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A characterization method for
equivalent elastic modulus of rock
based on elastic strain energy

Tao Qin, Yiwei Wang, Xiangang Hou* and Yanwei Duan

Key Laboratory of Mining Engineering of Heilongjiang Province College, Heilongjiang University of
Science and Technology, Harbin, Heilongjiang, China

Energy is an internal variable during rock deformation and failure, and its
dissipation and conversion law can reflect the rock’s internal damage and
deterioration state. Analysis of rock deformation and failure process from the
perspective of energy is helpful to deeply understand the mechanism of rock
damage, fracture and instability failure, and has important theoretical and
practical significance for the stability evaluation and support control of
surrounding rock. In this study, through single cyclic loading and unloading
(SCLU) experiments, cyclic triaxial loading and unloading (CTLU) experiments
and conventional triaxial compression (CTC) experiments, the equivalent
elastic modulus method based on elastic strain energy is proposed to
analyze the energy conversion of rock. The results show that the error of
the elastic strain energy calculated by the strain energy formula method is
generally higher than 10% with the secant and tangent modulus of the loading
and unloading curve as input parameters. Taking the equivalent elastic
modulus proposed in this study as an input parameter, more accurate
elastic strain energy can be obtained by the strain energy formula. During
the rock failure process, the equivalent elastic modulus shows a three-stage
characteristic of increase, steady and decrease. The equivalent elastic modulus
can be estimated by the quadratic function between the equivalent elastic
modulus and confining pressure and axial strain. Under the same deformation
and deviatoric stress, the elastic strain energy stored in rock increases with
increasing confining pressure. The local maximum energy dissipation rate
corresponds to stress drop, and the peak energy dissipation rate appears
near the peak strength. High energy dissipation mainly occurs in a short
time after peak strength, and energy release and dissipation are more
sudden and severe under high confining pressure.

KEYWORDS
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1 Introduction

The nature of rock mass deformation and failure is damage degradation and
instability driven by energy. Energy is an internal variable in the whole process of
rock mass deformation and failure, and its dissipation and conversion law can reflect the
internal damage degradation state of rock mass (Xie et al., 2009; Peng et al., 2014). Under
loading conditions, the transformation of rock from uniform deformation to local
deformation, from disorderly failure to orderly failure, and from macroscopic
homogeneity to macroscopic heterogeneity is accompanied by the transformation of
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energy accumulation to energy dissipation (Wang et al., 2019).
Taking underground mining as an example, the excavation and
support change the original stress field, and the surrounding rock
accumulates, dissipates and releases energy (Cai et al., 2019;
Keneti and Sainsbury, 2020; Xiao et al., 2021). Partial input
energy of the rock mass is transformed into elastic strain

energy)
instability failure, and some energy is transformed into plastic

energy (releasable strain and released during
energy corresponding to plastic deformation, surface energy
corresponding to crack initiation and expansion, kinetic
energy of the failure surrounding rock mass, acoustic emission
(microseismic) and radiation energy, etc., (Lu et al., 2021; Meng
et al., 2021; Shirani Faradonbeh et al., 2021). During the process
of rock mass excavation, stress redistributes and strain energy
accumulates in surrounding rock, and the gathered energy is
easily released along the face of caving, resulting in damage and
fracture of surrounding rock and even sudden instability of
surrounding rock (Li et al., 2018; Jiang et al., 2020; Liu et al,
2021; Tu et al, 2021; Zhang et al, 2021). Revealing the
deformation and failure mechanism of rock mass from the
perspective of energy is one of the research hotspots in the
field of rock mechanics.

Many scholars (Huang and Li, 2014; Gong et al., 2019; Zhang
et al., 2019; Qin et al, 2020) have systematically carried out
laboratory experiments to study the laws of rock energy
conversion under different loading conditions such as cyclic
loading and unloading test, conventional compression test,
unloading test, etc., and achieved many beneficial research
results. Currently, two methods are widely used in calculating
and analyzing rock energy, especially elastic strain energy. Firstly,
the area method is based on the stress-strain curve under cyclic
loading and unloading (Gong et al., 2021; Xu et al,, 2021; Ding
et al., 2022; Gong et al., 2022). This method has high accuracy,
but it is generally applicable to laboratory experiments that can
obtain cyclic loading and unloading curves, and it is difficult to be
popularized and applied to engineering rock masses. Secondly,
the traditional strain energy formula method based on elasticity
theory is simple and fast, but the calculation accuracy depends on
the value of elastic modulus (Gong and Wang, 2022; Qiao et al,,
2022). Therefore, how to establish a simple, fast and easy method
to calculate the elastic strain energy of engineering rock mass
needs further study.

