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Recent studies have shown that children’s proficiency in writing numbers as part of the so-called transcoding correlates with math skills. Typically, children learn to write numbers up to 10,000 between Grade 1 and 4. Transcoding errors can be categorized in lexical and syntactical errors. Number writing is thus considered a central aspect of place value understanding. Children’s place value understanding can be structured by a hierarchical model that distinguishes five levels. The current study investigates to what extent a profound understanding of the place value system can explain individual differences in number writing. N = 266 s and third graders (126 girls) participated in the study. The children wrote down 28 verbal given numbers up to 10,000 and completed a place value test based on a hierarchical model to assess number writing skills and place value understanding. Second graders made more number writing errors than third graders and transcoding errors were mostly syntactical errors. In both grades, transcoding performance and place value understanding correlated substantially. In particular complex numbers were more often solved correctly by children with a more elaborated place value understanding. The effect of place value understanding on error rate was smaller regarding lexical errors than syntactical errors. This effect was also comparably small regarding inversion-related errors. The results underpin that writing numbers is an integral part of early place value understanding. Writing numbers can be assumed to be mostly based on the identification of the place values. However, variance in transcoding skills cannot totally be explained by place value understanding, because children with an elaborated place value understanding differed in transcoding performance, too. The differences between the grades indicate that children’s development of writing numbers is also driven by instruction in school. Thus, writing numbers and place value understanding overlap but exceed each other. We discuss how an understanding of the place value relations can be integrated in existing frameworks of place value processing. Since writing numbers is a basic skill in place value understanding, it might serve as an efficient screening method for children, who struggle severely with understanding the decimal place value system.
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INTRODUCTION
When someone tells us his or her phone number, when we write down a friend’s new address, or when we make a note to take the right bus line whose number a helpful stranger told us: Many every-day contexts require to write a number from verbal information. In research, the skill to write down numbers given verbally is often referred to as transcoding (Barrouillet et al., 2004; Gilmore et al., 2018). Transcoding, as the term indicates interrelates several codes of numbers, i.e., representations, in which numbers can appear.
Dehaene (1992) proposed three codes for number representations in the frequently cited Triple Code Model. The model consists of three codes of numbers that are interrelated: 1) a verbal system, which mostly refers to number words, but also verbally stored arithmetic facts in the log-term memory (e.g., multiplication table); 2) the visual system including Arabic numerals; and 3) a quantity system covering nonverbal number representations, such as sets of dots or positions on a number line (Dehaene, 1992; Dehaene and Cohen, 1995). Thus, a number can be represented in these three codes as well as transcoded between them.
The importance of transcoding abilities for mathematical learning is emphasized by its relation to mathematical performance. Empirical studies have shown that transcoding correlates with arithmetic performance (Geary et al., 1999; Moeller et al., 2011a; Göbel et al., 2014b). Moreover, number line estimation accuracy also correlates with transcoding (Dietrich et al., 2016). In line with these results, persistent transcoding difficulties are typical for children with mathematical learning difficulties (Geary et al., 1999; Moura et al., 2013; Moura et al., 2015). Especially numbers of higher complexity challenge children with mathematical learning difficulties even at the end of primary school, when their typical developing peers have mastered transcoding (Mark and Dowker, 2015; Moura et al., 2015; Houdement and Tempier, 2019).
Transcoding abilities usually develop during primary school. While many children at the beginning of primary school show difficulties with reading or writing numbers, most of them master transcoding by end of Grade 4 (Byrge et al., 2014; Moura et al., 2015). The difficulty of number reading and writing depends–among others–on the complexity of the numbers. Single-digit numbers are only slightly affected by transcoding errors, which appear mostly in multi-digit numbers (Zuber et al., 2009; Moura et al., 2015). Moura et al. (2015) have shown that children’s transcoding proficiency regarding numbers of different complexity develops parallelly during the course of primary school: For example, first graders showed similar difficulties with numbers of low difficulty (e.g., 190) as second graders showed with numbers of moderate difficulty (e.g., 109).
