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algorithm for three-dimensional
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undulating terrain
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This study addresses the challenge of efficiently and accurately computing
three-dimensional undulating surface magnetic field data, which has become
increasingly difficult with the development of airborne magnetic survey
technologies. To solve this problem, we propose a new computational method
that is both efficient and highly precise. This method utilizes a planar three-
dimensional fast-forward algorithm to calculate multiple planar magnetic fields
at different heights, followed by local continuation combined with trilinear
interpolation to achieve an accurate conversion from planar magnetic fields
to undulating surface magnetic fields. This enables the completion of three-
dimensional high-precision fast forward calculations that can then be applied
to the inversion algorithm to calculate the distribution of the three-dimensional
magnetization rate. Multiple model examples were tested to verify the accuracy
and efficiency of the proposed method.
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1 Introduction

The magnetic method is a well-developed and widely applied geophysical exploration
technique, with extensive use in mineral exploration, engineering geological surveying,
geological mapping, and deep structural research (Prutkin and Saleh, 2009; Eppelbaum,
2011; Li and Oldenburg, 2010; David et al., 2019; Kirkby and Duan, 2019). Quantitative
interpretation of magnetic anomalies faces challenges in the forward modeling and
inversion of three-dimensional magnetic susceptibility models (Bhattacharyya, 1964;
Bhattacharyya, 1980; Li and Oldenburg, 1996; Pilkington, 1997; Pilkington, 2008; Li
and Sun, 2016; Liu et al, 2018). However, owing to the significant computational
resource requirements, the efficiency of three-dimensional inversion is limited,
which hampers its widespread application (Portniaguine and Zhdanov, 2000; Davis
and Li, 2013; Rezaie et al., 2017).

Recently, researchers have proposed enhanced methodologies and targeted
computational strategies to address this issue. When the observation point is
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situated on a regular grid in the plane, significant reductions
in the computational and storage requirements can be achieved
through equivalent calculations based on the symmetry of the
geometric framework (Shengxian et al, 2018). Building on this
foundation, further optimization algorithms have been developed by
leveraging the fast Fourier Transform (FFT) to execute convolution
operations in the spatial domain via multiplication operations in
the frequency domain. These algorithms optimize both spatial
computation accuracy and frequency-domain computation speed
(Chen and Liu, 2019; Jing et al., 2019; Hogue et al., 2019; Yuan et al.,
2022), enabling efficient and accurate three-dimensional forward
and inversion computation.

When the observation point is situated on an undulating
observation surface, the symmetry between the observation point
and field source is disrupted, rendering direct utilization of the
aforementioned algorithm unfeasible. To improve computational
efficiency, Zheng et al. (2019) enhanced Parker’s formula in
the wavenumber domain, achieving rapid and high-precision
gravity forward modeling on undulating interfaces, as well as
fast and accurate gravity forward simulation of density interface
models with topography. In the spatial wavenumber domain,
a numerical simulation algorithm for gravity anomalies based
on an arbitrary Fourier transform using quadratic interpolation
functions was developed; CPU-GPU acceleration was employed
to further amplify the advantages of three-dimensional gravity
anomaly forward modeling in this domain (Dai et al., 2024).
In terms of spatial domain calculations, multiple planar fields
encompassing undulating surfaces were computed using efficient
algorithms for forward modeling. The forward field values at any
given observation points are obtained by using local interpolation
techniques (Li et al., 2018; Qiang et al., 2019). Although Li et al.
(2018) utilized a cubic spline interpolation method capable of
achieving a precise conversion from a planar magnetic field
to an undulating surface magnetic field, its non-linear nature
poses challenges when directly applied to three-dimensional linear
inversion.

This study proposes a high-precision local linear interpolation
method to address the aforementioned issues. This method initially
employs physically meaningful local extrapolation for interpolation,
subsequently enhancing the accuracy of interpolation through
trilinear interpolation correction. Integrating this composite linear
interpolation approach with a rapid algorithm for the magnetic field
plane facilitates the efficient forward and inverse computations of
large-scale aeromagnetic data.