In this study, the quantification method of energy in the process
of rock deformation and failure and its applicable conditions were
discussed. Based on the single cyclic loading and unloading (SCLU)
experiments, the influence of the method of calculating elastic
modulus on the elastic strain energy calculated by the strain
energy formula method was analyzed. On this basis, cyclic
triaxial loading and unloading (CTLU) experiments were
performed, and an equivalent elastic modulus characterization
method of rock based on elastic strain energy was established.
Based on the proposed equivalent elastic modulus estimation
formula, the evolution characteristics of elastic strain energy and
energy dissipation were analyzed through conventional triaxial
compression (CTC) experiments. The research results have
important  theoretical and practical significance for the
mechanism analysis, stability evaluation and support control of
surrounding rock in the stope.
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2 Energy transformation and
quantitative analysis during rock

deformation and failure

2.1 Energy transformation during rock
deformation and failure

The process of rock deformation and failure under load is
accompanied by energy input, energy accumulation, energy
dissipation and energy release. The energy transformation
process of rock under external load is shown in Figure 1.

The change of rock state can be considered as the change from
one energy balance state to another new energy balance state. If
ignoring the temperature effect, part of the energy input by the
external force working on the rock is accumulated in the form of
elastic strain energy inside the rock, and this part of energy is
reversible. The other part is mainly used for internal dissipated
plastic strain energy and crack surface energy, released kinetic
energy and friction heat energy.

In this study, the plastic strain energy is defined as irreversible
internal dissipated energy which is not dissipated in the form of
cracks. Before the macroscopic fracture, the kinetic energy released
to the outside is mainly in the form of acoustic emission waves, while
in the post-peak stage, it is mainly in the form of macroscopic
movement of rock blocks. The frictional heat energy is the heat
generated by the friction between rock substrates on both sides of the
crack. During the process of rock deformation and failure, there are
energy transformation processes such as external energy input,
internal accumulation and dissipation, and release to the outside,
and the specific bearing state corresponds to the specific energy
transformation state.

2.2 Quantification of energy during rock
deformation and failure

The total input energy can be separated into two parts: reversible
elastic strain energy and irreversible dissipated energy, assuming
that there is no heat exchange with the environment. The elastic
strain energy is primarily stored in the rock during the pre-peak
stage of rock deformation and failure, whereas the dissipated energy
is primarily in the form of plastic deformation and damage energy
dissipation. The elastic strain energy is primarily released in the rock
during the post-peak period, and the energy is primarily used for
macroscopic crack fracture, friction between rock substrates on both
sides of the crack, and kinetic energy of fragments. According to the
law of energy conservation, the energy relationship during the
process of rock deformation and failure can be expressed as follows:

U=U"+U (1)

where, U? is dissipated energy density, hereinafter referred to as
dissipated energy; U* is the elastic strain energy density, hereinafter
referred to as the elastic strain energy.

The input energy density can be calculated by the following
formula:

U= j lalds+J262ds+J3a3ds (2)

0 0 0
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FIGURE 1
Energy transformation of rock under external load.

where, 0y, 0, and 03 are the maximum principal stress,
intermediate principal stress and minimum principal stress,
respectively. €, & and &3 are the strain corresponding to the
principal stress.

Elastic strain energy and dissipated energy during the process of
rock deformation and failure can be determined by the area method
or strain energy formula method.

2.2.1 Area method

As shown in Supplementary Figure SI, the area below the
loading curve is the total input energy, the area below the
unloading curve is the elastic strain energy U®, and the area
between the loading curve and unloading curve is the dissipated
energy U“.

2.2.2 Strain energy formula method

In the strain energy formula method, the elastic strain energy is
calculated through the elastic theory formula, and the total input
energy is calculated by the integral of stress-strain curve, and the
difference between the above two is the dissipated energy.

The elastic strain energy U® can be expressed as:

1
U = 5 (0'181 + 0,& + 0'383) (3)

From the Generalized Hooke’s Law:

1
& = E [o1 - V(02 + 03)]

& = % [0'2 - V(O'l + 0'3)] (4)

1
& = E [o3 - V(0 + 02)]

Substitute Eq. 4 into Eq. 3 to obtain:
1
U= 2E [0? + 67 + 03 — 2v(010, + 6,05 + 6103)] (5)
Where, E and v are elastic modulus and Poisson’s ratio, respectively.

For the conventional triaxial compression test, the Eq. 5 can be
written as:
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FIGURE 2
Schematic diagram of different calculation methods for elastic
modulus.
e 1 2 2 2
U = 3E [67 + 205 - 2v (20103 + 03)] (6)

For the uniaxial compression test, the Eq. 5 can be written as:

2
St

" 2E @

3 Quantitative method of elastic
modulus and its limitations

For loading and unloading tests, the elastic strain energy
corresponding to each cycle can be calculated by the area
method, but for monotonic loading tests, the elastic strain energy
can only be calculated by the strain energy formula method. In this
case, the elastic modulus has a very important influence on the
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FIGURE 3
Stress-strain curves of sandstone under SCLU. (A) Confining pressure o3 = 0 MPa. (B) Confining pressure o3 = 20 MPa.

