
Analysis of inhomogeneous
magnetization using a spinner
magnetometer

Kazuto Kodama*

Research Center for Knowledge Science in Cultural Heritage, Doshisha University, Kyoto, Japan

The assumption for measuring a discrete sample by spinner magnetometer in
paleomagnetism is that the sample under study is a magnetic dipole so that the
magnetization vector can be calculated by successive measurements of
components along three orthogonal axes. This assumption may not hold for
samples with inhomogeneous magnetization, irregular shape, or both, where
non-dipole components are no longer ignorable. This study draws attention to
their effect on the measurement of remanent magnetization based on an offset
dipole model using multipole expansion of magnetic potential. Results from this
model are comparedwith the experimental datameasured by a new type of spinner
magnetometer featured by high spatial resolution and the capability of measuring
the fundamental wave component as well as the harmonic wave components. By
using the relative amplitude of the harmonic waves to the fundamental wave, the
contribution of non-dipole components can bequantified, leading to assessing how
dipolar a sample is. The new analyses and instrumentation will be useful as a new
diagnostic tool to obtain more reliable data from the samples collected from
tectonically active regions with complicated geological histories.
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1 Introduction

When we measure magnetizations of discrete samples of a cylinder or cubic shape, we
assume a priori that their magnetization is homogeneous within the sample volume. Though
they may have inhomogeneous magnetization or irregular shape, it is expected that if there is
a proper distance between a sample and a magnetic sensor the sample can be regarded as a
magnetic dipole. This is because the magnetic field at a sufficiently large distance away from a
sample behaves as a magnetic dipole due to the rapid decay of the nondipole field. On the one
hand, experimental studies of artificial samples (Collinson, 1983) report that the magnetic
inhomogeneity can add in some cases large errors to the direction of remanent
magnetization. It has been noted that these errors are not random ones that could be
averaged out by repeated measurements, but instead are systematic errors or biases most
likely reflecting an inhomogeneous distribution of magnetic materials or an irregular,
antisymmetric shape (Collinson, 1977).

Kodama (2017) pointed out that another type of systematic error can be produced when
measuring by a spinner magnetometer (SPM). This is principally because an SPMmeasures a
fundamental component in the field induced by rotating a sample close to the sensor
(Collinson, 1983). Meanwhile, measuring by a superconducting rock magnetometer, a static
measurement without rotating a sample, it is often necessary to measure a weakly magnetic
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sample in a narrower sensing region than usual. In such cases,
systematic errors could arise and not easily be removed by simply
averaging the outputs. And it is required to precisely determine the
sample position whereby appropriate correction can be carried out
by taking the geometrical configuration of the sample-sensor system
into consideration (Yang et al., 1990).

Collinson (1983) pointed out that the non-dipole effects can be
approximated by an offset dipole model where a dipole moment is
placed at some distance off the spinning axis of an SPM. The
mathematical formulation of the offset dipole was first developed
by Schmidt (1934) to better describe the geomagnetic field by the

Gauss coefficients of the spherical harmonic functions. Earlier
theoretical studies (e.g., Hurwitz, 1960; James and Winch, 1967;
Sano, 1991) have proposed different approaches to the offset dipole
model, by adopting different degrees of the spherical harmonic
expansion, in the quest for a better approximation of the
geomagnetic field. Subsequently, with the accumulation of global
geomagnetic data, especially by high-resolution satellites, the
geomagnetic field can be described by a set of Gauss coefficients,
which have been updated every 5 years (e.g., Alken et al., 2021).
On the other hand, the magnetic dipole moments and pole
positions of the offset dipole for the last 80 years have been
described by the Gauss coefficients (Koochak and Fraser-Smith,
2017).

In studies of the paleomagnetic field in the geological past,
Wilson (1971) first demonstrated that the long-term, time-
varying geological events, such as continental drift and polar
wander during Late Tertiary, are not necessarily present but can
be better explained by a systematic shift of virtual geomagnetic
pole positions caused by the offset dipole. Applications of the
offset dipole model to geomagnetism have extended to studies of
anomalous features of the geomagnetic field during the Brunhes-
Matuyama polarity transition and some other excursions (e.g.,
González-López, 2021).

In rock magnetism, since pointed out first by Collinson (1983),
few theoretical studies have so far been made to apply the offset
dipole model to calculating the magnetization of a sample by
considering the non-dipole. Kodama (2017) reported by
experiments that the magnetic field created by an offset dipole
becomes less sinusoidal as the offset increases, but no
quantitative interpretation has been accomplished. This study
proposes a new theoretical approach based on magnetostatics,
allowing for quantitative interpretation of the results measured
by a new type of SPM (Kodama, 2017), capable of measuring
multiple harmonic wave components with frequencies higher
than the fundamental wave. Comparisons of the theoretical and
experimental results are carried out using waveforms, associated
FFT spectra, and parameters derived from them. The assessments
based on the parameters proposed in the following sections will help
to obtain reliable data sets from those samples with magnetic
inhomogeneity that has been paid little attention previously.