2 Methods

2.1 Fast forward modeling algorithm for
planar magnetic field

divided
into Ny (Ny=mxnxp) prism grid cells, where m and n

The underground space was assumed to be
represent the number of grid divisions in the north and east,
respectively, and p represents the number of grid divisions
in the vertical direction. The observed magnetic field on the

surface consisted of N,p(Nyp=mxn) observation points,
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FIGURE 1
One-to-one correspondence between the spatial positions of the

model unit grid and the measurement point grid.

each corresponding to a horizontal position on the prism
cell (Figure 1).

According to the theory of magnetic field forward modeling,
the forward process can be represented by a filtering formula
that the
and frequency domain speed in the forward calculation
(Jing et al., 2019).

(Equation 1) balances spatial domain accuracy

S E(7,)- F(%) m

AT =VM = F—l(
k=1

), (I<k<p),
where vector AT represents the forward modeling anomaly of
the model with a dimension of N,;, M is the magnetization
intensity according to the forward formula, also with a dimension
of N, V represents the forward operator that connects observation
data AT and physical parameters M, known as the forward
coeflicient matrix, which has a dimension of Ny x Ny, F represents
the fast Fourier transform in the positive direction while F!
represents the fast Fourier transform in the inverse direction,
V; (2m—1)x(2n-1))denotes the prism forward kernel matrix
at depth k, and M, ((2m—1)x(2n—1)) refers to an extended
matrix obtained by adding zeros to the magnetization intensity
matrix at depth k. The symbol “” denotes the Hadamard
product, representing element-wise multiplication between matrices
of the same order. The derivation of Equation 1 is detailed
in Supplementary Appendix A.

The first mx n elements in matrix M, represent the density
matrix elements of the kth layer in the model while the remaining
elements are set to zero. The first mxn elements in matrix
V, correspond to the magnetic field response values at surface
observation points for prism M, ,, with index number (m,n)
in the density matrix of the kth layer (with default starting
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FIGURE 2

Schematic diagram of the relationship between the undulating observation surface and the horizontal observation surface.

index as 1). At this time, prism M,,,, has a density set to
the unit magnetization intensity. The remaining elements in
matrix V,, are stored symmetrically with respect to index number
M

m,n,k*

2.2 Fast forward algorithm for magnetic
anomaly of undulating surfaces

To calculate the magnetic field at any point on the
undulating surface, we adopted a systematic approach calculates
the magnetic field distribution on multiple horizontal planes
by using a fast algorithm and deriving observation point
through a local interpolation technique. There are many local
interpolation methods, such as local upward continuation, inverse
distance-weighted interpolation, trilinear interpolation, Kriging
interpolation, and cubic spline. If only the accuracy of forward
modeling is considered, the nonlinear interpolation method
may have a higher calculation accuracy. However, when forward
calculation is used for linear inversion calculations, the interpolation
method should be linear interpolation. In this study, a composite
interpolation method that combines local continuation and trilinear
interpolation was adopted. The specific steps were as follows.
First, multiple horizontal planes (Figure 2) were selected as the
calculation basis according to the terrain characteristics of the
undulating observation surface. Multiple horizontal observation
surfaces were arranged at equal intervals according to the
longitudinal length of the underground space dissection grid.
Such a setting enables the reuse of a large number of forward
coeflicient matrices, thereby saving considerable calculation time
and storage space (Li et al., 2018).

An efficient three-dimensional magnetic field fast forward
algorithm (Equation 1) to perform the
magnetic field forward calculation to obtain accurate magnetic

was then wused

Frontiers in Earth Science

03

T
Sl -e DT111

DTom [] Ton

@®-------1-s,

]Tmo

Kt 0T

L

[] T000 [] T010

FIGURE 3
Schematic diagram of trilinear interpolation

field distribution data on these planes. The magnetic field
calculation formula (Equation 2) for multiple horizontal planes
is as follows:

AT, =VM )
where vector AT, represents the magnetic fields on the multiple
horizontal observation planes and its dimension is Ny, x 1, i.e.,
the total number of observation points on multiple horizontal

observation planes. Furthermore, V
coefficient matrix for calculating the magnetic field values of

. represents the forward
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TABLE 1 The number of the subdivided cells and computational efficiency for different models.

