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In urban regions with karst developments, grouting is commonly utilized to fill cavities. However, the extent and control standards of grouting reinforcement are primarily determined through experience and field testing, which poses challenges in ensuring its effectiveness. Based on the instability mechanism of surrounding rocks in underwater karst shield tunnels, this study develops a mechanical model for analyzing the grouting reinforcement extent of such tunnels using strength theory. The reinforcement range for karst formations at various tunnel locations is clarified, and corresponding grouting reinforcement control standards are proposed based on cusp catastrophe theory. The findings indicate the following: the primary cause of surrounding rock instability in underwater karst shield tunnels is that the reduction in surrounding rock thickness during shield tunneling modifies the original constraints and boundary conditions and disrupts the initial equilibrium state. These changes influence the water content of the surrounding rocks and disturb the surrounding rock and soil mass, leading to surrounding rock instability. When grouting causes damage to the surrounding rocks between the karst and tunnel, the system is simplified into cantilever beam and plate models for analysis. It is determined that the grouting reinforcement extent is primarily influenced by factors such as karst size, properties of the karst filling material, and tunnel span. The total potential energy of the rock mass between the karst and tunnel is calculated, leading to the development of an instability and catastrophe model for the surrounding rocks. The proposed grouting reinforcement control standards are mainly dependent on factors such as the distance of the karst, characteristics of the reinforced surrounding rocks, shield machine support force, material properties post-reinforcement, and karst size.
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1 INTRODUCTION
Karst presents a significant challenge in tunnel construction, posing substantial risks and leading to serious consequences. During excavation, the exposure of previously undetected karst formations can result in mud and water inrush accidents, leading to casualties, damage to construction equipment, and severe disruptions to the project schedule (Su et al., 2025; Chen et al., 2024). In urban settings, karst tunnel construction may induce deformation in the overlying strata, potentially causing settlement, cracking, or, in severe cases, collapse of surface structures. Furthermore, the loss of large volumes of karst filling material and the subsequent destabilization of the strata can contribute to surface collapse and roof caving (Alija et al., 2013; Huang et al., 2017; Zhao et al., 2024). Additionally, operational disruptions, including vehicle interruptions caused by karst-related issues, have been frequently reported.
For the construction of subway tunnels in urban karst areas, existing research primarily addresses the development patterns and characteristics of karst formations, the response of surface environments to disturbances caused by subway tunnel construction, the mechanisms of disturbance and instability in karst strata, and the engineering techniques for managing tunnels crossing karst regions (Liu et al., 2024; Wei et al., 2020; Su et al., 2021; Fu et al., 2020; Lan et al., 2021; Li et al., 2016). Karst grouting treatment is a widely employed engineering method that involves injecting specialized slurry into cavities to fill voids and reinforce the surrounding rock mass, thereby enhancing geological stability and load-bearing capacity. This technique relies on the fluidity and cohesiveness of the slurry to bond loose rock particles, creating an integrated structure and improving the strength of the rock mass. Current grouting applications for underwater karst shield tunnels are predominantly based on analyses of engineering case studies. For example, based on the engineering background of Guangzhou Metro shield tunneling through karst areas, Zhang et al. (2018) proposed a new controllable grouting method and two corresponding grouting materials to pre reinforce the underwater karst area before the shield tunnel passes through (Yang et al., 2020). In the Guangzhou Metro Line five karst shield tunneling project, Cui and Wang, (2008) compared the effectiveness of sleeve valve pipe grouting, perforated pipe grouting, and steel jacket grouting in typical karst regions. Ou et al. (2024) drew on the engineering experience of multiple large-scale water inrush disasters in the Dejiang Tunnel to qualitatively and quantitatively analyze the water inrush mechanism. The principle of “combining drainage and blockage” was adopted to solve the water inrush problem, and the innovative application of high-pressure grouting with membrane bags effectively solved the series connected karst pipeline. In a practical shield tunneling project through karst formations, Ma, (2018) proposed a grouting treatment method incorporating paste slurry and a combination of low-pressure pulse sealing with high-pressure pulse squeezed grouting for single karst formations, while for bead-shaped karst, a technique involving gradually segmented grouting from top to bottom with a multi-layer casing was introduced. A review of the literature indicates that control standards for grouting in underwater karst shield tunnels remain unexplored. For such grouting projects, defining reasonable reinforcement ranges is crucial to ensuring smooth construction progress and the safe operation of shield tunnels. Establishing appropriate grouting reinforcement parameters can also help optimize project costs and reduce construction timelines. However, most existing grouting projects rely on empirical methods and on-site testing to determine reinforcement ranges and requirements, which compromises engineering safety and leads to excessive consumption of manpower and financial resources.
