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Considering the significant impact of anisotropy on forward and inversion results, this paper presents a research study on tensor controlled-source audio magnetotellurics (CSAMT) forward modeling in axis anisotropic media. In this study, the tensor resistivity of axis anisotropic medium is introduced according to the control equation of electric field with sources. The total electric field is decomposed into primary and secondary fields, with the primary field obtained using Key’s algorithm and the secondary field calculated using the finite difference method. This approach enables three-dimensional (3D) modeling of tensor CSAMT in axis anisotropic media. The correctness of the algorithm is verified by comparing it with the results obtained using a two-dimensional (2D) finite element algorithm. Several sets of axis anisotropic 3D models are designed, and the response characteristics of anisotropic target bodies to plane waves and non-plane waves are summarized. The findings indicate that the Cagniard resistivity and tipper are sensitive to changes in the X and Y directions of the anomaly, but not sensitive to changes in resistivity in the Z direction. Additionally, in the near region, non-plane wave CSAMT signals may cause distortion in the Cagniard resistivity. The results highlight that tensor CSAMT has the capability to detect changes in resistivity in two-axis directions (X and Y), providing greater exploration advantages compared to scalar CSAMT. This study provides a foundation for the forward modeling and inversion of tensor CSAMT in arbitrary anisotropic media.
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1 INTRODUCTION
Controlled-source audio magnetotellurics has the advantages of high work efficiency and high signal-to-noise ratio. CSAMT has been widely used in fields such as geological exploration, oil, natural gas, geothermal, metal mineral exploration, and hydrological and environmental engineering fields (Xue et al., 2015; Guo et al., 2019; Xu et al., 2020; Di et al., 2020).
Scalar CSAMT can be divided into equatorial and axial devices. Both use a field source to excite and collect two components ([image: image], [image: image] or [image: image], [image: image]) in the receiving region. Tensor CSAMT uses two directional field sources to measure five components ([image: image], [image: image], [image: image], [image: image], and [image: image]). In complex geological conditions, tensor CSAMT can fully describe 3D geoelectric information (Caldwell et al., 2002), effectively improving exploration accuracy, with more advantages than scalar CSAMT. Li and Pedersen (1991), Boerner et al. (1993), and Garcia et al. (2003) pioneered the development of tensor CSAMT. The research on tensor CSAMT forward modeling and inversion in isotropic media is becoming increasingly mature (Wang G. et al., 2018; Chen et al., 2020; Hui, 2021; Cao et al., 2021).
Among the factors that directly affect the results of forward modeling and inversion, anisotropy has a significant impact. Considering that anisotropy is very common in areas with well-developed stratigraphic layers, it is necessary to develop electromagnetic data processing and inversion methods in anisotropic media to improve the accuracy of inversion and the level of geological interpretation (Liu et al., 2018). The use of electrical anisotropy information can deepen our understanding of the structure of the Earth’s lithosphere, the laws of material transport in deep Earth, and the dynamic processes in deep Earth (Kirkby et al., 2015).
Yin et al. (2014) performed a 3D forward modeling study of marine controlled-source electromagnetic method using a staggered finite difference technique to analyze the influence of seabed conductivity anisotropy on shallow sea data. Cai et al. (2015) used the scalar finite element method to obtain the response of CSAMT with anisotropic conductivity. Li et al. (2017) and He et al. (2019) applied the vector finite element method to achieve anisotropic forward modeling of CSAMT. These studies showed the significant impact of axis anisotropic tensor conductivity on the response results of CSAMT, especially the amplitude and distribution characteristics of apparent resistivity (Qiu et al., 2018).
There have been relatively few studies on tensor CSAMT forward modeling and inversion on axis anisotropic media (Wang K. P. et al., 2018; Liu and Zheng, 2024). No research results on tensor CSAMT forward modeling and inversion of arbitrary anisotropy have been published. Wang and Tan et al. (2017) and Wang et al. (2017) demonstrated through finite difference forward modeling that tensor CSAMT can identify at least two horizontal resistivities through multi-component observations, and provides some help for the preliminary qualitative interpretation of tensor CSAMT. Their research focused on how to achieve axis anisotropic inversion.