Serial number Grid division Number of Computing time Computing time Speedup ratio
subdivided cells by traditional by fast algorithm
method (Hour) (Hour)

1 32x32x9 9,216 0.002 0.00013 15

2 64 % 64 x 18 73,728 0.088 0.00069 126
3 96 X 96 x 27 248,832 0.730 0.00190 385
4 128 x 128 x 36 589,824 3.221 0.00378 852
5 160 x 160 x 45 1,152,000 10.10 0.00682 1,481
6 192 x 192 x 54 1,990,656 25.57 0.01097 2,331
7 224 % 224 % 63 3,161,088 55.97 0.01633 3,429
8 256 x 256 x 72 4,718,592 110.2 0.02295 4,800
9 288 x 288 x 81 6,718,464 199.9 0.03208 6,233
10 320 x 320 x 90 9,216,000 340.6 0.04255 8,005
11 352 x 352 x 99 12,266,496 551.1 0.05579 9,877
12 384 x 384 x 108 15,925,248 854.8 0.06935 12,326
13 416 x 416 x 117 20,247,552 1,280 0.08960 14,282
14 448 x 448 x 126 25,288,704 1,859 0.10897 17,058
15 480 x 480 x 135 31,104,000 2,631 0.13291 19,795
16 512 x 512 x 144 37,748,736 3,641 0.15975 22,791
17 544 x 544 x 153 45,278,208 4,939 0.19796 24,952
18 576 x 576 x 162 53,747,712 6,585 0.22989 28,642
19 608 x 608 x 171 63,212,544 8,641 0.29627 29,167

multiple horizontal observation planes, whose dimension is N, X
Ny

Finally, a high-precision local interpolation algorithm was
adopted. The idea of the local interpolation algorithm (Equation 3)
is as follows. First, the limited planar measuring points below
the undulating surface measuring points were utilized to calculate
the magnetic field values of the undulating surface measuring
points and the eight corner points around the measuring points
through upward continuation. Subsequently, based on the difference
between the corner values calculated by continuation and those
calculated by forward modeling, trilinear interpolation was used
to calculate the magnetic field correction value at the undulating
surface measuring point. Finally, the continuation and correction
values were summed to obtain the magnetic field value of the
undulating surface. The local interpolation formula can be expressed
as follows:

AT, = QAT, = (Q, +P(J - Q))AT; 3)

Frontiers in Earth Science

where vector AT, represents the magnetic field on the undulating
surface, whose dimension is N, x 1, where N, . is the number of
observation points on the undulating surface; Q is the interpolation
weighting matrix for calculating AT, based on the forward field
AT, of multiple horizontal layer magnetic fields, whose dimension
is Nage X Nppe, Where Ny p is the number of observation points of
forward field AT, of multiple horizontal layer magnetic fields. Both
Q, and Q, are local upward continuation matrices, among which
matrix Q; calculates the magnetic field of the undulating surface
by continuation from the magnetic field on the horizontal plane,
whose dimension is Npp. X Nyp,. Matrix Q, is used to calculate
the magnetic field values of the eight observation points on the
horizontal planes around the observation point on the undulating
surface by continuation from the magnetic field on the horizontal
plane, whose dimension is 8N . X N z,. Matrix J is the observation
point extraction matrix, which is used to extract the magnetic
field values of the eight observation points around the observation
point on the undulating surface from matrix AT, whose dimension
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FIGURE 4

Schematic diagram of the distribution of any measuring points on the undulating surface.
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is 8Npq. X Ny, Matrix P is the trilinear interpolation weighting
matrix, which is used to perform weighted summation of the
magnetic field values of the eight observation points around the
observation point on the undulating surface, whose dimension is
Nare X 8Ny

The basic formula (Equation4) for extending from the
original spatial point (&7,{) to the calculation point (x,y,z) is
as follows (Zeng, 2005):

U(fp ’1]>(1])
T[4 ()4 (G2

AéAn

(4)
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where A& and Ay are the point distances in the x and y directions,
respectively.

To ensure a good balance between the accuracy and efficiency
of the continuation, the continuation height was generally limited
to between one and two times the horizontal grid spacing. The
number of grid points used for extension for x and y directions is
the same and it is denoted by ns ranging from 32 x 32 to 128 x
128 points. The maximum height of the plane should be higher than
the vertex of the undulating surface, and the minimum height of
the horizontal plane should be lower than the lowest point of the
undulating surface minus one time (Figure 2). This design ensures
that the interpolation calculation can fully cover the complex terrain

frontiersin.org
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FIGURE 6
Schematic diagram of the model and forward modeling. (a) Schematic diagram of the model and undulating interface. (b) Schematic diagram of the
distribution of measuring points on the undulating interface. (c) Calculated magnetic field produced by the model.

