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Estimating the Intra-Rater Reliability
of Essay Raters

Yoav Cohen*

National Institute for Testing and Evaluation (NITE), Jerusalem, Israel

The intra-rater reliability in rating essays is usually indexed by the inter-rater correlation.
We suggest an alternative method for estimating intra-rater reliability, in the framework
of classical test theory, by using the dis-attenuation formula for inter-test correlations.
The validity of the method is demonstrated by extensive simulations, and by applying it
to an empirical dataset. It is recommended to use this estimation method whenever the
emphasis is not on the average intra-reliability of a group of raters, but when the intra-
rater reliability of a specific rater is of interest, e.g., when the error-variance component
of the scores is of interest in order to estimate true scores.
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INTRODUCTION

The rating of essays written as a response to a given prompt is a complex cognitive task that encom-
passes many subtasks. Reading is of course the main task but also understanding and interpreting
the written essay; relating to its assessment context; relating to its cultural context; constructing a
theory-of-mind of the writer; conducting comparison processes—with other essays and other writ-
ers; and engaging in numerical estimation and decision processes. Each of the subtasks is a source
of variability between raters, either due to genuine differences between the raters or to the error
inherent in each of the subtasks.

Hence, the great diversity among raters, even after they have undergone a long training period;
a diversity that is reflected in the final numerical ratings. Raters differ in their leniency/strictness, in
their tendency to use (or not) the full range of the rating scale, and in the consistency in which they
rate the essays (e.g., as captured by the Hierarchical Rater Model, Patz et al., 2002).

In this paper, I concentrate on the question of the consistency of ratings within each rater—-known
as intra-rater reliability. Ideally, intra-rater reliability is estimated by having the rater read and evalu-
ate each paper more than once. In practice, however, this is seldom implemented, both because of
its cost and because the two readings of the same essay by the same rater cannot be considered as
genuinely independent. The approach taken in this work is based on the conception of reliability in
classical test theory. The discussion of rating reliability is cast in the context of essays in an admis-
sions test for higher education, but it is, of course, not limited to this situation. It applies in every
situation that calls for human rating, be it in the context of K-12 writing, or in the context of open-
ended questions, for which there are agreed-upon scoring rubrics. The purpose of this paper is to
suggest a simple way to estimate intra-rater reliability and to test its adequacy using both simulated
and real data.

I will first present a short discussion of essays as parallel and equivalent tests, and then suggest a
way to estimate the intra-rater reliability. This is done by basing it on the long-standing formula for
dis-attenuating inter-test correlations, rather than basing it on inter-rater correlations. I will then
discuss the numerical relation between two ways of estimating intra-rater reliability and demonstrate
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the validity of the suggested method by (1) conducting a series of
simulations and (2) by applying it to an empirical dataset.

Raters as Parallel or Equivalent Forms

In high-stakes testing programs that include writing essays
among the various tasks that are measured, a standard procedure
is to have two or more raters read and evaluate each of the essays.
Thus, each rater can be considered as a parallel form on which the
examinee is measured.

The correlation between ratings given by any two raters who
read the same group of essays is usually considered as one type of
inter-rater reliability estimate [called the standardized inter-rater
coeflicient by Brennan (2001)].

Most studies of rating behavior report inter-rater reliability.
The following, however, is a discussion of intra-rater reliability.
This type of reliability can be thought of as the test-retest reli-
ability of a single test-form. It is most commonly reported in the
medical literature but is seldom reported in the context of psycho-
logical or educational research. Jonsson and Svingby (2007), for
example, note that in their data base of 75 studies, only 7 studies
report intra-rater reliability (consistency of the ratings), while the
majority of the studies report measures of inter-rater (consensus)
reliability.

Intra-rater reliability can be reported as a single index for a
whole assessment project or for each of the raters in isolation. In the
latter case, it is usually reported using Cohen’s kappa statistic, orasa
correlation coefficient between two readings of the same set of essays
[cf. Shohamy et al. (1992) for an example of a study of individual
measures of intra-rater reliability]. In descriptions of an assessment
programs, the intra-rater reliability is indexed by an average of the
individual rater reliabilities, by an intra-class-correlation (ICC) or
by an index of generalizability of the retesting facet that refer to the
whole group of raters but not to individual raters.

Note that in classical test theory, if two forms are considered
genuinely parallel, i.e., the correlation between the true scores
obtained on the forms is perfect, then their observed intercor-
relation is a good estimate of their reliability. In the absence of
additional information, this estimate is symmetric, meaning that
the two parallel forms have the same reliability. In fact, when
defining genuinely parallel forms the requirement is that the two
forms have the same first and second moments for both the true
scores and the observed scores. Hence, genuinely parallel forms
have the same error variance, which implies that they also are
equally reliable.

This equivalence of reliabilities, however, cannot be assumed
when considering raters. Raters differ in the consistency, accuracy,
and precision with which they execute their work (Blok, 1985).
A plausible assumption is that some raters are more reliable than
others. The raters can, therefore, be considered as essentially tau-
equivalent (Lord and Novick, 1968) and may differ in their mean
rating and reliability, or even considered as congeneric forms
(Joreskog, 1971), in which case they can also differ in terms of
their true-score variance.

