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The freezing method is often adopted to reinforce the surrounding formation
during deep foundation pit excavations. According to the traditional theory
of freezing wall design in coal mine construction engineering, it is necessary
to design a continuous, thicker freezing wall. The multi-turn combination
cylinder freezing wall structure can optimize the freezing design, but the
strength and stability of the wall structure are theoretical and technical issues
that urgently need to be researched and solved. In this work, the mechanical
characteristics of frozen walls of multi-coil composite cylinders are analyzed
using theoretical methods. Based on the elastoplastic theory, the freezing
wall of a multi-turn combined cylinder is simplified to an axisymmetric plane
problem, and the theoretical calculation model of the freezing expansion force,
generated by the freezing process, around the perimeter of a circular hole
under an axisymmetric plane strain model is developed. The corresponding
variable model for the displacement immobility point of the freezing circle is
proposed, and the progressive formation of the freezing wall is achieved through
iterative calculations. The theoretical calculation formulas for the freezing force
generated by the freezing process around a circular hole under the plane
strain model are derived considering the gradual formation process of freezing
expansion. The results of the research provide the theoretical basis for the
construction of permafrost deep foundation pit engineering.

KEYWORDS

circular tunnel, strain-softening, frost heave force, cold region, theoretical calculation
model

1 Introduction

With the country’s implementation of the Western development strategy, more
and more tunnels have been built in complex mountainous areas (Fu et al., 2024;
Ji et al, 2024; Zhang T. et al,, 2024), especially in cold regions. Unfortunately, low
temperatures, which may be lower than —40°C, bring a series of problems for geotechnical
engineering, such as frost heaving. This significantly affects the physical and mechanical
behaviors of the surrounding rock and lining structure. To ensure safety, the frost heaving
acting on the lining structure should be determined first.
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Numerous studies on tunnel excavation in cold regions have
been carried out in the last few years. The results show that
the main cause for frost heave is water migration and volume
expansion of water-rich geotechnical materials. Some scholars
have proposed analytical solutions for circular openings using
the Laplace transform method. Ji et al. (2017) investigated the
frost heaving-induced pressure of frost-susceptible silty clay under
various restraints and thermal gradients. The results indicate that the
frost heaving-induced pressure decreases rapidly with the relaxation
of restraints, while this downward trend slows down as the frost
heaving ratio increases.

The constitutive equation directly determines the displacement
direction induced by frost heaving behavior, which is the main
factor of frost heave force. In a previous study, the surrounding rock
was considered to undergo isotropic expansion during the freezing
process, where the elastic modulus of frozen rock was assumed
to deteriorate. However, this is obviously different from the actual
conditions. Researchers assumed the average radius of the frozen
region as zero displacement position for circular tunnels. Hence, the
frost heaving displacement point inside the tunnel and that of the
outer part move toward infinity. Based on the finite element method,
Feng et al. (2017) proposed a supplemental equation relating the
frost heaving force, frost heaving displacement, and the inner and
outer radii. Considering the predominant frost heaving along the
heat conduction direction, Zhang et al. (2023) derived analytical
solutions for the frost heaving force for circular tunnels, in which
isotropic expansion is only a particular case.

Moreover, rock-like materials generally manifest progressive
failure characteristics after the peak strength is reached during the
loading process, known as strain-softening behavior (Shi et al,
2023a; Shi et al., 2023b; Shi et al., 2023c; Zhang et al, 2023;
Zhang W. et al., 2024; Gu et al., 2024). Considering the strain-
softening behavior, Lee and Pietruszczal (2008), Wang et al. (2010),
and Zhang et al. (2012) studied the stress and displacement of
circular tunnels using numerical and analytical methods. These
studies show that the volume plastic strain gradually increases due
to the formation of macro cracks (Jing et al., 2020; Wu et al., 20205
Wu et al,, 2022; Wu et al., 2024; Yuan et al., 2024), so the porosity of
the surrounding rock should depend on both its initial porosity and
the volume plastic strain. Moreover, the expansion of frost-affected
rock mass is induced by the volume expansion of water during its
transition from liquid to solid. In other words, the linear coefficient
of linear expansion should be considered a function of volume
plastic strain. On the other hand, the freezing of the surrounding
rock is a progressive process. When the constitutive model is
related to the geometry of the frozen region, the frost heaving
force and displacement would show significant differences with the
assumption of the freezing region forming simultaneously. However,
existing research studies have demonstrated a relative lack of focus
on this particular area. In this paper, based on the elastoplastic
theory, the progressive formation process of frost heave is
considered. The theoretical formula for the freezing force generated
by the freezing process around a circular hole under the plane strain
model is derived to provide guidance for the design and construction
of freezing walls in ultra-large diameter deep foundation pit
projects.
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Elasto-plastic boundary