TABLE 2 Parameters of the magnetic body model.

Magnetic model Coordinate ranges along each cardinal direction of

the magnetic bodies (km)

Magnetic susceptibility (SI)

X direction Y direction Z direction
Magnetic body1 2.7-7.2 13.8-16.1 5.0-25.0 0.03
Magnetic body2 13.8-16.1 12.7-17.2 5.0-25.0 0.03
Magnetic body3 2.7-7.2 3.8-6.1 5.0-25.0 0.03
Magnetic body4 13.8-16.1 2.7-72 5.0-25.0 0.03

of the undulating surface while ensuring the accuracy and reliability

of the calculation results.

Trilinear interpolation was used for error correction. Trilinear

interpolation is a linear interpolation method of the tensor-product
grid of three-dimensional discrete sampling data (Figure 3). This

method linearly approximates the value of the point (x, y; z) on the
local rectangular prism through the data points on the grid, and the
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interpolation formula (Equation 5) as follows:

AT = ATggo(1 = x2)(1 = 4)(1 = 24) + ATgy0%4(1 =y, )(1 - 25)
+AT 01 (1= xg)(1 = y4)z4 + ATy x4(1 - y,4)24
+AT 00(1 = x4)y4(1 = 24) + ATy 30x49,4(1 - 24)
+AT 0y (1= Xg)y42a+ ATy 11 X0y 424
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FIGURE 7
Comparison of the computational accuracy. ns (point) denotes the number of grid points in the x and y directions used for upward continuation
calculations. The three types of tests are discussed in Figure 8 and in the text.

where AT (i,j,k € {0,1}) represents the values of the eight corner
points used for linear interpolation; x4, y;,and z, are intermediate
variables, specifically x; = (x —x)/(x; = X0), ¥, = (V= 2o)/ ;= ¥o)s
and z; = (z-z,)/(z, — 2y); %7,z represents the coordinates of the
interpolation point; and X, y,, 29, X}, ;,2; represents the coordinate
range of the eight corner points.

ATijk(i, j,k €{0,1}) represents the values of the eight corner
points used for linear interpolation. The red dot represents the
interpolation point, and the plane it appears on indicates an
interpolation sequence. The interpolation sequence does not affect
the interpolation results.

In the calculation, the interpolation weighting matrices, i.e., Qy,
Q,, ], and P, are all sparse matrices. After removing the zero-valued
elements in the above matrices, the storage space can be significantly
reduced. Among them, the dimension of matrix Q, can change
from Ny X Npp, 10 Ny X N, . 115 X 115 represents the number of
observation points used for local continuation. During calculation,
the value of p ranging from 32 to 128 can meet the calculation
accuracy requirements; the dimension of the matrix Q, can change
from Npp, X Npps to 8 X N,y the dimension of the matrix J can
x N,

sxnss the dimension of the

change from 8N 7. X Nuyrs to Nur,
matrix P can change from N,p. X 8N,7. to Npyp. x 8. By reducing
the dimension of the above matrices, the fast calculation can be

completed with only a small amount of computation cost.

2.3 Fast algorithm for magnetic anomaly of
undulating surface

Based on the magnetic forward model in Equations 2, 3,
the Tikhonov (Tikhonov and Arsenin, 1977) regularization
objective function, p (P(oc), was constructed as follows:

py(@) = {ID(AT. - QV.M, ) [} + o[ W(M, - My )} ©

where M, is the expected susceptibility model, o is the regularization
factor; "D(ATC - QVSM(p) ||§ is the fitting difference objective
W(M‘p - M(PO)”z is the Tikhonov

regularization objective function, D is the diagonal data covariance

function of the magnetic field, |

matrix, where the elements on its diagonal are the estimated data
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noise variance, M is the reference model, W is the model weighting
matrix, and AT, represents the measured magnetic field value.