TABLE 1 Results of elastic strain energy calculated by different elastic modulus (o; = 0 MPa).

TABLE 2 Results of elastic strain energy calculated by different elastic modulus (0; = 20 MPa).

Serial Area Strain energy formula method
number method
SMLC E} TMLC Ef SMUC E; TMUC E;
Ue/(kJ/m?3) U/ Deviation/ U/ Deviation/ U/ Deviation/ U¢/ Deviation/

(! % (kJ/m3) % (kJ/m3) % (kJ/m?3) %
1 6.44 10.78 67.4 5.95 7.6 8.49 319 5.14 20.3
2 16.02 30.47 90.2 17.99 12.3 22,52 40.6 14.12 11.9
3 31.01 59.68 925 35.83 155 43.10 39.0 26.47 14.6
4 54.25 99.11 82.7 62.49 152 72.20 33.1 4329 20.2
5 73.22 133.76 82.7 90.88 24.1 99.45 35.8 60.68 17.1
6 100.51 184.40 83.5 128.39 27.7 137.67 37.0 86.10 14.3
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Serial Area Strain energy formula method
number method
SMLC E; TMLC E} SMUC E; TMUC E;
U%/(k)/m?) Ue/ Deviation/ ue/ Deviation/ U/ Deviation/ e/ Deviation/
(kJ/m?3) % (kJ/m?3) % (kJ/m?3) % (kJ/m?3) %
1 15.04 25.42 69.04 25.57 70.00 2320 5423 22.73 5111
2 22.98 39.38 71.36 38.94 69.45 34,51 50.15 32.72 42.40
3 60.00 84.27 4045 78.95 31.58 7143 19.05 61.98 331
4 11221 144.57 28.84 127.03 13.20 122.85 9.48 101.42 9.61
5 210.12 271.91 29.41 227.41 8.23 231.63 10.24 186.68 11.15
6 359.24 471.16 3115 386.64 7.63 406.71 1321 315.83 12.08
7 546.32 751.84 37.62 589.28 7.86 647.62 18.54 479.19 1229
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Schematic diagram of elastic strain energy and equivalent elastic modulus. (A) Elastic strain energy. (B) Determination of equivalent elastic modulus.

accuracy of the calculation results. Therefore, this section discusses
the influence of several methods of calculating elastic modulus on
theoretical calculation results of elastic strain energy.

3.1 Quantitative method of elastic modulus

As shown in Figure 2, the calculation methods of elastic modulus
can mainly be concluded as follows:

Method 1: Secant modulus of loading curve (SMLC), denoted as
E?, is the slope of the secant line between the starting point of the
loading and the upper limit stress point.

Method 2: Tangent modulus of loading curve (TMLC), denoted
as Ef, is the slope of the straight line segment of the loading stress-
strain curve.

Method 3: Secant modulus of unloading curve (SMUC), denoted
as E_, is the slope of the secant line between the starting point of
unloading and lower limit unloading stress point.

Method 4: Tangent modulus of unloading curve (TMUC),
denoted as E;. It can be seen from the stress-strain curve in the
unloading stage that the straight line segment of the unloading curve
occurs within a period after the initial unloading moment. To avoid
the calculation difference caused by the sudden change of stress and
strain at the initial unloading moment, E; is the slope of the straight
line segment between the starting point of unloading and the point
of 8-10 MPa below.

3.2 Limitations of quantitative methods of
elastic modulus

3.2.1 Experimental scheme

The specimens adopted in this study are cylindrical yellow
sandstone with ®50 mm x HI100 mm, in which quartz, potash
feldspar and clay minerals account for 76.12%, 20.93% and
2.95%, respectively, with an average density of 2.10 g/cm® and no
obvious joints on the surface, as shown in Supplementary Figure S2.
The Sonic Viewer-SX ultrasonic wave velocity test system was used
to screen the sandstone samples. The samples with similar wave
velocities were selected for testing to reduce the dispersion of the
samples. The loading device was TOP INDUSTRIE Rock
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600-50 rheometer. Two linear variable

displacement transducer (LVDT) were used to collect axial strain,

automatic  servo
and annular electronic strain gauge was used to collect annular
strain, as shown in Supplementary Figure S3.

In this study, single cyclic loading and unloading (SCLU)
experiments, cyclic triaxial loading and unloading (CTLU)
(CTC)

experiments were performed, which were discussed in more

experiments and conventional triaxial compression
detail in Section 3.2.2, Section 4.2 and Section 5, respectively.