Given these considerations, this study first examines the instability mechanism of surrounding rocks in underwater karst shield tunnels and subsequently develops a cantilever beam mechanics model. Utilizing strength theory, the grouting reinforcement range is determined for various positions of underwater karst relative to the shield tunnel. Additionally, the corresponding grouting reinforcement requirements are calculated using a fixed support plate mechanics model. The findings of this research offer a reliable approach for analyzing and establishing grouting control standards for underwater karst shield tunnels.
2 INSTABILITY MECHANISM OF SURROUNDING ROCKS IN UNDERWATER KARST SHIELD TUNNELS
The formation process of underwater karst indicates that karst formations are typically in a highly stable state (Zou et al., 2025) However, when a shield tunnel passes through a karst region, the tunneling process induces stress redistribution, residual stress release, and variations in pore water pressure within a specific range around the tunnel. These changes result in deformation, displacement, and alterations in the physical and mechanical properties of the surrounding rocks, potentially leading to engineering failures such as tunnel face instabilities and water and mud inrush incidents within the tunnel (Yang et al., 2017).
Considering the alterations in the stress state of the surrounding rocks induced by shield tunneling, the primary factors contributing to the instability of surrounding rocks in underwater karst shield tunnels can be summarized as follows:
(1) During shield tunneling, a sudden reduction in the thickness of the surrounding rocks leads to substantial alterations in their initial constraints and boundary conditions, disrupting the original stress equilibrium state. This results in stress redistribution and a decrease in the strength and stiffness of the surrounding rocks. The gravitational influence of construction equipment, such as the shield tunneling machine, also affects the surrounding rock mass. When the karst is positioned above the tunnel, tensile stress acts on the surrounding rocks on the tunnel side, while compressive stress is exerted on the rocks adjacent to the karst. Conversely, when the karst is beneath the tunnel, the stress distribution is reversed. If the karst is located on the tunnel’s side, significant stress concentration occurs in the surrounding rocks. Ultimately, instability failure takes place when the tensile stress generated in the surrounding rocks exceeds their tensile strength.
(2) Shield tunneling significantly influences the water content of the surrounding rocks. Tunnel excavation causes the accumulation of groundwater around the tunnel, leading to variations in pore water pressure and seepage pressure, which can compromise the structural integrity of the surrounding rocks. Additionally, the excavation process and the weight of the shield machine induce stress variations in the surrounding rocks, further altering water pressure and other influencing factors within the rock mass. Under the combined effects of fluid-solid coupling between the surrounding rocks and groundwater, the stability of the surrounding rocks near the tunnel is highly susceptible to failure.
(3) Shield tunneling induces substantial construction disturbances in the surrounding rock and soil mass. This is primarily reflected in the impact of structures such as the shield cutterhead and shield shell, which cause significant perturbations and loosening of the surrounding rock and soil mass. Additionally, modifications in crack channels within the surrounding rocks occur, intensifying the damage caused by crack water and penetrating water. Furthermore, as the surrounding rocks loosen, previously enclosed high-pressure water and gas are partially released, further exacerbating the loosening of the rock and soil mass and, in some cases, directly leading to structural failure.
3 EXTENT OF GROUTING REINFORCEMENT FOR UNDERWATER KARST SHIELD TUNNELS
3.1 Basic assumptions
The stress state of underwater karst formations positioned at various locations relative to the shield tunnel is analyzed, and the grouting reinforcement extent for these underwater karst shield tunnels is determined by assessing the safe distance between the tunnel and the karst. Based on the requirements of the analysis, the following assumptions are proposed:
(1) The surrounding rocks between the underwater karst and the shield tunnel are considered a homogeneous body, and the karst remains unchanged throughout the shield tunneling process.
(2) The arching effect of the surrounding rocks between the underwater karst and the shield tunnel is disregarded, and the surrounding rocks are simplified into beam and plate structures for elastic calculations.
