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Slope instability, driven by factors such as rainfall, seismic activity, and human influence, presents a pervasive hazard worldwide. Timely assessment of slope stability and accurate identification of its most critical slip surface are important for slope safety early warning and management. Currently, for the slope reliability analysis by the strength reduction method (SRM), the critical failure path is approximately determined through visualization techniques, which is not sufficiently precise. Therefore, this study proposes a critical failure search method based on SRM for slope reliability analysis, aiming to accurately identify the critical slip surface. The critical failure path is considered as the path with the maximum plastic dissipative energy density (PDED) and is searched in the constructed weighted graph based on the dissipated energy of the slope. This proposed method is further applied with an engineering slope to find the critical failure path and assess its reliability during and after construction. The searched critical failure path lies within the approximate range obtained through conventional visualization methods. Finally, a reliability prediction model consisting of time, rainfall, and deformation component is further constructed, which allows rapid estimation of the slope reliability through available monitor data. The results of reliability analysis indicate that construction disturbances have a significant impact on slope stability, along with other factors such as rainfall and creep.
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1 INTRODUCTION
Slope instability occurs frequently and is a major threat to human lives and properties (Zhang et al., 2019; Li et al., 2020; Ogila, 2021; Jia et al., 2024). There are numerous factors that influence slope stability, such as material properties, fracture zones, seepage, slope shape, and rainfall, etc (Merghadi et al., 2018; Ma et al., 2022b; 2022a; Li et al., 2022). The stability of slopes has gained considerable attention and approaches to the slope stability analysis have been widely developed over the past few decades. Previously, deterministic methods are widely used due to the simplicity and convenience, which evaluate the overall slope stability by a single safety factor, such as the limit equilibrium method (LEM) and the finite element method (FEM). However, geological materials are natural heterogeneous and variable, and factors affecting the slope stability often display significant randomness and discreteness. Employing constant parameters for assessing slope stability is likely to yield inaccurate results. Thus, slope reliability analysis based on probabilistic theory has emerged, which integrate uncertainty factors of geological materials and environment conditions into slope stability evaluation, such as the soil/rock property, the slope geometry, the loading condition, etc (Zhu et al., 2023).
Slope reliability analysis involves incorporating probabilistic theory into the conventional framework of slope stability analysis methods (Li et al., 2017; Mouyeaux et al., 2018; Liu et al., 2020). The most challenging issue is the determination of the critical slip surface, particularly for the reliability analysis based on the limit equilibrium method (LEM). Extensive researches based on the LEM have been devoted to identifying the critical slip surface from a large number of potential slide surfaces, which is computationally heavy (Bhattacharya et al., 2003; Cheng, 2003; Zeng et al., 2015; Jiang et al., 2017; Wang et al., 2020b). Hence, the strength reduction method (SRM) has been developed, which offers a dynamic approach to slope stability assessment without the need for predefining the failure surfaces. By iteratively reducing material strength parameters, it can effectively consider the stress-strain behaviors of geotechnical materials and provide distinct benefits for capturing the progressive slope failure mechanism (Ma et al., 2017; Mouyeaux et al., 2018; Sun et al., 2021). The strength reduction method only yields the safety factor of the slope (i.e., the reduction factor for non-converge), without being able to determine the most critical slip surface. Traditionally, the critical slip surface is approximately selected through visualization techniques, such as mesh deformation plots, plastic zone plots and failed elements plots (e.g., Griffiths and Lane, 1999; Luan et al., 2003; Shukha and Baker, 2003). Currently, methods for automatically determining the most critical slip surface by utilizing the stress and displacement after SRM have emerged. Zheng et al. (2009) defined the critical failure path as a wavy line connecting the points of maximum equivalent plastic strain, which was then fitted and smoothed. Cheng et al. (2013) set up a series of vertical lines along the horizontal direction and connected the point with the largest shear strain increment on each vertical line as the critical failure path. By laying vertical lines and connecting the extreme points on the lines, critical paths can be selected automatically, but the obtained critical paths are affected by the arrangement of the lines. Guo et al. (2022) applied a real-code genetic algorithm to determine the critical failure path of slopes at the limit equilibrium state. Wang Y. et al. (2020) combined the k-mean clustering and spline technique to automatically obtain critical failure paths based on node displacements difference between the sliding block and the stable block. However, the mentioned methods identify critical failure paths based on the limit equilibrium state without considering the evolution of failure paths during the strength reduction process. In addition, when the slope has not reached the limit equilibrium state, the difference in displacement between the potentially sliding block and the stable rock block is not obvious, and it is difficult to obtain the failure path based on the displacement clustering analysis. Energy dissipation is considered to the source of deformation process of rocks, which causes internal damage and irreversible plastic deformation, leading to a loss of strength and ultimately to complete failure (Xie et al., 2009). Critical failure path search based on the dissipated energy can effectively reflect the inherent connection between rock deformation and energy, and inherently reveals the changes in rock strength and the overall damage behavior.