The SCLU experiments were carried out under confining
pressure of 0 MPa and 20 MPa, i.e., single cyclic uniaxial loading
and unloading (SCULU) experiments and single cyclic triaxial
loading and unloading (SCTLU) experiments. Seven SCULU
experiments were performed with the unloading stress of
10 MPa, 20 MPa, 30 MPa, 40 MPa, 50 MPa, 60 MPa and 70 MPa.
For SCULU experiments, the specimens were loaded to the preset
unloading stress with an axial loading rate of 0.5 MPa/s, and then the
specimens were completely unloaded with an axial unloading rate of
0.5 MPa/s. In the seventh experiment, the rock specimen failed when
it was loaded to 66.0 MPa, and the unloading stress-strain curve was
not obtained. Eight SCTLU experiments were performed with the
unloading deviatoric stress of 10 MPa, 20 MPa, 40 MPa, 60 MPa,
90 MPa, 120 MPa, 150 MPa, 180 MPa. For SCTLU experiments, the
experimental procedure was as follows: (a) the hydrostatic pressure (
01 = 0, = 03 = 20 MPa) was applied with a loading rate of 0.5 MPa/s;
(b) the specimens were loaded to the preset unloading deviatoric
stress with an axial loading rate of 0.5 MPa/s; (c) the specimens were
unloaded to deviatoric stress of 2 MPa (in order to prevent the
separation of the rock specimens from the pressure head of the
testing machine) with an axial unloading rate of 0.5 MPa/s. In the
eighth experiment, the rock specimen failed when it was loaded to
171.7 MPa, and the unloading stress-strain curve was not obtained.

The CTLU experiments were performed under the confining
pressure of 0 MPa, 5 MPa, 10 MPa, 15 MPa and 20 MPa. Firstly, the
hydrostatic pressure ( 01 = 0, = 03) was applied with a loading rate of
0.5 MPa/s. Then, the specimens were loaded to the preset unloading
deviatoric stress and unloaded to deviatoric stress of 2 MPa with the
same axial rate of 0.5 MPa/s. As shown in Supplementary Figure 54,
the increment in the pre-peak stage and the decrement in the post-
peak stage for cyclic stress were set to 10 MPa and 20 MPa
respectively.
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TABLE 3 Results of equivalent elastic modulus.

o3 = 0 MPa o3 = 5 MPa o3 = 10 MPa o3 = 15 MPa o3 = 20 MPa
01-03/MPa &1/% E/GPa 01-03/MPa &1/% E/GPa 01-03/MPa &1/% E/GPa 01-03/MPa &1/% E/GPa 01-03/MPa &1/% E/GPa
1 111 0.18 9.4 10.1 0.08 14.1 11.6 0.07 184 12.6 0.08 20.8 9.9 0.05 215
2 207 0.28 1.7 20.8 0.15 16.2 20.3 0.12 19.0 22.1 0.13 213 19.9 0.11 22.1
3 31.0 0.37 13.8 30.8 0.22 17.5 31.7 0.19 20.1 34.6 0.21 222 295 0.16 227
4 412 0.45 153 39.6 0.27 18.6 40.0 0.23 21.0 43.6 0.26 224 40.4 0.22 23.0
5 51.7 0.53 163 50.2 0.33 19.8 50.1 0.29 21.8 54.6 0.32 226 513 0.28 233
6 60.9 0.61 16.6 60.2 0.39 204 60.5 0.34 226 66.0 0.38 23.0 60.6 033 235
7 70.3 0.45 213 70.5 0.39 23.1 76.9 0.43 233 70.2 0.38 237
8 80.5 0.51 21.6 80.3 0.44 234 87.5 0.49 235 80.0 0.42 238
9 89.8 0.56 21.8 90.5 0.49 235 98.7 0.55 23.6 90.2 0.47 24.0
10 100.4 0.64 219 100.1 0.54 237 109.1 0.60 237 101.9 0.54 24.1
11 109.9 0.71 217 110.1 0.59 238 120.0 0.66 237 109.8 0.58 24.1
12 97.0 0.94 20.1 120.0 0.65 237 130.8 0.72 235 119.9 0.64 24.1
13 82.0 1.05 18.6 129.2 0.71 236 140.8 078 234 130.1 0.69 24.1
14 60.5 112 17.0 139.7 0.78 236 152.3 0.86 23.1 140.0 0.76 24.0
15 117.3 1.03 223 159.9 0.92 227 151.5 0.83 239
16 100.0 1.07 22.0 114.5 1.25 213 138.9 1.06 22.8
17 832 1.13 213 95.2 1.29 20.9 137.0 1.15 226
18 582 121 202 75.4 135 20.7 1232 1.18 224
19 55.2 1.38 20.5 1022 1.22 22.1
20 80.2 1.24 21.9
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Quadratic polynomial fitting of equivalent elastic modulus.

