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Introduction: Carbonate reservoirs are widely distributed throughout the world.
Due to the good physical properties of the reservoirs, they are easily contaminated
by mud during drilling opening, so they are often put into production after
acidification. After acidification, the near-well reservoir’s physical property is
improved, while the far-well reservoir’s physical property remains unchanged.
Such reservoirs are commonly called composite reservoirs. Composite carbonate
reservoir seepage law is more complicated.

Methods: In this paper, the point source function of a triple-medium composite
reservoir is established using the source function theory, Laplace transform,
perturbation transform, and linear superposition principle of partial differential
equation.

Results: Second, the vertical well seepage model of a composite reservoir is
obtained through the new point source function.

Discussion: Finally, the correctness of the model is verified, and the sensitivity
analysis of the key parameters affecting the seepage law is carried out. The
applicability of the model established in this paper is demonstrated by two
wells in the field. This paper provides a theoretical basis for vertical well test
analysis of composite reservoirs.
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1 Preface

Carbonate rocks account for 20% of the world’s total sedimentary rocks and 52% of the
world’s total oil and gas reserves (Wan et al., 2018). Typical fractured-vuggy reservoirs are
composed of large and well-connected fractures, rock matrix, and a large number of pores
(Figures 1–a). Carbonate reservoirs are prone to mud contamination during drilling
opening, so they are often put into production after acidification. After acidification, the
near-well reservoir’s physical property is improved, while the far-well reservoir’s physical
property remains unchanged. Such reservoirs are commonly called composite reservoirs
(Figures 1–b). How to simulate the seepage law of fluid in carbonate reservoirs has become
one of the research hotspots of domestic and overseas oil workers. The existing seepage
models in literature can be divided into two categories: the continuous medium model and
discrete medium model.
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In 1960, Barenblatt et al. (1960) established a continuous medium
seepage model for fractured reservoirs (Figures 2–a). In 1963, Warren
and Root (1963) further clarified the concept of dual-medium seepage
and related theories based on Barenblatt’s research. They believe that
the fractured reservoirs are composed of uniformly distributed fracture
systems andmatrix systems (Figures 2–b). The fracture system has low
porosity but strong seepage ability, which provides the main seepage
channel for fluids. The matrix system has high porosity but low
permeability, providing the main storage space for fluids. There is a
quasi-steady interporosity flow between the matrix system and the
fracture system, and the interporosity flow is proportional to the
pressure difference between the two adjacent systems. In 1969,
Kazemi (1969) proposed a dual-medium model similar to that of
Warren and Root (Figures 2–c), which also assumed that all fluids in
the reservoir flow into the wellbore through fractures. The difference is
that this model equates the natural fractures in the reservoir with
parallel fractures and divides the impermeable boundary artificially.
The unsteady one-dimensional seepage between the matrix and
fracture was solved by a numerical method. In 1975, Closmann
(1975) first proposed the triple-medium model (Figures 2–d), which
assumes that the reservoir consists of two sets of matrix systems and
one set of fracture systems. One set of matrix systems has good
physical properties, and the other set of matrix systems has poor
physical properties. There is quasi-steady interporosity flow between
the twomatrix systems and the fracture system, respectively, but there
is no interporosity flow between the matrix systems. All fluids in the
reservoir flow into the wellbore through the fracture system. In 1982,
Pruess and Narasimhan (1982a) believed that the dual-medium
model was insufficient to describe the heterogeneity of fractured
reservoirs and proposed the “multiple interacting continuous”
(MINC) model (Figures 2–e). This model divides the matrix
system into several continuous subunits (region 1, region 2, . . . ,
region n), and the fracture units are interconnected to form seepage
channels. There is an unsteady interporosity flow between the matrix
system and the fracture system. If the matrix system is regarded as a
single continuum, theMINCmodel becomes the dual-mediummodel
of Warren and Root. In 1983, Wu and Ge (1983) established a triple-
medium seepage model for fractured-vuggy reservoirs based on

Closmann’s idea. The model assumes that the reservoir is
composed of three media, namely, the karst cave, fracture, and
matrix, which are uniformly distributed. The karst cave and matrix
have quasi-steady interporosity flow with the fractures, respectively.
There is no interporosity flow between the cave and thematrix, and all
fluid in the wellbore comes from the fractures. In 1986, Abdassah
established a triple-medium seepage model for natural fractured
reservoirs. In this model, the matrix system has impermeable
boundaries. It is assumed that the reservoir consists of two sets of
matrix systems and one set of fracture systems (similar to Closmann’s
model). Different from Closmann’s model, Abdassah’s model
assumes an unsteady one-dimensional flow between the matrix
and the fracture. In 1993, Mao Bai (1993) established the seepage
model of a porous and multi-permeability natural fracture reservoir
considering the deformation of rock skeleton. The model considers all
the factors and is solved by finite element, but the calculation process
is relatively complex. In 2002, Camacho-Velázquez et al. (2002)
established the seepage model of a fractured-vuggy reservoir by
considering the mutual crossflow (the interporosity flow process is
quasi-steady-state) between the karst cave, fracture, and matrix. The
biggest difference between this model and the aforementioned triple-
medium reservoir seepage model is that it not only considers the
fracture system to supply fluid to the wellbore but also considers the
karst cave to supply fluid to the wellbore. Liu et al. (2003), Wu et al.
(2004), and Wu et al. (2006) established a fractured-vuggy reservoir
seepagemodel by considering the interporosity flow between the karst
cave, fracture, and matrix (the interporosity flow process is quasi-
steady-state). In 2006, Kang et al. (2006) established a three-phase
oil–gas–water seepage model in fractured-vuggy reservoirs
considering the different distribution positions of the karst cave,
fracture, and matrix. In 2012, Guo et al. (2012) established the
seepage model of fractured-vuggy carbonate horizontal wells. The
model assumes that the fluid in the oil well is supplied by the fractures
and matrix, and the physical schematic diagram of three holes and
double permeability is shown in Figures 2–f. In 2016, Gao et al. (2016)
established a reservoir seepage model with oil wells drilled on large
karst caves. The model divides the fractured-vuggy reservoir into two
parts: the inner area is filled with karst caves, and the outer area is the