The difficulty of number reading and writing is also affected by the number word system of a language. Number words vary in their transparency in different languages. For example, 35 (thirty-five) is read “sān shí wǔ” (“three ten five”) in Chinese, which is more transparent than English as the tens are given in a decomposition (three ten) and not a new word (thirty). In German, it is “fünfunddreissig” (“five and thirty”), which is even less transparent than English due to the inversion of tens and units (Zuber et al., 2009; Göbel et al., 2014a). Comparative studies between different languages have shown that transcoding is easier in terms of accuracy and reaction time in more transparent languages (Miller et al., 1995; Pixner et al., 2011; Dowker and Nuerk, 2016).
In particular the tens-units-inversion that is found for example in German and Dutch is a major challenge in transcoding (Pixner et al., 2011; Klein et al., 2013). In a comparison study regarding the influence of different characteristics of numbers (e.g., number size, pronunciation of number words, or difference between digits) on transcoding, van der Ven et al., (2017) showed that inversion was a significant predictor for transcoding difficulty. Imbo et al. (2014) compared French (non-inverted) and Dutch (inverted) speaking second-graders. Although overall transcoding performance did not differ significantly between the language groups, the Dutch speaking children had a nearly six times higher inversion error rate than their French peers.
Empirical evidence suggests that working memory is involved in transcoding difficulties in inverted languages (Camos, 2008; Zuber et al., 2009; Pixner et al., 2011). Zuber et al. (2009) have shown that transcoding correlates with visual-spatial working memory and central executive, but not with phonological working memory in first graders. However, the central executive was only involved in inversion-related transcoding errors (e.g., 53 for 35), which indicates that coordinating number word parts for tens and units is a main difficulty during transcoding in languages with tens-units inversion. In line with that, Poncin et al., (2020) recently compared transcoding performance in inverted (“five and thirty”) and non-inverted (“thirty-five”) number words at the end of primary school. The French-speaking children could solve the transcoding task given in the non-inverted (usual in French) condition in significant shorter time than the inverted (unusual in French) condition. However, German speaking children were as fast in transcoding when presented inverted number words (usual in German) as when presented non-inverted number words (unusual in German). Obviously, the tens-units-inversion leads to increased reaction times in transcoding even in children who are used to it. This result highlights the cognitive cost of inverted number words. Lopes-Silva et al., (2014) investigated the role of verbal skills beyond working memory regarding transcoding processes in non-inverted number words. In their study, phonemic awareness outran working memory capacities regarding the prediction of transcoding performance.
Transcoding Processes
Transcoding numbers from verbal to Arabic code requires an understanding of the decimal rules of number word structures (Deloche and Seron, 1982; Pixner et al., 2011): The parts of the number words (e.g., nine hundred fifty-one) have to be mapped to corresponding numerals (900, 50, 1), which need to be composed according to certain, language-specific rules (951). Barrouillet et al. (2004) proposed an often adopted asemantic, developmental, and procedural model for transcoding (ADAPT model) to specify the processes involved in transcoding. The ADAPT model focuses on procedural rules on the one hand and on the other hand on the construction of a “lexicon” for multi-digit numbers. According to the ADAPT model, transcoding does not involve eliciting details such as the meaning of the digits, given that a corresponding entry in the numerical lexicon is available. If there is no entry, procedural rules have to be employed. In this process, the number word forms a digit string that contains information about the digit value and the positional value.
Within the ADAPT model, four types of procedural transcoding rules are differentiated. Some numbers (e.g., 11) or digits (e.g., 9 in 951) are derived from long-term memory (P1 rules). When the digit strings have to be assembled, their length has to be derived from the number words as indicated by keywords such as “hundred” or “thousand” (P2 and P3 rules). P1 and P2/P3 rules are combined, when the digit value is derived from long-term memory and the position from the keyword, as in “nine hundred” (“nine” = P1, “hundred” = P2). The structure of many number words in triplets (e.g., three hundred thirty-nine thousand two hundred eleven) facilitates transcoding up to one million with just two of these rules (P2 for three-digit and P3 for four-digit numbers) (Barrouillet et al., 2004; Van de Walle et al., 2016). Finally, the written number has to be checked for completeness. If there are gaps in the digit string, they have to be filled up with zeros (P4 rules).