FIGURE 1
Calculation mechanical model.

2 Problem description

Figure 1 shows a circular tunnel of radius R, excavated in an
infinite isotropic rock mass subject to a hydrostatic stress p,. The
linear structure, with a thickness of ¢, is immediately applied after
excavation with a deformation allowance of u,,. Once the supporting
pressure provided by the linear structure is lower than the critical
value p,, a plastic region with a radius R, is developed around the
tunnel, and then, the water fills the cracks of the plastic rock mass.
The frost rock mass is progressively formed from the excavation
surface to the inner during heat conduction. The radius of the frost
region is Ry, which can be determined using the field temperature
test of the surrounding rock. In this study, the frost behavior is
assumed after the excavation effect, and the frost heave does not
change the failure state of the surrounding rock, so the total stress
is composed of excavation force and frost heave stress.

2.1 Governing equations

For the axisymmetric plane strain problem, the stress should
satisfy the following equilibrium equation without considering
the body force:

do,

r 0',—09_

—+ 0.
dr r

1)

The failure state of the surrounding rock is governed by the yield
criterion. The nonlinear Hoek-Brown (HB) criterion, which takes
the influence of the geological strength index (GSI) into account, is
widely used for geotechnical engineering. In the polar coordinate,
the generalized HB criterion in the ith annulus can be expressed as

0y =0,+H(0,,y"), (2)
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where H(o,,yf) = 0.(mo,/o.+5s)?, o, is the uniaxial compression
strength of the intact rock, and m and s are strength parameters.

The strain-displacement compatibility equation can be
expressed as follows:

()

For the elastoplastic problem, the total strain of plastic rock mass
is composed of the elastic strain and plastic strain, i.e.,

g, = +el @
89=€z+€g'

The elastic strain should satisfy Hookes law, and it can be
expressed as Equation 5:

[y
B

1 |1-v -

" 26

' (5)

1-v

o
[SEY

-V Oy

For the geotechnical material, the M-C plastic potential
function is commonly used. The relation between the radial and
circumferential plastic strain can be obtained as Equation 6:

& = —Pey, (6)

where 8 = (1 + siny)/(1-siny) and v is the dilation angle.
Theoretically speaking, the frost heave is mainly induced by the
decrease in the inner radius of the frost region. When a free frost
heave happens for a circular annulus, the axial length increases and
the inner radius decreases, so there exists a zero displacement radius
E, which is located between the inner and outer radii. Assuming
the coefficient of linear expansion &, the displacement induced by
free frost of the ith annulus can be expressed as f(ﬁ— r), and the
displacement due to the axial constraint effect can be expressed as
—uér, so the total radial displacement induced by free frost heave
under plane strain conditions can be expressed as &R — (1 +u)&r,
and the radial strain induced by frost heave can be obtained using
the geometric equation from Equation 3 as —(1 + ¢)&. Additionally,
additional radial and circumferential forces also occur due to the
expansion of frost-affected rock mass and the constraint of the linear
structure and unfrozen rock, so the total radial and circumferential
strains induced by free heave can be expressed as Equation 7:

g{%[(l_vf)a{_vfgg]_(mf)g |
g %f[(l_vf)og_vfaf]+g§/r_(1+vf)g

7)

where U,f and oé are the radial stress and circumferential stress
induced by frost heave, respectively.