FIGURE 1
Schematic diagram of a carbonate reservoir. [(A) is Carbonate reservoir, (A) is Composite carbonate reservoir].
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fractured reservoir. The inner flow is non-Darcy flow, and the outer
flow is dual-medium flow. In 2018, Wang et al. (2018) established a
fractured vertical well seepage model for fractured-vuggy reservoirs
after acidification. The model assumes that the reservoir consists of an

internal acidified region and an external unacidified region. The
interior is described by Darcy’s seepage flow, and the exterior is
described by the triple-medium model. In 2019, Du et al. (2019)
established a reservoir seepagemodel containing large karst caves. The

FIGURE 2
Schematic diagram of a dual-medium reservoir. [(A) is Schematic diagram of real reservoir, (B) is Schematic diagram of hypothetical, (C) is Schematic
diagram of Kazemi dual-medium reservoir, (D) is Schematic diagram of triple-medium reservoir, (E) is Schematic diagram of Pruess MINC reservoir, (F) is
Schematic diagram of Guo Jianchun three holes and two permeability].
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model also divides the reservoir area into two parts; the interior is a
large cylindrical cave (only considering the vertical flow of liquid in
the cave), and the exterior is described by a triple-medium model. In
2020, Shi et al. (2020) established the seepage model of an upper and
lower composite reservoir with a single medium inside and a double
medium outside in order to solve the seepage problem after the
acidification of multi-layer carbonate reservoirs. In 2022, Fernandes
et al. (2022) considered the stress sensitivity of fractures and
established the seepage model of fractured wells in upper and
lower composite reservoirs.

The discrete medium model is often used to characterize large
caverns in reservoirs. The fluid movement in the karst cave is usually
described by the Navier–Stokes (N–S) equation, and the fluid in the
porous medium is described by Darcy seepage. The difficulty of the
discrete medium model is in solving the N–S equation and Darcy’s
formula in coupling at the karst cave–porous medium interface
(Figure 3). For this problem, there are two main methods in the
literature now: one is the single-domain approach (SDA), established
by Brinkman (1947) (Figures 3–b). The other is the two-domain
approach (TDA), established by Beavers and Joseph (1967) (Figures
3–c). In 1967, Beavers and Joseph (1967) proposed a semi-empirical
formula to couple theN–S equation and theDarcy equation, namely, the
famous B–J velocity slip condition, on the basis of experimental results
and theoretical analysis. In 1971, Saffman (1971) pointed out that the B–J
condition was only applicable to models similar to the Beavers–Joseph
experimental device. He proposed a more general boundary condition,
namely, the Beavers–Joseph–Saffman (B–J–S) condition. In 1973, Jones
(1973) studied the problem of fluid passing through a hollow sphere at a
low Reynolds number, and the research object is divided into three
regions: region I and III are described by the N–S equation, and region II
is a porousmedium region described by the Darcy formula. The B–J slip
boundary condition is satisfied at the interface of the region. In 1994,

Salinger et al. (1994) studied the single-domain and two-domain
methods, respectively, and found that the two-domain method has
higher computational accuracy and speed than the single-domain
method. In 2004 and 2006, Arbogast et al. (2004) and Arbogast et al.
(2006) used B–J boundary conditions to establish a coupling model to
describe the seepage flow in fractured-vuggy reservoirs. The simulation
results showed that large karst caves could be regarded as having infinite
conductivity. In 2007, Peng Xiaolong extended the B–J–S boundary
condition to an oil–water two-phase flow and established an oil–water
two-phase flow model for fractured-vuggy reservoirs. In 2009, he used
the streamlinedmethod to solve an oil–water two-phase flowmodel of a
fractured-vuggy reservoir considering discrete karst caves. In 2010, Yao
Jun et al. (2010) showed fractures and caverns and established the
seepage model of fractured and cavernous reservoirs by assuming Darcy
seepage in the matrix and fractures and free flow in caverns. In 2018,
Wan et al. (2018) believed that the size of the karst caves in Tarim
Oilfieldwas large, often severalmeters or even tens ofmeters, so the karst
caves have a great impact on seepage. The model assumes that the karst
cave has been filled with a porous medium. Darcy seepage is used to
simulate the karst cave and the reservoir area. On this basis, reservoir
seepage models at different locations of oil wells were established
(Figure 4). In 2019, Wu et al. (2019) combined the advantages of the
discrete medium model and the continuous medium model to establish
the seepage model of a fractured-vuggy reservoir using the boundary
element method. Themodel assumes that large fractures and karst caves
are described by the discrete medium model, and other regions are
described by the triple continuous medium model. In the same year,
Hallack et al. (2019) established a discrete model of an oil–water two-
phase fractured-vuggy reservoir using the single-domain method. In
2020, Wan et al. (2020) improved on their work from 2018. The fluid
flow in the unfilled cave is described by the N–S equation, the fluid flow
in the matrix is described by Darcy’s seepage equation, and the interface