(3) Before shield tunneling, the karst is assumed to be in a stable state, and the loads acting on the surrounding rocks between the underwater karst and the shield tunnel are simplified as either concentrated or uniformly distributed loads.
3.2 Establishment of cantilever beam and plate mechanics models
Due to the influence of drilling and grouting pressure during the grouting process in underwater karst shield tunnels, the surrounding rocks between the underwater karst and the shield tunnel experience a certain degree of damage, leading to the formation of numerous cracks and gaps. Therefore, these surrounding rocks are simplified into cantilever beam and plate models for stress analysis. In this model, let S represent the length of the cantilever and B denote the crack cutting width. Based on elastic theory, the model behaves as a cantilever beam when S > 5B and transitions into a cantilever plate model when S ≤ 5B (Shunying et al., 2024; Rees, 2018; Carpinteri A., 2017). The mechanical model of the cantilever beam is illustrated in Figure 1a, while the cantilever plate mechanics model is depicted in Figure 1b.
[image: Figure 1]FIGURE 1 | Cantilever beam and cantilever plate mechanics models. (a) Cantilever beam mechanics model (b) Cantilever plate mechanics model.
3.3 Karst above the tunnel
When the underwater karst is positioned above the shield tunnel, the rock and soil mass between the karst and the tunnel are influenced by the surrounding rock weight, karst-filling material, and groundwater. The stress condition of the surrounding rocks in this scenario can be simplified into a cantilever beam model. Let the karst water pressure be Pw, the pressure exerted by the karst filling material be Pa, and the weight of the surrounding rocks be Pr. Under these conditions, the cantilever beam stress model is represented schematically in Figure 2.
[image: Figure 2]FIGURE 2 | Cantilever beam stress model when the karst is above the tunnel.
According to Figure 2, the maximum shear stress [image: image] of the cantilever beam is
[image: image]
Where S represents the span of the surrounding rocks, and Pmax denotes the maximum shear force of the cantilever beam.
When the shield tunneling machine remains in a stable state during excavation, the maximum shear stress should not exceed the shear strength of the surrounding rock ([image: image]).
By combining Equation 1, it is evident that a minimum reinforcement range exists to maintain the stability of the surrounding rocks. Thus,
[image: image]
According to Figure 2, the maximum shear force Pmax satisfies
[image: image]
Therefore, by combining Equations 2, 3, when the underwater karst is positioned above the tunnel, the grouting reinforcement range h1 is
[image: image]
According to Equation 4, it is important to note that, since the surrounding rocks beneath the karst are in a fully saturated state, this factor must be considered when calculating the weight of the surrounding rocks.
3.4 Karst below the tunnel
When the underwater karst is positioned below the shield tunnel, the rock and soil mass between the karst and the tunnel are influenced by the weights of the saturated surrounding rocks and the shield machine. The stress condition of the surrounding rocks in this scenario is simplified into a cantilever beam model. Let P1 represent the load of the shield tunneling machine, [image: image] denote the weight of the surrounding rocks, and [image: image] indicate the karst water pressure. Under these conditions, the cantilever beam stress model is described by the schematic shown in Figure 3.
[image: Figure 3]FIGURE 3 | Cantilever beam stress model when the karst is under the tunnel.
As shown in Figure 3, similarly, by referring to Equations 1, 2, during shield excavation, a minimum reinforcement range is required to maintain the stability of the surrounding rocks.
According to Figure 3, the maximum shear force [image: image] satisfies
[image: image]
Therefore, based on Equation 5, when the underwater karst is located below the tunnel, the grouting reinforcement range h2 is Equation 6
[image: image]
3.5 Karst on the tunnel side
When the underwater karst is positioned on the side of the shield tunnel, the stress condition of the surrounding rocks between the underwater karst and the shield tunnel can be simplified as an elastic plate model. Let Pw denote the uniformly distributed load of karst water pressure on the surrounding rock wall, and Pa represent the uniformly distributed load of the karst filling material on the surrounding rock wall. Under these conditions, the elastic plate stress model shown in Figure 4 is satisfied.
[image: Figure 4]FIGURE 4 | Elastic plate stress model when the karst is located on the side of the tunnel.