The inverse calculation determines the minimum solution value
of the objective function (Equation 6). The gradient at the minimum
value of the objective function is 0. The expression for the fixed-
point iteration equation of model M in the model space can be
obtained as follows:

M, = M + (VIQTDTDQV, + aWTW) ' VIQ"D™D(AT, - QV, M, ).
(7)

In this study, the three-dimensional inversion result of the
magnetic susceptibility was obtained by applying the conjugate
gradient algorithm to solve Equation 7.

3 Theoretical model experiments

Theoretical model tests were conducted for computation and
testing on a computer with a processor speed of 2.20 GHz and a
memory of 64 GB. This was the mainstream computer configuration
for notebook workstations.

3.1 Efficiency comparison of forward
modeling calculation

To compare the computational efficiency of the algorithms,
models of different scales were used for comparative tests. The size
of the prisms used to subdivide the underground space was 2 x 2
x 2 m. The number of subdivide cells of the model ranged from
9,216 to 45, 278, 208 (Table 1), and the latter is 4,913 times greater
than the former. The lowest point of the undulating surface was 3 m,
the highest point was set at 11 m, the maximum height difference
was 8 m, and the spacing between the horizontal observation
surfaces was 2 m.

For this series of models, forward calculations were performed
using both traditional and fast algorithms. The traditional method
uses the superposition principle to calculate the forward values of
each observation point one by one and does not introduce any

frontiersin.org
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FIGURE 8
Comparison of the calculation errors. (a—c) are 32-point continuations. (d—f) are 64-point continuations. (g—i) are 128-point continuations. (a,d,g) are
the forward modeling error diagrams calculated only by local continuation interpolation. (b,c,h) are the forward modeling error diagrams after
correcting all data using trilinear interpolation based on local continuation. (c,f,i) are the forward modeling error diagrams after correcting only the
data at the boundaries using trilinear interpolation based on local continuation.

acceleration techniques. In the fast algorithm, the range of data
points used for local continuation was set as 64 x 64 observation
points. The number of computation points for the forward
calculation was consistent with that of single-layer observation
surface and they were randomly distributed with the horizontal
center point of the observation grid as the center and a grid
spacing as the radius (Figure 4). As the calculation time required
for the forward calculation using the traditional algorithm exceeded
the practical range, obtaining solutions through complete actual
calculations was difficult. To effectively estimate the calculation time,
the average time required for a single-point forward calculation
was obtained by calculating a limited number of observation points
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and then multiplying by all of the observation points to obtain the
estimated time for completing one forward calculation of this model.

The calculation results (Figure 5) show that the fast algorithm
effectively improved the calculation efficiency. With an increase
in the number of mesh divisions (Table 1), the acceleration effect
of the fast algorithm became more notable. In other words, the
speedup ratio increased and the maximum speedup ratio in the
model example reached 29,167.

We note that the acceleration effect shown in the above
calculations was not fixed. The speedup ratio was affected by several
factors. One of the most important factors was the ratio between
the degree of undulation of the terrain and the distance between the
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FIGURE 9
Schematic diagram of the three-dimensional inversion result of magnetic susceptibility.

T (=}
2| (a) | )
% — — £
9 Eh
/i > i NS
[ =5
(=3 |
o
g_ T T T T T T T T T
— 2000 4000 6000 8000 10000 12000 14000 16000 18000
X (m)
(=}
— O
B g (e
= = &l
ER
~—
N8
4
S b
S
© T T T T T T T T T
= - - - - - = 2000 4000 6000 8000 10000 12000 14000 16000 18000
X (m)
s 8
5 ! | | TN
. . . Y | . -0.002  0.004 0.01 0.016 0. 022 0.028
2000 6000 10000 14000 18000 . PP
Magnetic susceptibility (SI)
X (m)
FIGURE 10
Slice maps of the three-dimensional inversion results of magnetic susceptibility (blue frame is the range of the theoretical model). (a) Horizontal slice of
the model. (b,c) The vertical slice of the three-dimensional inversion model at the position of the dotted line in (a).
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FIGURE 11

Schematic diagram of 3-D forward and inverse modeling of magnetic
susceptibility. (@) 3-D inclined slab model and schematic diagram of
the forward magnetic field. (b) 3-D inclined slab model, inverse result,
and schematic diagram of the forward magnetic field. (c) 3-D inclined
slab model, inverse result, and schematic diagram of the forward
magnetic field with noise.

planes. If the elevation difference of the curved surface was greater
and the plane spacing was smaller, more planes were required to
cover the undulating curved surface, resulting in an increase in the
number of calculations and a decrease in the speedup ratio.