One way to examine the quality of raters is by looking at their
correlations with other raters. Raters who are less consistent
or reliable would produce lower correlations with their peers
than would those who are more reliable, much like the reduced

concurrent validity of a test with low internal reliability. But
note that, in analogy with the two-form situation, the estimate
is symmetric; i.e., the same estimate of reliability is given to the
two raters, even if one of them is, in fact, more reliable than the
other. Similarly, the mean inter-rater correlation of a specific rater
with her peers is an estimate both of the reliability of the specific
rater and that of a hypothetical “mean rater” who represents
the peers. Thus, the reliability coeflicient of a non-reliable rater
estimated in this way will be biased upwards, while the reliability
of a “good” rater will be biased downwards, exhibiting a regression
to the mean. This kind of reliability can be used to rank-order the
raters for purpose of quality control, e.g., in order to exclude or
replace the scores given by the lowest ranking raters, but it is not
an accurate and direct estimate of the intra-rater reliabilities, and
cannot be used for estimating the measurement error of a single
rater. Thus, whenever the emphasis is on the measurement error
of a single rater in other words, when confidence in the rating is of
interest—then a more accurate estimate of intra-rater reliability is
required. In situations like this, using the inter-rater reliability may
bias the estimate of measurement error upwards or downwards.

A Direct Estimate of Intra-Rater Reliability
The issue of rater errors has been given excellent treatment in the
framework of Generalizability Theory (Brennan, 2001), where
the effects of multiple sources of rating errors are simultaneously
investigated. In this work, we limit the investigation only to
one source of measurement error, that which is caused by the
inconsistency of each rater by him/herself. The error components
of essay topic, genre or prompt, and the inconsistency of the
examinee (and not of the rater) in producing responses, are not
investigated in this work. Thus, the study is limited to assessment
designs in which a collection of essays, all in response to a single
prompt, are rated by a group of raters who share the same concept
of a “good” essay. In the following discussion, it is assumed that
all raters share the same concept of what is a good essay. (This
assumption can be tested by factor-analyzing the inter-rater
correlation matrix, or by cluster analysis of the proximity matrix
among raters; but this is beyond the scope of this paper.) We
use classical test theory to estimate the intra-rater reliability, by
looking at the inter-rater correlations. Note, that the inter-rater
correlations are insensitive to variation of scales among the raters
as long as the raters use scales that are linearly related.

We accomplish the estimation by using the method for cor-
recting for attenuation. As stated in almost every book dealing
with classical test theory (e.g., Guilford, 1954 Eq. 14.35; Lord and
Novick, 1968, Eq. 3.9.6; Haertel, 2006, Eq. 42), the correlation
between true scores on two measures can be estimated by divid-
ing the observed correlation between these two measures by the
square root of the product of the reliabilities of these two measures;
following the notation and formulation of Lord and Novick (1968):

Py
PePyy

p(Tx, Ty)= (1)

where Tx and Ty are the true scores of x and y, p is the correlation
coefficient, p,, is the correlation between the observed scores x
and y, and P P,y are the reliabilities of x and y.
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There are various ways in which a true score can be defined
(cf. Lord and Novick, 1968). For the following discussion, we will fol-
low Haertel (2006) in defining a true score of an essay as “the rating
dictated by the rubric,” and thus assume that the correlation between
the true ratings given by any two raters (who share the same concept)
is perfect [i.e., p (Tx, Ty) = 1.0]. Then Eq. 1 can be rewritten as

pxy :\’pxx’ pyy’ (2)

In practice, we observe only p,,, so the equation involves two
unknowns and cannot be solved. But if we look at three cor-
relations: 13, 713, and 7 (adopting from now on a notation of
r's instead of p’s) we can write a system of three equations with
three unknowns (r,. denotes the reliability of measure x, while .,
denotes the correlation between x and y):

2 _ 2 _ 2 _
Mo =Nl 3 =Ml and T3 = Tl (3)

The positive-valued solutions for the three unknowns are

= Tohs/hs
T = ”12”23/”13 )
and r, = 7’13"23/"12’

or, in general, for any i # j # k:
Ty =Tt [T

This is actually the estimate of the communality of variable i
in the factor analysis of the corresponding 3 X 3 unidimensional
correlation matrix (cf. Harman, 1976, Eq. 5.7). As mentioned
earlier, we assumed here that the correlation between the true
scores of two raters is perfect. We could also assume that each
rater has a unique and specific component in his/her rating,
akin to the specific factors in Guilford’s theory of intelligence.
But had we assumed a lower correlation v, among the raters, the
estimates of the intra-rater reliabilities, spelled out in Eq. 4, would
have been higher. For example instead of ri; = rixr13/123, it would
equal ri,r13/(v 123) where v is smaller than 1. So assuming that the
true intercorrelation between raters is 1.0, leads to conservative
estimates of the intra-rater reliability.

The next section discusses the relation between two types
of intra-reliability estimates. The first type is based on the dis-
attenuation formula as described above, termed “dis-attenuation
formula,” DAF for short; the second is the traditional reliability
estimate—based on the “mean inter-rater correlation,” or MIC
for short. While the inter-rater correlation indexes the consensus
between raters, it is sometimes used indirectly to index the intra-
rater reliability, since its magnitude is influenced by the intra-
rater reliability. The relation between these two estimates, DAF
and MIC, is shown with two goals in mind: first, to demonstrate
the bias inherent in MIC estimates and, second, to provide a quick
and easy numerical formula for estimating DAF reliabilities on
the basis of MIC estimates when the original inter-rater correla-
tion matrix is not available.