Based on the study of isotropic media, this study applies the finite difference method (Xie et al., 2016) to tensor CSAMT research on axis anisotropy, analyzes the influence of axis anisotropy on the forward modeling results of tensor CSAMT, and summarizes the response characteristics of anisotropic target bodies with plane waves and non-plane waves. The study provide a foundation for the forward modeling and inversion of tensor CSAMT in arbitrary anisotropic media.
2 FORWORD MODELING METHOD
2.1 Finite difference method for calculating electromagnetic fields
For isotropic media, ignoring displacement current, under the excitation condition of an electrical source, the electric field [image: image] satisfies the following equation (Li and Key, 2007):
[image: image]
where [image: image] represents the Nabla operator, [image: image] represents an imaginary unit, [image: image] represents the angular frequency, [image: image] represents the vacuum magnetic permeability, [image: image] represents the conductivity, and [image: image] represents the current density excited by an external electrical source.
The total field [image: image] is composed of primary [image: image] and secondary fields [image: image]. Equation 1 is transformed to obtain the following electric field control equation:
[image: image]
In axis anisotropic media, the tensor conductivity is
[image: image]
Substitute Equation 3 into Equation 2 and organize it to obtain the following equation for the three components of the electric field:
[image: image]
[image: image]
[image: image]
The calculation method for the electric field [image: image] is in a 1D medium which is the same as Key’s method (Key, 2009). In the Cartesian coordinate system, the 3D staggered sampling Yee’s grid is applied to discretize Equations 4–6. Define the electric field at the center of each grid cell edge and the magnetic field at the center of each grid cell surface. Use forward difference approximation differentiation to obtain a large linear equation system of the quadratic electric field at each network cell node in the entire partition area. As follows,
[image: image]
where [image: image] is a symmetric large sparse coefficient matrix, [image: image] is a column vector composed of the three components of the secondary electric field to be solved, [image: image] is the right column vector, and is related to the values of the primary field and boundary field.
Set the secondary field values at the top boundary, four side boundaries, and underground bottom boundary of the study area to zero as the boundary condition. The quasi minimum residual (QMR) method is used to solve Equation 7, and divergence correction is introduced during the iteration process (Siripunvaraporna et al., 2002; Liu and Sun, 2024), to obtain the three component values of the electric field in the entire space. Interpolation method is used to calculate the electromagnetic field components values of measurement points on the surface.
2.2 Calculating tensor impedance and tipper
Tensor CSAMT is excited by two field sources with different polarization directions. This study uses a “+” shaped orthogonal field source to excite in two directions, that is, the forward calculation for each frequency requires solving Equation 7 twice. Collect five electromagnetic field components in the receiving area, denoted as [image: image], [image: image], [image: image], [image: image] and [image: image], [image: image], [image: image], [image: image], [image: image] and [image: image].
The expressions for the main diagonal impedance components and tipper are as follows:
[image: image]
[image: image]
The corresponding Cagniard resistivity equation is:
[image: image]
where [image: image], [image: image]. In the following text, the axis anisotropy response of CSAMT is calculated by Equations 8–10.
2.3 Algorithm validation
The algorithm is written in Fortran language. To verify the correctness of the algorithm, we designed a 2D model and compared it with the finite element method results of Key (2016). The background resistivity is 100 [image: image], the direction of the anomalous body is parallel to the X-axis direction, buried at a depth of 120 m. The prism has a size of 100 m × 100 m. The resistivity in the X, Y, and Z directions is 10, 30, and 60 [image: image], respectively (Figure 1). The lengths of the two intersecting ground wire sources are 100 m, parallel to the Y-axis and X-axis, with a current of 10 A. The transmission frequencies are 10, 50, 100, 200, 500, 1,000, 2,000, and 4,000 Hz, and the receiving point is located at the origin. The line source parallel to the X-axis (Figure 1) corresponds to an equatorial device and can measure [image: image], [image: image]. Similarly, a line source parallel to the Y-axis (Figure 1) corresponds to an axial device and can measure [image: image], [image: image]. These components are then utilized in the calculation of [image: image] and [image: image].
[image: Figure 1]FIGURE 1 | Sketch of 2D model.
The comparison of impedance results between the two methods is shown in Figure 2. The real and imaginary parts of [image: image] calculated by the finite difference method and Key’s finite element method match very well (Figure 2). The maximum relative error is less than 5%, indicating that the calculation results of the tensor CSAMT 3D forward algorithm are correct (Liu et al., 2021).
