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Full-waveform inversion (FWI) can provide accurate velocity field for fine imaging in depth domain of seismic data. Its mathematics foundation determines that FWI is a strong nonlinearity with the solution being non-unique and the function being difficult to converge. In this paper, adjoint gradient and Hessian operators are introduced into the calculation of FWI objective function to improve the inversion accuracy. Firstly, the adjoint gradient method is used to iteratively optimize the gradient of the model with respect to the residuals of the observed data when solving the objective function. Secondly, in view of the energy inconsistency gradient amplitudes across space, the diagonal elements of Hessian operator are used to scale the gradient, which ensures that the gradient amplitude is inversely proportional to the sensitivity of the synthesized data, thereby the imaging accuracy in deep and weak reflected areas. Finally, the sub-sag model and the overthrust model are used to perform the proposed method in this paper. The inversion results indicated that the FWI method with Hessian operator pre-processing significantly reduced the impact of abnormal amplitude of wave field gradient on structures near the shot detection point and deep structure, and enhanced the accuracy and resolution of FWI modeling. It provides a more accurate velocity model for fine imaging of deep complex structures.
Keywords: Hessian operator, pre-processing, adjoint gradient, wave field gradient, FWI
INTRODUCTION
FWI, a revolutionary technology in modern geophysical exploration, can inverse the physical properties of underground media by comprehensively analyzing the full waveform information of seismic waves, thereby achieving the high-resolution imaging of underground structures. In the middle of the 20th century, Backus and Gilbert (1967) studied the numerical application of geophysical inversion, which provided a certain mathematical theoretical basis for geophysical inversion. In the 1980s, Tarantola (1984) inversed the parameters of underground media by comparing the simulated records with the observed records, which is a preliminary form of FWI. Then, he systematically explained the inversion strategy of full waveform, which provided certain reference for subsequent research (Tarantola, 1986). Shin et al. (2001) constructed an approximate Hessian matrix using virtual sources, significantly improving the illumination of the inversion results. The advantages of time-domain FWI lie in its flexibility for necessary preprocessing of seismic data and the selection of required characteristic waves, as well as its relatively low memory requirements. Boonyasiriwat et al. (2009) implemented a multiscale FWI method in the time domain, starting with low-frequency data to obtain a coarse initial model, and then gradually transitioning to high-frequency data to achieve a more detailed velocity model. However, in the actual process of seismic data excitation and acquisition, low-frequency data are often missing. Laplace-domain FWI (Shin and Ho, 2009) is insensitive to frequency and can obtain velocity models from seismic data lacking low-frequency information. By using attenuated waveforms for preliminary inversion, it generates a macroscopic model that is less sensitive to the initial model, which can then be used for frequency-domain FWI. Several scholars have proposed the concept of employing the approximate inverse of the Hessian matrix. Ma et al. (2010), Ma and Hale, (2011) utilized the projection of the Hessian matrix to refine the wave field gradient. By leveraging image-guided techniques to precisely correct gradient information, they managed to prevent the inversion results from falling into local minima, thereby enhancing the accuracy of the inversion process. Fichtner and Trampert. (2011) analyzed the impact of gradient methods, Gauss-Newton methods, and full Newton methods on inversion results, and demonstrated that the Hessian matrix is an effective means of alleviating problems such as insufficient observation illumination, multiple scattering, and multi-parameter coupling. The amplitude field was introduced into the traditional pseudo-Hessian matrix, and the new pseudo-Hessian matrix was applied to the elastic full wave form inversion in the frequency domain (Choi et al., 2008). Bian et al. (2010) reviewed the research progress of full waveform inversion, analyzed the research difficulties and development of FWI, and provided a new idea for domestic research of FWI. A stable and practical FWI scheme of anisotropic three-dimensional acoustic wave was proposed and applied to the seabed survey and test in the Alfa Field of Tomeridon, North Sea, with good application results (Warner et al., 2013). Yang et al. (2013) summarized the status quo of FWI in different domains such as time domain, frequency domain and Laplace domain, and analyzed their respective advantages and disadvantages, which provided reference for the development of multi-domain joint FWI. Zhang et al. (2014) put forward a method of acoustic wave FWI based on time-spatial-domain, discussed the development concept of FWI program design, and extended the concept to the field of GPU computing. By making full use of the CPU/GPU heterogeneous computing platform, the whole inversion process was realized efficiently. In order to solve the problem of local minima in FWI, a multi-scale approach of step-by-step inversion was proposed, which aimed to overcome the dilemma of local optimal solution in FWI (Zhang et al., 2015). Wang and Dong (2015) implemented multi-parameter inversion for VTI media using the truncated Newton method, achieving better inversion results than the L-BFGS algorithm. For the least squares non-convex optimization problem of FWI, Xiang (2017) improved the random dimensionality reduction method based on compressed sensing technology, which greatly reduced the number of shots and frequency in the inversion process, and improved the computational efficiency of FWI in solving optimization problems. A joint multi-scale inversion strategy was used to solve the problem of missing low-frequency data in FWI in 2018. By comparing the inversion results of nappe model, it was shown that this method can effectively recover the low-frequency components and improve the inversion accuracy, and had obvious improvement compared with traditional multi-scale inversion methods. This research was of great significance to solve the problem of oil and gas exploration in complex geological environment (Jianping et al., 2018). Zhang et al. (2019) achieved parameter modeling of mixed mining seismic data from active and passive sources through FWI. The test results showed that the combined inversion of mixed mining data from active and passive sources can improve the imaging accuracy of deep depth. Xin et al. (2020) conducted frequency-domain FWI based on data similarity, achieving source-independent results. Liu et al. (2021) proposed to employ Laplace attenuation factor to reduce the dependence of FWI on the initial model, which was of great significance to improve the inversion accuracy. Lyu et al. (2021) proved the effect of non-uniqueness of acoustic wave FWI on local optimization of linear data, based on two-dimensional numerical FWI of Gauss-Newton iterative inversion method. JiShu et al. (2023) proposed a time-domain FWI method based on high-order amplitude information. By extracting complex seismic signals, the complexity of the objective function was reduced successfully, and the period jump problem of FWI was effectively suppressed, through increasing the order of amplitude information with constant phase. Hu et al. (2023) split the second-order constant fractional order Laplace operator visco-acoustic equation into equivalent first-order equations, derived a new gradient formula and associated equations on the basis of the first-order equations, and established a new FWI method for the simultaneous reconstruction of velocity and attenuation parameters, which can effectively improve the inversion accuracy of the gradient of attenuation parameters and the inversion convergence speed. Li (2023) employed the truncated Newton method to iteratively solve the Newton equations during full waveform inversion, obtaining decoupled descent directions. This approach effectively mitigates the crosstalk between parameters at a relatively low computational cost. Additionally, the introduction of a pseudo-Hessian preconditioner further enhances convergence. The method successfully suppresses the crosstalk between velocity and Q, thereby improving the accuracy of dual-parameter inversion. Sun et al. (2024) introduced machine learning to invert geophysical parameters, and achieved good application effect. A multi-scale FWI method based on amplitude gradient preprocessing was proposed in order to solve the strong nonlinear problem and improve the accuracy of the low frequency initial velocity field (Zhang et al., 2024).
This paper introduces the adjoint gradient and Hessian operators into the FWI and gradually approximates the model to the real model by optimizing the gradient the residual between the model and the observed data. Meanwhile, the Hessian operator preprocessing is used to reduce the spatial difference of the wave field gradient amplitude, which effectively improve the accuracy and efficiency of the FWI modeling. The experimental results of sub-sag model and overthrust model verify the validity and robustness of the proposed method.
METHODS
FWI is an important seismic imaging technique. Its basic idea is to obtain synthetic seismograms by selecting a set of source and an initial velocity model for forward simulation. These synthetic seismograms are then compared with the actual observed seismograms, and the objective function is defined by the margins for error obtained from the comparison. An adjoint simulation is then performed to calculate the gradient of the objective function, and the initial model is updated through repeated iterations until the minimum of the objective function is reached.
Selection of objective function
L2 norm is used as the objective function to describe the residual difference between simulated data and observed data, and the optimal solution of the iterative model is obtained by solving the objective function. The objective function of L2 norm is rewritten by introducing adjoint gradient. The specific functional equation is expressed as follows (Equation 1)
[image: image]
where [image: image] is objective function, m is the parameter of velocity model, [image: image] is observation data, [image: image] is synthesized data, s and r represent the location of the shot point and the receiver point, respectively.
The gradient of the objective function is defined as Equation 2
[image: image]
where [image: image] is gradient vector, and [image: image] is the partial derivative of the objective function with respect to the nth model parameter. It can be expressed as Equation 3
[image: image]
where [image: image] is the partial derivative of the objective function with respect to the synthesized data, [image: image] is the partial derivative of the synthesized data with respect to the ith model parameter.
Firstly, a forward wave field u (s,x,t) is defined to represent the amplitude of the seismic wave excited at the shot point s at the space position x and time t. The wave field propagation satisfies the following equation (Equation 4)
[image: image]
where ρ(x) is the density model parameter, m(x) is the velocity model parameter, ∇2 is the Laplace operator, and f (s,x,t) is the source term.