2.2 Evolutional law of parameters

With respect to the strain-softening rock mass, the plastic shear
strain y* is widely employed as the softening index to describe the
evolution law of parameters. The real evolutional law of strength
and deformation parameters can be determined using a series of
triaxial compression tests. The parameter value can be obtained in
a piecewise manner. For the sake of simplicity, a linear evolutional
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law of strength and deformation parameters is assumed, and it can
be expressed as Equation 8:

wp—(wp—wr)yp* 0<yP<yP*’
@, Y=y

where w denotes any one of m, s, 0, a, ¥, E, and v in the ith

®)

w=

annulus; w, and w, correspond to the elastic and residual state
values, respectively; and y* is the critical plastic shear strain, beyond
which the surrounding rock transitions into the residual state.

It is important to note that the frost heave mainly occurs
due to the expansion of water when its temperature decreases
below 0. Therefore, the porosity ratio depends on the frost heave
coefficient for the water-rich surrounding rock. For the strain-
softening surrounding rock, the macro cracks gradually increase
once the crack initiation stress is reached. These cracks are much
larger than the potential pores of intact rock, so the frost heave
ratio also depends on the failure degree, which can be described
by the volume plastic strain for strain-softening rock mass. For the
plane strain problem, the volume plastic strain equals the plastic
shear strain due to the zero plastic strain for the intermediate strain
when the M-C plastic potential function is employed. In this study,
the expansion coefficient is assumed to be linear and related to the
plastic shear strain (Equation 9):

§=byf +&, 9

where & is the frost heave coefficient of the surrounding rock; & is
the frost heave ratio of the elastic rock; and b is a fitting coefficient.

3 Solutions of stress and displacement

Since the frost heave ratio depends on the failure degree, the
stress and displacement induced by excavation should be solved
first. Subsequently, a methodical approach involving a progressive
frost heave process, layer by layer, is employed to derive theoretical
solutions for the stress and displacement within the structure.

3.1 Stress and displacement induced by
excavation

On the elastic-plastic boundary, the stress and strain under
plane strain conditions can be easily obtained by use of the peak
strength parameters and the initial in situ stress p,. The explicit
analytical expression of o} can only be obtained when a = 0.5 (Park
and Kim, 2006):

3 mpacp 1

T8 8

o \/mf,ofp +16m,0,,p, + 16,0, +p).  (10)

For the common condition of a > 0.5, only the implicit
calculation equation of Equation 10 can be obtained. However,
it can be easily calculated using the Newton method with an
initial value of Equation 11.

(11)

2(py—0y) = ocp(mpcfk/acp + sp)a”.
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Then, the stress and strain at the elastic—plastic boundary can be
obtained as Equations 12, 13:

Ok Ok
= , (12)
To(k) 2py = 0y
&) | 1 | %~ Po (13)

€0(k) 2G, Po— 0k

For the elastoplastic problem of plane strain circular openings,
the radial stress gradually increases from the supporting pressure o,
to the initial stress p,. By dividing the plastic region into # annuli
with equal increments, the radial stress increment between the inner
and outer regions can be obtained as Equation 14:

0y — Ok

Ao =
7%

(14)

For the strain-softening surrounding rock, the strength and
deformation should obey the evolutional laws with the plastic
shear strain. Meanwhile, the plastic shear strain also depends on
the strength and deformation parameters. The difficulty is that
they should be compatible at any point, which leads to a non-
analytical solution. However, if the annulus number is large enough,
the thickness of each annulus would be significantly small. The
increment in shear plastic strain at the inner and outer radii for
each annulus would also be significantly less. In this condition, the
plastic shear strain at the outer radius can be employed to represent
the annulus’s softening index. Then, the strength and deformation
parameters of the ith annulus can be determined once the shear
plastic strain at r = R; , | for the (i + 1)th annulus is obtained. Using
the yield criterion of Equation 2, the circumferential stress at 7 = R;, |
can be expressed as follows:

Ogiy = 0+ H(03,1, Y5y, )- (15)

Then, the circumferential stress increment can also be
approximated as

Ay = Og(iy = Ogiv1)- (16)

