, for the AKCBR, the number
of RSSs is determined based on the number of clusters of PSSs, which
is realized by an adaptive K-means clustering analysis on the PSSs.
The clustering process, however, depends only on the number and
volumes of PSSs, regardless of the change in soil statistics. This,
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therefore, allows the method to be efficiently and conveniently
applied to reliability analysis involving many parametric studies,
especially for situations where the ISV is not clearly known by
engineers. Then, other methods, such as Method I and II, although a
complex calculation on reliability indices of all PSSs is required, are
statistically more rigorous than the AKCBR. Similar to Method IV,
the AKCBR is also considered an empirical or semi-empirical
method for RSS identification. Finally, it is worth noting that the
limit equilibrium method with circular failure mechanism
assumption (i.e., Bishop’s simplified method) is adopted in the
current study, so the application of the AKCBR to slope
reliability analysis with non-circular slip surfaces remains open
and requires further study.
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