[image: Figure 2]FIGURE 2 | Comparison of the results of 3D FDM and 2D FEM results.
3 FORWARD MODELING CASE
3.1 Response characteristics of low-resistance model
The 3D low-resistance prism model is shown in Figure 3, with a background resistivity of 100 [image: image] and a buried depth of 120 m. The prism has a size of 100 m × 100 m × 100 m, and the resistivity in the X, Y, and Z directions is 10 [image: image]. The prism is projected at the center of the surface as the origin.
[image: Figure 3]FIGURE 3 | Sketch of the 3D model.
The centers of two intersecting ground wire sources are located at −2,000 m on the Y-axis, with a length of 100 m and angle of 45° and 135° with the Y-axis, respectively. The transmission frequency is 500 Hz. The finite difference mesh is 33 × 42 × 41 (including 12 air layers).
The forward results of the low-resistance model are shown in Figure 4. It is evident that the Cagniard resistivity [image: image] and [image: image] contours exhibits a notable low-value anomaly, aligning with the horizontal position of the low-resistance body (Figures 4A, B). [image: image] and [image: image] reflect the horizontal boundary of the low-resistance body (Figures 4C, D).
[image: Figure 4]FIGURE 4 | Response of the 3D model. (A) [image: image], (B) [image: image], (C) [image: image], and (D) [image: image].
3.2 Influence of anisotropy on response characteristics
The study by Wang et al. (2017) demonstrated that when the resistivity of the axis anisotropic model in the X direction is the same as that of the isotropic model, the apparent resistivity of the XY-mode is almost the same. When the resistivity of the axis anisotropic model in the Y direction is the same as that of the isotropic model, the apparent resistivity of the YX-mode in both models are almost the same. To illustrate the impact of changes in the axis anisotropy of low-resistance bodies on the forward response, we established three sets of axis anisotropy resistivity models (Table 1) to simulate the resistivity changes of anomalous bodies in the X, Y, and Z directions.
TABLE 1 | The axis anisotropic model.
[image: Table 1]The size of the low-resistance model and the parameters of the source are the same as the example in section 3.1.
The transmission frequency of the source is 500 Hz. At this time, the CSAMT signal is approximately a plane wave. We first fix the resistivity of the low-resistance body in the Y and Z directions to 30 and 60 [image: image], respectively, with the resistivity in the X direction of 10, 30, 60, and 1,000 [image: image], respectively, the forward results are shown in Figure 5. Next, we fix the resistivity of the low-resistance body in the X and Z directions to 10 and 60 [image: image], respectively, with the resistivity in the Y direction of 10, 60, and 1,000 [image: image], respectively, the forward results are shown in Figure 6. Finally, we fix the resistivity of the low-resistance body in the X and Y directions to 10 and 30 [image: image], respectively, with the resistivity in the Z direction of 10, 30, 60, and 1,000 [image: image], respectively, the forward results are shown in Figure 7.
[image: Figure 5]FIGURE 5 | Contour maps of response of different resistivity in the X direction: (A–D) [image: image]; (E–H) [image: image]; (I–L) [image: image]; (M–P) [image: image].
[image: Figure 6]FIGURE 6 | Contour maps of response of different resistivity in the Y direction: (A–D) [image: image]; (E–H) [image: image]; (I–L) [image: image]; (M–P) [image: image].
[image: Figure 7]FIGURE 7 | Contour maps of response of different resistivity in the Z direction: (A–D) [image: image]; (E–H) [image: image]; (I–L) [image: image]; (M–P) [image: image].
The Cagniard resistivity [image: image] is highly sensitive to changes in resistivity in the X direction of the anomalous body. Its amplitude is determined by the resistivity in the X direction and exhibits a low-value anomaly for low-resistance bodies, which diminishes as the resistivity of the low-resistance body increases (Figures 5A–D). Conversely, high-resistance bodies display high-value anomalies with small amplitudes. [image: image] and [image: image], however, are not sensitive to changes in resistivity in the X direction of the anomalous body (Figures 5E–L). The [image: image] decreases as the resistivity of the low-resistance body increases (Figures 5M–P).