The equilibrium equation of Equation 1 can be expressed
differentially by representing the variables with average values:

Ini-1) = %) _ H(0,17}) + H(0,})
Pic1 —Pi Pic1 TP;

, (17)

where p; = R;/R,,. Then, the dimensionless radius p; can be explicitly
expressed as

H(o,;1,7)) + H(o,007)) + A
_ (Ur(t—l) )/57)1' (O'()yp)+ O'p. (18)

o, .
o H(0,1,7} ) + H(0,07)) — Ao’

By using Hooke’s law, the compatibility equation can be

reformulated as Equation 19:

dsl(;(i) . gg(i) _gf(i) B _deg(i) B H(0(Y11) (19)
dp p C dp 2G;r

When the average value of strain and H is employed,
Equation4 can also be reformulated in a differential way.
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Then, the circumferential plastic strain increment can be
obtained as Equation 20:

Ay Hlonot)tH(owt) _ 2shh)
_ Apiy 2G(:)(P,-1+P,) Pi-1tP;i
Aegi 1) = L ik, > (20)
Apiy  Piatp;
ady , 2Aoha i)+ 04200 Ay (o) +Hlonr])
Ap; Pi-1 T P; Ap; 2Gilpy+p)
21)

where k; = (1 + siny,)/(1-siny;).
Then, the radial plastic strain, shear plastic strain, volume plastic
strain, and total strain at R;_; are updated as

Sgi—l = E{o’i + AEZH (22)
gfi—l = gfi - kiAsSH
&y =&t A+ Asfi—l (23)

pi1 = € T gy, | + ASI;H
Y}r)i—l = yfi + Ag;i—l B Aefi—l' (24

All the stresses and strains can be calculated recursively until the
radial stress decreases to the supporting pressure ¢. The radius and
displacement of the plastic region can be obtained as follows:

R,p.
R= -1 (25)
Py
Ryp.ep;
u; = M. (26)
P1

The real supporting pressure provided by the lining structure
due to the displacement of the excavation surface can be easily
obtained

EL(ﬁé —ﬁi)(“o ~ 1)

) R+ VL)[1 —2v, + (TeL/EO)Z]

o R (27)

where Ry = R, -, and R, = R, — %, — t.

If the real supporting pressure o; equals the assumed supporting
pressure 0, the calculation results would be the actual solution.
Otherwise, the assumed supporting pressure can be easily calculated
using the secant method or dichotomy method.

3.2 Stress and displacement induced by
frost heaving

Without loss of generality, the frost front radius R; is assumed
to be larger than the plastic radius R,,. The plastic region uses
the same partition method as strain-softening behavior, and the
region R, < r < Ry is divided into m annuli. The elastic stress and
displacement of the outer annulus induced by frost heaving can be
easily obtained as follows:

Ortkim) = O (R1T)’
00(k+m) = —0'£+m (Rf/r)z . (28)

Wikerm) = ~a RY/(2rGy )

k+m
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For the annulus in the frost region, the closed-form analytical
solution for the stress and displacement can be uniformly
expressed as follows:

o

i)

_ 2
Oy = AR+ C, ,

iy = AR +(1-2v)C/(2G) + &[R; - r(1+v,)]

AR P +C,
(29)

where A; = %, C = %, and p{ =R/R;;.
Using the displacement continuum condition of the adjacent
annulus, the radial stress induced by frozen heaving can be

recursively expressed as Equations 30, 31:

o (P et (=200, 4 1] 426G (L4 v (P, = 1)@/ rou+ b= 1)

a =
k+m-1 2(1 _ th)

(30)

1
0{[1+(1—2Vi)P,- ] 2G;(1+v;)& (afrou+b-1) n;
= o + > B
Ki(p,‘ _1) i
2Gi(1 + Vi+1)£i+l (a -1+ bro”)
K, :

i-1
1, K;

2
[Aiﬂp{ﬂ + (1 - 2Vi+1) C?Jrl]
(31)

For the sake of safety, the lining structure is only allowed to
work in the elastic state. The stress and displacement can also be
obtained as Equation 32:

=Ry /r)?
O (Ry/Ry)?
Of —Of l+(RL/r)2

g BR(1 +vp)[1 -2, + (R /Ry)?]
-

EL(Rg - Ri)

3.3 Calculation process

To calculate the frost heave force, the failure degree of
the surrounding rock should be determined first. The detailed
calculation flow is listed in the following steps:

Step 1: Input data of material properties, geometry, and the
section number k and then space the radial stresses into
k sections using Equation 1.