FIGURE 1
Configuration of a pair of magnetic poles with opposing polarity,
+q and -q, for the offset dipole model using multipole expansion
method.

FIGURE 2
Superposition of two orthogonal offset dipoles for modelling a dipole moment, m � (mx ,my).
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2 Theory

2.1 Multipole expansion model

The model proposed in this study is based on the magnetostatic
configuration where a pair of magnetic poles with opposing polarity
are emplaced with a finite separation of l (Figure 1). This model
approximates a bar magnet with length l. By letting l → 0, the bar
magnet approaches a magnetic dipole, whose magnetic moment
corresponds to the magnetization component of a sample in the
plane normal to the spinning axis of an SPM. In this configuration, the
bar magnet has an offset, d, from the origin. In the geometrical

configuration of the previous offset dipole models applied to
geomagnetism, it is assumed that the d of the offset dipole is
sufficiently small compared with the radius of the Earth so that
the eccentricity of an offset dipole can be expressed by a set of Gauss
coefficients (e.g., Lowrie, 2011). However, when constructing an offset
dipole model for the data measured by an SPM, it is unnecessary to
give constraints on the d of an offset dipole present in a sample. This
study aims to yield equations that specify the effect of d on the
measurement by an SPM, leading to the quantitative estimation of
magnetic inhomogeneity of the sample.

Therefore, instead of the spherical harmonic expansion, we use
an alternative method, the multipole expansion of a magnetic

FIGURE 3
Theoretical waveforms of an offset dipole measured along a circle by a pair of magnetic sensors, (A,B) in the differential configuration. The offset, d,
directs along the axis magnetic moment. The offset is scaled by the radius of the circle, varying from 0.1 to 0.4.

FIGURE 4
Theoretical waveforms of an offset dipole are calculated in the sameway as in Figure 3, but the dipole directs π/4 from the axis of the paired sensors.
Note that the asymmetry of each waveform increases as the offset does.
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potential, where the magnetostatic potential at an observation point
is represented by the sum of the scalar potentials, each being
expanded in series of the spherical harmonics (Figure 1).

In this model, each potential can be transformed into the
equation described by the Legendre polynomials of the azimuth
(Supplementary Appendix A-1, A-2). Meanwhile, an offset dipole
can be approximated by displacing the bar magnet from the origin,
as well as by letting the length of the bar magnet infinitesimal. These
approximations make it possible to describe the magnetic potential
of the offset dipole by the equations including the amount of the
offset d (Supplementary Appendix A-3–A-6). Consequently,
the radial component of the magnetic field along a circular path
around the origin can be described (Supplementary Appendix A-
7–A-12).

These equations are expressed by the polynomials truncated in
the third order. This is because the SPM employed in this study
measures the harmonic wave components limited to the third order.

FIGURE 5
(A) Relationship between φ and φ0 for the offset dipole model in
Figure 4, with the δs being 0.1 to 0.5. (B) Discrepancy, Δφ � φ − φ0, vs.
φ0, showing the maximum of 8° at δ = 0.5.

FIGURE 6
Waveforms and FFT spectra from a synthetic sample with
homogeneous magnetization within the equatorial plane.
Overlapping 8 waveforms, measured by an SPM (reading 1024 points/
spin, rotating 2 Hz). (A) Spinning about the z-axis, with an
isotropic cross-section. (B) Spinning about an axis in the equatorial
plane, with a square cross-section having a shape anisotropy.
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Because of the differential sensor configuration of the SPM, where
one sensor faces the other by 180°, the second harmonic component
is canceled (Supplementary Appendix A-22). Thus, theoretically, the
radial component of the field created by the offset dipole can be
expressed as the fundamental sinusoidal wave plus the third-order
harmonics.

In a more general case (Figure 2), where the offset dipole
moment consists of two components as m � (mx,my), the radial
field can be described by the superposition of the contributions from
each component (Supplementary Appendix A-13–A-23, Figure 8),
as following,

Hr � 4mx

r3
1 + 3

4
δ2( ) sin θ + 15

4
δ2 sin 3θ[ ]

+ 4my

r3
1 + 9

4
δ2( ) cos θ + 15

4
δ2 cos 3θ[ ] (1)

where r is the distance between the sensor and the origin, δ is the offset
scaled by r (δ= d/r), and θ is the azimuth. This means that the radial
field contains not only one fundamental component but also the third-
order harmonic term that occurs due to the offset of the dipole. In
addition, the amplitude of the fundamental wave component contains
an additional term that originates from the offset as well.

