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The Newmark method is a classic method for evaluating the permanent displacements of a slope under seismic loads. This study aims at proposing a three-dimensional nested Newmark method (3D-NNM) in the framework of the kinematic theorem of limit analysis. The classical three-dimensional rotational failure mechanism is discretized into a series of nested rotating wedges, each of which is subjected to a corresponding yield acceleration determined by employing the work rate balance, and each of which produces relative displacements under seismic excitations when it exceeds the yield acceleration. The total permanent displacement profile is further obtained by integration of the relative displacements from the slope toe to the slope crest. The obtained results show that the proposed 3D-NNM can effectively evaluate the permanent displacement profile of slopes under earthquakes, and the proposed 3D-NNM improves the Leshchinsky’s 2D nested Newmark method by 30.7%; the obtained total horizontal displacement at the slope middle height reduces with the number of nested blocks, but increases with the increasing of the slope-width-to-height ratios. Besides, the traditional Newmark method with a single sliding block tends to overestimate the permanent displacements of slope under seismic shakings.
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1 INTRODUCTION
Accurate assessment of slope deformations is a classical problem in geotechnical engineering, since it is key to assess the slope stability for resilience design in earthquake-prone regions (Du and Wang, 2013; Zhang et al., 2023; Zhang et al., 2024). The methods used for assessing seismically-induced permanent displacements of slopes include numerical simulations with finite element method and the Newmark-based sliding block approach (Jibson, 2011).
Numerical simulations are able to provide a realistic response regarding stresses and strains of real-world slopes during earthquakes but subjected to large computational burden (Du et al., 2023; Li et al., 2023). Because of its advantage of easy to use and practical rationality, the Newmark-based sliding block approach has been widely used to assess the seismic permanent displacements of a variety of engineering structures (Newmark, 1965; Saygili and Rathje, 2008; Leshchinsky, 2018; Mathews et al., 2019; Song et al., 2019; Zhou et al., 2019; Zheng et al., 2020). The Newmark s approach originally proposed by (Newmark, 1965) is able to give the permanent displacement of a pre-assumed translational rigid block with a linear sliding surface in a slope once the input acceleration of a seismic wave exceeds the yield acceleration of the slope at the limit equilibrium condition which is determined by the pseudo-static method. The Newmark-based sliding block approach was modified by many researchers by, for example, building empirical formulas that relate the Newmark displacement with the ground motion (e.g., Arias intensity) and the critical acceleration of a slope (Hsieh and Lee, 2011; Chousianitis et al., 2014; Zhu et al., 2024), accounting for the model uncertainty and soil variability in the probabilistic framework (Yegian et al., 1991; Du et al., 2018; Li et al., 2020; Pan et al., 2021), and extending the translational rigid block to a rotational rigid block with a curved sliding surface (Nadukuru and Michalowski, 2013). The rotational failure mechanism with a curved sliding surface of slopes under dynamic loadings was observed in centrifugal model tests (Kutter and James, 1989) and in shake table model tests (Wartman et al., 2005).