Step 2: Calculate the dimensionless radius p; using Equations 22,

23 of the

material parameters of the adjacent inner annulus by

ith annulus, and then determine the

Equations 10, 11 using the radial stress at p = p;.

Step 3: Judge whether the shear plastic strain satisfies the critical
state using Equation 21. If not, i = i-1, and go to step 2, or
go to step 4.

Step 4: Calculate the dimensionless radial stresses and

displacement of plastic rock mass using Equations 15,
16, 24, 25 for M-C rock mass and Equations 17, 18, 28, 29
for H-B rock mass;
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044 Proposed solution
: 0O Method of Wang et al.(2010)
_ 03+ =3 m, 4=0.25, E=5.7 GPa, p;=15 MPa
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0 2 14
2G uy/[7y(py-0,)]
FIGURE 2

Ground response curve of surrounding soils induced by excavation.

Step 5: Calculate the shear plastic strain using Equations 26, 30 for
M-C and H-B rock mass, respectively, and then determine
the material parameters of the adjacent inner annulus
using Equations 10, 11;

Step 6: Repeat step 5 until the innermost annulus; calculate the

residual radius using Equation 27; and output the results.

4 Examples

4.1 Verifications for strain-softening rock
mass

To verify the reliability of the analytical solution, the normally
strained softened rock body is considered the research object, where
the coeflicients and friction angles are plastic strain functions. The
typical input data used by Alonso et al. (2003), Lee and Pietruszczak
(2008), and Wang et al. (2010) are employed, and the input data are
visualized in Figure 2 and provided in Table 1. The outer radius of
the elastic region is 1000R,,. The GRC curves are shown in Figure 2.
The relative error between the two analytic solutions is relatively
small, at only 1.42%. Moreover, it is approximately consistent with
the analytical results of Zhang et al. (2012). So, the solutions are in
good agreement with both the numerical and analytical results.

4.2 Analysis of freezing and expansion
forces in excavated tunnels

Once the excavation of the cavern is completed, the stresses
and deformations in the surrounding geotechnical medium produce
secondary adjustments. However, artificial or natural freezing
behavior occurs after the adjustment of surrounding rock stresses
and deformations, and this section exclusively examines the freezing
forces generated by freezing around the perimeter of the media.
According to the mechanical properties of commonly utilized
concrete, the elastic modulus E; = 28 GPa, Poisson’s ratio v; = 0.2,
and the frost heaving coefficient of the medium are set as 0.055°C™".
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TABLE 1 Values of the calculated parameters.

5.7 15 25

E/GPa  py/MPa  o./MPa o, /MPa  ry/m I m, | m, Sp s, Ve W Yl
30 3 2.0

10.3389/feart.2025.1489419

0.6 0.004 0.002 15° 5° 0.01

o /MPa

FIGURE 3
Distribution of the freezing force inside the medium for different

freezing coefficients.

124

g 0,=1935.83¢, R*=0.99

N

0.003 0.004 0.005 0.006

4

0.000 0.001 0.002

FIGURE 4
Frost heave of lining under different linear strain coefficients.