The CTC experiments were performed under the confining
pressure of 0 MPa, 5MPa, 10 MPa, 15MPa and 20 MPa. The
loading procedure was as follows: firstly, the hydrostatic pressure
was applied with a loading rate of 0.5 MPa/s; then, the specimen was
subsequently loaded to failure with an axial loading rate of
0.5 MPa/s.

Frontiers in Earth Science 07

3.2.2 Limitations of methods

As shown in Figure 3, the stress-strain curves of sandstone under
uniaxial compression show obvious non-linear characteristics regardless of
unloading at low-stress or high-stress levels, and the elastic modulus
calculated by different methods are different. With the increase of
confining pressure, the non-linear characteristics of stress-strain curve
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FIGURE 7

Evolution of elastic strain energy under CTC. (A) o3 = 5 MPa. (B) o3 = 10 MPa. (C) g3 = 15 MPa. (D) g5 = 20 MPa.

reduce, and the difference of calculated elastic modulus also decreases.
Supplementary Tables S1, S2 list the elastic modulus in each SCLU
experiment calculated by the abovementioned method. Under the
same stress limit, the elastic modulus calculated by the four methods
can be listed in descending order: TMUC E;, TMLC E/, SMUC E_, and
SMLC E.

In order to compare the accuracy of elastic strain energy calculated by
different elastic modulus, the elastic strain energy was calculated by using
the area method and strain energy formula method, respectively. Based
on the results of the area method, the calculation deviation corresponding
to different values of elastic modulus was obtained, as shown in Tables 1,
2. As can be seen from the tables, the calculation deviation of elastic strain
energy using different elastic modulus is large. For SCULU experiment,
the calculation deviation of elastic strain energy using SMLC E{ is the
largest, followed by SMUC E;, and the deviation using TMLC E; or
TMUC E; is smaller. For SCTLU experiment, the deviation of elastic
strain energy calculated by SMLC E is obviously larger than the other
three. The deviation of elastic strain energy calculated by the strain energy
formula method using different elastic modulus is generally above 10% in
the SCULU or SCTLU experiment. Therefore, in order to obtain more
accurate elastic strain energy and provide more accurate basic data for
analyzing energy conversion characteristics of rock, it is necessary to
improve the quantitative method of elastic modulus.

4 Equivalent elastic modulus based on
elastic strain energy and its evolution
4.1 Characterization method for equivalent
elastic modulus based on elastic strain
energy

As shown in Figure 4A, the main reasons for the calculation

deviation of elastic strain energy can be concluded: the elastic strain
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energy calculated by SMUC E{ is the area of triangle abc, while the
actual elastic strain energy is the area of cross-sectional area adbca,
and the deviation is the blue area. The non-linear characteristic of
stress-strain curve in the unloading stage is mainly due to the non-
linear elastic properties of the sandstone. Sandstone is a kind of
porous medium rock, and rock matrix under a certain stress level
will show more obvious linear elastic properties, but its internal
microcracks, microvoids will gradually open under unloading,
leading to the reducement of effective bearing area and the
decrease of elastic modulus. Its apparent phenomenon is non-
linear characteristic of unloading curve, which is also the
essential reason for the large error of elastic strain energy
calculated using secant modulus.

Based on the above analysis, this study put forward the
equivalent elastic modulus (the slope of the line be in Figure 4B
based on elastic strain energy, defined as E'. The elastic strain energy
can be calculated through the area between the unloading stress-
strain curve and the horizontal axis, then the equivalent elastic
modulus can be calculated according to the formula of elastic strain
energy. For uniaxial compression, the equivalent elastic modulus
can be calculated as follows:

2

o (8)

E' =
2U°

For triaxial compression, the elastic strain energy can be
calculated through the axial and radial unloading curve, and the
equivalent elastic modulus can be calculated as follows:

t

)

1
=3 [0? + 67 + 62 — 2! (010, + 0203 + 0,03)]
where, v' is the unloading Poisson’s ratio obtained by the ratio of

radial to axial strain increment at the unloading process (Huang and
Li, 2014).
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In this study, the characterization method for equivalent elastic
modulus is proposed from the perspective of energy, which aims to
better quantify the elastic strain energy stored in rock. It is essentially
different from the elastic modulus defined by the stress-strain curve,
and more suitable for the analysis of energy conversion law during
rock failure.

4.2 Evolution law and estimation formula of
equivalent elastic modulus

Based on the CTLU experiments, the equivalent elastic modulus
proposed above (Formula 9) was used to determine the equivalent
elastic modulus of rock under different confining pressure and cyclic
limit stress, as shown in Table 3.