Therefore, in this study, a failure path search method based on SRM for slope reliability analysis is proposed. Based on the recognition that damage or degradation of geotechnical materials is accompanied by irreversible energy dissipation, the critical failure path is defined as the path with the maximum plastic dissipation energy. This study firstly introduces the concept of maximum plastic dissipative energy density (PDED), which enables precise identification of the critical failure path through a constructed weighted graph based on slope dissipated energy, effectively converting the critical path search into locating the path with the minimal weight. The method is illustrated by an excavated slope case, and the validity of the searched critical failure path is verified by comparing it with the failure path obtained by conventional method. In addition, a reliability prediction model is further constructed to establish the connection between the monitoring data (e.g., time, rainfall, and deformation) and the reliability indexes. Therefore, the trend of slope reliability can be quickly obtained based on the available monitoring data, providing theoretical support for the slope safety early warning.
2 RESEARCH METHOD
2.1 The slope failure path searching method based on the energy dissipation
2.1.1 Energy dissipation in rocks
Rock damage or degradation under the influence of external mechanical energy or energy from the environment such as heat or radiation is accompanied by irreversible energy dissipation (Wang et al., 2021). From the law of conservation of energy, assuming that there is no heat exchange between the rock mass and the outside world, part of the total input energy is stored in the rock mass in the form of elastic energy, and the other part is gradually dissipated along with the plastic deformation and damage of the rock mass. Figure 1 shows the stress-strain relationship curve of the rock unit, the shaded area Wie is the elastic energy that can be released by the rock unit, and the area Wid is the energy dissipated by the rock unit. Energy dissipation is a unidirectional irreversible process, whereas energy release is a bidirectional reversible process. The energy relationship can be presented as Equations 1–4 (Xie et al., 2009):
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Where We is the elastic strain energy of the rock unit; Wd is the plastic dissipation energy of the rock unit; σi (i = 1, 2, 3) is the principal stress; εi (i = 1, 2, 3) is the principal strain in the three principal stress directions; [image: image] is the related elastic strain; ν is the Poisson’s ratio; and E is the elastic modulus.
[image: Figure 1]FIGURE 1 | Energy relations within the rock mass.
2.1.2 The method of failure path searching
Energy dissipation causes internal damage and irreversible plastic deformation of rocks, leading to degradation of rock strength and ultimately to complete failure. The more plastic energy a rock dissipates, the more severe irreversible damage it experiences. Therefore, it is reasonable to assume that the critical failure path occurs in the slip surface with the highest plastic dissipation energy of the slope. In this study, the plastic dissipative energy density (PDED) is used as the index to determine the potential damage of a rock unit, which denotes the plastic dissipative energy per unit volume during the irreversible deformation and can be calculated as:
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Where Pm is the plastic dissipative energy of the unit m; ρm is the plastic dissipative energy density of the unit m; Vm is the volume of the unit m; σij is the stress tensor of the unit m; εij is the plastic strain tensor of the unit m.