However, the traditional single-block Newmark approach suffers from the drawback of neglection of the presence of multiple shear zones or regions of dispersed shear movement inside the slope under dynamic loadings that were observed in physical model tests (Kutter and James, 1989; Wartman et al., 2005). Besides, the traditional Newmark method fails to consider the complex constitutive properties and the time-varying properties of the soil materials under seismic loads (Pang et al., 2018b; Pang et al., 2021; Xu et al., 2023; Lu et al., 2024). The theoretical deficiency may result in bias prediction on seismic slope deformations using the traditional single-block Newmark approach. In order to address this issue, Leshchinsky (Leshchinsky, 2018) proposed a new nested Newmark approach to assess the permanent displacements of slopes subjected to earthquakes, based on the builds upon the well-accepted Newmark sliding block approach. In the proposed nested Newmark approach, the sliding block is discretized by a series of nested critical failure wedges, each yielding a critical yield acceleration. The proposed nested Newmark approach has the benefit of considering multiple shear zones or regions of dispersed shear movements of a slope under seismic loadings. The conceptual nested Newmark approach attract significant attention in the geotechnical community, and many authors published subsequent articles (Song et al., 2019; Zhou et al., 2019; Zheng et al., 2020). Zheng et al. (Zheng et al., 2020) extended the Nested Newmark method from the limit equilibrium framework to the upper-bound limit analysis framework and studied the influences of soil dynamic responses (including slope height, soil shear wave velocity and input ground motion) on the permanent Newmark displacement of slopes. Song et al. (Song et al., 2019) proposed a multi-block sliding approach to calculate the permanent Newmark displacement of slopes by considering a series of rigid blocks and the interactions between two neighbouring sliding blocks. They found that the single-block Newmark method produces unconservative estimates of permanent displacements of a shallow sliding mass when a deep-seated sliding subsequently occurs in a slope subjected to earthquakes. Zhou et al. (Zhou et al., 2019) incorporated the tensile strength cut-off into the Nested Newmark method and studied the seismic slope permanent displacements in the light of the kinematical approach of limit analysis. They found that neglecting the tensile strength of soils may underestimate the permanent displacements of slopes subjected to an earthquake. The aforementioned researches extended the nested Newmark approach and provided valuable academic contribution to seismic displacement assessments of slopes during earthquakes. However, these researches failed to include the three-dimensional (3D) effect of a slope when assessing the permanent displacements using the Newmark approach. In real-word scenario, slope failure often exhibits three-dimensional feature (Michalowski and Drescher, 2009; Gao et al., 2013; Liu Y. et al., 2023). Three-dimensional stability analysis of slopes has attracted great attention in academia (Chen et al., 2023; Dai et al., 2023; Liu W. et al., 2023). This study aims to fill this gap. Three-dimensional displacement analysis of slopes subjected to seismic loads is investigated by using the Nested Newmark method.
This paper aims at proposing a three-dimensional nested Newmark method (3D-NNM) in the framework of the kinematic theorem of limit analysis. The second section presents the nested 3D rotational failure mechanism, together with the formulation of the yield acceleration and the relative displacement of each block. The 3D-NNM is compared with the original Nested Newmark method of Leshchinsky (Leshchinsky, 2018) in the third section, which is followed by performing parametric analysis on checking the influences of the number of nested blocks, the slope-width-to-height ratios, the peak ground acceleration and the slope inclination angle. This paper finally ends up with a conclusion in the last section.
2 PROPOSED 3D NESTED NEWMARK METHOD
It is practically necessary to assess and monitor geotechnical structure deformations under seismic loadings, which attract great attentions from researchers (Mi et al., 2023; Zhao et al., 2024). The Nested Newmark method, based on the classical Newmark single sliding method, originally proposed by Leshchinsky (Du et al., 2023), considers a two-dimensional translational failure model of a simple homogeneous slope at the ultimate limit state under a seismic excitation. In the Nested Newmark method (Du et al., 2023), the moving body with a linear sliding surface is discretized into multiple nested sliding wedges, each of which is subjected to a constant seismic yield acceleration assessed in the framework of limit equilibrium method. The original Nested Newmark method (Du et al., 2023) provides a prototype to assess post-earthquake slope movements, no matter what kind of failure mechanisms are involved. Generally, the original Nested Newmark method have four main procedures (Du et al., 2023): (1) discretizing the sliding body into a series of nested sub-bodies based on a given failure model; (2) evaluating the seismic yield acceleration of each nested body by using the pseudo-static method; (3) calculating the relative velocity of each nested body by employing the input of a given acceleration time history and the time-dependent exceedance of a yield acceleration at the given time, and obtaining the relative discplacement of each nested body by integrating the relative velocity over time increments; (4) assessing the cumulative displacement profile at the given time t by integrating the relative displacements along the slope height from the slope toe to the slope crest upwards. This paper aims to extend the Nested Newmark method to incorporate the three-dimensional rotational failure mechanism in the framework of the upper-bound limit analysis method. These four basic procedures are introduced below.