Then, an adjoint wave field [image: image] (Equation 5) is defined to represent the amplitude of the seismic wave observed at the detection point r at the space position x and the time position t.
[image: image]
Among them, g (s,x,t) is the adjoint source term, which is related to the residual of observed data and synthetic data, and can be expressed specifically as Equation 6
[image: image]
where [image: image] is the Dirac function, and T is the maximum observation time.
Define an adjoint variable that represents the correlation between the forward and adjoint wave fields. It can be expressed as Equation 7
[image: image]
According to the theory of adjoint state method, the formula of the partial derivative of the synthesized data with respect to the parameters of the velocity model can be expressed as follows (Equation 8)
[image: image]
where, [image: image] represents the partial derivative of the adjoint variable with respect to the ith velocity model parameter. The physical meaning of this formula is to calculate the sensitivity or Fréchet derivative of the forward and adjoint wave fields at the receiver location. The partial derivatives of adjoint variables with respect to velocity model parameters are decomposed into two parts.
[image: image]
Among them (Equation 9), [image: image] and [image: image] are respectively the partial derivatives of the forward wave field and adjoint wave field with respect to the ith velocity model parameters.
According to the wave equation, the partial derivatives of forward and adjoint wave fields with respect to the parameters of the velocity model can be reduced to the following form (Equations 10, 11)
[image: image]
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where, [image: image] is the partial derivative of the velocity model parameter with respect to the ith velocity model parameter at the space position x. Using the form of the wave equation, the partial derivatives of the forward and adjoint wave fields with respect to the velocity model parameter are transformed into a wave equation solving problem.
By substituting the derived formula into the formula of the partial derivative of the synthesized data with respect to the parameters of the velocity model (Equation 12)
[image: image]
Simplified as follows (Equation 13):
[image: image]
The physical meaning of this formula is to calculate the sensitivity or Fréchet derivative of the forward and adjoint wave fields at the receiver location with respect to the velocity model parameters, and multiply it by a coefficient that represents the rate of change of the velocity model parameters at the receiver location. The partial derivative of the objective function with respect to the synthesized data is multiplied with the partial derivative of the synthesized data with respect to the parameters of the velocity model to obtain the partial derivative of the objective function with respect to the parameters of the velocity model. This step plays a key role in FWI, updating the velocity model to more accurately reconstruct the true condition of the underground medium. The specific formula is as follows (Equation 14):
[image: image]
The residual between the observed data and synthesized data is calculated, then multiplied by the sensitivity or Fréchet derivative of the forward wave field and adjoint wave field with respect to the velocity model parameters at the receiver location, and multiplied by a coefficient representing the rate of change of the velocity model parameters at the receiver location. By summing the partial derivatives of the objective function with respect to the velocity model parameters, the gradient of the objective function with respect to the velocity model parameters can be expressed as Equation 15
[image: image]
where, [image: image] is a vector representing the partial derivative of the velocity model parameters with respect to all velocity model parameters at the receiver location. This formula is to calculate the residual between the observed and synthesized data, multiply it by the sensitivity or Fréchet derivative of the forward and adjoint wave fields with respect to the velocity model parameters at the receiver location, multiply it by a coefficient representing the rate of change of the velocity model parameters at the receiver location, and sum it over all source and receivers.
Hessian operator pre-processing
The mismatch function (gradient) provides information about the structure of the real model. The amplitude of the gradient is affected by the acquisition conditions, the different waveforms propagating through the medium, and the amplitude attenuation of the location of the receiver point. For the geometric amplitude diffusion caused by the forward and back propagation of the wave field, the amplitude of the gradient decreases with the distance of the receiver point. In particular, this results in higher values around the source and receiver, where position gradients tend to exhibit high amplitudes. Without pre-processing, model updates will focus on the region next to the source and receiver, and the inversion fails to yield the correct inversion result. Therefore, pre-processing to reduce the gradient geometry effect is of great significance for successful inversion. The diagonal element of Hessian operator is used to scale the gradient, so that the gradient amplitude is inversely proportional to the sensitivity of the synthesized data, which can achieve high-resolution imaging of deep and weakly reflected areas. The Hessian operator of the objective function is illustrated as Equation 16
[image: image]
where [image: image] is the second derivative of the resultant data with respect to the velocity model parameters, also known as the Hessian matrix. Hessian matrix contains the information of gradient and amplitude, and the gradient can be preprocessed by solving the inverse of the matrix, namely Equation 17
[image: image]
where [image: image] is the pre-processed gradient, which can more accurately reflect the curvature and optimal solution of the objective function, thus improving the inversion efficiency and imaging accuracy.