FIGURE 3
Schematic diagram of different interface coupling methods. [(A) is Micro void scale, (B) is Single field method, (C) is Two domain method].
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between the karst cave and the matrix is described by the B–J condition.
In the same year, Zhang et al. (2020) established a fractured-vuggy
reservoir seepage model based on the discrete fractured-vuggy model,
considering the influence of formation thermal conductivity. The model
assumes that free flow in karst cave is described by the N–S equation,
fracture flow is described by cubic law, and matrix seepage is described
by the Darcy formula. The flow between the porous medium and the
karst cave is coupled by the improved B–J–S equation. Many other
scholars have also studied free flow and porous medium seepage in
fractured-vuggy reservoirs (Popov et al., 2007; He et al., 2015).

The research achievements of many scholars have greatly
promoted the development of the continuous medium and discrete
medium models. The application conditions of the two types of
models are different: the discrete medium model is used when the
geometric size of cracks and caves is large and the heterogeneity is
strong, the modeling of the discrete medium model requires more
data, and the modeling process is complicated. The continuummodel
is suitable for weakly heterogeneous reservoirs, which is convenient for
modeling and is widely used in well test analysis. It can be seen from
the literature review that few scholars have studied the seepage law of
composite triple-medium reservoirs (the physical model is shown in
Figures 1–a). This paper focuses on the study of the continuummodel.
Using the methods of source function, Laplace transform,
perturbation transform, and linear superposition principle of partial
differential equation, a three-dimensional seepage model of vertical
wells in a carbonate composite reservoir is established, which expands
the application range of source function and provides a theoretical
basis for well test analysis of carbonate composite reservoirs.

2 Establishment of a mathematical
model of vertical well seepage in a
composite triple-medium reservoir

In this paper, the source function theory is used to establish the
mathematical model of vertical well seepage in a composite
carbonate reservoir; it first introduces point source function inner
boundary conditions.

2.1 Inner boundary condition of a point
source function

A carbonate reservoir is assumed to be a triple-medium
reservoir with a point source that is infinitesimally small on the
reservoir scale and sufficiently large on the micro-scale. At the
moment of t=0, the amount of flow of ~q accumulated at this point
will cause fluid flow near this point. The schematic diagram of local
reservoir seepage is shown in Figure 5. Quasi-steady interporosity
flow occurs between the karst cave and matrix and fracture,
respectively, and no interporosity flow occurs between the karst
cave and matrix; all the fluids at the point source come from
fracture.

It is assumed that the flow out of the point source at the moment
of t=0 is q(t); then, the relationship between the cumulative liquid
output ~q and the instantaneous flow rate q(t) is as follows:

∫t

0
q t( )dt � ~q. (1)

The flow of formation fluid flowing into the point source near
this point is equal to the outflow ~q, and the mathematical model is
expressed as follows:

∫t

0
lim
ε→0

4πr2kf
μ

∂Δpf

∂r
( )

r�ε
[ ]dt � −~q. (2)

According to the properties of Dirac function δ(t),

lim
ε→0

4πr2kf
μ

∂Δpf

∂r
( )

r�ε
� −~qδ t( ). (3)

Equation 3 is the internal boundary condition of the point
source function.

2.2 Establishment of the vertical well
seepage model

Model assumptions:

FIGURE 4
Schematic diagram of the Wan Yizhao physical model. [(A) is Oil well does not pass through karst cave, (B) is Oil well passes through karst cave].
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a. The matrix system and karst cave system are the main storage
space, and the fracture system is the main flow channel. All
production from the well comes from the influx of the fracture
system, and the physical model of the composite reservoir is
shown in Figures 1–b.

b. Considering the permeability sensitivity of a natural fracture
system, it is assumed that the stress sensitivity coefficients
inside and outside the complex reservoir are equal, and
the permeability of the matrix system and cave system is
constant.

c. The initial pressure of the reservoir is pi, and the temperature is
constant during production.

d. The reservoir is a single-phase micro-compressible fluid,
ignoring the effects of gravity and capillary force.