3.2 Accuracy analysis of forward modeling
computation

The purpose of this experiment was to compare the
computational accuracy of three different interpolation methods:
one is an interpolation method that only adopts local continuation;
the second uses trilinear interpolation to correct all data based on
the local continuation interpolation calculation; and the third uses
trilinear interpolation to correct only the data at the boundary
based on the local continuation interpolation calculation. We
compared and analyzed the influence of different data ranges used
for local continuation on the computational accuracy of these
interpolation methods.

The model used in the test experiment consisted of four cuboidal
magnetic bodies (Figure 6a). Table 2 lists the spatial positions and
magnetic susceptibilities of the magnetic bodies. The side length
of each model cube was 100 m and the elevation range of the
underground space was —5,600 to 0 m. The magnetic field dip angle
was 60° and the magnetic declination was -9°. The elevation range
of the magnetic field undulation observation surface was 205.00 to
1,004.97 m (Figure 6b). The observation points were randomly on
an undulating surface with average lateral distance of 100 m in each
direction, totaling 39,204 observation points.
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The calculation accuracy of the forward field values of the
model (Wu, 2018) was evaluated using the relative mean square
error formula (Equation 8) as follows:

(®)

where AT, represents the forward value of the magnetic field theory
and ATY represents the forward value of the magnetic field based on
the fast algorithm.

To compare the influence of different data ranges in the local
continuation on the accuracy, the number of local continuation
points selected in the experiment ranged from 32 x 32 to 158
x 158. The calculation results (Figure 7) show that the forward
calculation accuracy of the three interpolation methods improved
with an increase in ns. When only the interpolation method of
local continuation was adopted, the relative error value first rapidly
decreased from 2% to 0.6% (Local continuation interpolation) and
converged. When the trilinear interpolation correction was used
to correct all of the data, the relative error was basically stable at
approximately 0.5% (Local continuation interpolation + Trilinear 1).
When trilinear interpolation was used to correct only the boundary
data, the relative error rapidly decreased from 1.6% and finally
stabilized at approximately 0.2% (Local continuation interpolation
+ Trilinear 2).

Based on the forward modeling error distribution map
(Figure 8), when the value of ns was relatively small, the forward
modeling errors of the three interpolation methods were mainly
distributed in the regions with higher magnetic field anomaly values
(Figures 8a—c). With an increase in ns, the forward modeling error
using only the continuation interpolation method was effectively
reduced in the middle area of the data (Figures 8a,d,g), but the error
at the data edge did not significantly improve, whereas the forward
modeling error when using trilinear interpolation to correct all of
the data still remained large in the regions with higher magnetic field
anomaly values; however, the error at the data edge was relatively
small (Figures 8b,e,h). When using trilinear interpolation to correct
only the boundary data for forward modeling errors, it combines
the advantages of the above two methods, gradually reduces the
forward modeling errors in both the central area and edge, and
the error distribution is uniform, ultimately achieving the optimal
forward modeling accuracy (Figures 8¢,f,i).

The experiments show that the local interpolation correction
method adopted in this study achieved relatively high calculation
accuracy except at the edges.

3.3 The model study

In this experiment, a forward-field simulation of the measured
magnetic field was performed using the model for the accuracy
analysis, as described in Section 2.2. The subsurface space was
divided into 200 x 200 X 56, totaling 2.24 million prisms. The prisms
were set as cubes with side lengths of 100 m. The magnetic field
inclination was 60.0° and the magnetic declination was —9.0°. The
forward field of this model combination mainly consisted of four
local anomalies with distorted isolines (Figure 6¢).
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FIGURE 12
Comprehensive diagram of forward and inverse modeling. (a) Simulation of the actual undulating observation surface. (b) Forward magnetic field on
the undulating observation surface. (c) Forward magnetic field on the horizontal plane at a height of 822.3 m (d,e) Vertical slices of the
three-dimensional inversion model at the dotted line in (a). (f,g) Two vertical slices of the noise-contaminated magnetic three-dimensional inversion
model at the dotted lines in (a).