2.1 Nested 3D rotational failure mechanism
Figure 1 gives a schematic representation of a three-dimensional rotational failure mechanism proposed by Michalowski and Drescher (Xu et al., 2023) in a homogeneous soil slope subjected to the seismic shakings at the ultimate limit state. The slope inclination is represented by the angle β; the slope height and width are denoted respectively by H and B. The sliding soils are presumed to rotate around the horizontal axis OX with an angular velocity ω. The failure of homogeneous soils is characterized by Mohr-Column yield criterion whose shear strength is represented by the internal friction angle φ and the soil cohesion c. The soil unit weight is denoted by γ. The 3D rotational failure mechanism is composed of a 3D curved horn body and a plane-strain insert. The 3D curved horn body is split in half along its longitudinal symmetry plane, between which the plane-strain body is inserted. The plane-strain body is distinguished from the three-dimensional rotation body, when the slope width becomes large, which makes the three-dimensional analysis results reduce to two-dimensional analysis. Readers are referred to Michalowski and Drescher (Xu et al., 2023) for the details of constructing the three-dimensional failure mechanism.
[image: Figure 1]FIGURE 1 | Nested 3D rotational failure mechanism.
The 3D rotational failure mechanism (Xu et al., 2023) is kinematically admissible on the condition that it obeys the plastic flow rule associated with the Mohr-Column yield criterion of soils. This requires that the geometrical shape of 3D rotational failure mechanism in the longitudinal symmetry plane is defined by two logarithmic spirals, the below one of which represents the sliding surface (see A1C1 in Figure 1). The logarithmic spiral of A1C1 is formulated as,
[image: image]
where r represents the radius of A1C1 to the rotational center O, the angle θ is measured from the horizontal plane, as sketched in Figure 1.
In the proposed 3D nested Newmark method, the sliding body bounded by the critical sliding surface A1C1 is discretized into N nested blocks, each of which is bounded by the sliding curved surface AiCi in the longitudinal symmetry plane, see Figure 1. For the i-th nested rotating block, the sliding surface AiCi in the longitudinal symmetry plane starts at the left hand at the point Ai-1 on the slope crest and ends above the point Ci-1 on the slope face, ensuring that nested sliding 3D body does not overlap. The profile in the longitudinal symmetry plane of the sliding curved surface AiCi is a logarithmic spiral whose rotational center may be different from the one of A1C1. It should note that the thickness of the sliding body bounded by the sliding curved surface Ai-1Ci-1 and the sliding curved surface AiCi tend to become infinitely small as the number of nested blocks become extremely large. This may enhance the predictive accuracy but cause a high computational burden in the proposed 3D nested Newmark method.
2.2 Seismic yield acceleration
Making reference to Nadukuru and Michalowski (Du et al., 2018), the pseudo-static approach is firstly used to evaluate the critical seismic acceleration associated with the critical 3D curved sliding surface (the first nested body) in the framework of the upper-bound limit analysis. Based on the upper-bound limit analysis method, an upper-bound estimation of the seismic acceleration can be obtained by using the work balance equation, for which the external work rates are equal to the internal energy dissipations,
[image: image]
where [image: image] represents the work rates of gravity with respect to the i-th 3D failure mechanism defined by the sliding curved surface AiCi; [image: image] is the work rates of seismic forces with respect to the i-th 3D failure mechanism, and k is the horizontal seismic acceleration coefficient; [image: image] represents the internal energy dissipations along the curved surface AiCi. The details of calculating the three terms in Eq. 1 can be found in Nadukuru and Michalowski (Du et al., 2018). The upper-bound estimation of the seismic acceleration coefficient [image: image] can be determined by minimizing k using Eq. 1 in terms of the position of the sliding curved surface AiCi.
Once the critical seismic acceleration coefficient of the first nested body is determined, the critical seismic acceleration coefficient [image: image] for each nested sliding body defined by the sliding curved surface AiCi can be determined following the same procedure presented above.
