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Introduction: Precisely determining the characteristic stress value of a rock
progressive failure process has important theoretical and practical significance
for reasonably defining the rock deformation and failure stage, mechanical
mechanism, and design parameters.

Methods: Based on the energy characteristics in the process of rock deformation and
failure, this paper proposes a new method of rock characteristic stress (EGR) around
the index of elastic energy storage capacity, elastic energy growth rate, and dissipative
energy growth rate. First, the rationality of the new method is verified by the indoor
uniaxial and triaxial loading test data of coal and marble. Second, five different
determination methods, namely, lateral strain method, lateral strain difference
method, crack strain method, energy dissipation rate method, and volumetric
strain method, are compared to further verify the scientific nature of the new
method. Finally, the method is applied to the conventional triaxial unloading
confining pressure test and true triaxial loading and unloading test of marble, and
the new method is fully extended to verify its universality.

Results: The results show that the theoretical basis of the EGR characteristic stress
determinationmethod is rigorous and sufficient, and the value process is objective
and reasonable. Compared with different methods, the EGR method can
accurately define the process of rock asymptotic failure, and its corresponding
characteristic stress level is well-consistent and in a reasonable range.

Discussion: The EGR method is applicable to the conventional triaxial unloading
confining pressure test and true triaxial loading and unloading test and has good
universality.
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1 Introduction

In energy exploitation and underground engineering construction, there is often an
asymptotic failure process of rock. There are many phenomena such as spalling failure of
surrounding rock and formation of a damage zone, which fail to reach the ultimate strength of
rock. These phenomena play a vital role in the safety and stability of the project. Therefore, the
study of the rock asymptotic failure process and the accurate acquisition of rock characteristic
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stress are the basis for establishing reasonable, scientific and universal
rock fracture strength criteria and failure strength criteria. It is a key
parameter in predicting the extent and scope of surrounding rock failure
(Cai et al., 2004) and has important engineering guiding significance.

In the past 50 years, the progressive failure process of rock has
received extensive attention from scholars. Based on the laboratory test
research, Bieniawski, (1967); Brown, (1981) divided the progressive
failure process of rock into five stages: crack compaction, linear elastic
deformation, crack initiation and stable propagation, specimen damage
and crack unstable propagation, and specimen failure and post-peak
deformation. Cai et al. (2004); Peng et al. (2015); Wang et al. (2011);
Peng et al. (2013); Li et al. (2022); Tkalich et al. (2016); Kong et al.
(2023); Li et al. (2023) expounded the necessity of dividing the stages of
asymptotic failure from the perspective of experiment and theory. The
corresponding strength eigenvalues of each stage were compaction
stress σcc, crack initiation stress σci, crack damage stress σcd, peak stress
σf, and residual stress σr, respectively.

Subsequently, scholars discussed how to accurately determine the
asymptotic failure characteristic stress. Some research methods with
their contents, advantages, and disadvantages are shown in Table 1. The
characteristic stress value was usually determined from the stress–strain
aspect by volume strain (Brown, 1981), transverse strain (Lajtai et al.,
1990), crack strain (Martin and Chandler, 1994), and moving point
regression (Eberhardt et al., 1998).However, such methods were
generally subjective and cannot accurately determine the compaction
stress σcc and cracking stress σci, which would bring hidden dangers to
prevent engineering instability.

Therefore, according to the change characteristics of AE
characteristic parameters such as AE cumulative impact number,
energy count, and b value, it was more advantageous to study
different characteristic stresses from a microscopic perspective
(Kim et al., 2015; Xie et al., 2023). However, the attenuation
effect of crack development on the accumulation process of
acoustic emission provided the acoustic emission method with
certain limitations of stress conditions.

Therefore, according to the law of energy conversion and
conservation, energy conversion is a basic feature in the physical
process of matter. As an aggregate of various minerals, rock is also an
open system that can receive, store, and release energy (Zhao and
Xie, 2008; Xie et al., 2004; Liu et al., 2023). The nature of rock
cracking and failure is an energy-driven state instability
phenomenon. Energy theory was used to determine that the
characteristic stress of rock is bound to be closer to the nature of
rock failure (Liu et al., 2022). Griffith (1921) proved the energy
theory through a rock tensile test, and Yang et al. (2015) constructed
a damage model based on energy dissipation and determined the
compaction stress and cracking stress. Jin et al. (2004) calculated the
dissipation energy based on cyclic loading, defined the damage
variable of materials from the perspective of energy dissipation,
and determined the theoretical calculation formula and damage
threshold of the damage variable. Xie et al. (2005a) studied the
internal relationship between energy dissipation, energy release,
rock strength, and overall failure during rock deformation and
failure, and based on the strength loss criterion of energy
dissipation and the global failure criterion of releasable strain
energy, the critical stress of rock global failure was determined.
Ning et al. (2018) studied the energy dissipation law of brittle coal
and rock under different confining pressures and proposed to
determine the crack initiation stress σci and damage stress σcd,
based on the elastic strain energy rate and dissipation energy
rate. Liu et al. (2020) expressed the energy dissipation process of
coal and rock by introducing the dissipation energy rate and
proposed a method to determine the fracture closure stress point
and damage stress point of coal and rock using the energy
dissipation rate curve.

The content, advantages, and disadvantages of commonly used
methods for determining characteristic stress are given in Table 1. At
present, there are often subjective inaccuracies or limitations in the
application of stress–strain correlation methods and acoustic
emission methods. Adopting the ability theory method is closer

TABLE 1 Contents, advantages, and disadvantages of common methods for determining characteristic stress.