The seepage continuity equation of the fracture system, karst
cave system, and matrix system in the inner region is shown as
follows (Wu Yushu):

kfr1
μ

∂2Δpf1

∂x2 + kfr1
μ

∂2Δpf1

∂y2 + kfz1
μ

∂2Δpf1

∂z2

− ϕc( )m1

∂Δpm1

∂t
− ϕc( )v1∂Δpv1

∂t
� ϕc( )f1∂Δpf1

∂t

ϕc( )v1∂Δpv1

∂t
� σvf1

kv1
μ

Δpv1 − Δpf1( )
ϕc( )m1

∂Δpm1

∂t
� σmf1

km1

μ
Δpm1 − Δpf1( ).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(4)

Similarly, the seepage continuity equation of the fracture system,
karst cave system, and matrix system in the outer region is shown as
Equation 5:

kfr2
μ

∂2Δpf2

∂x2 + kfr2
μ

∂2Δpf2

∂y2 + kfz2
μ

∂2Δpf2

∂z2
− ϕc( )m2

∂Δpm2

∂t

− ϕc( )v2∂Δpv2

∂t
� ϕc( )f2∂Δpf2

∂t

ϕc( )m2

∂Δpm2

∂t
� σmf2

km2

μ
Δpm2 − Δpf2( )

ϕc( )v2∂Δpv2

∂t
� σvf2

kv2
μ

Δpv2 − Δpf2( ).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(5)

Considering the stress sensitivity of the natural fracture system,
the permeability of natural fractures in the inner and outer regions
can be expressed as follows:

kf1 � kif1e
−α pi−pf1( ), (6)

kf2 � kif2e
−α pi−pf2( ), (7)

The initial conditions of the inner and outer regions are as follows:

Δpf,j x, y, z, t � 0( ) � Δpm,j x, y, z, t � 0( ) � Δpv,j x, y, z, t � 0( )
� 0 j � 1, 2( ).

(8)
Assuming that the upper and lower boundaries of the composite

reservoir are closed, three different outer boundary conditions are
considered, infinite, constant pressure, and closed outer boundary,
as shown in in the following equation:

r → ∞ infinite

∂Δpf2
∂r

∣∣∣∣∣ r�re � ∂Δpm2

∂r

∣∣∣∣∣ r�re � ∂Δpv2
∂r

∣∣∣∣∣ r�re � 0 closed outer boundary

Δpf2

∣∣∣∣ r�re � Δpm2

∣∣∣∣ r�re � Δpv2

∣∣∣∣ r�re � 0 constant pressure.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(9)

FIGURE 5
Schematic of seepage flow of a point source in an infinite triple-medium reservoir. represents the matrix rock block; represents the karst
cave; represents the fluid flow in the matrix system and cavern system; represents the flow in the fracture system; and represents
the point source at any position in the infinite triple-medium reservoir.
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The inner boundary conditions are shown as follows:

lim
r→0

4πkf1
μ

L r2D
dΔpf1

drD
( ) � −~qδ t( ). (10)

From the dimensionless parameters in Supplementary
Appendix A, inner region continuity Eq. 4 is obtained
dimensionless:

e−α pi−pf1( ) ∂2Δpf1

∂x2
D

+ ∂2Δpf1

∂y2
D

+ ∂2Δpf1

∂z2D
( ) � ωf1

∂Δpf1

∂tD
+ ωm1

∂Δpm1

∂tD

+ ωv1
∂Δpv1

∂tD

−ωm1
∂Δpm1

∂tD
� λmf1 Δpm1 − Δpf1( )

−ωv1
∂Δpv1

∂tD
� λvf1 Δpv1 − Δpf1( ).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(11)

Similarly, outer region continuity Eq. 5 is obtained
dimensionless:

e−α pi−pf2( ) ∂2Δpf2

∂x2
D

+ ∂2Δpf2

∂y2
D

+ ∂2Δpf2

∂z* 2D
( ) � ωf2ηrD

∂Δpf2

∂tD

+ωm2ηrD
∂Δpm2

∂tD
+ ωv2ηrD

∂Δpv2

∂tD

−ηrDωm2
∂Δpm2

∂tD
� K1,2λmf2 Δpm2 − Δpf2( )

−ηrDωv2
∂Δpv2

∂tD
� K1,2λvf2 Δpv2 − Δpf2( ).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(12)

In Eq. 12,

ηrD � kfr1
kfr2

Vϕc( )f2 + Vϕc( )m2 + Vϕc( )v2( )
Vϕc( )f1 + Vϕc( )m1 + Vϕc( )v1( ) z*D � zD

�������
kfr2kfz1
kfr1kfz2

√
K1,2 � kfr1

kfr2

kif2
kif1

.

The dimensionless continuity of Eq. 11 in the inner region can
be further simplified as in Laplace space as follows:

e−α pi−pf1( ) 1
rD

d

drD
rD
dΔ�pf1

drD
( ) + d2Δ�pf2

dz2D
� sf s( )1Δ�pf1. (13)

In Eq. 13,

f s( )1 � ωf1 + ωm1
λmf1

λmf1 + ωm1s
+ ωv1

λvf1
λvf1 + ωv1s

.