2.3 Nested Newmark cumulative displacements
Once the seismic acceleration kt from the acceleration-time history exceeds its critical value [image: image] of the i-th nested sliding 3D body, the soil mass tends to rotate around the rotating center of the associated critical failure mechanism. At this moment, the work balance equation does not hold any more. The rotation results in the inertial moment of the nested sliding body with the angular acceleration [image: image]. The inertial moment [image: image] of the i-th nested body induced by the angular acceleration [image: image] is expressed in Eq. (3),
[image: image]
where [image: image] is the mass of the i-th rotating nested body, and [image: image] is the distance between the rotation axis and the mass center of the i-th rotating nested body; [image: image] is the mass moment of inertia with respect to the axis passing through the mass center. Thus, when the seismic acceleration [image: image] exceeds its critical value [image: image], the moment balance for the i-th nested sliding 3D body can be formulated as,
[image: image]
With Eqs 1–4, the angular acceleration [image: image] can be obtained as,
[image: image]
The rotation angle of the i-th rotating nested 3D body, [image: image], can be obtained by double-integration with respect to time for which the angular velocity is greater than zero. The horizontal displacement [image: image] at the ending position Ci on the slope surface can be further formulated in Eq. (6):
[image: image]
in which [image: image], [image: image], [image: image] are geometrical parameters that determine the position of the sliding surface AiCi, as sketched in Figure 1. Substitution of Eq. 5 into Eq. 6 leads to,
[image: image]
The horizontal seismic acceleration [image: image] in Eq. 7 is time-dependent. It is assumed that the critical acceleration [image: image] of the i-th nested sliding 3D body is constant during the seismic shaking. In nested Newmark method, the total cumulative horizontal displacement at the given time t of the i-th nested sliding block is obtained by integrating along the slope height form the slope toe to the i-th nested sliding surface upwards. The total horizontal displacement [image: image] at the given time t of the nested sliding block is given by Eq. (8),
[image: image]
3 COMPARISONS
In order to validate the proposed Nested Newmark method using 3D rotational failure mechanism, it is compared with the original Nested Newmark method of Leshchinsky (Du et al., 2023). Since that original Nested Newmark method of Leshchinsky (Du et al., 2023) considers a two-dimensional translational failure model, the ratio of slope width to its height is set to change from 2.0 to 10.0 in this study, which is large enough to allow the 3D failure mechanism reduce to 2D analysis. The model parameters regarding slope geometry and soil properties used in this paper are listed in Table 1. In the calculations, the nested blocks, which are evenly-spaced, are set to 150 in this section. The acceleration time history records of 1999 Chi-Chi earthquake, station TCU072-000 are taken for estimating post-earthquake slope deformations, which are also used in Leshchinsky (Du et al., 2023) and plotted in Figure 2.
TABLE 1 | Model parameters for comparisons.
[image: Table 1][image: Figure 2]FIGURE 2 | Acceleration time history records of 1999 Chi-Chi earthquake, station TCU072-000.
Figure 3 presents the relative displacement profiles along slope height provided by the proposed 3D nested Newmark method and by Leshchinsky (Du et al., 2023). It is observed both in the proposed 3D-NNM method and in Leshchinsky’s 2D model that the relative displacements decrease from the slope base towards the slope crest, and are close to zero above the slope height midpoint. This means that the slope above the slope height midpoint does not produce relative deformations, and its final deformations is purely caused by the sliding of underlying nested blocks. For example, the slope relative displacements, estimated by the proposed 3D-NNM method for the case of B/H being 5.0, increase from 0.05 m at the slope height of 5.0 m–0.22 m at the slope base. Besides, it is interesting to see that the relative horizontal displacements along the slope height of the Leshchinsky’s 2D nested Newmark method tends to be bigger than the solutions estimated by the proposed 3D nested Newmark method.
[image: Figure 3]FIGURE 3 | Relative horizontal displacement profiles along slope height for the two models.
Figure 4 presents the total horizontal permanent displacement profiles along slope height estimated by the proposed 3D-NNM method and given by the Leshchinsky’s 2D model (Du et al., 2023). The solution of the classical single-sliding block Newmark method is also plotted in the figure for a comparison. In contrast to the relative displacements, the final permanent displacements estimated both by the proposed method and by Leshchinsky (Du et al., 2023) increase from the slope base towards the slope crest, and tends to remain stable above the slope height midpoint. The maximum total horizontal permanent displacement estimated by the Leshchinsky’s 2D nested Newmark method (Du et al., 2023) is around 1.34 m, while it reaches 0.50 m when B/H = 2.0 and 1.08 m when B/H = 5.0 for the proposed 3D nested Newmark method. This indicates that the Leshchinsky’s 2D nested Newmark method may overestimate the post-earthquake deformation profile of slopes. The proposed 3D nested Newmark method improves the Leshchinsky’s 2D nested Newmark method by 30.7%, due to the fact that the proposed method yields a rigorous upper-bound estimation to the post-earthquake deformations. This divergence is due to the fact that the proposed 3D-NNM assumes a three-dimensional velocity field while Leshchinsky’s 2D model (Du et al., 2023) takes a translational velocity field. The finding agrees well with the statement that 2D analysis of slope stability delivers more conservative results compared with 3D analysis, which is well-known in the geotechnical community. Besides, the horizontal permanent displacement estimated by the classical single-sliding block Newmark method is only 0.25 m, which is smaller than the proposed 3D-NNM. This means that the traditional Newmark method with a single sliding block tends to underestimate the permanent displacements of slope under seismic shakings.