TABLE 3 Parameters of the second magnetic body model.

The interface of the

Top and bottom surface range of the oblique

Magnetic susceptibility

Magnetic models plate-shaped body (m) (SI)
X direction Y direction Z direction
Top interface of the magnetic body 2,550-4,450 5,050-5,950 100
0.03
Bottom interface of the magnetic body 2,550-4,450 6,950-7,850 2,100

The constraint methods for three-dimensional magnetic
inversion mainly adopt depth weighting, focusing weighting, and
physical property constraints. The physical property constraint sets
the maximum magnetic susceptibility to 0.03 SI. The inversion result
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(Figure 9) was obtained through multiple calculation iterations.
Compared with the theoretical model (Figure 6a), the spatial
positions and shapes of the four magnetic anomalies had a good
degree of coincidence.
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The inversion results were further sliced in the horizontal (z
= —1,000 m) and vertical directions (Figure 10). The slicing results
show that the susceptibility distribution of the 3-D inversion results
was mainly located within the spatial range of the theoretical
model (blue-dashed box). The overall agreement with the theoretical
model was high. This indicates that the forward and inversion
algorithms for the undulating terrain proposed in this study have
high inversion accuracy.

To simulate realistic data application (Figure 11a), a region
with typical undulating characteristics was selected from the
actual terrain and appropriately modified to be the undulating
observation surface of the magnetic field, with an elevation range of
420.8-1,402.7 m above sea level (Figure 12a). A sloping plate-shaped
magnetic body was set as the target body (Table 3). The body sloped
northward with a dip angle of 45°. The dip angle of the magnetic
field was 60.0° and the declination angle was —9.0°. The underground
space was divided into 70 x 120 x 30, totaling 252,000 prisms, which
were set as cubes with a side length of 100 m. The lateral average
distance between the observation points on the curved surface was
approximately 100 m.

Based on the above model, forward magnetic field calculations
were separately performed on curved surfaces and on a plane at
the average elevation of the curved surface (822.3 m). The results
show the forward modeling on the curved surface was significantly
affected by the undulating observation surface compared with the
smoother variations of the magnetic field on the plane (Figure 12c¢).
Additionally, random noise (+2 nT) was introduced to evaluate the
robustness of the method (Figure 11c).

The three-dimensional inversion adopted the same constraint
The
(Figures 11b,c) was obtained through multiple calculation iterations.

strategy as in the previous model. inversion result
The inversion results show a good agreement between the
spatial geometry of the inverted magnetic anomalies and the
theoretical model (Figure 11a), regardless whether the magnetic
field contains noise or not. Furthermore, vertical slices of the
inversion results were obtained (Figures 12d-g). The slice results
show that the susceptibility distribution of the three-dimensional
inversion result was mainly located within the spatial range
of the theoretical model (blue-dashed box), regardless whether
the noise data is contained. The overall coincidence with the
theoretical model was high. This further indicates that the forward
and inversion algorithms for undulating terrain proposed in
this study also had high inversion accuracy in simulating actual
situations.

4 Conclusion

This study proposed a method for improving the calculation
efficiency for the three-dimensional forward modeling magnetic
anomalies on undulating surfaces. This method has the following
characteristics.

(1) The study proposed a new local interpolation combination
method. Through two interpolation processes, it integrates
the advantages of the upward continuation and trilinear
interpolation methods. This method not only has practical
physical significance, but also provides stable and reliable
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interpolation results, effectively ensuring the overall
calculation accuracy of the algorithm.
(2) The traditional three-dimensional inversion method for
magnetic anomalies on undulating surfaces often requires
considerable computing resources during the calculation
process. To address this issue, in this study, by fully utilizing
the advantages of a fast forward calculation algorithm based
on FFT for magnetic anomalies, the computing efficiency of
the three-dimensional inversion of magnetic anomalies on

undulating surfaces was significantly improved.

The algorithm proposed in this study has high potential for
parallelism. The execution efficiency of this algorithm should
improve with the introduction of parallel-computing technology.
It should be noted that this method may not work well if
there is significant remanent magnetization or the case that the
magnetization is very high or anisotropy.
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