Similarly, dimensionless continuity Eq. 12 in the outer region
can be further simplified as in Laplace space as follows:

e−α pi−pf2( ) 1
rD

d

drD
rD
dΔ�pf2

drD
( ) + d2Δ�pf2

dz* 2D
� sf s( )2 �pf2. (14)

In Eq. 14,

f s( )2 � ηrD ωf2 + ωm2
K1,2λmf2

K1,2λmf2 + sηrDωm2
+ ωv2

K1,2λvf2
K1,2λvf2 + sηrDωv2

( ).
Equations 13 and 14 are nonlinear partial differential equations,

which are linearized by perturbation transformation as follows:

Δpf � −ln 1 − αψ( )
α

. (15)

Because permeability modulus is often small, scholars generally
believe that the zero-order perturbation solution can fully meet the
needs of engineering calculation. The perturbation solution of order
0 is substituted into Eq. 13 and Eq. 14, respectively, and simplified as
follows:

1
rD

d

drD
rD
d�ψ0,1

drD
( ) + d2 �ψ0,1

dz2D
− sf s( )1 �ψ0,1 � 0, (16)

1
rD

d

drD
rD
d�ψ0,2

drD
( ) + d2 �ψ0,2

dz* 2D
− sf s( )2 �ψ0,2 � 0. (17)

Equations 16 and 17 are of the same type of partial differential
equations. Many scholars have studied these equations and given
solutions under different external boundary conditions. However, no
scholars have solved the two equations at the same time under different
external boundary conditions. In this paper, the process of solving the
two aforementioned equations simultaneously is given in detail in
Supplementary Appendix B. Because the oil well is in the inner region,
only the solution of the inner region seepage equation is given here.

�ψ0,1 �
~qμ

2πkif1LhD
K0 rD

�����
sf s( )

√( ) + 2∑∞
n�1

K0 rD
���
εn1

√( ) cos nπ zD
hD

cos nπ
zwD
hD

⎡⎣
+AI0 rD

�����
sf s( )

√( ) + 2∑∞
n�1

BnI0 rD
���
εn1

√( ) cos nπ zD
hD

cos nπ
zwD
hD
⎤⎦.

(18)

Equation 18 is the solution of the point source function of the
composite triple-medium reservoir. See Supplementary Appendix B for
the specific expressions of A and Bn. The vertical well seepage equation
of the composite reservoir can be obtained by integrating Eq. 18 on the
z-axis direction, the horizontal well seepage equation of the composite
reservoir can be obtained by integrating on the x-axis, and the fracturing
well seepage equation can be obtained by integrating on the x-axis first
and then on the z-axis. This paper mainly studies the vertical well
seepage model of a composite triple-medium reservoir. Therefore, by
integrating the point source function of Eq. 18 on the z-axis direction,
the vertical well seepage equation is obtained as follows:

�ψ0,1 �
~qμ

2πkif1LhD

⎧⎨⎩hw K0 rD
������
sf s( )1

√( ) + AI0 rD
������
sf s( )1

√( )[ ]
+4h
nπ
∑∞
n�1

K0 rD
���
εn1

√( ) + BnI0 rD
���
εn1

√( )[ ] sin nπ hwD
2hD

cos nπ
zD
hD

cos nπ
zwD
hD

⎫⎬⎭ .

(19)

Defining dimensionless variables �ψ0,1D � 2πkif1L
Qμ

�ψ0,1, for vertical
wells Q � ~qhw, L=h, the aforementioned formula is simplified as
follows:

�ψ0,1D � 1
shw

���
kz1
kif1

√ {hw K0 rD
������
sf s( )1

√( ) + AI0 rD
������
sf s( )1

√( )[ ]
+ 4h
nπ
∑∞
n�1

K0 rD
���
εn1

√( ) + BnI0 rD
���
εn1

√( )[ ]
× sin nπ

hwD
2hD

cos nπ
zD
hD

cos nπ
zwD
hD
}.

(20)
The numerical inversion of Stehfest (1970) is used to convert the

Laplace space solution of Eq. 20 into the time space solution, and the
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result is substituted into Eq. 15 to obtain the bottom hole pressure
considering the effect of stress sensitivity. The bottom hole pressure
calculated earlier does not take into account the effects of wellbore
storage and skin coefficient. Using the Duhamel principle (Yao and
Ai-fen, 1999), dimensionless wellbore storage coefficient CD and
total skin coefficient S are introduced to obtain the relationship
between the pressure solutions of vertical wells in Laplace space, as
shown in the following equation:

�ψ0,1D � s�ψ0,1D + S

s + CDs2 s�ψ0,1D + S( ). (21)

3 Model verification

There is no equation completely consistent with the model
established in this paper in the known literature. Therefore, in
order to test the correctness of the model established in this

paper, it is necessary to assume that the physical properties of
the inner and outer triple-medium reservoirs are the same. In this
way, the composite reservoir can be regarded as a triple-medium
reservoir and verified by Wu Yushu’s model. Reservoir parameters
are shown in Table 1. The calculation results are shown in Figure 6.
It can be seen that the model built in this paper is completely
consistent with the model built by Wu Yushu, which proves the
correctness of the model built in this paper.

4 Flow regimes

It is assumed that the oil well in the center of the composite
triple-medium reservoir produces at a fixed rate, and the basic data
of the reservoir are shown in Table 2. The bottom hole
dimensionless pressure and dimensionless derivative pressure are
plotted in the double logarithmic coordinate system, as shown in
Figure 7.

TABLE 1 Data used for the two models.