Similarly, [image: image] and [image: image] are not sensitive to changes in resistivity in the Y direction of the anomalous body (Figures 6A–D; Figures 6M–P). On the other hand, [image: image] is very sensitive to changes in resistivity in the Y direction. Its amplitude is determined by the resistivity in the Y direction and exhibits low-value anomalies for low-resistance bodies (Figures 6E–H). The amplitude of these anomalies decreases as the resistivity of the low-resistance body increases. For high-resistance bodies, [image: image] exhibits high-value anomalies with small amplitudes. [image: image] also decreases as the resistivity of the low-resistance body increases (Figures 6I–L). Both the Cagniard resistivity and the modulus of tipper are not sensitive to changes in resistivity in the Z direction (Figures 7A–P).
In CSAMT, in the XY-mode, the polarization direction of the electric field is mainly in the X direction, making it sensitive to the electrical resistivity of the low-resistance body in the X direction. In the YX-mode, the polarization direction of the electric field is primarily in the Y direction, making it sensitive to the resistivity of low-resistance bodies in the Y direction.
3.3 Impact of model size on response characteristics
To illustrate the impact of changes in model size on forward response, we set up three sets of axis anisotropic resistivity models (Table 2), to represent the length, width, and height changes of anomalous bodies in the X, Y, and Z directions, respectively. The resistivity in the X, Y, and Z directions are 10, 30, and 60 [image: image], respectively, and the source parameters are the same as the example in the section 3.1.
TABLE 2 | Axis anisotropic low-resistance model.
[image: Table 2]We first fix the width and height of the low-resistance body to 100 m, with the length in the X direction of 40, 100, and 180 m, respectively, the forward results are shown in Figure 8. Next, we fix the length and height of the low-resistance body to 100 m, with the width in the Y direction of 40, 100, and 180 m, respectively, the forward results are shown in Figure 9. Finally, we fix the length and width of the low-resistance body to 100 m, with the height in the Z direction of 40, 100, and 180 m, respectively, the forward results are shown in Figure 10.
[image: Figure 8]FIGURE 8 | Contour maps of response when the length of model changes: (A–C) [image: image]; (D–F) [image: image]; (G–I) [image: image]; (J–L) [image: image].
[image: Figure 9]FIGURE 9 | Contour maps of response when the width of the model changes: (A–C) [image: image]; (D–F) [image: image]; (G–I) [image: image]; (J–L) [image: image].
[image: Figure 10]FIGURE 10 | Contour maps of response when the width of the model changes: (A–C) [image: image]; (D–F) [image: image]; (G–I) [image: image]; (J–L) [image: image].
As the length, width and height of the anomalous body increase, both the modulus of Cagniard resistivity anomaly and the modulus of tipper increase, leading to an expansion of the anomalous area (Figures 8–10).
The boundary of the [image: image] anomaly area appears sharp in the Y direction and fuzzy in the X direction (Figures 8A–C; Figures 9A–C), indicating that it provides a better representation of the horizontal position of the anomalous body in the Y direction compared to the X direction. Conversely, the boundary of the [image: image] anomaly area appears sharp in the X direction and fuzzy in the Y direction (Figures 8D–F; Figures 9D–F), indicating that it better reflects the horizontal position of the anomalous body in the X direction than in the Y direction. [image: image] can reflect the horizontal boundary of the anomalous body in the Y direction, while [image: image] can reflect the horizontal boundary in the X direction (Figures 8G–I; Figures 9G–I).
3.4 Response of axis anisotropic complex prism model
Here, a prism model is established with a top burial depth of 120 m. The plan of the model is shown in Figure 11, and the resistivity in the X, Y, and Z directions is 10, 1,000, and 100 [image: image], respectively. The parameters of the source are the same as the examples in the previous section, and the model response is shown in Figure 12.
[image: Figure 11]FIGURE 11 | Sketch of 3D axis anisotropic prism model.
[image: Figure 12]FIGURE 12 | Response of the 3D anisotropic prism model. (A) [image: image], (B) [image: image], (C) [image: image], and (D) [image: image].
The low-value anomaly area in the contour map of [image: image] corresponds to the low resistance area in the X direction of the anomaly body (Figure 12A), while the high-value anomaly area in the contour map of [image: image] corresponds to the high resistance area in the Y direction of the anomaly body (Figure 12B). The tippers reflect the horizontal boundary of the anomaly body (Figures 12C, D), which is the same as the characteristics in the previous example.