In the process of searching for the slope failure path, the initial step involves constructing a finite element model for the rock slope and determining its material properties, including the friction angle, cohesion, elastic modulus, and Poisson’s ratio. Model information such as the unit number, node number, and unit volume are recorded, which are the input information for the critical failure path searching. Then, the strength reduction method (SRM) is used to obtain the approximate range of failure paths of the slope. The shear strength parameters of the rock mass are gradually reduced until the plastic zone penetrates the slope. The reduced slope shear strength parameters can be calculated according to Equations 7, 8:
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Where c and φ are the actual cohesion and internal friction angle of the rock, respectively; Fr is the reduction factor.
By calculating the PDED of each rock unit using Equations 5, 6, all the failure units can be obtained. The reduction factor is increased step by step from a small value until the plastic zone penetrates the slope. During this process, the distribution of failure units changes accordingly. Thus, these failure units can be divided into the start set, the middle set, and the end set according to the damage characteristics of the slope and the change of failure units during the strength reduction process. For instance, when the plastic zone penetrates the slope, failure units located at the two ends of the fully penetrated plastic zone are categorized into the start and end sets, while the other units with dissipative energy are classified within the middle set. Any two failure units sharing the same node can be considered as the adjacent units, and a failure unit in the start set can form multiple failure paths through the adjacent failure units. Then, the path weight can be obtained by Equation 9, which is defined as the ratio of the maximum PDED of all the failed units to the PDED of any two adjacent failure units. Thus, the failure path with the highest PDED corresponds to the path with the lowest weight, converting the critical path search problem into locating the path with the minimum weight.
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Where [image: image] is the PDED of the failure unit m in step n of the strength reduction method; [image: image] is the maximum PDED of all the failure unit in step n; [image: image] is the path weight of the two neighboring failure units ean and ebn.
In this study, the Dijkstra algorithm is further applied to search for the critical failure path of the slope. It is widely used to find the shortest path from a starting node to all other nodes by continually updating distances and exploring the nearest unvisited nodes (Wang, 2012). The process terminates when all nodes have been visited or a destination is reached, providing optimal routes efficiently. Thus, the failure paths can be identified by applying different reduction factors Fr, and the critical failure path becomes evident when the slope fails.
2.2 The slope reliability analysis
Following the determination of the critical failure path, the performance function of the slope reliability analysis can be expressed as:
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Where R and S represents the slip resistance force and the sliding force acting on the critical failure path, respectively.
The slope reliability can then be obtained using sampling methods, in which the failure probability is determined by the ratio of failure samples (Z(x)<0) to the total number of samples. In general, this sampling process requires a large number of time-consuming numerical calculations to determine the stresses on the critical failure path. To improve the computational efficiency, the response surface method (RSM) can be used to approximate the performance function. If a quadratic polynomial function without cross terms is used, the performance function Equation 10 can then be expressed as Equation 11 (Zhang et al., 2011; Tan et al., 2013):
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Where xi is input random variable (e.g., material parameters), n is the number of input random variables, a, bi, and ci are the unknown coefficients, which can be can be fitted based on the numerical calculation results.
2.3 Slope reliability prediction model
The reliability of a slope is affected by various factors (including creep, construction activities, rainfall, etc.) and changes in these factors can be reflected in monitoring data. Therefore, a slope reliability prediction model is constructed, allowing for the rapid extraction of the trend of slope reliability based on available monitoring data. Considering the influencing factors of slope reliability and the accessibility of monitoring data, the constructed model includes a time component, a rainfall component, a deformation component, and a constant term. Based on the previous reliability calculation results, the coefficients in each component can be fitted. Subsequently, the trend of slope reliability can be estimated in time using the real-time monitoring data.
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Where Fs(t) is the statistical estimate of slope reliability at moment t; F1[θ(t)] is the time component, F2[W(t)] is the rainfall component; F3[Y(t)] is the deformation component; and C is a constant term to be determined.
2.3.1 Time component
The creep characteristics of the rock and soil materials are primarily reflected by the time component. Since the creep will gradually stabilizes in the final stage, the time component can be expressed in the form of logarithmic function.
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Where a is the regression coefficient to be determined.
2.3.2 Rainfall component
Considering the hysteresis effect of rainfall on slope deformation, the total rainfall in the week before the observation date is selected to construct the rainfall component.