Then, a section is presented which describes the simulations
that were conducted in order to test the feasibility of the DAF
solution for estimating the intra-rater reliabilities of a group of
raters, and in order to evaluate the accuracy of the method in the
presence of sampling errors.

Lastly, the application of the DAF estimation method to
empirical data will be demonstrated.

The Numerical Relation between MIC
and DAF Estimates

Given a set of n rater reliabilities {ri1, 72, ..., ran} and assuming
that the true inter-rater correlations are 1.0, we can generate the
nXn matrix of the expected observed inter-rater correlations C
with entries:

Gy =riy-

Note that the entries in the main diagonal of this matrix are
the true reliabilities. The mean of the i'th row entries—excluding
the diagonal entry is an MIC estimate of the intra-rater reliability
of rater i.

To study the relation between the MIC reliabilities and the
true reliabilities, several sets of reliabilities are generated; sets
that differ in the number (“set size” or the number of simulated
raters) and spread of the reliabilities. The reliabilities in each set
are equally spaced, thus representing reliabilities from a uniform
distribution. Each set of true reliabilities is a basis for generating
a unique inter-rater correlations matrix, which in turn is used for
the calculation of the corresponding MIC estimates.

The relation between the true reliabilities and the MIC esti-
mated reliabilities are displayed in Figures 1A,B. In Figure 1A,
three sets of rater reliabilities that differ by size (number of raters)
are presented. As can be clearly seen, more extreme estimates
are also more biased. Reliabilities below the mean of the set are
overestimated while those above the mean are underestimated.
The bias is larger for smaller sets of reliabilities, but increasing the
set-size cannot eliminate the bias. In Figure 1B, three sets of rater
reliabilities (each based on three raters) that differ in their range
are presented. As is shown, as the range of the true reliabilities
becomes narrower, the MIC estimates get higher.

Note that the bias of the estimates is inherent to the definition
of the MIC estimates; it is not a result of sampling error since the
demonstrated relations are calculated as expectations of the true
and the estimated reliabilities.

Estimating DAF Reliabilities given MIC

Estimates

Suppose that there are n MIC estimates denoted m; (where i =
1, ..., n) for a corresponding number of raters, where each MIC
estimate is the mean correlation of a specific rater with the other
raters, and the researcher is interested in estimating their DAF
reliabilities. It is possible to calculate the DAF estimates. In the
case of n = 3 raters, when the pairwise correlations are not avail-
able, and where m; = (r;; + ri)/2, the pairwise correlation (r;) can
be found by the identity r; = m; + m; — my. Then, plugging this
expression into Eq. 4 gives

- (ml +m, —m3)(m1 —-m, +m3)

1

©)

(=m, +m, +m,)

where d, is the DAF estimate of rater number 1, and the m’s are
the three MIC estimates of the three raters. The estimates of d,
and of d; would be identical except for a change of indices.
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MIC estimates as a function of true reliabilities for three sets of true
reliabilities that differ in their size. The true reliabilities are in the range
of 0.3 to 0.9, reliability set-sizes are 3, 7 and 25. (The number of dots
on each line corresponds to the set-size)
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MIC estimates as a function of true reliabilities for three sets of true
reliabilities that differ in their spread. There are three reliability values
per set, with true reliabilities that are in the range of 0.3 t0 0.9, 0.4 to
0.8and 0.5t0 0.7.

FIGURE 1 | MIC estimates as a function of true reliabilities. (A) MIC estimates
as a function of true reliabilities for three sets of true reliabilities that differ in
their size. The true reliabilities are in the range of 0.3-0.9, reliability set-sizes are
3, 7, and 25. (The number of dots on each line corresponds to the set-size.)
(B) MIC estimates as a function of true reliabilities for three sets of true
reliabilities that differ in their spread. There are three reliability values per set,
with true reliabilities that are in the range of 0.3-0.9, 0.4-0.8, and 0.5-0.7.

If n is greater than 3, then the algebra is not that simple, but a
corresponding set of equations can be solved numerically. When
n > 3, the following formula can give acceptable estimates of the
DAF reliability estimate (d) given the set of n MIC estimates.

d =2.249m —1.254mean + 0.049range + 0.001 (6)

where m is the MIC estimate, mean is the mean of the set of MIC
estimates, and range is the difference between the minimal and
maximal MIC estimates in the set. This regression equation was
found by simulation of a wide range of MIC sets, differing in
size (5, 7, 9, 11, and 15), location (mean MIC from 0.4 to 0.7),
and range (from 0.1 to 0.4). Using this prediction formula, the
adjusted R* between the predicted DAF estimates and the true
DAF reliabilities is 0.998. Ninety-six percent of the predicted
DAFs fall within +0.01 of the true value.

SIMULATION STUDIES

The first question to investigate is whether the suggested pro-
cedure indeed recovers the intra-rater reliabilities of a group of
15 raters who jointly rated 500 essays. This assessment design
deviates markedly from standard rating procedures that seldom
employ more than two ratings per essay. The design, however, is
not initially meant to emulate reality, but to investigate the sound-
ness of the MIC and DAF estimates in noisy data.

Method!