According to Figure 4, similarly, by referring to Equations 1, 2, during shield excavation, a minimum reinforcement range is required to maintain the stability of the surrounding rocks.
According to Figure 4, the maximum shear force [image: image] satisfies
[image: image]
Therefore, based on Equation 7, when the underwater karst is located on the side of the tunnel, the grouting reinforcement range h3 is Equation 8
[image: image]
4 CONTROL STANDARDS FOR GROUTING REINFORCEMENT OF UNDERWATER KARST SHIELD TUNNELS
4.1 Grouting reinforcement model based on the cusp catastrophe theory
The cusp catastrophe theory is widely applied to analyze instability problems induced by tunnel excavation, providing both the necessary and sufficient conditions for the instability of surrounding rocks during excavation (Liao et al., 2022; Liu et al., 2024). Therefore, in the context of underwater karst shield tunnels, the instability condition of the surrounding rocks without grouting reinforcement is first determined using the cusp catastrophe theory. To ensure stability after grouting, it is essential to enhance the surrounding rock parameters to prevent an unstable state. Consequently, the improved geological condition is established as the standard for grouting reinforcement in underwater karst shield tunnels.
After grouting reinforcement, shield tunneling is carried out. For each shield tunneling cycle step, the state variable En of each surrounding rock unit is:
[image: image]
where n represents the unit number of the model, m denotes the cycle step of shield tunneling, and E = f(t) expresses the variation in En for each excavation. Expanding Equation 9 using the Taylor series gives, considering that the expansion of the project is mainly influenced by the first five items, while subsequent terms have negligible effects, it can be approximated as:
[image: image]
where [image: image].
Letting Δ be the control parameter, Equation 10 can be rewritten in the standard form of the cusp catastrophe theory:
[image: image]
where [image: image], [image: image].
Taking the derivative of Equation 11 leads to the bifurcation set equation:
[image: image]
According to the cusp catastrophe theory, when Δ > 0, the surrounding rocks after grouting reinforcement remain in a stable state during shield tunneling. Therefore, the condition for satisfying the grouting reinforcement standard is Δ > 0.
4.2 Karst above the tunnel
When the underwater karst is positioned above the shield tunnel, the grouting-reinforced structure between the karst and the tunnel is influenced by the weight of the surrounding rocks and groundwater. Under these loads, the surrounding rocks experience vertical displacement during shield tunneling. If this vertical displacement exceeds a critical threshold, instability occurs. Therefore, the grouting reinforcement standard is defined to ensure that the vertical displacement of the surrounding rocks remains below the critical value during shield tunneling.
4.2.1 Basic assumptions and model establishment
According to actual site conditions, if L represents the span between the karst and the tunnel, d denotes the distance between them, E is the elastic modulus of the formation after grouting reinforcement, Pa is the weight of the reinforced structure following cave treatment, Pw indicates the water pressure exerted by groundwater, P be the weight of the surrounding rocks, and q represents the support force provided by the shield tunnel segments. The following assumptions are made:
The formation is considered intact after grouting reinforcement, and the surrounding rocks above the shield tunnel are simplified as a beam structure for stress analysis. 2) The above loads act on the shield tunnel in the form of uniformly distributed loads. 3) The stress at both ends of the tunnel is simplified as a horizontal load F.
Based on these assumptions, the mechanical model depicted in Figure 5 can be established.
[image: Figure 5]FIGURE 5 | Mechanical model of the underwater karst located above the shield tunnel.
4.2.2 Calculation of the surrounding rock potential function
According to Reference (Jiang et al., 2005), the deflection of the beam axis shown in Figure 5 can be expressed as:m
[image: image]
According to Equation 13, the initial deflection of the beam axis is:
[image: image]
where w represents the deflection of the beam at L/2, and l denotes the arc length from the endpoint of the beam to any position along the axis.
Based on the cusp catastrophe theory of grouting reinforcement, the potential function of the surrounding rocks is:
[image: image]
where U represents the strain energy of the beam, Wx denotes the work done in the horizontal direction, and Wy is the work done by vertical forces.