Method name Content Advantage Disadvantage

Stress–strain
correlation
method

Crack volume
strain

Using the crack volume strain under
uniaxial state εvc to determine σci

The stress–strain correlation method was
simple and intuitive

The data value had great subjectivity, and
different lithologies of rock would cause
different degrees of influence, so the
characteristic stress value could not be

accurately determined

Transverse
strain

The turning point of the first time is used so
that the transverse strain changes from

non-linear to linear, and the turning point
of the second time is used so that the
transverse strain changes from linear to
non-linear to determine σcc and σci,

respectively

Moving point
regression

The average axial stiffness of rock is
calculated and σci is determined through

its approximate linear part

Acoustic emission The characteristic stress value is
determined according to the change
characteristics of acoustic emission

characteristic parameters such as acoustic
emission cumulative impact number,

energy count, and b value

Acoustic emission studies the
characteristic stress from a microscopic
perspective, which was more accurate and

realistic

The attenuation effect of crack development
on the AE accumulation process made the
AE method have certain stress condition

limitations

Energy Determination of the characteristic stress
value based on energy theory

Closer to the nature of rock failure Relatively few studies
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to the essence of rock failure, providing a more precise and versatile
determination of rock characteristic stress. To sum up, a new
method is proposed to determine the crack closure stress σcc,
crack initiation stress σci, damage stress σcd, and instability stress
σpr. It comprehensively considers the process of energy
transformation, release, and dissipation from the characteristics
of energy evolution in the process of rock asymptotic failure. The
rationality, scientificity, and universality of the method are discussed
and verified. A new approach is proposed to accurately determine
the asymptotic failure process of rocks and effectively prevent the
instability and failure of underground engineering.

2 Determination method theory and
thought

2.1 Elastic energy analysis theory

The failure process of rock under load is essentially a state
instability phenomenon driven by energy. Assuming that the rock
mechanics test is a thermodynamically closed system, it can be
observed from the relationship between work and energy that the
work performed by the external to the rock sample W equals the
change in the internal energy of the rock sample U0 during the test
process. The energy transformation in marble includes elastic
energy, plastic energy, radiation energy, thermal energy, and
kinetic energy (Zhao and Xie. 2008; Xie et al., 2005; Xie et al.,
2008), among which elastic energy is the energy stored and released
by elastic deformation of rock, and plastic energy is the energy
consumed by micro-crack propagation and friction between crack
surfaces in rock. Radiation energy, heat energy, and kinetic energy
are different forms of energy consumption caused by rock fracture
propagation, but the proportion is relatively small, the monitoring is
complex, and the cost is high. Therefore, in the subsequent analysis,
plastic energy, radiation energy, heat energy, and kinetic energy are
attributed to dissipative energy, that is, in the transformation of
work and energy in marble, the total absorption energy U is
composed of the dissipative energy Ud of the released elastic
strain energy Ue stored in unit volume. So, the total energy of
the rock (Xie et al., 2005) sample is

U � U0 � Ue + Ud. (1)
The total absorption energy is

U0 � ∫ σ1dε1 + ∫ σ2dε2 + ∫ σ3dε3. (2)

In the aforementioned equation, σ1, σ2, and σ3 are the maximum
principal stress, medium principal stress, and minimum principal
stress, respectively, and ε1, ε2, and ε3 are the strains in the directions
of the maximum principal stress, medium principal stress, and
minimum principal stress, respectively.

The elastic energy is calculated as follows:

Ue � ue1 + ue2 + ue3, (3)
where uei is the elastic energy of each principal stress (Xie et al.,

2008):

uei � 1
2
σ iεi � σ i

2
σ i
�Ei
− μj

σ j
�Ej
− μk

σk
�Ek

( ), (4)

where �E and �μ are the average elastic modulus and Poisson’s ratio of
marble under load, respectively. Assuming that the rock elastic
simulation and Poisson’s ratio do not change with rock damage
during the rock failure process, the initial elastic modulus E0 and the
initial Poisson’s ratio μ0 of marble can be used instead. It is assumed
that marble is an isotropic material, that is,

E1 � E2 � E3 � �E
μ1 � μ2 � μ3 � �μ

{ . (5)

Substituting Eq. 5 into Eq. 4, replacing �Ewith E0, and replacing �μ
with μ0 yield

uei � σ iεi
e � 1

2E0
σ i

2 − μ0 σ iσ j + σ iσk( )[ ]. (6)

By substituting Eq. 6 into Eq. 3, the elastic energy can be
obtained:

Ue � 1
2E0

σ21 + σ22 + σ23 − 2μ0 σ1σ2 + σ2σ3 + σ1σ3( )[ ]. (7)

2.1.1 Elastic energy storage capacity index Ab
This paper aimed to explore the accurate determination of the

rock characteristic stress value. Considering that both the closure
and initiation of rock fractures affect the ability of rock to store
elastic energy, this paper will deduce the change trend in the rock’s
ability to store elastic energy in the process of progressive failure
from the perspective of elastic property.