It is very difficult and expensive to solve the inverse of the Hessian operator. So it is necessary to approximate the Hessian operator. The approximate method used in this paper is to consider only diagonal elements of the Hessian operator, that is (Equation 18):
[image: image]
The inverse of the Hessian operator is reduced to the reciprocal of diagonal elements, namely Equation 19:
[image: image]
By substituting the approximation of the inverse of the Hessian operator into the formula of gradient preprocessing. It can be expressed as Equation 20:
[image: image]
The data processing flow of FWI is shown as Figure 1. Firstly, Selecting the source and initial model, and using the selected source and initial model to carry out forward simulation calculation to obtain the synthetic seismic record. Secondly, the calculation error is obtained by comparing the synthetic seismic record with the actual one. Based on the error obtained by comparison, the objective function is defined together. Finally, the gradient of the objective function is calculated through performing adjoint simulation, and the initial model is updated through repeated iterations until the objective function reaches a minimum value. This process aims to improve the accuracy of seismic wave field simulation and provide a more reliable tool for seismic research and exploration.
[image: Figure 1]FIGURE 1 | Workflow of the FWI method.
RESULTS
Sub-sag model test
The sub-sag model as shown in Figure 2 is established to verify the effectiveness and robustness of the FWI method proposed in this paper based on Hessian operator pre-processing. The model size is 4000 m × 2000 m and the space grid spacing is 10 m. Riker wavelet with a center frequency of 25 Hz is selected to excite the seismic wave source, with a shot spacing of 40 m and a trace spacing of 20 m. A total of 100 shots are excited and 190 traces are received per shot. 20 layers CPML absorption boundary conditions are used at the model boundary, the sampling interval is 1 ms, and the recording time is 3 s. Figure 3 shows the 50th shot field record excited by the forward simulation. By taking the gradient of the wave field propagated by seismic waves, it is found that the wave field gradient near the shot point and the receiver point is higher, and the gradient energy of shallow and deep wave field is significantly different (as shown in Figure 4A), and the difference of the gradient field affects the accuracy of FWI. Hessian matrix contains the information of gradient and amplitude, and gradient can be pre-processed by solving the inverse of the matrix. Based on this, Hessian operator preprocessing is used in this paper to improve the gradient value of the seismic wave field (as shown in Figure 4B). It can be seen that the gradient value of the wave field after Hessian operator pre-processing distributes evenly in shallow layer and deep layer.
[image: Figure 2]FIGURE 2 | Sag velocity model and geometry.
[image: Figure 3]FIGURE 3 | The 50th shot record.
[image: Figure 4]FIGURE 4 | Amplitude gradient diagram before and after pre-processing (A) Before pre-processing, (B) After pre-processing).
FWI method is used to image the seismic wave field before and after the pre-processing, and inversion results are obtained as shown in Figure 5. Figure 5A is the velocity field of the real model, Figure 5B is the initial velocity model of FWI, Figure 5C is the inversion velocity field before the pre-processing, and Figure 5D is the inversion velocity field after the pre-processing. In Figure 5C, only the structures near the surface are reconstructed under the action of strong amplitude near the shot point, and the inversion of deep structures is not very effective. As can be seen from Figure 5D, the inversion accuracy has been greatly improved after preprocessing, compensating for the energy loss caused by amplitude attenuation in space, and obtaining good inversion results for both deep and shallow structures of the model.
[image: Figure 5]FIGURE 5 | FWI results of before and after pre-processing (A). True velocity model, (B) Initial velocity model, (C) FWI result of before pre-processing, (D) FWI result of after pre-processing).
The seismic velocity at X = 2 km of the real model, the initial model, and the inversion results before and after the pre-processing are extracted respectively for comparative analysis, as shown in Figure 6. Figure 6A is the inversion velocity field before the pre-processing, Figure 6B is the inversion velocity field after the pre-processing, where the transverse represents the velocity and the vertical represents the depth. The pink line represents the velocity of the real model, the green line represents the velocity of the initial model, and the blue line represents the velocity of the inversion model. It can be seen from the figure that the inversion velocity curve after pre-processing is closer to the real velocity curve. Figure 7 shows the error analysis of the inversion velocity curve. The zeroing comparison between the initial velocity model and the inversion velocity model reflects the degree of fitting of the preprocessed model. The closer the value is to 0, the better the inversion result is. It can be seen from the figure that the fitting degree of the inversion results is improved after the application of pre-processing conditions.