In the analysis of the freezing force of the lining structure due to
frost heave, it is generally assumed that there is no displacement
in the frozen zone due to frost heave behavior at the radius of
the midpoint. This assumption serves as a supplementary equation
for further calculating the freezing force exerted on the lining
structure. However, the freezing behavior of geotechnical media
develops gradually in stages, with each expansion of the frozen zone
being constrained. It is more reasonable to analyze the assembly
form caused by the expansion of the newly generated frozen zone,
which means that it is considered that the displacement immobility

Frontiers in Earth Science

0,=8.796-8.65exp(-3.77)

0 T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5

t/m

FIGURE 5
Frost heave of lining with different lining thicknesses.

point after the freezing and expansion of the newborn frozen
zone is generated within the scope of the region. The effect of
internal radial stress after media freezing under different ground
freezing coefficients is illustrated in Figure 3. In this case, the
maximum freezing expansion within the medium occurs within
the frozen zone, and the freezing expansion force imposed on
the lining structure is not at the point of maximum radial stress.
When the coefficients of linear expansion for media freezing
expansion were 0.0055, 0.0035, and 0.0015, the maximum radial
stress induced by freezing expansion within the media was recorded
as 18.55 MPa, 11.80 MPa, and 5.06 MPa, respectively. Conversely,
the lining structure was exposed to stresses of only 10.62 MPa,
6.76 MPa, and 2.90 MPa, which are 57.26% of the maximum radial
frost heave stress.

Figure 4 illustrates the influence of different freezing linear
expansion coefficients of the medium on the freezing and expansion
forces applied to the lining structure. It can be observed that the
freezing force increases linearly with an increase in the freezing
linear expansion coeflicient. Specifically, each unit increase in the
linear expansion coefficient results in a 1940 MPa surge in the
freezing force sustained by the masonry structure. The freezing
force on the masonry structure increases by 1935.83 MPa per
unit coefficient of linear expansion. Therefore, the media freezing
coefficient has a significant effect on the freezing force of the
lining structure. Moreover, lining structures with different resistance
characteristics generate distinct freezing and expansion forces, and
the typical frost heave force characteristics of lining structures with
different lining thicknesses are shown in Figure 5. As the thickness
of the lining increases, the freezing force acting on the structure
exhibits a nonlinear increase trend, and the growth rate of the
freezing force decreases gradually with an increase in thickness.
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When the thickness of the lining structure increased from 10 cm
to 50 cm, there was a corresponding increase in the freezing force
exerted on it, from 2.90 MPa to 7.55 MPa, with a growth rate of
160.34%. Therefore, for weak strata, a thicker lining structure is
often required to ensure the stability of the surrounding geotechnical
body. If this type of formation structure develops frost heave
behavior, the frost heave hazard tends to be greater than that in hard
rock formations.

4.3 Discussion

This paper conducts a theoretical analysis and research on the
mechanical properties of multi-turn composite cylinder freezing
walls. In future research, we will apply the theoretical structures
obtained in this paper to practical engineering. We plan to use
the temperature-stress field sequential coupling computational
functionality of ANSYS finite element analysis software to establish a
plane strain model of frozen soil interspersed with unfrozen soil and
an axisymmetric vertical excavation model. This paper investigates
the mechanical characteristics of single-, two-, and three-ring
combined cylinder freezing walls, respectively. The influence of
freezing deformation, horizontal displacement of excavation, and
equivalent stress and strain under different unfrozen soil conditions
is analyzed. The research results can provide a theoretical basis
for the design and construction of freezing walls in super-large
diameter deep foundation pit projects and support the numerical
simulation of multi-turn combined cylinder freezing walls. The
ultimate aim is to achieve a safe, reliable, economical, rational, and
environmentally friendly design and construction technology for
multi-ring composite pipe-freezing walls.

5 Conclusion

In this paper, a theoretical calculation model of the freezing
expansion force generated by the freezing process around a circular
hole under the axisymmetric plane strain model was developed. A
corresponding variable model for the immobile point of the freezing
circle displacement was proposed, and the progressive process
of frost heave was realized through calculations. The conclusions
drawn from this work are listed as follows:

(1) A variable model for the displacement of the frozen ring’s
fixed point is proposed, taking into account the progressive
formation process of freezing and expansion around the
cavern. The theoretical formula for calculating the freezing
force generated by the freezing process around a circular hole
under the plane strain model is derived.

(2) The maximum frost heave force point of the medium around

the circular hole usually occurs at a certain point inside the
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