The increase of elastic energy of the rock under load comes from
the absorption of elastic energy by the rock during axial contraction.
Combining with Eq. 7, it can be seen that elastic energy is essentially
a quadratic function of the elastic strain of the rock under load.
Assuming that the proportion of axial elastic strain in axial strain at a
certain moment is α, then

ε1e � αε1. (8)
The elastic modulus and Poisson’s ratio in the calculation

formula of elastic energy are constant values, which can
transform the elastic energy into a quadratic function containing
parameters α, ε1, σ2, and σ3 which can transform the elastic energy
into a quadratic function containing four parameters:

Ue � 1
2
E0 × αε1( )2 + 1

2
σ22

E0
+ σ32

E0
− αε1 · ]0 σ2 + σ3( )[ ]. (9)

Therefore, the second derivative of elastic energy with respect to
axial strain can be defined as the rock elastic energy storage capacity
index Ab, which can be expressed as follows:

Ab � z2Ue

zε12
. (10)

The elastic energy storage capacity index Ab of rock is a function
without axial stress and axial strain and represents the elastic energy
storage capacity of rock under load after unit strain at a certain time.
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2.1.2 Elastic energy growth rate κe
The elastic energy storage capacity index Ab can be used to

analyze the energy storage capacity of marble at each moment for
the reasonable and accurate determination of rock characteristic
stresses. However, in practice, due to comprehensive factors such as
rock anisotropy, heterogeneity, internal defects, and unavoidable
test equipment errors in laboratory tests, the data after taking the
second derivative of the test data have great volatility, which makes
them difficult to observe. Therefore, only the first derivative of axial
strain ε1 is taken in this paper, and the first derivative of elastic
energy Ue with respect to axial strain ε1 is defined as the elastic
energy growth rate κe, expressed as follows:

κe � zUe
zε1

. (11)

The growth rate of the elastic energy κe–axial strain ε1 curve can
be used to analyze the elastic energy storage index Ab of marble
under various axial displacements.

2.2 Dissipated energy growth rate κd

It is worth observing that the elastic energy storage capacity
curve has obvious changes during the crack closure and initiation.
However, both the rock crack expansion and damage stage show a
downward trend, which makes it difficult to determine the rock
damage stress value. Therefore, considering that the energy
dissipation of the loaded rock comes from the development of
internal fractures of the rock, the trend of fracture expansion
during the progressive failure of the rock will be analyzed from
the perspective of energy dissipation.

The stress generated inside the rock under load can be divided
into spheric stress p, which causes elastic shrinkage, and deviator
stress q, which causes plastic deformation. By the physical meaning
of energy, the marble in the process of gradual damage dissipation
mainly comes from rock fracture initiation, development, and
expansion caused by plastic deformation produced by energy
dissipation. The energy dissipation of rock is closely related to
increase in deviatoric stress q in the process of loading, so the
dissipative energy growth rate κd for dissipation can be defined and
predominate the Ud derivative of deviatoric stress q, and the
expression is

κd � zUd

zq
. (12)

According to the variation of dissipated energy κd in the process
of rock deformation and failure, the fracture damage of the rock
under load at each time can be analyzed, and the characteristic
stresses of the rock can be determined reasonably and accurately
combined with the growth rate of elastic energy.

2.3 Determination method

Assuming that rock deformation and failure is a continuous
process, this subsection, which is from the perspective of
mathematical analysis and applied mathematics, will combine the
elastic energy storage capacity index Ab, the growth rate of elastic

energy κe, and dissipative energy κd to determine the threshold
(characteristic stresses) of each stage of rock deformation and
failure. The process and thinking are as follows:

1) Compaction stage (crack closure stress σcc)

In this stage, the original pores inside the rock are continuously
compressed, the rock performance is improved, and the rock energy
storage capacity is strengthened. The growth rate curve of elastic
energy is concave, and the elastic energy storage capacity index Ab
increases. At the same time, the rock has no damage. At this stage,
the dissipated energy does not increase from the rock deformation,
and the growth rate of dissipated energy is close to “0.” At the end of
this stage, the growth curve of rock elastic energy follows a linear
trend, and the elastic energy storage capacity index Ab enters the
horizontal stage. The corresponding stress threshold of this stage is
the closure stress σcc.

The crack closure stress is the junction point of the compaction
stage and linear elastic stage, which on the left side of elastic energy
growth, follows a “concave” shape, elastic energy storage capability
index Ab shows a growing trend, and on the right side of elastic
energy growth for the linear function, the elastic energy storage
capability index Ab is constant at the same time because the pressure
dense phase and the linear elastic stage did not produce rock fracture

FIGURE 1
Schematic diagram of the determining method of characteristic
stresses at each stage:(A) elastic energy storage capacity index Ab and
elastic energy growth rate κe curve; (B) dissipation energy growth rate
κe curve; and (C) axial stress–strain curve.
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damage. Therefore, the growth rate of dissipated energy is close to
the “0” line at both ends of the point without any change. The
closure stress is the stress value corresponding to point A on the
curve of the elastic energy growth rate, elastic energy storage
capacity index, and dissipative energy growth rate (Figure 1).

2) Linear elastic stage (crack initiation stress σci)

At this stage, the original pores in the rock have been
compressed, and the stress in the rock is not sufficient for pore
expansion and generation of new fractures. The rock shows elastic
material characteristics, the growth curve of elastic energy increases
linearly, and the elastic energy storage capacity index Ab shows a
horizontal line. The growth rate of dissipated energy is still close to
“0,” and the corresponding stage stress threshold is the crack
initiation stress σci.

The crack initiation stress is the boundary point of the linear
elastic stage and plastic expansion stage. In the growth curve of
elastic energy, it is the point that changes to non-linear growth; in
the curve of elastic energy storage capacity index Ab, it is the point
that deviates from the level; in the growth curve of dissipated energy,
it is the point that changes to linear growth, which is marked by
point B in Figure 1.

3) Plastic expansion stage (damage stress σcd)

At this stage, due to the heterogeneity of rock, the internal stress
of the rock reaches the condition of local crack initiation and
expansion, the rock begins to produce plastic deformation, and
the elastic energy storage capacity begins to decline. The growth rate
curve of elastic energy is “convex,” and the elastic energy storage
capacity index begins to decline. At the same time, due to the
occurrence of crack damage, the rock begins to produce energy
dissipation, and the growth rate of dissipated energy begins to
increase. The stress threshold at this stage is the damage stress σcd.