To grasp the contribution of the offset more easily, we calculate the
waveforms by giving specific values of mx, my and δ in Eq. 1. Figure 3
shows results from the case where a dipole shifts toward the direction of
the magnetic moment with the relative offset varying from 0.1 to 0.4.

Figure 4 shows those from another case where the magnetic
moment tilts by π/4 with respect to the direction of the offset. It
is characteristic in Figure 4 that the curves have greater
horizontal asymmetry about π in the phase as the offset
increases. Compared with Figure 3, this asymmetry is due to
the phase shift of the third-harmonic component that is caused
by the component of the magnetic moment directing normal to
the offset.

2.2 Comparison with experimental data

To interpret experimental data measured by a conventional
SPM measuring a fundamental wave component, we deal with
just the terms proportional to sinθ or cosθ in Eq. 1. For
simplicity, letting r = 1 and neglecting the constant in Eq. 1,
the fundamental wave component, F1, can be written as

F1 � 1 + 3
4
δ2( )mx sin θ + 1 + 9

4
δ2( )my cos θ � Ax sin θ + Ay cos θ

�
�������
A2

x + A2
y

√
cos θ − φ( ),

(2)
where Ax � (1 + 3

4δ
2)mx, Ay � (1 + 9

4δ
2)my, and the phase,

φ � tan−1(Ax/Ay). The amplitude, A1, can be described as

A1 �
�������
A2

x + A2
y

√
�

�������������������������
1 + 3

4
δ2( )2

m2
x + 1 + 9

4
δ2( )2

m2
y

√
. (3)

Assuming δ2 ≪ 1, Eq. 3 is approximated as

A1 ≈ m 1 + 3
4

m2
x

m2
+ 3

m2
y

m2
( )δ2[ ], (4)

where m �
��������
m2

x +m2
y

√
. And, the phase, φ, is defined by

tanφ � β tanφ0 (5)
where β � (1 + 3

4δ
2)/(1 + 9

4δ
2), and tanφ0 � mx/my.

It is generally granted that an SPM, regardless of the offset,
outputs the magnetization of a sample by measuring the
amplitude (A1) and the phase (φ) of the fundamental
component, F1. Meanwhile, Eqs. 4, 5 suggest that not only A1

but also φ are essentially different from those in the non-
offset case.

Figure 5A demonstrates how φ changes with different δs.
Because 0 <β < 1 in Eq. 5, φ < φ0 always works. The
discrepancy, Δφ � φ − φ0, for each δ shows a peak at δ = 0.5
(Figure 5B). This means, when measuring an offset dipole by an
SPM, it is generally expected that the measured phase includes a
systematic deviation from that of the non-offset dipole

FIGURE 7
Waveform (A) and FFT spectrum (B) from a natural sample
(gabbro) with an inhomogeneous magnetization within the equatorial
plane. Spinning about the same axis as in case B in Figure 6.

TABLE 1 Measurements of the same intrusive rock sample by different SPMs: a
conventional SPM (SMD-88, Natsuhara Giken) and a new SPM (MuSpin, Myuon
Instruments).

SPM Intensity Declination Inclination

SMD-88 2.34×10−3 354° 83°

MuSpin 2.38×10−3 325° 80°
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Equation. 4 indicates thatA1 has an additional term proportional to
δ2. This suggests that, if measuring a sample closer to a sensor for better
sensitivity, it will be necessary to consider that the resulting intensity of
magnetization may include an artificial bias, for example, when the
sample ismagnetically inhomogeneous. Kodama (2017) pointed out the
likelihood of the occurrence of this kind of inconsistency when
measuring a conventional SPM (SMD-88). The new SPM employed
in this study (MuSpin) is capable of measuring A1 as well as the
overlapping harmonic waves up to fifth-order, F5. Coupled with the
unique sensor configuration to attenuate the even-order harmonics, it is
possible to compare the experimental results with the theoretical
waveforms in Eq. 1.

3 Discussion

The analysis based on the offset dipole model is useful to interpret
an anisotropic magnetization due to the shape anisotropy of a sample.
Figure 6 shows examples of the waveform and associated FFT
spectrum, the screenshot of real-time plots in the SPM’s operating
program.examples of the waveform and associated FFT spectrum, the
screenshot of real-time plots in the SPM’s operating program.