Reservoir thickness, m 30 External karst cave storage capacity ratio 0.1

Inner region radius, m 500 External karst cave interporosity flow coefficient 0.001

Outer region radius, m Infinity External fracture storage capacity ratio 0.05

Length of vertical well, m 30 External matrix interporosity flow coefficient 0.0001

Internal karst cave storage capacity ratio 0.1 External porosity 0.1

Internal karst cave interporosity flow coefficient 0.001 External radial fracture permeability, mD 30

Internal fracture storage capacity ratio 0.05 External vertical fracture permeability, mD 30

Internal matrix interporosity flow coefficient 0.0001 Crude oil viscosity, mpas 1

Internal porosity 0.1 Stress sensitivity coefficient 0

Internal radial fracture permeability, mD 30 Wellbore storage coefficient 0.5

Internal vertical fracture permeability, mD 30 Wellbore skin coefficient 0

Midpoint of well location, m 15

FIGURE 6
Comparison of model calculation results.
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It can be seen from Figure 7 that vertical wells in composite
reservoirs can be divided into eight seepage stages. ① Wellbore
storage stage: the fluid used in this stage is only the part stored in
the wellbore after shut-in, and the duration is usually very short; ②
internal karst cave interporosity flow stage: with the propagation of
bottom hole pressure drop in the formation, the fluid in the fracture
system is gradually extracted. Because interporosity flow to the
fracture is easy in the cave, the replenishment of the liquid in the
cave leads to the slow growth of the pressure drop. However, with the
gradual production of the liquid in the cave in the inner region, the
growth of the pressure drop gradually increases, showing a “groove”
feature on the derivative curve of the pressure drop; ③ matrix
interporosity flow stage in the inner region: with the production of
liquid in the cave, the pressure drop affects the matrix system. The
replenishment of the fluid in the matrix systemmakes the drop of the
derivative of pressure drop slow, but with the gradual production of
the fluid in the matrix system in the inner region, the derivative of

pressure drop gradually increases, which also shows the “groove”
feature of first decreasing and then increasing;④ transition flow stage
in the inner and outer regions: the pressure drop spreads to the
boundary of the inner and outer regions. Due to the permeability
variation in the outer region, the pressure drop growth rate increases,
and the derivative curve of the pressure drop shows a “hump-like”
bulge; ⑤, ⑥ the stages of external karst cave interporosity flow and
external matrix interporosity flow, respectively; the seepage
mechanism of this stage is the same as that of internal karst cave
interporosity flow ② and the internal matrix interporosity flow ③

and will not be repeated; ⑦ the radial flow stage of the reservoir,
sometimes called quasi-steady-state seepage, in which the pressure
drop growth rate of the reservoir tends to be stable. The dimensionless
pressure drop derivative is a straight line with a value of 0.5; and ⑧

boundary flow stage: the pressure drop propagates to the reservoir
boundary. The model established in this paper can simulate three
types of outer boundary: closed boundary, infinite boundary, and

TABLE 2 Summary of reservoir parameters.

Reservoir thickness, m 20 External karst cave storage capacity ratio 0.12

Inner region radius, m 200 External karst cave interporosity flow coefficient 0.02

Outer region radius, m 2000 External fracture storage capacity ratio 0.15

Length of vertical well, m 20 External matrix interporosity flow coefficient 0.002

Internal karst cave storage capacity ratio 0.1 External porosity 0.15

Internal karst cave interporosity flow coefficient 0.01 External radial fracture permeability, mD 15

Internal fracture storage capacity ratio 0.1 External vertical fracture permeability, mD 15

Internal matrix interporosity flow coefficient 0.001 Crude oil viscosity, mpas 1

Internal porosity 0.15 Stress sensitivity coefficient 0

Internal radial fracture permeability, mD 30 Wellbore storage coefficient 0.05

Internal vertical fracture permeability, mD 30 Wellbore skin coefficient 0.2

Midpoint of well location, m 10

FIGURE 7
Vertical well seepage stage divisions of composite carbonate rock.
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constant-pressure boundary. The dimensionless derivative curve of
pressure drop shows an up-warping curve with a slope of 1, a
horizontal curve with a value of 0.5, and a descending curve,
respectively.

5 Discussion

5.1 Sensitivity analysis of internal karst cave
storage capacity ratio

Other parameters of the reservoir remain unchanged, as
shown in Table 2. When the internal karst cave storage
capacity ratio of the composite reservoir is 0.05, 0.15, and 0.2,
respectively, the well test curve is as shown in Figure 8. It can be
seen from the figure that the storage capacity ratio of the internal
karst caves mainly affects the seepage stage of the internal karst
caves and has little impact on other seepage stages. With the
increase in the internal karst cave storage capacity ratio, the
“groove” depth on the well test curve becomes deeper and
deeper and the “groove” duration becomes longer and longer.
The main reason is that with the increase in the storage capacity
ratio of the internal karst cave, more liquid can be supplied by the
karst cave, which effectively replenishes the formation energy,
because of which the deeper the “groove” on the pressure drop
derivative when the pressure drop propagates to the internal karst
cave, the longer the action time is.