Damage stress is the cutoff point from fracture damage to rapid
development, but this point is difficult to be accurately determined
by the change in the elastic energy growth rate and elastic energy
storage capacity index. However, as the sudden increase of the crack
growth rate will change the growth trend of the dissipated energy
growth rate, the damage stress can be accurately determined
according to the turning point of the dissipated energy growth
rate curve that linearly transforms into a “downward convex type,”
marked by point C in Figure 1.

4) Accelerated crack expansion stage (instability stress σpr)

In this stage, the micro-cracks in the rock accelerate to expand
and converge into large cracks, the growth rate of elastic energy and
elastic energy storage capacity index decreases, and the energy
dissipation of the rock intensifies. The growth rate of dissipative
energy accelerates in a “convex” shape, and the corresponding stress
threshold is the instability stress σpr.

Instability stress is the cutoff point between the generation of
large cracks and the beginning of the development of large cracks. It
cannot be determined in the growth curve of elastic energy and the
energy storage capacity index of elastic energy but can be

determined by the point with violent fluctuations in the growth
curve of dissipated energy, marked by point D in Figure 1.

5) Fracture instability through stage (peak stress σf)

At this stage, the large cracks formed in the accelerated fracture
expansion stage begin to break through. As the breaking through of
large cracks and the development of cracks alternate in this stage, the
dissipative energy growth rate curve presents high-amplitude and
high-frequency fluctuation. At the end of this stage, the bearing
capacity of the sample reaches its maximum.

The peak stress is the end point of this stage. As the energy
dissipation of rock continues after the peak stress point, there is no
obvious defining feature on the dissipative energy growth rate curve.
However, as the maximum point on the stress–strain curve, the peak
stress can be easily identified on the stress–strain curve, as shown in
point E in Figure 1.

3 Analysis and verification

3.1 Rationality verification

This experiment consists of two kinds of rocks, coal and marble.
A uniaxial compression test and conventional triaxial compression
test are used to verify this method. The uniaxial compression test
and conventional triaxial compression test are based on the
MTS815 Flex Test GT rock mechanics test system, Key
Laboratory of Deep Earth Science and Engineering of Ministry of
Education, Sichuan University, and the test equipment is shown in
Figure 2. Coal rock and marble were collected from the Furong
Baijiao Coal Mine and Jinping II Hydropower Station auxiliary
diversion 1 # construction adit, respectively. The sample taken from
Furong Baijiao coal is ash-rich and sulfur-rich anthracite. The
Jinping grade II marble sample is thick and extremely thick-
layered fine-grained or coarse-grained marble. The physical
parameters of the sample are shown in Table 2.

This paper intends to design a uniaxial compression test and
triaxial compression test. The uniaxial loading test and conventional
triaxial test under 25 MPa confining pressure were carried out on
coal and marble, respectively. The tests were all carried out at a
10−5s−1 strain rate. The strain control loading was realized using a
linear variable differential transformer (LVDT) during the test.

According to Eqs 11, 12, the growth rate curve of elastic energy
and dissipated energy of single triaxial coal rock and single triaxial
marble is plotted as shown in Figure 3. The energy storage capacity
curve can be inferred from the elastic energy growth rate curve.
According to Figure 3, the growth rate curve of elastic energy shows
three stages: 1) upper concave non-linear stage, 2) linear growth
stage, and 3) concave non-linear stage; according to the elastic
energy growth rate curve, the first-order derivative elastic energy
storage capacity index shows a rising–horizontal–downward trend.
The growth rate curve of dissipated energy shows four stages: 1)
near-straight section, 2) linear rising section, 3) upper concave non-
linear stage, and 4) rapid fluctuation section. It follows that the three
curve evolution processes are consistent with the determination
ideas described in Section 2.2.
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Many scholars have found that the energy evolution in the
process of rock deformation and failure has obvious stage
characteristics (Liu et al., 2019; Wang et al., 2019; Zhang et al.,
2020). Therefore, this paper chooses to use the first derivative of the
energy evolution curve to determine the strength threshold of each
stage of rock and find the characteristic stress value of rock. Using
energy evolution characteristics to determine characteristic stress, as
was first proposed by Ning et al. (2018), helps analyze the evolution
law of elastic energy and dissipated energy of coal rock under
different confining pressures. It is proposed that the characteristic
stress value of coal rock is determined by the ratio of elastic energy
and dissipative energy in the total strain energy–elastic energy rate α
and dissipative energy rate β. The feasibility of this method is
analyzed and verified. According to the law of energy conversion

and conservation, energy conversion is a basic feature in the physical
process of matter, and the destruction of matter is a state instability
phenomenon driven by energy. In the process of rock deformation
and failure, the internal energy of rock will inevitably change,
leading to continuous evolution of micro-fractures in the rock,
from disorderly micro-fractures to macro-cracks that can expand
and connect. With the connection and extension of macro-cracks,
large cracks will eventually be integrated along a certain direction to
cause rock failure. Therefore, it is reasonable and feasible to explain
the evolution of fractures and determine the characteristic stress
from the perspective of energy growth rate, which has a theoretical
background.

In this paper, the energy growth rate curve has certain volatility when
determining the strength characteristic value of the sample at each stage

FIGURE 2
Test equipment and rock samples.

TABLE 2 Physical parameters of samples.