Figure 5 shows the change of equivalent elastic modulus
under different confining pressure. Figure 5A shows that the
post-peak unloading curve was not obtained under confining
pressure of 0 MPa, and the equivalent elastic modulus increases
gradually with the increase of cycles and axial strain.
Theoretically, the storage capacity of elastic strain energy
decreases after the specimen reaches the yield stage, leading to
the decrease of the equivalent elastic modulus. The difference
between peak stress and yield stress is less than cyclic stress
increment (10 MPa) under confining pressure of 0 MPa,
therefore the maximum stress of a cyclic loading is difficult to
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be exactly between the yield stress and peak stress, and the
decrease of equivalent elastic modulus before the peak stress is
not observed. It can be seen from Figures 5B-D that for triaxial
cyclic loading and unloading tests, the equivalent elastic modulus
shows a three-stage with the increase of cycles and axial strain,
i.e., increasing, stabilizing and decreasing.

In order to further analyze the effect of confining pressure
on the equivalent elastic modulus of rock, the evolution of
equivalent elastic modulus for CTLU experiment under
different confining pressure was shown in Figure 6. With the
increase of confining pressure, the equivalent elastic modulus
increases under the same deviatoric stress and axial strain, and
the variation of equivalent elastic modulus decreases obviously
with the increase of deviatoric stress and axial strain, indicating
that the confining pressure has a strengthening effect on the
elastic modulus of rock. It can be seen from Figure 6B that the
quadratic polynomial fitting of equivalent elastic modulus with
axial strain is fairly good, and the fitting formula can be used to
estimate the equivalent elastic modulus of rock under different
confining pressure and axial strain:

E' = -66197¢” + 864.6¢ + 21.312 03 = 20MPa
E' = —67947€* + 928.9¢ + 20.381 03 = 15MPa
E' = —144960¢% + 1998.7¢ + 17.095 5 = 10MPa
E' = —233674¢% + 3061 + 12.021 03 = 5MPa
E' = -271476¢* + 3862.7¢ + 3.315 05 = OMPa

(10)
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5 Conversion characteristics of energy
based on the equivalent elastic
modulus

5.1 Characteristic stress of rock

Based on the CTC experiments, the characteristic stresses such
as crack closure stress, crack initiation stress and crack damage stress
of sandstone under different confining pressure were calculated
from the perspective of the crack activity inside the rock (Diederichs
et al.,, 2004). As shown in Supplementary Figures S5, S6, it can be
seen that the crack initiation stress and crack damage stress increase
with increasing confining pressure, while the effect of confining
pressure on crack closure stress is obvious under low confining
pressure. When the confining pressure increases to 10 MPa, the
crack closure stress tends to be stable. This is mainly due to: thereisa
limit stress for original cracks and voids inside rock, i.e., when the
stress reaches a certain limit, the cracks and voids fully closed. As
shown in Supplementary Figure S6B, the normalized characteristic
stress (characteristic stress/peak strength) is less affected by
confining pressure, and the normalized crack closure stress, crack
initiation stress and crack damage stress are stable at about 0.31,
0.65 and 0.81, respectively.

On the basis of the above analysis, the equivalent elastic modulus
of sandstone under different confining pressures is used for the
subsequent analysis of energy conversion process. It should be
pointed out that in the subsequent energy analysis, the
calculation of energy takes the hydrostatic stress state as the
Although there
transformation during the loading process from initial state to
hydrostatic stress state, this part of energy is small and does not

starting point. is energy dissipation and

affect the overall law of energy dissipation and transformation
during the process of rock failure. Therefore, this part of energy
is not considered in this study.

5.2 Evolution characteristics of elastic strain
energy

5.2.1 Evolution law of elastic strain energy
According to the theory of elasticity, the elastic strain energy
depends only on elastic modulus and the final value of external
load, and has nothing to do with the loading sequence. Based on
the equivalent elastic modulus obtained in section 4, elastic
strain energy is calculated according to stress-strain data
collected during the CTC experiment, and the results are
shown in Figure 7. Under constant confining pressure, elastic
strain energy is only affected by elastic modulus and external
load. Therefore, the curve of elastic strain energy is similar to the
curve of stress. During sandstone deformation and failure
process, the elastic strain energy gradually accumulates and
increases with increasing external input energy, and reaches
the maximum value at the peak strength, namely, the elastic
energy storage limit. When the elastic strain energy accumulated
inside the rock reaches this limit, the rock will show macroscopic
fracture. The greater the energy storage limit of the rock, the less
likely it is to be damaged driven by energy. In the post-peak
stage, the elastic strain energy decreases as the axial stress
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Energy dissipation rate near peak strength.

decreases. Under the same stress, the elastic strain energy in
the post-peak stage is bigger than pre-peak stage, the main
reason is that the fractured rock contains a large number of
microcracks, the elastic strain energy calculated by the
equivalent elastic modulus includes the elastic strain energy
accumulated in rock microcracks.