One example is from a synthetic sample of 1″-size cylinder,
containing SD magnetite, with a uniform magnetization (= 4.2 A/m)
directing normal to the z-axis of a cylinder. This sample wasmeasured in
two different orientations. In the first case (A), where the sample rotates
about the z-axis, the waveform is a sinusoidal curve, obviously an output

from amagnetic dipole. In the second case (B), where the sample rotates
about a different axis that is normal to the z-axis while holding for the
magnetization to rotate in the same plane as in A. The waveform in B is
primarily sinusoidal but contains small bumps, indicating an overlap of
harmonic waves. This is also demonstrated by the FFT spectrum in B,
showing three noticeable peaks corresponding to F1, F3, and F5,
respectively. The discrepancy in waveform between A and B reflects
the difference in their cross-section in the plane normal to the z-axis:
isotropic round shape (A) vs. anisotropic angular square (B). Thus, these
results suggest that when analyzing such data involving overlapping
harmonic waves it is necessary to consider not only magnetic
inhomogeneity but also shape anisotropy.

Assuming the value of f3/f1 (= 0.03) in B to the amplitude ratio of F3
to F1 in Eq. 1, it is possible to assess δ, that is, approximately 0.3.
Substituting this value into Eqs. 2–5, the discrepancy in amplitude can be
estimated. The resulting amplitude becomes about 3% greater than the
initial F1. This suggests that the shape anisotropy in B requires no
significant correction. However, though rarely pointed out previously, it
may be usually the case that waveforms observed for natural samples
include Nth-order (N > 2) harmonics where their contribution to F1
seems no longer ignorable.

Figure 7 shows one such result from an intrusive rock sample. This
sample was chosen because there is a non-negligible difference between
the measurements by a conventional type of SPM and the new SPM
employed in this study. These results are summarized in Table 1.

The waveform in Figure 7 is featured by multiple peaks of the
higher-order harmonic waves, indicating they overlap to a much higher
degree than in B in Figure 6. The FFT spectrum is characterized by the
three prominent peaks of F1, F3, and F5, with their ratio, f3/f1 (= 0.9) and
f5/f1 (= 0.3), about two orders of magnitude greater than in B. Because B
is the case of only shape anisotropy, the cause of the contrasting
waveform in Figure 7 resides within the sample itself. For example,
1) uneven distribution of magnetic particles, 2) preferred orientation of
an ensemble of magnetic grains, and 3) uneven mixture of a small
number of magnetic grains of various sizes and shapes with different
anisotropy.

According to Kodama et al. 2018, the intrusive rock body, from
which the sample was collected, shows a weak magnetic susceptibility
anisotropy, suggesting a layered Figure 8 structure of the intrusion.
However, because there is no distinctive anisotropy in the remanent
magnetization, cause 2) is unlikely. A rockmagnetic study (Kodama et al.,
2018) reveals that the carrier of the remanentmagnetizations ismagnetite
occurring as a submicroscopic inclusion in the host phenocrysts, a special
product from the crystallization deep in the accretionary complex (e.g.,
Floess et al., 2019). Thus, it is more likely that the uneven occurrence of
the coarse phenocrysts in the sample leads to the characteristic waveform
showing the conspicuous overlap by harmonic waves. Using f3/f1 (= 0.9)
in Figure 7, the offset parameter, δ, is estimated to be 0.5, about twice
greater than that of B in Figure 6. This leads to the increase of the
amplitude, A1, in Eq. 3 by approximately 20%. In terms of the phase, this
corresponds to the case with the largest δ (= 0.5) in the simulation in
Figure 4, where the discrepancy, Δφ, takes the highest value of ~8°.

4 Conclusion

1) To investigate an inhomogeneous magnetization of a sample, a
theoretical method is constructed by applying a multipole

FIGURE 8
Configuration of a pair of magnetic poles with opposing polarity,
+q and -q, for approximating an offset dipole magnetized to the x-axis
by the multipole expansion method.
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expansion analysis to an offset dipole model. The proposed
method uses high-resolution measurements by a new type of
spinner magnetometer (SPM).

2) The waveform created by an offset dipole consists of not only a
fundamental wave but also higher-order harmonic waves.
Numerical simulations suggest that the inclusion of the
harmonic wave increases the amplitude of the fundamental
wave by up to 20% as well as its phase by up to 8°.

3) Comparisons with synthetic and natural samples suggest that
there are cases where the contribution of the harmonic waves to
the fundamental wave exceeds what is expected by the model.
Such a sample can be distinguished by measurement errors
several times greater than in common cases.

4) In the measurement with an SPM, we should pay attention to the
waveform produced by a rotating sample, which provides a suite
of information to see how appropriate it is as a subject of
paleomagnetic study.
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