Lithology Stress path Code Diameter/
mm

Height/
mm

Volume/
10−4m3

Weight/
g

Density/
g/cm3

Longitudinal wave
velocity (m/s)

Coal Uniaxial C0-1 47.55 96.37 17.11 243 1.421 1,046

C0-2 47.27 99.71 17.50 252 1.444 1,074

C0-3 47.74 101.10 18.10 264 1.457 1,257

Conventional
triaxial

C25-1 47.33 98.68 17.36 260 1.495 946

C25-2 47.34 100.15 17.63 288 1.635 747

C25-3 47.70 93.10 16.64 241 1.446 909

Marble Uniaxial M0-1 49.98 100.03 19.63 551 2.807 4,202

M0-2 49.90 99.93 19.54 549 2.808 4,132

M0-3 49.89 100.35 19.62 551 2.811 4,202

Conventional
triaxial

M25-1 49.92 100.93 19.75 551 2.791 3,876

M25-2 49.98 99.96 19.61 551 2.813 4,033

M25-3 50.16 100.07 19.77 552 2.790 3,876
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of deformation and failure. On one hand, anisotropy and heterogeneity
are caused by random distribution of cracks, cavities, and internal defects
in the rock. As a result, rock deformation is irregular and anisotropic,

resulting in large and irregular fluctuations in energy growth rate, and this
part of the fluctuation is an inevitable, objective existence. On the other
hand, system error, test equipment error, and point error will cause
fluctuations in the energy growth rate curve. Therefore, it is reasonable for
the energy growth rate curve to show certain volatility, and the overall
trend and characteristics can reflect the process of crack
closure–initiation–propagation–convergence–penetration. Therefore, it
is reasonable and feasible to use this method to determine the closure
stress σcc, crack initiation stress σci, damage stress σcd, and instability
stress σpr.

3.2 Scientific verification

The energy growth rate curve of the laboratory test results has
certain volatility, but the characteristics are obvious, and it is easy to
find the characteristic stress value of each stage. Taking the energy
growth rate curve of coal and rock under conventional triaxial
compression of 25 MPa confining pressure as an example (as
shown in Figure 4), the following characteristic stress values are
determined:

1) Closure stress: The elastic energy growth rate at stage I is a
concave curve. It can be inferred that the elastic energy storage
capacity Ab at this stage shows an upward trend and the growth
rate of dissipated energy is close to 0, same as the characteristic
description of the compaction stage in Section 2.2. Therefore,
stage I corresponds to the compaction stage, and the right end
point is closure stress.

FIGURE 3
Growth rate curve of elastic energy and dissipative energy.

FIGURE 4
Example of the determination of characteristic stress:
conventional triaxial compression coal rock, σ3 =25 MPa, and _ε =10−5.
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TABLE 3 Crack closure stress.

Lithology Code σcc/MPa σf
σcc,EGR
σf

σcc
σf

EGR method Martin method Lajtai method DER method Average value Standard deviation

Coal C0-1 1.84 1.57 0.92 0.68 1.25 0.47 6.77 0.27 0.18

C0-2 0.92 1.70 1.25 1.63 1.38 0.31 4.01 0.23 0.34

C0-3 2.21 3.49 2.69 2.26 2.66 0.50 10.89 0.20 0.24

C25-1 24.76 25.51 25.58 26.17 25.51 0.50 79.20 0.31 0.32

C25-2 24.99 — 26.83 24.99 25.60 0.61 89.19 0.28 0.29

C25-3 19.91 20.34 18.20 33.70 23.04 6.21 70.70 0.28 0.33

Marble M0-1 34.53 50.19 — 12.06 32.26 15.65 163.92 0.21 0.20

M0-2 34.06 50.56 42.95 16.25 35.96 12.78 179.94 0.19 0.20

M0-3 38.71 33.52 40.75 14.16 31.79 10.51 168.74 0.23 0.19

M25-1 51.93 58.01 — 45.54 53.53 5.67 293.02 0.19 0.18

M25-2 53.29 60.31 — 58.54 57.38 2.98 266.87 0.20 0.22

M25-3 37.31 54.81 — 21.42 37.85 13.64 291.36 0.13 0.13

1. PDE method: dissipative energy ratio method.

2. DER method: proportion of the dissipated energy method.
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2) Crack initiation stress: The elastic energy growth rate at stage II is
linear. It can be inferred that the elastic energy storage capacity
Ab at this stage shows a horizontal trend and the growth rate of
dissipated energy remains 0, which is the same as the
characteristic description of the elastic stage. Therefore, stage
II corresponds to the elastic stage, and the right end point is crack
initiation stress.

3) Damage stress: The elastic energy growth rate at stage III is
concave. It can be inferred that the elastic energy storage capacity
Ab began to decline at this stage and the growth rate of dissipated
energy starts to break away from 0, showing a slow linear growth
trend, which is the same as the characteristic description of the
plastic expansion stage. Therefore, stage III corresponds to the
plastic growth stage, and the right end point is the damage stress.

4) Instability stress: In stage IV, the growth rate of elastic energy
began to decline. It can be inferred that the elastic energy storage
capacity Ab at this stage is negative and continues to decline, and
the growth rate of dissipated energy shows increases rapidly non-
linearly, which is the same as the characteristic description of the
rapid expansion stage of fracture. Therefore, stage IV
corresponds to the rapid expansion stage of the crack, and the
right end point is the instability stress.

5) Peak stress: The fluctuation of the elastic energy growth rate in
stage V is intensified and continues to decline. It can be inferred
that the elastic energy storage capacity Ab will continue to decline
at this stage and the growth rate of dissipated energy fluctuates
with high amplitude and high frequency, which is the same as the
characteristic description of fracture instability and penetration
stage. Therefore, stage V corresponds to the rapid expansion stage
of the crack, and the right end point is the peak stress.