The “true scores” of the 500 essays were generated from a standard
(0, 1) normal distribution. Fifteen raters were simulated, assum-
ing different intra-rater reliabilities ranging from 0.55 to 0.97
in increments of 0.03. For each rater, a set of 500 ratings were
generated by adding 500 “error” components to the set of 500
essay true scores. The error components were generated from a
normal distribution with a mean of 0.0 and a SD denoted by se; of:

se,=31/r,—-1 (7)

where r;;is the intra-rater reliability of rater i. Equation 7 is derived
from the standard definition of reliability as the ratio of the true
score variance to the variance of the total (observed) scores; cf.
Eq. 7 in Haertel (2006), with a true-score variance of 1.0.

Thus, we have a set of 500 essay true scores (in response to a
single prompt), 15 reliabilities of the raters, and—for each rater—
a set of 500 ratings. Note that the expectation of the ratings per
rater is 0 and the expectation of the variance of the ratings of rater
iis1tse’.

Simulation Results

The 15 X 15 matrix of inter-rater correlations among the 15 raters
is presented in Table 1, and is used to recover the original intra-
rater reliabilities according to the following procedure: from the
set of 15 raters, we can create 455 triads [15!/(12! 3!)]. Each triad
is a combination of three different raters, where each rater appears
in 91 (14*13/2) of them. So for each rater we can solve the system

'All the calculations and simulations were conducted by using the Mathematica
system, Wolfram Research, Inc. (2015) version 10.3.
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TABLE 1 | Inter-rater correlations for 15 simulated raters.

Rater 1 2 3 4 5 6 8 9 10 1 12 13 14 15
1 1.0
2 0.55 1.0
3 0.58 0.59 1.0
4 0.62 0.58 0.61 1.0
5 0.60 0.63 0.63 0.70 1.0
6 0.64 0.66 0.64 0.70 0.70 1.0
7 0.64 0.67 0.65 0.71 0.71 0.73 1.0
8 0.66 0.65 0.66 0.71 0.74 0.73 0.76 1.0
9 0.66 0.66 0.68 0.71 0.74 0.76 0.75 0.78 1.0
10 0.69 0.69 0.70 0.71 0.75 0.75 0.79 0.80 0.81 1.0
ih 0.69 0.72 0.68 0.74 0.78 0.77 0.77 0.80 0.83 0.85 1.0
12 0.70 0.70 0.73 0.76 0.79 0.79 0.81 0.82 0.85 0.87 0.87 1.0
13 0.71 0.71 0.71 0.77 0.81 0.80 0.80 0.84 0.85 0.87 0.88 0.90 1.0
14 0.71 0.71 0.74 0.77 0.82 0.81 0.84 0.85 0.86 0.88 0.89 0.92 0.92 1.0
15 0.73 0.74 0.75 0.80 0.83 0.83 0.84 0.87 0.88 0.90 0.92 0.94 0.94 096 1.0

Each correlation is based on 500 pairs of simulated ratings. Each rating is generated by adding an error component to a “true” score.

TABLE 2 | True reliabilities and DAF reliability statistics of 15 raters based on 500 ratings per rater.

Rater # 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
True i 055 058 061 064 067 070 073 076 079 082 085 08 091 094 097
Mean DAF estimate 056 057 058 065 070 072 074 077 079 083 085 090 091 093 097
Median 056 056 058 065 070 071 073 077 079 083 085 090 091 093 098
SD 002 002 002 002 002 002 002 002 002 002 002 002 002 002 002
Min 052 051 054 059 065 068 069 073 073 077 08 085 08 088 093
Max 060 063 063 073 076 079 082 082 083 088 092 093 096 098 103
Skewness 014 025 068 002 020 082 08 -002 -065 -053 035 -037 -033 -043 -0.29

Each statistic of the distribution of the DAF estimates is based on 91 triads of correlations (see text).

of equations (Eq. 4) 91 times, and then average the results to get
a DAF estimate (and the SD) of the reliabilities.

The true reliabilities and the statistics of the DAF estimates are
listed in Table 2. The relation between true reliabilities and the
DAF estimates is displayed in Figure 2. The statistics of the DAF
estimates need some explanation. Each DAF estimate is based
on 91 triads as was explained above; the statistics of the DAF
estimates are based on these 91 triads: the mean of the 91 values,
their median, SD, minimum and maximum values, and lastly, the
skewness of the distribution of the estimates.

The correlation between the true reliabilities and the DAF
estimates is 0.995. The regression line of DAF estimates on true
reliabilities and the 15 data points are plotted in Figure 2. The
exact equation of the regression line is: —0.002 + 1.009 X, show-
ing that the regression line almost coincides with the identity line.
As is evident from Table 2, the SDs of the 91 estimates per rater
are 0.02 for all raters; the distributions of the 91 estimates are
not symmetric; and there is slight skewness—for low-reliability
raters the distributions are positively skewed, while for the high
reliability raters they tend to be negatively skewed. The amount of
skewness, however, is not marked, as can be seen by comparing
the mean and median for each rater.

So the answer to the first question that was posed above is that the
intra-rater reliabilities can be recovered successfully and accurately.

A second question is: what is the relation between the true
reliabilities and the MIC estimates of reliability? These data are

displayed in Table 3; although each MIC estimate is based on
14 values per rater, for purposes of comparison with the DAF
estimate statistics, the same 91 triads of raters associated with
each rater, are used to calculate local MIC estimates that are the
average of the intercorrelations of each specific rater with the
two other raters in the triad. These statistics are also presented
in Table 3.