[image: image]
Where qi (i = 1, 2, … , 7) is the daily rainfall on i day before the observation date; Q is the total rainfall in the week before the observation date; and b is a coefficient to be determined.
2.3.3 Deformation component
The deformation component is constructed using the displacements of existing monitoring points in both horizontal and vertical directions on the observation day.
[image: image]
Where ci and di are coefficients to be determined; xi and yi are the horizontal and vertical displacements of each monitoring point on the observation day, respectively.
3 ENGINEERING APPLICATION
3.1 Project overview
The Nam Ngum3 Hydropower Station is located in Xaysomboune Province, Laos. The plant of the hydropower station is situated on the right bank of the Nam Ngum River. The stability of the slope behind the Nam Ngum plant directly affects the safety of the hydropower station, which is further excavated and supported. The slope generally trends in an east-west (EW) direction with an overall slope angle of 30°, exhibiting stepped features with alternating steep and gentle sections. The slope is composed of Quaternary loose deposits and basement rock. The overlying layer is composed of gravelly silty clay, with an average thickness ranging from 4 to 8 m. The underlying basement rock consists mainly of schist interbedded with phyllite, with schist accounting for about 80% and phyllite for about 20%. The schist is relatively fresh and intact, while the phyllite forms bands, with thickness varying between 2 and 15 m, and the rock is generally softer. The orientation of the slope joints is NW300°∼350° inclined to NE, with an inclination angle of 60°∼80°. The fully weathered layer is relatively thick, typically ranging from 30 to 40 m. The slope excavation started in January 2016 and was completed in April 2018. A series of permanent surface deformation monitoring points for the slope were arranged along the elevation (i.e., TP1-1, TP1-2, and TP1-3). In this study, the reliability of the slope during and after excavation are assessed, respectively. The slope profile and the location of the surface deformation monitoring points are shown in Figure 2.
[image: Figure 2]FIGURE 2 | The slope excavation profile.
3.2 The finite element model and material parameters
The finite element model of the slope is established considering topographic and geological conditions, excavation and support processes, and the arrangement of the monitoring system. The vertical range of the model is from elevation 220–525 m, approximately twice the height of the excavation depth. The horizontal range of the model is approximately 390 m. The finite element model is illustrated in Figure 3, with a total of 7,036 units.
[image: Figure 3]FIGURE 3 | The finite element model of the slope with different materials.
The mechanical properties of the rock mass may change due to creep, rainfall infiltration, construction disturbances, etc. (Xu et al., 2011; Vallet et al., 2016; Zhou et al., 2022). Therefore, a segmented inverse analysis is adopted to get the mechanical parameters of the slope materials, which can effectively improve the accuracy. The inverse analysis simulation period is divided into two stages according to the seepage control engineering measures, which are 2017. 5–2017. 11 (without seepage control measures) and 2017. 11–2019. 10 (with seepage control measures).
The surface layer of the slope is quaternary loose accumulations, and the lower bedrock consists of a thick layer of fully weathered schist and phyllite. The slope is composed of fully weathered, strongly weathered, moderately weathered, and weakly weathered rock layers. In this study, the Cvisc model is used to simulate the creep behavior of geotechnical materials, which combines the Burger model and the Mohr-Coulomb model. For the inversion period without seepage control, the elastic modulus E, the cohesion c, and the internal friction angle φ of the slope are selected as the inversion parameters. For the inversion period with seepage control measures, another three creep parameters are added, including the Kelvin modulus of elasticity Ek, the Maxwell viscosity ηm, and the Kelvin viscosity ηk in the Cvisc model.
To save the effort of numerical calculation, the displacement response surface equation is constructed (Xu and Low, 2006).
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Where δ is the fitted value of slope displacement obtained from the response surface equation; a, bi and ci are the coefficients of the response surface equation to be determined; n is the number of slope material parameters; xi (i = 1, 2, … , n) are the slope material parameters (such as elastic modulus E, the cohesion c, and the internal friction angle φ).