3.5 Response in non-plane wave areas
For case 3.2, when the transmission frequency of the source is 10 Hz, the receiving region belongs to the near-field areas, and the CSAMT signal is a non-plane wave. When the resistivity in the X direction changes, the forward modeling results are shown in Figure 13, and the curve of the Cagniard resistivity with frequency at the center point of the receiving region is shown in Figure 14. When the resistivity in the Y direction changes, the forward modeling results are shown in Figure 15, and the curve of the Cagniard resistivity with frequency at the center point of the receiving region is shown in Figure 16.
[image: Figure 13]FIGURE 13 | For non-plane waves, the contour maps of response of different resistivity in the X direction: (A–D) [image: image]; (E–H) [image: image]; (I–L) [image: image]; (M–P) [image: image].
[image: Figure 14]FIGURE 14 | The curve of Cagniard resistivity with frequency at the center point of the receiving region when the resistivity changes in the X direction. (A) [image: image], (B) [image: image].
[image: Figure 15]FIGURE 15 | For non-plane waves, the contour maps of response of different resistivity in the Y direction: (A–D) [image: image]; (E–H) [image: image]; (I–L) [image: image]; (M–P) [image: image].
[image: Figure 16]FIGURE 16 | The curve of Cagniard resistivity with frequency at the center point of the receiving region when the resistivity changes in the Y direction. (A) [image: image], (B) [image: image].
Compared with the response of plane waves (Figures 5A–D), the Cagniard resistivity [image: image] of non-plane waves is distorted with a high-value anomaly (Figures 13A–D), which increases as the resistivity in the X direction of the anomalous body increases (Figure 14A). The Cagniard resistivity [image: image] of non-plane wave signals is distorted and insensitive to the changes in resistivity in the X direction of the anomalous body (Figures 13E–H; Figure 14B). The characteristics of the tippers of non-plane waves (Figures 13I–P) are similar to those of plane waves (Figures 5I–P).
The [image: image] of non-plane wave signals is distorted and insensitive to the changes in resistivity in the Y direction of the anomalous body (Figures 5A–D; Figure 16A). Compared with the response of plane waves (Figures 6E–H), the [image: image] of non-plane waves is distorted and sensitive to the changes in resistivity in the Y direction of the anomalous body (Figures 15E–H). [image: image] increases as the resistivity in the Y direction of the anomalous body increases (Figure 16B). The characteristics of the tippers of non-plane waves (Figures 15I–P) are similar to those of plane waves (Figures 6I–P).
Whether it is an isotropic medium or an anisotropic medium, the CSAMT apparent resistivity in the near region will be distorted and needs to be corrected.
4 CONCLUSION
This study utilizes the 3D finite difference method to perform tensor CSAMT forward modeling in axis anisotropic media. The correctness of the algorithm is validated by comparing the results with Key’s 2D finite element algorithm. The forward modeling examples demonstrate that Cagniard resistivity exhibits low-value anomalies for low-resistance bodies and high-value anomalies for high-resistance bodies. Tippers are capable of reflecting the horizontal boundaries of anomalous bodies. The resistivity changes of the anomalous body are found to have different sensitivities in the X and Y directions, influenced by the polarization direction of the electric field. Specifically, [image: image] and [image: image] are sensitive to changes in resistivity in the X direction, while [image: image] and [image: image] are sensitive to changes in the resistivity in the Y direction. However, the Cagniard resistivity and tipper exhibit poor sensitivity to changes in the resistivity of the anomalous body in the Z direction. The amplitude of [image: image] is determined by the resistivity in the X direction of the anomalous body and displays the horizontal position of the anomalous body in the Y direction better than in the X direction. Similarly, the amplitude of [image: image] is determined by the resistivity in the Y direction and performs better in displaying the horizontal position of anomalous bodies in the Y direction than in the X direction.
In the near region, the CSAMT signal of non-plane waves induces distortion in the Cagniard resistivity. The characteristics of tippers for non-plane waves are similar to those of plane waves. When exploring anisotropic media, tensor CSAMT proves advantageous in identifying changes in resistivity in two-axis (X and Y) directions compared to scalar CSAMT.
Whether utilizing the MT method (Kong et al., 2023) or the CSAMT method, the Cagniard resistivity and tipper demonstrate poor sensitivity to resistivity changes in the Z direction. Therefore, investigating methods to improve the identification of anisotropic Z direction (vertical) resistivity using electromagnetic techniques is a topic worthy of further study.
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