The correlation between the MIC estimates and the true reli-
abilities is also very high (r = 0.991), but the slope of the regres-
sion line is much shallower (slope = 0.473). As expected, there is
overestimation of the low true reliabilities and underestimation
of the high true reliabilities. The MIC estimates per rater are
negatively skewed at all levels of true reliability and the SDs of
the estimates per rater are twice as large as the SDs of the DAF
estimates. The MIC and DAF estimates of reliabilities as a func-
tion of the true reliabilities are displayed in Figure 3.

Three comments about the estimates:

1. The average MIC estimates per rater that are calculated on the
basis of the 91 triads is mathematically identical with the MIC
estimate were it calculated as a simple mean of the correlations
of each rater with its 14 peers.

2. The DAF estimate of intra-rater reliability for rater i is not
statistically independent of the estimate relating to rater j. For
any triad of raters i, j, and k, the estimate of r;; is based on ry, ri,
and on ry, and the same can be said for the estimates of r; and

Frontiers in Education | www.frontiersin.org

September 2017 | Volume 2 | Article 49


http://www.frontiersin.org/education
http://www.frontiersin.org
http://www.frontiersin.org/education/archive

Cohen

Intra-Rater Reliability

of i4; hence, all three estimates are derived from the same three
values. A similar dependency is present in the MIC estimates.
There is also a strong dependency between the estimates given
by the two methods that relate to the same rater. This is clearly
seen in Figure 3, where the signs of the deviations from the
regression line for the two types of estimates have, in most
cases, the same sign.

Each of the DAF estimates is based on a summation of terms,
where each term is a product and a ratio involving three cor-
relations (e.g., 111 = r2r1s/123). By contrast, the MIC estimate is
based on summation of correlations. It is expected, therefore,
that although the DAF estimates are more accurate, they
involve larger SEs. This point is investigated in the next section.

SEs of the Estimates

In order to look at the expected accuracy of the two types of esti-
mates and their sampling errors, the simulation that was described
above was repeated 100 times with the same rater parameters. In
each simulation, a different set of essay true scores and a different
array of measurement errors for each essayXrater combination
were generated by the procedure that was described above.

The averaged results of the 100 replications are presented in
Table 4 and in Figure 4 together with their respective SDs, which
are the estimates of the SEs of the estimates.

Evidently, the average DAF estimates are very close to their
true values. It is also evident that the reliability estimates of the
more reliable raters are more reliable. The MIC estimates deviate

o o
[ ©

o
=

Recovered reliabilities

06

07 08

True reliabilities

09

FIGURE 2 | True reliabilities and DAF estimates.

from the true reliabilities. They overestimate the lower true intra-
rater reliabilities and underestimate those at the high end of the
range, as was already demonstrated. In the majority of cases, the
SEs of the MIC estimates are, as expected, smaller than the SEs of
the DAF estimates. (Note that although Error! Reference source
not found. depicts symmetric SEs of the estimates, the actual
distribution is negatively skewed).

The results show clearly that the DAF estimates of the reli-
abilities are very accurate, although their SEs tend to be slightly
larger than those of the MIC estimates.

Correcting the Inter-Rater Correlations

To check the consistency of the data, the recovered intra-rater
reliabilities were used for dis-attenuating the observed inter-rater
correlations. The model for generating the data assumed that the
true intercorrelations between raters are perfect, i.e., r; = 1.0, for all
raters i and j. The dis-attenuated inter-rater correlations are shown
in Table 5. There are of course deviations from 1.0 (henceforth:
“dis-attenuation errors”), and some of the dis-attenuated correla-
tions are greater than 1.0, as can happen due to sampling error
(Lord and Novick, 1968). The maximal absolute dis-attenuation
error is 0.05, the mean error is 0.0002, and the SD of the dis-
attenuation errors (RMSE) is 0.015. Since the SEs of the estimated
intra-rater reliabilities are larger for low-reliability raters, as is
evident in the data presented in Table 4, the dis-attenuation errors
are, on average, larger for the low-reliability raters.

We showed that the DAF estimation of intra-rater reliability
is quite accurate. This result is not dependent on the particular
scale and the intra-rater reliability of the rater, as long as the scales
are linearly related. But, as has been noted above, this is based
on the assumption that all the raters are indeed evaluating, or
measuring, the same construct. If some of the raters are using a
similar but not identical construct (a different rating rubric, or
a different interpretation of the rubric), then the assumption of
perfect correlation between the true scores is not valid anymore.
This can happen if, for example, in assessing essays by the holistic
method, some raters relate more to the grammatical aspects of
the essays, while others put more emphasis on the quality of dis-
course. Testing programs try to minimize this variability between
raters by training and monitoring the rating process (cf. standards
6.8 and 6.9, Standards for Educational and Psychological Testing,
AERA, APS, and NCME, 2014), but—knowing what we know
about the fallibility of human judgments—this kind of variability
cannot be totally avoided. In such a case, if we assume, errone-
ously, that there is a perfect correlation between the true ratings

TABLE 3 | True reliabilities and MIC reliability statistics of 15 raters based on 500 ratings per rater.