By fitting the equation with the results from multiple numerical simulations, the unknown parameters in Equation 16 can be determined, thus enabling it to serve as a substitute for numerical calculations. Then, inversion parameters can be obtained by minimizing the sum of squares of the relative errors between the measured displacement increments and the displacement increments obtained from the response surface equation. Figures 4, 5 show the evolution of the inversed values and the measured values of the displacements at the measurement point, and the results of the inversed parameters are shown in Table 1. The average error of each measurement point is within 12%, which indicates that the inversion results can better reflect the displacement characteristics of the actual project.
[image: Figure 4]FIGURE 4 | The measured and inverted lateral displacements of TP1 (without seepage control measurements).
[image: Figure 5]FIGURE 5 | The measured and inverted lateral displacements of TP1 (with seepage control measurements).
TABLE 1 | Summary of inversion results for material parameters.
[image: Table 1]3.3 Critical failure path searching
With model parameters determined, the slope excavation process is simulated and the stress state of the slope after excavation is retained. Afterwards, the SRM is adopted to obtain the slope stress-strain behaviors with different reduction factors. The reduction factor is increased step by step from a small value until the plastic zone penetrates the slope and there is a sudden change in displacement at the critical point on the potential sliding body. At this time, there is a sudden change in the displacement of the critical point on the potential sliding body. During this process, the critical failure path of the slope can be searched based on the Dijkstra algorithm.
When the strength reduction factor is 0.85, a small portion of plastic deformation can be observed at the bottom of the step in the seventh excavation, as shown in Figure 7B. The set of failure units in this case is T={13, 29, 35, 45, 47}, which is divided into a starting set B={45, 47}, a middle set M={29, 35} and an end set F={13}. Two failure units are adjacent if they share any node. Thus, a weighted graph containing multiple failure paths from the start set to the end set can be generated. Then, calculate the path weights between two adjacent failure units according to Equation 9, and search the path with the minimum path weights using the Dijkstra algorithm. Finally, the critical failure path of the slope is obtained when the strength reduction factor is 0.85 (Path= {47, 35, 29, 13} in Figure 6). As the strength reduction factor increases, the plastic zone of the slope expands. When the strength reduction factor increases to 1.3, the plastic zone penetrates the slope, and the critical failure paths and plastic zones of the slope under different strength reduction factors are shown in Figure 7.
[image: Figure 6]FIGURE 6 | Critical failure path search of the slope (Fr = 0.85)
[image: Figure 7]FIGURE 7 | Critical failure paths and plastic zones of the slope under different strength reduction factors. (A) the critical failure path of the slope (Fr = 0.85); (B) the plastic zone of the slope (Fr = 0.85); (C) the critical failure path of the slope (Fr = 1.00); (D) the plastic zone of the slope (Fr = 1.00); (E) the critical failure path of the slope (Fr = 1.35); (F) the plastic zone of the slope (Fr = 1.35).
Rock joint is an important factor affecting the stability of slopes (Barton et al., 2023; Wang et al., 2023; Yong et al., 2024). In general, the mechanical parameters of joints will be lower than those of intact rock. When the orientation of joints is similar to the slope orientation, the failure path of the slope may develop along the joints. In this paper, the orientation of the slope joints intersects with the slope orientation at a large angle, and the joints have little influence on the damage form of the slope, thus the influence of the joints is not considered in the calculation of slope stability. However, if slope joints need to be considered, the proposed method is still able to capture the energy dissipation at the joints and obtain the development of the failure path. As shown in Figure 7, this method can reflect the typical damage characteristics and evolution of a rock slope under strength reduction. In addition, the proposed method is appropriate to a wide range of yield criteria and can be further applied in 3D slope stability analysis.