It can be seen that the closure stress, crack initiation stress,
damage stress, and instability stress are determined by using the
elastic energy storage capacity index, elastic energy growth rate, and
plastic energy growth rate. The accuracy of this determination
method will be discussed as follows.

1) Closure stress and crack initiation stress

This study adopts the lateral strain method considering lateral
deformation (Lajtai et al., 1990) and the lateral strain difference
method (Zhao et al., 2015). The crack strain method (Martin and
Chandler, 1994) and the energy dissipation rate method (Liu et al.,
2020), which are also based on the energy principle, are used to
verify the closure stress and crack initiation stress determined by the
energy growth rate method in this study. The closure stress values of
coal and marble under different methods is given in Table 3, and the
fracture initiation stress value is given in Table 4.

It can be seen from Tables 3, 4 that the crack initiation stress
level (ratio of crack initiation stress to ultimate strength) of
bedded coal and rock determined by the energy growth rate
method is 0.54–0.64, and the reasonable range of the stress level
of the crack initiation stress of the bedded rock is 0.5–0.6 (Cai
et al., 2004), which basically conforms to the range. At the same
time, it can be seen that the crack initiation stress level of this
method is also basically consistent with the stress level of
0.47–0.65 of the mean value of the crack initiation stress
determined by the four methods.TA
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The stress level of marble crack initiation stress is 0.45–0.57,
basically in line with the current statistics that the reasonable
range of the stress level of complete rock crack initiation stress is
0.4–0.5 (Cai et al., 2004). However, there are some differences
which are caused by different lithology, sample conditions, and
stress paths. Zhou Hui pointed out that the fracture initiation
stress level of marble is 0.47–0.64, through uniaxial and triaxial
loading of marble (Zhou et al., 2015), and the value determined
by this method is also in this range. At the same time, it can be
seen that the crack initiation stress level of this method is also
basically consistent with the stress level of 0.51–0.56 of the mean
value of the crack initiation stress determined by the four
methods, indicating that the determination of the crack
initiation stress of this method is more accurate.

The closure stress level of marble determined by this method is
0.13–0.21, which is basically consistent with that obtained by most
scholars (Martin and Chandler, 1994; Zhou et al., 2015), and is also
consistent with the stress level of 0.13–0.22 of the mean closure
stress determined by the four methods. The closure stress level of
bedded coal and rock is 0.20–0.31, which is significantly higher than
that of marble. This is due to the fact that the bedding coal rock is a

heterogeneous sedimentary rock with primary fracture
development, and its original pore development degree is far
greater than that of marble. Therefore, it is in line with the
actual situation that a higher stress level is required for the
original crack compaction closure, and this method can
accurately reflect the actual size of the closure stress. On the
other hand, the closure stress level of bedding coal and rock
determined by this method is highly consistent with the mean
value of 0.18–0.33 determined by the four methods, which also
proves that this method is more accurate in determining the closure
stress of coal and rock.

2) Damage stress

The damage stress is compared with the determined value of the
energy growth rate method in this paper by the volume strain
method, which is widely used at present, and the energy dissipation
rate method, which also uses the energy principle. The damage stress
level of coal and marble under the three value methods is given in
Table 5. It can be seen from Table 5 that the damage stress level of
bedded coal and rock determined by the energy growth rate method
is 0.84–0.93, and it basically conforms to the reasonable range of
0.9–1.0 for bedded rocks (Cai et al., 2004). At the same time, it can be
seen that the damage stress level of this method is basically
consistent with the stress level of 0.77–0.91 of the average
damage stress determined by the three methods.

The damage stress level of marble is 0.80–0.86, which conforms to
the reasonable range of 0.8–0.9 for complete rock (Cai et al., 2004;
Zhou et al., 2015). The difference between the stress level of
0.68–0.73 and the mean value of damage stress determined by the
three methods is large, mainly due to the large difference between the
damage stress values determined by the energy dissipation rate
method. Considering that the energy dissipation rate method is
proposed for coal and rock, the lithologies of marble and coal and

TABLE 5 Damage stress.

Lithology σcd/MPa σf
σcd,EGR
σf

σcd
σf

Code EGR Volume strain method DER Average value Standard deviation

Coal C0-1 6.08 4.73 6.19 5.67 0.66 6.77 0.90 0.84

C0-2 3.40 3.07 3.64 3.37 0.23 4.01 0.85 0.84

C0-3 9.19 6.62 9.47 8.43 1.28 10.89 0.84 0.77

C25-1 77.60 78.16 80.53 78.76 1.27 89.20 0.87 0.88

C25-2 73.31 69.16 71.15 71.21 2.04 79.19 0.92 0.90

C25-3 65.56 — 62.81 64.19 1.37 70.70 0.93 0.91

Marble M0-1 130.96 119.83 109.78 120.19 8.65 163.92 0.80 0.73

M0-2 146.30 — 119.34 132.82 13.24 179.94 0.81 0.74

M0-3 145.92 136.78 114.56 132.42 10.61 168.74 0.86 0.78

M25-1 250.29 196.30 161.58 203.25 37.19 293.02 0.86 0.69

M25-2 220.96 184.38 142.46 182.60 32.07 266.87 0.83 0.68

M25-3 233.98 204.00 180.60 206.19 21.85 291.36 0.80 0.71

TABLE 6 Instability stress.