[image: Figure 4]FIGURE 4 | The total permanent displacement profiles along slope height for the two models.
4 PARAMETRIC ANALYSIS
4.1 Influence of the number of nested blocks
This section discusses the influence of the number of nested blocks on the total Newmark displacement estimated by the proposed method. Figure 5 shows the profiles of the total horizontal displacements along the slope height for the number of nested blocks ranging between 10 and 200. It is seen that the number of nested blocks has a large influence on the estimated profiles of the total horizontal displacements along the slope height, which increases with the number of nested blocks. For example, the maximum total horizontal displacement at the slope crest is approximately 0.58 m for N = 10, and slowly converges around 1.08 m for N = 200, increasing by 86.2%. However, it should note that the computational burden is positively correlated with the number of nested blocks; the computational cost is around 3 min for the case of N = 10, but increases to around 20 min for the case of N = 200, on a desktop computer with a CPU of Core (TM) i5-12600K, 3.69 GHz. This means that the computational accuracy of the permanent displacements with more nested blocks is at the expense of high computational burden. Thus, in this paper, the number of nested blocks is set to 150 in the subsequent calculations to compromise between the computation burden and the computational accuracy.
[image: Figure 5]FIGURE 5 | Influences of the number of nested blocks on total horizontal permanent displacement profiles.
4.2 Influence of the slope-width-to-height ratios
This section aims to discuss the influences of the slope-width-to-height ratios, represented by B/H, on the seismic yield acceleration and the total horizontal displacement in the framework of the proposed Nested Newmark method. Figure 6 shows the profiles of seismic yield acceleration along the slope height for the B/H ratio changing from 2.0 to 20.0. For the case of B/H=3, the seismic yield acceleration increases from 0.18 g at the slope base to 0.42 g at the slope middle heigh, and finally raising to 2.0 g at the slope crest. Besides, at the slope middle heigh, the seismic yield acceleration decreases slightly with the increasing of the slope B/H ratio, which declines from 0.42 g at B/H=2 to 0.30 g at B/H=20.
[image: Figure 6]FIGURE 6 | Influences of B/H ratio on the seismic yield acceleration profiles.
Figure 7 plots the profiles of the total horizontal displacements along the slope height for the B/H ratio changing from 2.0 to 10.0. For the case of B/H=3, the total horizontal displacement increases from 0.0 m at the slope base to 0.84 m at the slope middle heigh, beyond which the total horizontal displacement remains stable. This is because that the peak acceleration on the acceleration time history records of 1999 Chi-Chi earthquake, station TCU072-000, is around 0.375 g, as illustrated in Figure 1, which is smaller than the seismic yield acceleration at the slope middle height. Besides, the total horizontal displacement at the slope middle height increases with the increasing of the slope B/H ratio, which increases from 0.50 m at B/H=2 to 1.2 m at B/H=20. This phenomenon agrees well with what are observed in Nadukuru and Michalowski (Du et al., 2018), who assessed three-dimensional slope displacements under seismic loads using the traditional Newmark displacements.
[image: Figure 7]FIGURE 7 | Influences of B/H ratio on the total horizontal displacement profiles.