Rater # 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

True ry 055 058 061 064 067 070 073 076 079 08 085 088 091 094 097
MIC estimate 066 066 067 071 073 074 075 076 077 079 08 08 08 083 085
Median 066 066 067 071 073 074 075 076 077 079 08 082 08 084 085
) 004 004 004 004 005 004 004 005 005 005 005 005 005 005 005
Min 057 056 059 059  0.61 064 064 066 066 069 069 070 071 071 074
Max 072 073 074 078 082 082 084 08 087 08 091 093 093 094 095
Skewness -029 -0.33 -007 -039 -023 -0.13 -0.15 -0.14 -0.11 -0.03 -0.02 -008 -0.09 -0.13 -0.15

Each statistic of the distribution of the MIC estimates is based on 91 triads of correlations.
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when in actuality there is not, then some of the intra-rater reli-
abilities will be underestimated, and the reconstructed inter-rater
correlations will be overestimated.

ESTIMATION OF RELIABILITIES
FROM EMPIRICAL DATA

The method for estimating true reliabilities was applied to an
empirical dataset (Cohen and Allalouf, 2016). All data used in
this study were retrieved from the repository of the testing insti-
tution which provided permission to the researchers to use this
data. The researchers did not use any identifiable information.
An ethics approval was not required for this type of research as
per institutional guidelines and national regulations. The data
consisted of ratings of 250 essays conducted by 13 well-trained
raters. The essays were written by university candidates as part
of the Psychometric Entrance Test (PET) which is adminis-
tered five times a year by the National Institute for Testing and
Evaluation (NITE). All the essays were written in response to the
same prompt, in a timed (30 min) section of the test, and were
randomly selected from a larger pool of 4,236 essays. The raters
were instructed to rate the essays on two scales of 1-6. The ratings
given on the two scales by each rater to each essay were added
up, thus creating ratings on a scale from 2 to 12. The mean essay
rating of all 250 essays is 6.87, with a SD of 1.42.

The mean rating for each rater and the corresponding SD are
presented in Table 6. Also listed for each rater is the MIC esti-
mate—the mean inter-rater correlation with the other 12 raters.
The mean of the mean ratings is 6.87, quite close to the middle
of the rating scale (7), and the SD of the means is 0.55. The most
severe rater is rater #6 and the most lenient is rater #12. The raters

DAF estimates

09

08

MIC estimates

07

Reliability estimates

06

06 07 08 09
True reliabilities

FIGURE 3 | MIC and DAF estimates as a function of true reliability.

differ also in the spread of ratings. While rater #12 uses a wide
range (his/her ratings have a SD of 2.4), rater # 4 has the narrowest
spread of ratings (a SD of 1.29, which is almost half of the SD
associated with rater # 12). [In many treatments of rating data,
the authors assume that raters differ only on the severity/leni-
ency dimension (e.g., Wright and Masters, 1982; Longford, 1994;
Brennan, 2001). The present data challenge this assumption.]

The inter-rater correlations of the empirical dataset are
presented in Table 7. The correlations are quite modest, ranging
from 0.33 to 0.72, with a mean of 0.54 and a SD of 0.08.

Is the correlation matrix unidimensional? Do the raters adopt
a common concept of “what is a good paper”? Cluster analysis
does not reveal any distinct clusters of raters. On the other
hand, principal component analysis (PCA) reveals at least two
PC’s before the knee-point in the scree plot, suggesting that the
assumption of unidimensionality (true intercorrelation of 1.0
among all raters) cannot be held. Nevertheless, the DAF estimates
of the reliabilities were estimated (by averaging the estimates
for each rater as shown in Eq. 4), and are presented in Table 8
together with the MIC reliabilities (the mean intercorrelation of
each rater with the other raters).

The fact that each essay was rated by 13 raters can be used to
estimate the reliabilities in yet another way. We can get an estimate
of the true score of each essay by averaging all the ratings given to
that essay. This is not really a true score, because it involves only a
finite number of raters, but it is a close enough estimate. The cor-
relations of the actual ratings with this estimate of true scores are
the basis of estimating the intra-rater reliabilities (though thisisa
slight underestimate due to the imperfect “true” score). A detailed
description of this estimate is given in Appendix A. The intra-
rater reliabilities that are based on this method are very close to
the DAF-estimated reliabilities and, thus, give strong support to
the DAF estimates. These estimates are shown in Table 8 and in
Figure 5 as “rit estimates.”

The correlation between the DAF reliabilities and the MIC reli-
abilities is practically 1.0 (r = 0.998), and, as was demonstrated in
the simulation studies, the DAF estimates of reliabilities are much
more spread out—their range is from 0.37 to 0.70 compared with
a range of 0.45-0.61 for the MIC estimates of reliability. The data
of Table 8 are presented graphically in Figure 5, where the raters
are ordered by magnitude of the MIC estimates. The estimation
of intra-rater reliabilities can be further improved by estimating
the reliabilities within each cluster of raters separately (where
the clusters are found by Hierarchical Cluster Analysis), but this
requires research which is beyond the scope of this report.

Hierarchical clustering analysis of the observed inter-rater
correlation matrix does not reveal any significant clustering of the
raters. When the (DAF) dis-attenuated correlations are analyzed
one rater stands out—rater number 8—who apparently adopted

TABLE 4 | Mean reliability estimates and their SEs over 100 replications (SEs in parentheses).