5.2.2 Effect of confining pressure on elastic strain
energy storage efficiency

In order to analyze the storage characteristics of elastic strain
energy in the pre-peak stage, the elastic strain energy storage
efficiency G, is defined as the stored elastic strain energy of unit
strain, and is calculated as follows:

AU*
G, =
¢ Ae 1

(11)

Where, G, is the elastic strain energy storage efficiency, kJ/m? AU* is
the change of elastic strain energy, kJ/m?; A¢, is the change of axial
strain.

Figure 8 shows the curve of elastic strain energy storage
efficiency under different confining pressure. It can be seen that
the elastic strain energy storage efficiency first increases gradually,
and reaches the peak at the crack damage stress. After crack
damage stress, the elastic strain energy storage efficiency
decreases gradually. The comparison of elastic strain energy
storage efficiency under different confining pressure shows that
the elastic strain energy storage efficiency increases with increasing
confining pressure. For example, the peak elastic strain energy
storage efficiency increases from 80,000 kJ/m? under o3 = 5 MPa to
140,000 kJ/m® under o3 = 20 MPa, i.e., the elastic strain energy
storage efficiency increases by 75%. Elastic strain energy storage
efficiency reflects the rock elastic strain energy transformation
efficiency. Before the crack damage stress, rock is dominated by
elastic deformation, and elastic strain energy storage efficiency
increases with increasing axial stress and strain. After the crack
damage stress, the internal cracks propagate quickly, rock is
dominated by plastic deformation, and the elastic strain energy
storage efficiency decreases.
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5.3 Evolution characteristics of energy
dissipation

For sandstone under compression, the process of internal

primary microcrack closure, new crack initiation and propagation

is always accompanied by energy dissipation, that is, the damage and

fracture of rock are driven by energy. Therefore, this section will
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analyze the characteristics of energy dissipation under different
stress states.

5.3.1 Evolution law of energy dissipation

Figure 9 shows the curve of energy dissipation under CTC. It can
be seen that the dissipated energy increases continuously with the
increase of rock deformation. In the pre-peak stage, the dissipated
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energy is small, and the corresponding curve is relatively gentle and
flat, i.e., the damage of rock develops steadily, and there is no sudden
release and dissipation of energy. After reaching the peak strength,
the dissipated energy increases rapidly with large-scale deformation
and macroscopic fracture of rock. Furthermore, the dissipated
energy increases suddenly to a certain extent at the stress drop
point, i.e., when the local fracture occurs.

5.3.2 Characteristics of energy dissipation rate

To measure the speed of rock energy dissipation in different
loading stages, this study introduces the energy dissipation rate G,
namely, the dissipated energy per unit time, which can be calculated
by the following formula (Wang et al., 2021):

AU?
G =

v (12)

Where, AU? is the change of dissipated energy, k]/m? Af is the time
increment, s.

Based on the above formula, the energy dissipation rate of rock
under CTC is calculated, as shown in Figure 10. It can be seen that
the local maximum energy dissipation rate appears at the stress drop
point, and the peak energy dissipation rate appears near the peak
strength. Outside the peak strength region, the energy dissipation
rate is generally at a low level. Therefore, the energy dissipation rate
can not only quantify the energy dissipation speed, but also can be
used to evaluate the local failure and macroscopic failure of rock.

The above analysis demonstrated that high-rate energy
dissipation is mainly concentrated near the peak strength, so the
dissipated energy near the peak strength is listed in Figure 11. The
time = 0 in the figure represents the moment of peak strength, the
negative value represents the pre-peak stage and the positive value
represents the post-peak stage. Figure 11 shows that the energy
dissipation rate presents an obvious hysteresis effect and confining
pressure effect.

(1) Hysteresis effect. Before the peak strength, the energy dissipation
rate is at a low level. After reaching the peak strength, the energy
dissipation rate increases rapidly to a higher level, i.e., the high-rate
of energy dissipation lags behind the peak strength. Under CTC,
the peak energy dissipation rate usually occurs within 10-30 s after
the peak strength.

(2) Confining pressure effect. Before the peak strength, the energy

~

accumulated in the rock increases as the confining pressure
increases. After reaching the peak strength, the amount and rate
of energy dissipation during the rock failure process increase
correspondingly. For example, the peak energy dissipation rate
increases from 132.9k] m>s' under o3 = 5 MPa to 228.0 k]
m~>-s~! under o3 = 20 MPa. In addition, the hysteresis effect of
energy dissipation rate gradually weakens as the confining
pressure increases. For example, with the increase of
confining pressure from 5MPa to 20 MPa, the high-level
energy dissipation rate gradually moves forward to the peak
strength, and the lag time of peak energy dissipation rate

decreases from 22's to 15s.
To summarize, energy release and dissipation of rock under load

mainly occur in a short time after the peak strength. Under high
confining pressure, energy release and dissipation are more sudden
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and severe, i.e., the engineering rock mass under high confining
pressure will be easier to induce dynamic disasters.