According to the theories of material mechanics and elasticity, based on Equation 14, the terms in Equation 15 can be expressed as:
[image: image]
By combining Equations 15, 16, the potential function of the surrounding rocks can be obtained. After simplification, it is expressed as:
[image: image]
4.2.3 Control standard for grouting reinforcement
Let
[image: image]
Combining Equations 17, 18 yields:
[image: image]
Equation 19 represents the standard form of cusp catastrophe, which is consistent with Equation 12. When the bifurcation set satisfies Δ > 0, the surrounding rocks reinforced by grouting remain stable during shield tunneling. Thus, the following condition holds:
[image: image]
By substituting the terms from Equation 18 into Equation 20 and considering I = d3/12 and Q = Pa + Pw + P, the elastic modulus E of the surrounding rocks after grouting reinforcement can be determined. This is expressed in Equation 21, which serves as the grouting reinforcement standard for underwater karst formations located above the shield tunnel:
[image: image]
where [image: image]
According to Equation 21, the control standard for grouting reinforcement depends on factors such as the karst distance, the properties of the surrounding rocks after reinforcement, the material performance following karst reinforcement, and the influence of groundwater.
4.3 Karst below the tunnel
When the underwater karst is positioned below the shield tunnel, the grouting-reinforced structure between the karst and the tunnel is subjected to the weight of the surrounding rocks, groundwater pressure, and the weight of the shield machinery. Under these applied loads, vertical displacement occurs in the surrounding rocks during shield tunneling. If this vertical displacement exceeds a critical threshold, instability develops in the surrounding rocks. Therefore, the grouting reinforcement standard is established to ensure that the vertical displacement of the surrounding rocks during shield tunneling remains below the instability threshold.
4.3.1 Basic assumptions and model establishment
Based on the actual site conditions, we assume that the span between karst and shield tunnel is L, the distance between the two is d, the elastic modulus of the formation after grouting reinforcement is given as E, the load of the shield machine is P1, the weight of the surrounding rocks is [image: image], and the water pressure is [image: image]. The following assumptions are also made: The formation remains intact after grouting reinforcement, and the surrounding rocks above the shield are simplified as a fixed support beam plate for stress analysis. The above loads act on the surrounding rock mass in the form of uniformly distributed loads.
Based on these assumptions, the mechanical model illustrated in Figure 6 can be established.
[image: Figure 6]FIGURE 6 | Mechanical model when the underwater karst is located below the shield tunnel.
4.3.2 Calculation of the surrounding rock potential function
According to References (Chen, 2002; Xu, 2024), the deflection of the fixed support beam plate shown in Figure 6 is expressed as:
[image: image]
where E represents the elastic modulus of the surrounding rocks after grouting reinforcement, and μ is the corresponding Poisson’s ratio.
If we let [image: image], then Equation 22 can be rewritten as:
[image: image]
Converting Equation 23 into a polar coordinate form, we have
[image: image]
where [image: image].
Additionally, based on Equation 24, considering the boundary conditions and deterministic laws, the radial displacement of the surrounding rocks is given by:
[image: image]
According to the cusp catastrophe theory and the established model, combining Equation 25 for radial displacement of surrounding rock, the potential function of the surrounding rocks after grouting reinforcement is:
[image: image]
where U1 represents the bending deformation potential energy of the surrounding rocks after grouting reinforcement, U2 denotes the surface strain potential energy, W1 is the axial work done by external loads, and W2 represents the radial work done by external loads, respectively.
Based on elastic mechanics and the constructed model, it follows that:
[image: image]
By combining Equations 26, 27 and performing term transposition, the potential function of the surrounding rocks is obtained as:
[image: image]
4.3.3 Control standard for grouting reinforcement
Let
[image: image]
Then Equation 28 can be rewritten as,
[image: image]
Equation 29 represents the standard form of cusp catastrophe, which aligns with Equation 12. When its bifurcation set satisfies Δ > 0, the terms of w, A, and B are substituted into Equation 20, and considering [image: image]. The elastic modulus E of the surrounding rocks after grouting reinforcement is then determined, as expressed in Equation 30, which serves as the grouting reinforcement standard when the underwater karst is located beneath the shield tunnel.
[image: image]
According to Equation 30, the control standard for grouting reinforcement depends on factors such as the karst distance, properties of the surrounding rocks after reinforcement, material performance following karst reinforcement, karst size, and the influence of groundwater.