Lithology Code σpr/MPa Lithology Code σpr/MPa

Coal C0-1 6.10 Marble M0-1 —

C0-2 3.40 M0-2 —

C0-3 9.62 M0-3 —

C25-1 78.76 M25-1 287.66

C25-2 78.47 M25-2 265.32

C25-3 70.70 M25-3 274.30
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rock are quite different. This method may not be suitable for dense
high-confining pressure triaxial marble, and it can be seen that the
value difference between the volumetric strain method and this
method is small. Moreover, the damage stress level of this method
is closer to 0.8–0.9, which indicates that the value of this method is in
line with the actual situation. It can be seen that this method is more
accurate in determining the damage stress of bedded coal and marble.

3) Instability stress

The instability stress of the rock fracture precursor
point determined by the EGR method is shown in Table 6. It
can be seen from the table that under the triaxial stress condition,
the EGR method can not only determine three
traditional characteristic stresses but also find the precursor
stress of rock instability failure–instability stress. In addition
to three-dimensional stress conditions, the instability stress of
coal and rock can also be determined by this method under
uniaxial conditions. However, marble is obviously hard
and brittle under uniaxial conditions, and under this path, the
internal cracks of marble will be directly damaged when they start
to connect, and the bearing capacity will decrease suddenly. It is
impossible to determine the damage precursor through the point
where the cracks penetrate.

The EGR method has good applicability in determining the
instability stress under triaxial conditions. However, the
applicability under uniaxial conditions is determined by lithology,

and it is necessary to determine whether this method can be used to
establish through tests.

3.3 Universal verification

It can be seen that the EGRmethod can accurately determine the
compaction, crack initiation, and damage stress at the same time. In
addition, this method can find the precursor point of rock fracture,
which provides a reference for early warning of rock failure and
instability. It can be seen that the EGR method is applicable to the
two kinds of rocks with large lithological difference between bedded
coal and marble. At the same time, it is also applicable to uniaxial
compression and conventional triaxial compression paths, which
shows that the EGR method has certain universality. This method is
now introduced into the unloading path and the true three-axis
loading and unloading path for universal verification.

1) Unloading path

The initial confining pressure of the conventional triaxial
unloading confining pressure test is 25 MPa, and the unloading
stress level is 80% of the ultimate strength. Test data are from the
literature (Gui, 2022). Figure 5 shows the typical elastic energy
growth rate curve and dissipation energy growth rate curve under
the unloading path. It can be seen that this method can also be used
to determine the stress eigenvalue under this path. At the same time,

FIGURE 5
Typical elastic energy growth rate curve and dissipated energy
growth rate curve of the unloading path.

TABLE 7 Characteristic stresses of unloaded marble.

Code σcc/MPa σcc/σf σci/MPa σci/σf σed/MPa σcd/σf σpr/MPa σf/MPa

MU25-1 35.49 0.15 105.78 0.45 176.73 0.78 226.94 235.33

MU25-2 29.16 0.12 123.09 0.52 191.59 0.81 222.50 237.88

MU25-3 28.63 0.12 123.32 0.51 181.93 0.76 226.89 240.30

FIGURE 6
Typical elastic energy growth rate curve and dissipative energy
growth rate curve of the true triaxial path.
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it can be seen that under the conditions of rock unloading and
surrounding rock testing, the growth rate curve of dissipated energy
during the stage of fracture instability and connection fluctuates
significantly, forming a “red block.” This indicates that under the
condition of unloading confining pressure, the development of
fracture connection becomes more intense during the stage of
fracture instability and connection in rocks. The characteristic
stress values are shown in Table 7. It can be seen that the EGR
method is also applicable under the unloading path. The stress level
ranges of the crack closure stress, crack initiation stress, and damage
stress are 0.12–0.15, 0.45–0.52, and 0.76–0.81, respectively, which
are consistent with the reasonable stress level ranges of marble. At
the same time, it can be seen that under the condition of triaxial
unloading of confining pressure marble, this method is also
applicable to the determination of failure precursors.

2) True three-axis loading and unloading paths

Three kinds of initial lateral stresses are designed for the true
triaxial loading and unloading test, which are 41/25, 56/40, and 66/50
(initial middle principal stress/initial minimum principal stress). It
includes two stress paths: true triaxial loading and true triaxial loading

with maximum principal stress simultaneously unloading minimum
principal stress. Test data are obtained from the literature (Gui, 2022).

Figure 6 shows the typical elastic energy growth rate curve
and dissipation energy growth rate curve of the true triaxial path.
It can be seen that under the true triaxial loading and unloading
path, the characteristics of the rock energy growth rate curve are
also obvious, and only the characteristics of the first stage do not
appear. This is because in the numerical test, the marble model
has no original micro-defects, so there is no compaction process.
Therefore, the EGR determination method is applicable under
the true three-axis path. The characteristic stress values under the
true triaxial loading and unloading paths are given in Table 8.
The stress level range of crack initiation stress and damage stress
under the loading path is 0.57–0.6 and 0.85–0.9, respectively,
which conforms to the reasonable stress level range of complete
marble. The stress level range of crack initiation stress and
damage stress under unloading path is 0.65–0.68 and
0.94–0.96, respectively, which is slightly higher than the
reasonable stress level range of complete marble. This is
because the peak strength of the unloading test is lower than
that of the loading path, so it is reasonable to slightly increase the
stress level of the characteristic stress. At the same time, it can be

TABLE 8 Characteristic stresses under the true triaxial path.

Stress path (σ2i/σ3i)/MPa σcc/MPa σcc/σf σed/MPa σcd/σf σpr/MPa σf/MPa

Load 41/25 156.8 0.58 268.3 0.90 297.58 299.45

56/40 165.1 0.57 288.8 0.87 329.74 333.4

66/50 180.3 0.6 301.1 0.85 350.20 352.6

Unloaded 41/25 156.8 0.65 241.6 0.96 250.26 250.81

56/40 165.1 0.65 255.7 0.96 — 267.1

66/50 180.3 0.68 263.7 0.94 277.67 280.8

FIGURE 7
Axial stress–transverse strain curve under the failure of the Lajtai
method (rock sample: M25-1).