Rater # 1 2 3 4 5 6 7

8 9 10 1 12 13 14 15

Truer; 0.55 0.58 0.61 0.64 0.67 0.70 0.73

0.76 0.79 0.82 0.85 0.88 0.91 0.94 0.97

DAF estimates 0.55 (0.03) 0.58 (0.03) 0.61 (0.02) 0.64 (0.03) 0.67 (0.02) 0.70 (0.02) 0.73 (0.02) 0.76 (0.02) 0.79 (0.02) 0.82 (0.01) 0.85 (0.01) 0.88 (0.01) 0.91 (0.01) 0.94 (0.01) 0.97 (0.00)
MIC estimates 0.65 (0.02) 0.67 (0.02) 0.69 (0.02) 0.70 (0.02) 0.71 (0.01) 0.73 (0.01) 0.74 (0.01) 0.76 (0.01) 0.77 (0.01) 0.78 (0.01) 0.80 (0.01) 0.81 (0.01) 0.82 (0.01) 0.84 (0.01) 0.85 (0.01)

In each replication, the estimates are based on 91 triads.
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a different scoring criteria or just did not do the task as required.
Note that this rater would also be singled out by traditional means;
he/she is the rater with lowest mean inter-rater correlation. In
addition, the analysis reveals two distinct clusters, as can be seen
in Figure 6. One cluster includes raters 1, 4, 5, and 12, and the
other includes all the others except rater no. 8. However, there is
still a large variation (large distances) within each cluster.
To sum up the analysis of the empirical data:

1. The DAF estimates have a greater spread than the MIC esti-
mates, as was demonstrated in the simulations.

10
4
z
09 3 i
172}
[
: it
Z 081 MIC estimates i
= i 3 3 z
5 o7 i I i i i
§ i
06 1 I
I DAF estimates
05
06 07 08 09 10
True reliabiliies
FIGURE 4 | Mean reliability estimates and their SEs over 100 replications.
The straight line is the identity (x = y) line.

TABLE 5 | Dis-attenuated inter-rater correlations.

2. The DAF estimates are validated by using the correlation with
an estimate of the vector of true scores.

3. Dis-attenuating the inter-rater correlations allows separation
of the raters into clusters of raters, where the raters in each
cluster are relatively homogenous in terms of the criteria that
they adopt for marking the essays.

4. Since there is a high ordinal correlation between the MIC and
DAF estimates, for the purpose of identifying low performing
raters, the two kinds of estimates are interchangeable.

DISCUSSION

The suggested method for estimating intra-rater reliability in the
framework of classical test theory can be of use whenever there is
interest in the reliability of a specific rater and not in the reliability of
the raters as a group. One application is in setting quality standards
for the performance of raters. We have shown that there is perfect
ordinal correlation between the DAF and the MIC estimates. So,
for identifying the least consistent rater or raters it does not matter
whether we use one estimate or the other. But if we want to set
numerical criteria for rater performance, an accurate estimate of
the intra-rater reliability, or measurement error, is required.
Accurate estimates of intra-rater reliability are also required in
the context of calibrating raters. It is a known (and too often disre-
garded) fact that raters differ in the range of values that they use.
While the leniency/severity of raters can be easily corrected by
adjusting the means, when it comes to the variability in the spread
of ratings, one has to decide what part of the intra-rater variability
is due to the spread of the (assumed) true scores, and what can
be accounted for by the error component. Since the variance of

Rater 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15
1
2 0.98
3 1.02 1.04
4 1.08 0.95 0.99
5 0.96 0.99 0.99 1.04
6 1.02 1.03 1.00 1.02 0.98
7 0.99 1.04 0.99 1.02 0.99 1.01
8 1.01 0.99 1.00 1.00 1.01 0.98 1.01
9 0.99 0.98 1.00 0.99 0.99 1.01 0.98 1.00
10 1.01 1.01 1.01 0.97 0.99 0.97 1.01 1.00 1.00
11 1.01 1.03 0.97 0.99 1.01 0.99 0.97 0.99 1.01 1.01
12 0.99 0.99 1.01 1.00 1.00 0.99 1.00 0.99 1.01 1.00 1.00
13 1.00 1.00 0.98 1.00 1.02 1.00 0.98 1.00 1.01 1.00 1.00 1.00
14 0.99 0.98 1.01 0.98 1.01 0.99 1.01 1.00 1.00 1.00 1.00 1.00 1.00
15 0.99 1.00 0.99 1.00 1.01 0.99 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.01

The attenuated correlations (unrounded) are presented in Table 1. The attenuating terms are taken from the (unrounded) DAF estimates presented in Table 2.

TABLE 6 | Descriptive statistics of the ratings given by individual raters and the MIC estimates of reliabilities, based on ratings of 250 essays.

Rater #
1 2 3 4 5 6 7 8 9 10 11 12 13
Mean 6.24 6.99 7.50 7.09 6.30 5.80 6.99 6.74 6.43 7.38 7.42 7.54 6.94
SD 2.02 1.72 1.76 1.29 2.10 2.27 1.81 1.91 1.87 2.31 1.98 2.40 1.85
MIC estimate 0.58 0.57 0.48 0.52 0.51 0.59 0.55 0.45 0.52 54 0.58 0.51 0.61
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TABLE 7 | Raters’ intercorrelations, based on ratings of 250 essays.