4.3 Influence of the peak ground accelerations
This section studies the influences of the peak accelerations of ground motions, ac, on the seismically induced cumulative displacements of slopes by the proposed 3D-NNM. The peak ground acceleration time history records of 1999 Chi-Chi earthquake at station TCU072-000, plotted in Figure 2, are scaled to 0.40 g, 0.45 g, and 0.60 g, without changing the frequency. Figure 8 plots the profiles of the normalized total horizontal displacement profiles along the slope height for the peak accelerations of ground motions being 0.40g, 0.45g and 0.60 g. It is under expectation that the cumulative horizontal displacement profiles increase with the peak ground accelerations. Specially, the maximum cumulative horizontal displacement normalized the slope height is 0.055 for the case of ac = 4.0 g, and increases to 0.10 at 0.45 g and to 0.15 at 0.60 g. This indicates that the peak ground acceleration poses a great influence on the estimated cumulative horizontal displacements.
[image: Figure 8]FIGURE 8 | Influences of the peak ground accelerations on the total horizontal displacement profiles.
4.4 Influence of the slope inclination angles
This section studies the influences of the slope inclination angles, β, on the seismically induced cumulative displacements of slopes by the proposed 3D-NNM. The slope inclination angles are set to change from 30° to 60°, with an increment of 15°. Figure 9 plots the profiles of the normalized total horizontal displacement profiles along the slope height for the slope inclination angles being 30°, 45° and 60°. It is observed that the cumulative horizontal displacement profiles are positively correlated with the slope inclination angles. Particularly, the maximum cumulative horizontal displacement normalized the slope height is 0.047 for the case of β = 30°, and increases to 0.53 at 45° and to 0.58 at 60°.
[image: Figure 9]FIGURE 9 | Influences of the slope inclination angles on the total horizontal displacement profiles.
5 CONCLUSION
This paper aims at proposing a three-dimensional nested Newmark method (3D-NNM) in the framework of the kinematic theorem of limit analysis. The proposed 3D-NNM is compared with the original Nested Newmark method, which shows that the proposed 3D-NNM can effectively evaluate the permanent displacement profile of slopes under earthquakes. The conclusions of this paper are summarized below:
(1) The proposed 3D-NNM is compared with the original Nested Newmark method of Leshchinsky (Du et al., 2023), whose work inspires this study. The comparisons are made with respect to the relative displacement profiles along slope height and the total horizontal permanent displacement profiles along slope height. Similar displacement profiles along slope height are observed both in proposed 3D-NNM and in the Nested Newmark method of Leshchinsky. It is interesting to find that the Leshchinsky’s 2D nested Newmark method may overestimate the post-earthquake deformation profile of slopes. Specifically, the maximum total horizontal permanent displacement is 1.34 m estimated by the Leshchinsky’s 2D nested Newmark method but is 1.08 m by the proposed 3D nested Newmark method with B/H = 5.0. This means that the proposed 3D nested Newmark method improves the Leshchinsky’s 2D nested Newmark method by 30.7%, since the proposed method gives a rigorous upper-bound estimation to the post-earthquake deformations.
(2) The performance of the proposed 3D-NNM is highly dependent on the number of nested blocks. It is interesting to find that the estimated total horizontal displacements converge after the number of nested blocks increase to 200. The higher the number of nested blocks, the better estimation of slope permanent displacements by the proposed 3D-NNM. However, the computational burden is positively correlated with the number of nested blocks. In order to balance the computation burden and the computational accuracy, the number of nested blocks is set to 150 in all the calculations in this study. This provides a way to determine the optimal number of nested blocks. The readers should note that the optimal number of nested blocks may be problem-dependent, but it is not difficult to determine the optimal one by following the above procedure. Besides, the traditional Newmark method with a single sliding block tends to underestimate the permanent displacements of slope under seismic shakings.
(3) The total horizontal displacement at the slope middle height increases with the increasing of the slope-width-to-height ratios. This further indicates that the two-dimensional analysis tends to provide conservative results of the proposed Newmark method.
It would be better if the proposed 3D-NNM could be compared with real-data experiments. However, a shaking table test of seismic slope stability is beyond the scope of this study. It will be the topic of future study of doing shaking table tests to check the presence of multiple shear zones or regions of dispersed shear movements of a slope subjected to seismic loads. Besides, two possible future research directions include: (1) the inclusion of reinforcement effect of soil nails in the proposed method, since soil nails are used to stabilize slopes in earthquake-prone zones; (2) considering the uncertainties of soil properties and seismic loadings that poses important influences on slope stability analysis.
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