4.4 Karst in front of the tunnel
When the underwater karst is positioned in front of the shield tunnel, the grouting-reinforced structure between the karst and the tunnel is subjected to external loads, leading to horizontal displacement of the surrounding rocks during the shield tunneling process. If this horizontal displacement exceeds a critical threshold, instability occurs in the surrounding rocks. Therefore, the grouting reinforcement standard is established to ensure that the horizontal displacement of the surrounding rocks during shield tunneling remains below the instability threshold.
4.4.1 Basic assumptions and model establishment
Based on actual site conditions, let d represent the safe distance between the karst and the shield tunnel, r denote the tunnel radius, E be the elastic modulus of the formation after grouting reinforcement, P indicate the horizontal load exerted by the karst on the tunnel face, and F represent the shield support force. The following assumptions are considered: the formation remains intact after grouting reinforcement, and the karst is positioned directly in front of the tunnel axis. Horizontal loads act uniformly on the tunnel face.
Based on these assumptions, the mechanical model illustrated in Figure 7 can be established.
[image: Figure 7]FIGURE 7 | Mechanical model of underwater karst located in front of the shield tunnel.
4.4.2 Calculation of the surrounding rock potential function
According to the cusp catastrophe theory and the mechanical model in Figure 7, the potential function of the tunnel face after grouting reinforcement is expressed as:
[image: image]
where U1 and U2 represent the bending deformation potential energy and surface strain potential energy of the tunnel face after grouting reinforcement, respectively, and W1 and W2 are the axial and radial work done by external loads, respectively.
According to elastic mechanics and the constructed model, the terms in Equation 31 can be expressed as:
[image: image]
where [image: image] and [image: image] represent the axial and radial displacements of the tunnel face in the grouting-reinforced structure, and [image: image] is Poisson’s ratio of the grouting-reinforced structure.
Based on elastic mechanics and the mechanical model in Figure 7, the following expression holds:
[image: image]
By combining Equations 32, 33 and performing term transposition, the potential function of the surrounding rocks is obtained as:
[image: image]
4.4.3 Control standard for grouting reinforcement
Let
[image: image]
Then Equation 34 can be rewritten as:
[image: image]
Equation 36 represents the standard form of cusp catastrophe, which is consistent with Equation 12. When the bifurcation set satisfies Δ > 0, substituting Equation 35 into Equation 20 again yields the elastic modulus E of the surrounding rocks after grouting reinforcement. This defines the grouting reinforcement standard when the underwater karst is positioned in front of the shield tunnel, as expressed in Equation 37.
[image: image]
According to Equation 37, the control standard for grouting reinforcement depends on factors such as the karst distance, the performance of the reinforced surrounding rocks, the support force of the shield machine, the material properties following karst reinforcement, and the karst size.
5 CONCLUSION AND OUTLOOK
Targeting grouting projects in underwater karst shield tunnels, this study examines the instability mechanism of the surrounding rocks. A mechanical model for analyzing the grouting reinforcement range in underwater karst shield tunnels is developed based on strength theory, clarifying the reinforcement range as the karst location varies relative to the tunnel. Subsequently, grouting reinforcement control standards for different scenarios are determined using the cusp catastrophe theory. The main research conclusions are as follows:
(1) Considering the stress state variations in the surrounding rocks induced by shield tunneling, the primary causes of instability in underwater karst shield tunnels are summarized. During shield tunneling, a sudden reduction in the thickness of the surrounding rocks alters their initial constraints and boundary conditions, disrupting the original stress equilibrium and leading to stress redistribution. These changes influence the water content state and disturb the surrounding rock and soil mass, resulting in significant excavation.
(2) Based on the theory of karst grouting surrounding rock failure, a cantilever beam and plate analysis model was set for the surrounding rock between karst and tunnel. The grouting reinforcement range of underwater karst shield tunnel was determined to be mainly related to factors such as karst size, karst filling material performance, tunnel span, load on the surrounding rock between the two, surrounding rock performance, and the relative position between the karst and the tunnel.
(3) By establishing a sudden change model for the instability of surrounding rock, a calculation formula for grouting reinforcement to ensure that the surrounding rock remains stable after solidification is proposed. The control standards for grouting reinforcement of underwater karst shield tunnels are clarified to be related to karst distance, rock performance after reinforcement, shield machine support force, material properties after karst reinforcement, and karst size.
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