Rater # 1 2 3 4 5 6 7 8 9 10 11 12 13

1 1.0

2 0.66 1.0

3 0.56 0.46 1.0

4 0.54 0.56 0.51 1.0

5 0.54 0.56 0.43 0.54 1.0

6 0.63 0.62 0.47 0.56 0.56 1.0

7 0.59 0.59 0.47 0.51 0.53 0.67 1.0

8 0.41 0.50 0.47 0.38 0.33 0.46 0.47 1.0

9 0.52 0.56 0.47 0.53 0.50 0.53 0.51 0.48 1.0
10 0.56 0.60 0.48 0.47 0.48 0.60 0.56 0.57 0.49 1.0
ihl 0.64 0.60 0.45 0.57 0.56 0.67 0.61 0.48 0.56 0.58 1.0
12 0.60 0.47 0.48 0.56 0.48 0.58 0.50 0.36 0.49 0.43 0.61 1.0
13 0.65 0.67 0.50 0.55 0.60 0.72 0.63 0.48 0.58 0.64 0.69 0.56 1.0
TABLE 8 | Reliability estimates for 13 raters.

Rater #
1 2 3 4 5 6 7 8 9 10 1 12 13

DAF Estimated reliabilities 0.63 0.61 0.42 0.51 0.47 0.66 0.57 0.37 0.50 0.54 0.65 0.48 0.70
MIC Estimated reliabilities 0.58 0.57 0.48 0.52 0.51 0.59 0.55 0.45 0.52 0.54 0.58 0.51 0.61
rr estimates 0.62 0.60 0.41 0.50 0.46 0.65 0.57 0.36 0.49 0.53 0.64 0.47 0.70
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FIGURE 6 | Dendrogram of the DAF dis-attenuated correlation matrix.

1 4 5 12 6 1 13 7 10 9 3 2 8

the ratings within a rater is a sum of the error variance and the
variance of the true ratings, simply equating the rating variance
across raters may preserve the error component and even mag-
nify it when applied to raters whose ratings have small variance.
Adjustment of the variance of the raters has to take into account
the true score variance and not the combined error + true score
variance. An accurate estimate of the intra-rater reliability can
be utilized in order to find the variance of true ratings per rater.

Having a good estimate of the true variance opens the way to
differential weighting of raters. Differential weighting may not be
acceptable in operational programs, but at least it can be used for
research purposes. This point requires further research, as do the
other points made here.

In the simulations detailed above, and in the demonstration of
applying the procedure to real data, we based the analysis on full
matrices of raters X essays. When a full intercorrelation matrix is
available, and the matrix is unidimensional, then factor analysis
of the matrix yields the intra-rater reliabilities as the estimated
communalities, but DAF estimation can be applied also to sparse
matrices, where essays are allocated randomly to pairs of raters.
The method of DAF estimation is applicable whenever there are
triads of raters who share pairwise sets of essays.

However, as we have demonstrated, multidimensionality of the
ratings may pose a problem for the DAF estimates. We, therefore,
recommend, as an initial step in the analysis of full matrices, to
perform dimensionality analysis of the data. This can be done
either by cluster analysis of the matrix, or by factor-analytic meth-
ods. In the case that the matrix is found to be multidimensional,
and the raters can be shown to belong to separate groups (clusters
or factors), then the DAF estimates should be estimated separately
for each group of raters. This issue should be further studied.?

*But cf. initial investigations of the issue in Research Report RR 16-05, NITE,
Jerusalem.
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Lastly, it should be noted that the SEs of DAF estimates are
larger than those of the MIC estimates. This is because a MIC
estimate involves the sum of correlations while the DAF estimate
involves a product and a ratio of correlations. Therefore, the
sample size in each situation has to be taken into account when
deciding which method to use. This point also needs, of course,
further study.

SUMMARY

The study of intra-rater reliability usually requires the re-scoring
of essays on two separate occasions by the same raters. This
procedure involves extra costs and is seldom done in large
operational testing programs. It is suggested that a novel way to
estimate the intra-rater reliability be incorporated in studies of
raters’ behavior. The validity of the method was demonstrated in
this study via simulations and by investigation of an empirical
dataset. The simulations proved that the method can reconstruct
the reliabilities that were used to generate the simulation data
quite accurately. Further validation of the method by studying
an empirical dataset showed that it is applicable in operational
testing programs.

In addition, a concise formula for predicting intra-rater reli-
abilities from data on inter-rater reliabilities was found by study-
ing several data sets.

We have briefly pointed out certain areas in which the method
can be of use, such as the calibration of raters and the differential
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APPENDIX A

Estimating Reliabilities Using the
Correlation with True Scores

Given data of ratings by multiple raters of multiple essays, the
squared correlation of the ratings given by a rater with the true
scores of the essays is an estimate of the intra-rater reliability
(cf. Lord and Novick, 1968, Eq. 9.1.1).

In practical situations, we do not have information about the
true scores, but a good estimate of the true score of an essay is
the mean of the multiple ratings of the essay. The vector of these
estimates is not perfectly reliable, but it approaches unity as the
number of raters grows.

For the case of n raters with an average reliability of r;, the
reliability of the true scores that are based on the average or sum
of n ratings can be approximated by the generalized version of the
Spearman-Brown formula with n and r;. Let us call it ry,.

Let r;; be the correlation of the ratings given by rater i with the
estimated true scores. When dis-attenuating this correlation by
the reliability of rater i and the reliability of the estimated true
scores, in the case of a unidimensional inter-rater correlation
matrix, we should get a perfect correlation. Hence

10
Tl
It follows that
2
i = u
T

In the application of this formula as described in this paper, each
of the 13 raters was examined separately. The approximation of
true scores for the estimation of the intra-rater reliability was based
on the ratings given by the other 12 raters. The values 0.54 and 12
were used for estimating r by the Spearman-Brown formula.
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