5.2 Sensitivity analysis of interporosity flow
coefficient in the inner karst cave

Other parameters of the reservoir remain unchanged, as
shown in Table 2. When the coefficient ratio of the internal
karst cave interporosity flow is 0.05, 0.01, and 0.003, respectively,
the well test curve is as shown in Figure 9. It can be seen from the

figure that the coefficient of the internal karst cave interporosity
flow mainly affects the time when the internal karst cave
interporosity flow stage occurs and has little influence on
other seepage stages. With the increase in the interporosity
flow coefficient of the internal karst cave, the interporosity
flow between the karst cave and the fracture occurs easily. The
earlier the interporosity flow occurs in the internal karst cave, the
more left the position of the first “groove” on the dimensionless
pressure drop derivative curve.

5.3 Sensitivity analysis of the storage
capacity ratio of the fracture system in the
inner region

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the fracture storage capacity ratio in the inner
region of the composite reservoir is 0.1, 0.05, and 0.005,
respectively, the well test curve is as shown in Figure 10. It can
be seen from the figure that the internal fracture storage capacity
ratio mainly affects the internal karst cave interporosity flow stage
and matrix interporosity flow stage. As the sum of matrix storage
capacity ratio, fracture storage capacity ratio, and karst cave
storage capacity ratio is 1, when the fracture storage capacity
ratio increases, the matrix storage capacity ratio and the karst
cave storage capacity ratio decrease accordingly. Therefore, the
depth and duration of the “grooves” of the karst cave interporosity
flow phase and matrix interporosity flow phase become shallower
and shorter.

5.4 Sensitivity analysis of internal matrix
interporosity flow coefficient

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the internal matrix interporosity flow coefficients

FIGURE 8
Sensitivity analysis of internal karst cave storage capacity ratio.
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of the composite reservoir are 0.002, 0.001, and 0.0005,
respectively, the well test curve is as shown in Figure 11. It can
be seen from Figure 11 that the matrix interporosity flow
coefficient in the inner zone mainly affects the time when the
matrix interporosity flow stage occurs in the inner zone and has
little effect on other seepage stages. With the increase in the matrix
interporosity flow coefficient in the inner zone, the interporosity
flow between the matrix and the fracture is more likely to occur.
The earlier the matrix crossflow occurs in the inner region, the
more leftward the position of the second “groove” on the
dimensionless pressure drop derivative curve. Since the
influence of the parameters of the cavern system, fracture

system, and matrix system on the seepage law of oil wells in the
outer area is similar to that in the inner area, the analysis is not
repeated here.

5.5 Sensitivity analysis of internal and
external permeability ratio

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the ratio of inner permeability to outer
permeability of the composite reservoir is 3, 1, and 1/3,
respectively, the well test curve is as shown in Figure 12. It can

FIGURE 9
Sensitivity analysis of internal karst cave interporosity flow coefficient.

FIGURE 10
Sensitivity analysis of internal fracture storage capacity ratio.
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be seen from Figure 12 that the permeability ratio of the inner and
outer regions mainly affects the transition flow stage of the inner and
outer regions and the later seepage stage of the reservoir. With the
increase in the permeability ratio in the inner and outer regions, the
“hump”-shaped bulge in the transition flow stage becomes smaller,
and the reservoir boundary flow stage occurs later. The main reason
for this phenomenon is that with the increase in the permeability of
the internal reservoir, the liquid supply capacity of the internal
reservoir increases.

5.6 Sensitivity analysis of inner radius

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the inner radius of the composite reservoir is

1,000 m, 600 m, and 200 m, respectively, the well test curve is as
shown in Figure 13. It can be seen from Figure 13 that the inner
radius mainly affects the seepage law of the inner region reservoir.
With the increase in the inner radius, the duration of the karst cave
interporosity flow and the matrix interporosity flow in the inner
region increases slightly, and the transition flow in the inner and
outer regions is delayed.

5.7 Sensitivity analysis of outer reservoir
radius

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the outer radius of the composite reservoir is
3,000 m, 2,500 m, and 2,000 m, respectively, the well test curve is as

FIGURE 11
Sensitivity analysis of internal matrix interporosity flow.

FIGURE 12
Sensitivity analysis of internal and external permeability ratio.
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shown in Figure 14. It can be seen from Figure 14 that the outer
radius mainly affects the later seepage law of the outer reservoir.
With the increase in the outer radius, the reservoir boundary flow
appears later. On the contrary, when the reservoir boundary flow
occurs earlier, it conceals the seepage characteristics of other seepage
stages.

5.8 Sensitivity analysis of wellbore storage
coefficient

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the wellbore storage coefficients are 5, 0.5, and
0.05, respectively, the well test curve is as shown in Figure 15. It can
be seen from Figure 15 that the wellbore storage coefficient mainly

affects the seepage law of the internal reservoir. With the increase
in the wellbore storage coefficient, the seepage stage of wellbore
storage lasts longer, which conceals the seepage characteristics of
the internal karst cave interporosity flow and matrix interporosity
flow stage.

5.9 Sensitivity analysis of wellbore skin factor

Other parameters of the reservoir remain unchanged, as
shown in Table 2. When the wellbore skin factors are 5, 2,
and 0, respectively, the well test curve is as shown in
Figure 16. It can be seen from Figure 16 that the wellbore skin
factor mainly affects the seepage law of the oil well in the wellbore
storage stage. With the increase in the skin factor in the wellbore,

FIGURE 13
Sensitivity analysis of inner radius.