3.4 Reliability analysis and predictive modeling
3.4.1 Reliability analysis
Randomness and uncertainty in material properties are the most important factors that may affect the slope reliability. According to the inversion results, the modulus of elasticity E, the cohesion c, and the internal friction angle φ of the slope are selected as the basic random variables. The information of each parameter is shown in Table 2. In this paper, the Monte Carlo method is used to calculate the failure probability and the reliability index of the slope, during which the critical failure path is fixed as the one derived from mean parameters. Although this approach slightly overestimating the slope reliability, it still yields relatively good estimates of the slope reliability and is substantially more computationally efficient compared to identifying different critical failure paths through various parameters combinations (De Koker et al., 2019). The critical failure path of the slope after excavation is taken as the critical failure path. To save time, a quadratic polynomial without cross terms (Equation 11) is used to construct the response surface equation for the subsequent reliability calculation (Zhang et al., 2011; Tan et al., 2013).
TABLE 2 | Parameter list of basic random variables.
[image: Table 2]The variation of reliability indexes during excavation is shown in Figure 8. The reliability index initially undergoes a smooth transition, followed by a slight increase, then gradually decreases before stabilizing at around 3.25. Combined with the excavation and support diagram of the slope (Figure 9), it can be seen that the change in reliability during the simulation period is closely related to the slope construction process. The downtime I represents the period without excavation, and the reliability index for this section is essentially stable. During the seventh excavation phase (i.e., Excavation I), the reliability index experiences a slight increase. This is attributed to the installation of two rows of 100-ton anchor cables at elevations ranging from 413 to 420 m. These anchor cables traverse the potential sliding surface of the slope, enhancing the stress conditions of the surrounding rock mass and resulting in an increase in the reliability index. During the period of Downtime II, when seepage control measures were implemented, rainfall would not cause rock deformation and the reliability index maintained relatively stable. Excavation II corresponds to the eighth, ninth, and tenth phases of the slope excavation. Figure 9 illustrates that the exit of the potential sliding surface is located at the seventh excavation platform. The subsequent excavations effectively removed the counter-slide bodies along the direction of sliding, resulting in a decrease in the reliability index. After the slope excavation was completed in May 2018, two rows of 150-ton anchor cables were installed between elevations of 385 and 392 m. However, as the second support did not intersect the potential sliding surface, its effect on the reliability index was minor, and the reliability index eventually stabilized at around 3.25.
[image: Figure 8]FIGURE 8 | Variations of the slope reliability and failure probability.
[image: Figure 9]FIGURE 9 | The schematic diagram of the slope excavation and support process.
3.4.2 Reliability prediction model
The monitoring points for deformation components are TP-1, TP-2 and TP-3. Taking the reliability index sequence from May 2017 to June 2019 as the modeling period, the slope reliability prediction model can be developed by Equations 12–15, as shown in Equation 17. The coefficients of reliability prediction model are determined using the same time sequence. It can be found from Figure 10 that the overall fitted values are in good agreement with the measured values, with an overall average relative error of 0.15%. The offset of the fitted values in the excavated section is slightly larger, which is due to the sudden change in the reliability index caused by the excavation.
[image: image]
[image: Figure 10]FIGURE 10 | Calculated and fitted values of the slope reliability indicators.
Then, the trend of the reliability index in the next 90 days is predicted and the result is shown in Table 3. The compound correlation coefficient R of the reliability prediction model for the slope stability is 0.949, with a standard deviation σ of 0.130. The overall prediction performance is satisfactory, with an average relative error of 0.36% between the predicted and calculated values. The maximum relative error is 2.75%, indicating high accuracy in the prediction section.
TABLE 3 | Predicted results of slope reliability indexes.
[image: Table 3]4 CONCLUSION
This paper proposed a critical failure path search method based on SRM for slope reliability analysis and the critical failure path. The path with the maximum plastic dissipative energy density (PDED) is considered as the critical failure path, and the search problem for the critical failure path of the slope is transformed into the optimization problem of minimizing the path weights based on the Dijkstra algorithm. The proposed method avoids the subjectivity of artificially selecting critical failure paths and can be further applied in 3D slope reliability analysis. Additionally, the reliability of an engineering slope during and after the excavation is assessed using this method. The results show that the evolution of the reliability index is closely related to the construction process, and a reliability prediction model considering time, rainfall, and deformation components is constructed, which allows rapid estimate of the slope reliability through available monitor data.
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