FIGURE 8
Axial stress–volumetric strain curve under the failure of the
volume strain method (rock sample: C25-3).

Frontiers in Earth Science frontiersin.org12

Liu et al. 10.3389/feart.2023.1187864

https://www.frontiersin.org/journals/earth-science
https://www.frontiersin.org
https://doi.org/10.3389/feart.2023.1187864


seen that under the condition of true triaxial loading and
unloading, this method is also applicable for the
determination of instability precursor instability stress.

4 Discussion

The rationality, accuracy, and universality of the EGR method
were discussed previously. This section compares this method with
the five commonly used methods mentioned in this article and
discusses the advantages and disadvantages of this method.

The Martin method determines the crack closure stress and
crack initiation stress according to the two turning points of the
crack volume strain εvc before and after the zero value. This method
is significantly affected by the value of Poisson’s ratio, and the
change of Poisson’s ratio ±5% will cause a change in crack initiation
stress ±40%.

Both the Lajtai method and Zhao XG method consider
transverse strain to be more sensitive to crack propagation. Lajtai
determined that the turning point of transverse strain from non-
linear to linear for the first time is σcc, and the turning point from
linear to non-linear is σci. However, the transformation of the
transverse strain curve is not obvious in this method, and it is
difficult to observe in marble samples. As shown in Figure 7, in the
transverse strain curve of the marble sample, there is no linear
growth curve. Zhao X G selected the transverse strain data from the
beginning of the test to the damage stress point and connected the
starting point with the damage stress point determined by the energy
dissipation method as the reference line, determined by the
maximum value of the transverse strain difference ΔLSR under
the same axial stress σci. Compared with the Lajtai method, this
method has obvious characteristics and is easy to determine.
However, due to the influence of damage stress determination, it
is necessary to determine the damage stress first with other
determination methods.

The volume strain method is the most commonly usedmethod to
determine the damage stress at present. The turning point at which
the volume strain begins to decrease is the damage stress. However,
this method can only determine the damage stress and needs to be
combined with other methods to determine the characteristic stress
value. On the other hand, the method also fails under certain test
conditions, as shown in Figure 8. There is no turning point of volume
reduction in triaxial coal and rock during failure.

The DER method is proposed based on the uniaxial coal and rock
test. As shown in Table 4 and Table 6, the closure stress and damage
stress of marble determined by this method are relatively small,
especially the closure stress, which is only 40% of the average value
determined by various methods. Obviously, this method is significantly
affected by lithology and is more suitable for coal and rock.

The EGR method proposed in this paper is based on further
deduction of the rock energy dissipation theory proposed by Xie
et al. (2005) and the reasonable explanation of the value process,
which has a rigorous and sufficient theoretical basis. Compared
with the current determination method, this method can
independently determine the three characteristic stresses of
closure, crack initiation, and damage and does not need to be
combined with other methods. This method can also determine
the failure precursor point of the instability stress at the same

time, reducing the workload of determining the characteristic
stress and the failure precursor point. Combined with the
accuracy analysis and universality analysis in this paper, this
method is applicable to the uniaxial, conventional triaxial, and
true triaxial loading and unloading tests of coal and marble with
different lithologies, and the determined characteristic stress is
accurate and reasonable. Therefore, it can be considered that this
method has certain advantages in determining closure stress,
crack initiation stress, damage stress, and instability stress.
However, when the method is used to determine the
instability stress in the uniaxial test, it will be affected by the
lithology. It is necessary to determine whether the method can be
used to determine the failure precursor instability stress through
the test.

5 Conclusion

Rock failure is a complex process, consisting of different
forms of energy conversion and transfer, that is, rock failure is the
result of energy conversion, release, and dissipation. Therefore,
this paper analyzes the progressive failure process of loaded rock
from the perspective of energy, defines the growth rate of elastic
energy κe and dissipation energy κd to analyze the progressive
failure process of loaded rock, proposes a new method to
determine the stress characteristic value of the energy growth
rate (EGR), and uses the conventional loading test of the uniaxial
triaxial coal rock and uniaxial triaxial marble to verify. The
conclusion is as follows:

1) A method is proposed to determine the crack initiation stress
and closure stress by the elastic energy growth rate curve and
the elastic energy storage capacity index curve and to
determine the damage stress and instability stress by the
dissipated energy growth rate curve, which are combined to
determine the strength characteristic values of each stage of
rock progressive failure

2) The determination method of the EGR characteristic stress
value is based on rigorous and sufficient theory, and the
evaluation process is objective and reasonable. Meanwhile,
the characteristic stress value is determined by a variety of
methods. Compared with the reasonable range of stress levels
of each characteristic stress, the rationality and accuracy of
the determination of characteristic stress values by the EGR
method were verified.

3) This method is extended to the conventional triaxial unloading
confining pressure test and true triaxial loading and unloading
test. This method is also applicable to the aforementioned
conditions. It shows that the determination method of the
EGR characteristic stress value has good universality, and this
method can provide a new idea for the determination of rock
strength characteristic values.

4) The rock shows different stress–strain relationships at each stage
of progressive failure. Therefore, in the subsequent research, it is
necessary to consider how to combine the determination method
of characteristic stress with the construction of a rock
constitutive model to establish a constitutive model closer to
the true stress–strain relationship of rock.
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