FIGURE 14
Sensitivity analysis of outer reservoir radius.
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the dimensionless pressure drop derivative has a larger “hump”
shape at the wellbore storage stage, and the dimensionless
pressure is greater.

5.10 Sensitivity analysis of vertical well
length

Other parameters of the reservoir remain unchanged, as
shown in Table 2. When the vertical well lengths are 30 m,
15 m, and 3 m, respectively, the well test curve is as shown in
Figure 17. It can be seen from Figure 17 that the length of the
vertical well only has an impact on the early seepage law and has
little impact on other seepage stages. With the decrease in the
length of the straight section, the dimensionless pressure drop

increases, and the derivative curve of the dimensionless pressure
drop in the early stage gradually presents a straight line with a
slope of −1. This phenomenon indicates that spherical flow
occurs in the reservoir.

5.11 Stress sensitivity analysis

Other parameters of the reservoir remain unchanged, as shown
in Table 2. When the stress sensitivity of the fracture system is 0.04,
0.01, and 0, respectively, the well test curve is as shown in Figure 18.
It can be seen from Figure 18 that stress sensitivity has a great
influence on oil well seepage. With the increase in stress sensitivity
coefficient, the dimensionless pressure drop and its derivative
gradually increase.

FIGURE 15
Sensitivity analysis of wellbore storage coefficient.

FIGURE 16
Sensitivity analysis of wellbore skin factor.
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6 Field application

Carbonate reservoirs are well developed in western China.
Well A in Northwest Oilfield suffered well leakage during the
drilling of the reservoir, resulting in pollution near the well.
Therefore, acid plugging removal was carried out in well A, and
a pressure recovery test was carried out after the operation was
completed. The model built in this paper was used to fit the well
test data, as shown in Figure 19. It can be seen from the figure that
the physical property of the reservoir near the well was improved
after acidification, and the well test curve showed the first groove
①. The groove represents the karst interporosity flow in the inner

region; according to the model calculation, the storage capacity
ratio of the inner karst cave is 0.12, and the permeability of the
inner region is 58 mD. The radius of the inner zone is 34.4 m, and
the pressure drop quickly spreads to the outer zone. Affected by the
transition flow from the inner zone to the outer zone, the fracture
interporosity flow stage in the inner zone is not obvious. Groove②
and groove ③ represent the outer cave interporosity flow and the
fracture interporosity flow, respectively; the storage capacity ratio
of the outer cave is 0.05, and the storage capacity ratio of the outer
fracture is 0.02. The permeability of the outer region was 46 mD,
and the acidizing operation improved the physical properties of the
inner region to a certain extent.

FIGURE 17
Sensitivity analysis of vertical well length.

FIGURE 18
Stress sensitivity analysis.
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7 Conclusion and understanding

In this paper, the vertical well seepage model of a triple-medium
composite reservoir is established using the methods of point source
function, Laplace transform, perturbation transform, and partial
differential equation superposition principle. The following
understandings and conclusions are obtained in the research
process:

(1) The continuity equations (after perturbation transformation),
boundary conditions, and initial conditions of the inner and
outer regions of a composite triple-medium reservoir are linear
equations that meet the linear superposition principle of partial
differential equations. Based on the Ozkan source function, the
composite triple-medium point source function is obtained
using the linear superposition principle, and then, the
vertical well seepage model of a composite reservoir is
established.

(2) The vertical well seepage of the composite triple-medium
reservoir can be divided into eight seepage stages: ① the
wellbore storage stage, ②internal karst cave interporosity
flow stage, ③ internal Matrix interporosity flow stage, ④

transition flow stage in inner and outer regions, ⑤ external
karst cave interporosity flow stage, ⑥ external matrix
interporosity flow stage, ⑦ radial flow stage of the reservoir,
and ⑧ boundary flow stage.

(3) The matrix/karst cave storage capacity ratio mainly affects the
depth of the “groove” on the pressure drop derivative curve, and
the matrix/karst cave interporosity flow coefficient mainly
affects the time when the “groove” appears on the pressure
drop derivative curve.

(4) With the increase in permeability ratio in the inner and outer
regions, the “hump”-shaped bulge in the transition flow stage

becomes smaller and smaller, and the reservoir boundary flow
stage occurs later.

(5) A well in Northwest Oilfield was explained successfully by the
model established in this paper, which provides theoretical
guidance for well test analysis and the application of
composite triple-medium reservoirs.
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Glossary

Parameter definition

C storage coefficient

c compression coefficient, Pa−1

h height, m

I0 Bessel function

k permeability, m2

K0 Bessel function

L reference length, m

p pressure, pa

Q flow rate of the oil well, m3/s

q flow rate, m3/d

r reservoir radius, m

s Laplace variable

S Skin coefficient

t time, s

x, y, z coordinate orientation

Latin alphabet

α stress sensitivity coefficient

λ crossflow coefficient

Ψ pressure, pa

μ viscosity, mpa·s

φ porosity

σ shape factor

ω storage ratio

Subscripts

D dimensionless

f fracture

i Initial

in boundary between inner and outer regions

m matrix system

v vug system

w well bore

Superscripts

“—” Laplace variable

“’” derivative
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