5.3.3 Comparative analysis of energy dissipation
and acoustic emission activities

During the process of rock deformation and fracture, the
dissipation and release of energy are accompanied by elastic
waves, namely, acoustic emission (AE). AE can reflect the
process of energy dissipation inside rock, and AE energy is a part
of dissipated energy. Based on this, this section analyzes the
evolution characteristics of dissipated energy and AE count
(Grosse and Ohtsu, 2008), as shown in Figure 12.

Figure 12 shows that there is a good correspondence between
dissipated energy and AE count, i.e., the sudden increase of AE
count corresponds to high dissipation of energy. In the pre-peak
stage, the dissipated energy and AE count are both at a low level.
Near the peak strength, the dissipated energy and AE count
increase rapidly and reach a high level. In the post-peak stage,
after the formation of the main fracture surface, cracks continue
to initiate, propagate and coalesce, and acoustic emission
activities are relatively active. When the local fracture occurs,
an obvious stress drop appears with a sudden increase of AE
count.

From the perspective of energy dissipation, it can be seen that
there are many local maximum energy dissipation points
corresponding to stress drop points near and after the peak
strength. This is mainly due to the initiation and propagation
of secondary fracture surfaces along with the development of
principal fracture surface. The initiation and propagation of
secondary fracture surfaces will lead to the reduction of rock
bearing capacity and the occurrence of stress drop, resulting in a
sharp increase of energy dissipation. In addition, there is a
confining pressure effect on energy dissipation: the greater the
confining pressure, the greater the energy dissipation at the peak
strength. For example, the energy dissipation at peak strength
increases from 1.9 x 10° kJ/m? under o3 = 0 MPa to 6.5 x 10° kJ/
m’ under o3

15 MPa. Therefore, when preventing and
controlling dynamic disasters such as rock burst in the
practice of underground mining engineering, it is necessary
not only to pay attention to the inherent properties such as
peak strength and brittleness index of surrounding rock mass, but
also to analyze the stress state of surrounding rock mass,
especially the surrounding rock mass under high confining

pressure.

6 Conclusion

Based on the theory of energy balance and elasticity, energy
transformation and quantification of energy for sandstone are
discussed. In view of elastic strain energy quantification, the
reasonable value of elastic modulus in the strain energy formula
method is analyzed with reference to the calculation results of the
area method, and then the characterization method for equivalent
elastic modulus based on elastic strain energy is proposed. Through
the CTLU experiments of sandstone under different confining
pressure, the fitting quadratic function between equivalent elastic
modulus, confining pressure and axial strain is determined. The
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proposed equivalent elastic modulus is applied to analyze the
evolution characteristics of elastic strain energy and energy
dissipation. The following main points are concluded from this
study.

(1) Taking the secant and tangent modulus of loading and
unloading curve as input parameters respectively, the elastic
strain energy under different confining pressure is calculated by
using the strain energy formula method. Compared with the
calculation results of area method, when the tangent modulus of
loading curve or unloading curve is used as input parameter, the
deviation of elastic strain energy calculated by the strain energy
formula method is smaller, but the deviation is still generally
higher than 10%.

(2) A characterization method for equivalent elastic modulus
based on elastic strain energy is proposed to obtain more
accurate calculation of energy when using the strain energy
formula method. The elastic strain energy is calculated firstly
by the area between the unloading stress-strain curve and the
abscissa axis, and then the equivalent elastic modulus under
specific confining pressure and axial strain is inversely
calculated by using the theoretical calculation formula of
elastic strain energy.
The mechanical parameters such as elastic modulus, peak
strength and residual strength show an obvious confining
pressure effect, that is, they increase with increasing
conﬁning pressure. However, there are limit closure stress
and limit closure amount. When the confining pressure
increases to 10 MPa, the crack closure stress tends to be
stable, but the crack initiation stress and crack damage stress
increase with increasing confining pressure; The normalized
characteristic stress is less affected by the confining pressure,
that is, the normalized crack closure stress, crack initiation stress
and crack damage stress are stable at about 0.31, 0.65 and 0.81,
respectively.
(4) The elastic strain energy storage limit and elastic strain energy
storage efficiency increase with increasing confining pressure.
The local maximum energy dissipation rate point corresponds
to an stress drop, and the peak energy dissipation rate appears
near the peak strength. The energy dissipation rate presents
hysteresis effect and confining pressure effect, i.e., high energy
dissipation mainly occurs in a short time after the peak strength,
and rock fracture and energy dissipation are more sudden and
severe under high confining pressure.
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