[image: Figure 6]FIGURE 6 | Comparison of single-trace velocity curves before and after pre-processing (A) Before pre-processing, (B) After pre-processing).
[image: Figure 7]FIGURE 7 | Error analysis before and after pre-processing.
Overthrust model test
The overthrust model (as shown in Figure 8) is used to verify the inversion effect of FWI on a complex model with drastic velocity changes. The model range is 20000 m × 4650 m and the mesh size is 25 m. The main frequency of excitation source is 10 Hz, the number of shots is 190. There are 384 traces per shot. The shot spacing is 200 m, and trace spacing is 50 m, sampling interval is 2 ms, recording length is 6 s. Figure 9 shows the single shot record of the 95th shot in the forward numerical simulation of overthrust model. Figure 10 shows the gradient characteristics of the seismic wave field before and after pre-processing. It can be seen from the figure that the amplitude gradient of the seismic wave field is mainly distributed near the receiver point before pre-processing, and the deep energy is weak (as shown in Figure 10A). After pre-processing, the amplitude gradient of the seismic wave field becomes more uniform (as shown in Figure 10B).
[image: Figure 8]FIGURE 8 | Overthrust velocity model and geometry.
[image: Figure 9]FIGURE 9 | The 95th shot record.
[image: Figure 10]FIGURE 10 | Amplitude gradient diagram before and after pre-processing (A) Before pre-processing, (B) After pre-processing).
Figure 11 shows the FWI results of the overthrust model before and after pre-processing. As can be seen from Figure 11C, before pre-processing, the basic shape of the model can be inverted, but the internal velocity features of the model are still different from the actual model. After pre-processing, the details of the inversion results are clearer, and the velocity features of Figure 11D are better matched with the actual model.
[image: Figure 11]FIGURE 11 | FWI results of before and after pre-processing (A). True velocity model, (B). Initial velocity model, (C). FWI result of before pre-processing, (D). FWI result of after pre-processing).
To quantitatively illustrate the effectiveness of the proposed method, considering that the overthrust model has a velocity change of the thrust fault structure, single-trace velocities at x = 5 km and x = 15 km in the horizontal direction were extracted from the actual model, initial model, and inversion model separately. Figures 12A, B are single-trace velocity curves before pre-processing, where the pink line is the real model velocity, the green line is the initial model velocity, and the blue line is the inversion model velocity. It can be seen that the inversion results before pre-processing are consistent with the actual velocity trend in morphology, but there are differences in internal details. Figures 12C, D are single-trace velocity curves after pre-processing. It can be seen that the inversion velocity curve is in good agreement with the real velocity, which effectively indicates that the inversion accuracy can be improved by pre-processing. Through comparative study, it is found that the FWI method by Hessian operator pre-processing has a great improvement on the internal detail imaging of complex structures, which further indicates that the FWI method can guide the velocity modeling of complex structures.
[image: Figure 12]FIGURE 12 | Comparison of single-trace velocity curves before and after pre-processing [(A) Before pre-processing at X = 5 km, (B) Before pre-processing at X = 15 km, (C) After pre-processing at X = 5 km, (D) After pre-processing at X = 15 km].
DISCUSSION
By employing the full wave field information to restore the structural morphology and distribution characteristics of various elastic parameters in underground space, FWI can realize the high-precision and multi-parameter modeling of underground media. In this paper, the adjoint gradient method is optimized to improve the solving accuracy of strong nonlinear problems, and the diagonal element of Hessian operator is used to scale the gradient, so that the amplitude of the gradient is inversely proportional to the sensitivity of the synthesized data, and the imaging accuracy of the deep and weak reflection region is effectively enhanced. The experimental results of sub-sag model and overthrust model show that the Hessian operator pre-processing can effectively improve the amplitude gradient difference of seismic wave field and improve the accuracy of FWI.
This study only uses the Hessian operator to improve the amplitude gradient of seismic fields, making the energy in the anomalous regions more consistent. Meanwhile, only the diagonal elements of the Hessian operator are used to simplify the matrix solution. Over the past 4 decades, FWI has witnessed rapid development and has exerted a profound influence on both the scientific and industrial communities. Although its application to real seismic data faces certain challenges, FWI remains a cutting-edge technique for enhancing imaging accuracy and continues to merit sustained research and development. In the realm of deep seismic reflection data processing, FWI plays a pivotal role in improving the precision of subsurface imaging. Looking ahead, as data processing methods continue to advance, computational techniques evolve at a rapid pace, and our understanding deepens, FWI is poised to further empower humanity in exploring the subsurface, uncovering new oil reservoirs, and elucidating the structure of the deep crust.
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