Two main error types in transcoding are distinguished: lexical and syntactical errors. While errors in mapping the corresponding number to a digit (e.g., 941 for 951) are considered lexical errors, wrong compositions of the numerals (e.g., 90,051 for 951) are called syntactical errors (Barrouillet et al., 2004; Deloche and Seron, 1982). After comparing lexical and syntactical transcoding errors in children with and without mathematical learning difficulties in early and middle primary school, Moura et al. (2013) reported three main effects: First, syntactical error rates were higher than lexical error rates in all children. Second, children at the beginning of primary school made more transcoding errors than children in middle primary school. And third, typical developing children showed lower transcoding error rates than children with mathematical learning difficulties. In particular, lexical error rates were very low in typical developing children both in early and middle primary school. However, first-graders with mathematical learning difficulties showed considerably higher lexical error rates. In contrast to lexical errors, syntactical errors were generally found in both groups and both stages of primary school, accounting for the three main effects. Syntactical errors mostly affected three- and four-digit numbers, while single- and two-digit numbers challenged only very few children (Moura et al., 2013).
As proposed in the ADAPT model, employing transcoding rules strongly draws on procedural knowledge such as identifying place values. Procedural knowledge refers to how rules and procedures (e.g., the rules of the ADAPT model) are carried out. In contrast to procedural knowledge, conceptual knowledge covers the understanding of why these rules and procedures apply and which structures underly them (Hiebert and Lefevre, 1986). Procedural and conceptual knowledge can be applied regarding place value understanding, too. While procedural place value understanding refers to knowledge of the place values and how they can be composed to multi-digit numbers, conceptual place value understanding can be identified with the iterative relation of the bundling units (i.e., hundreds, tens, units, etc.): ten units can be unitized to one ten and so on (Houdement and Tempier, 2019; Van de Walle et al., 2016). Rittle-Johnson and Schneider (2015) emphasize that procedural and conceptual mathematical knowledge are intertwined. The interrelation between procedural and conceptual knowledge implies that procedural skills may have a conceptual basis on which they are acquired and employed. In the case of transcoding, there is little known about its conceptual foundations.
Place Value Understanding
Against the background of the ADAPT model, transcoding implies specific knowledge of place value understanding. For the reliable employment of the procedural rules of the ADAPT model, children need to recognize the decimal unit a digit represents. According to Nuerk et al. (2014), place value information is processed in three ways: First, place value identification refers to the correct finding and naming of digit positions in a multi-digit number. Therefore, this aspect can be identified primarily with transcoding services. Second, place value activation refers to the employment–consciously or unconsciously–of the numerical information of a decimal unit, for example in number comparison tasks. Third, place value computation describes the integration of place value information in arithmetic tasks. This taxonomy is particularly used in (neuro-) psychological studies on number processing (Nuerk et al., 2014; Bahnmueller et al., 2018).
Naturally, place value understanding has been addressed by researchers from (mathematical) education, too. Based on the notion that transcoding is mostly based on a conceptual understanding of the place value system, procedural and asemantic models such as the ADPAT models have been criticized (e.g., Geary, 2004; Desoete and Grégoire, 2006). However, a profound understanding of the decimal place value system covers both procedural and conceptual aspects such as writing and reading numbers and insight in the iterative relation of the bundling units (Fuson et al., 1997a; Van de Walle et al., 2016; Herzog et al., 2019; Houdement and Tempier, 2019).
To structure the development of place value understanding, Herzog et al. (2019) proposed a developmental model of place value understanding that distinguishes five levels. The levels build up on each other hierarchically. That means that the level hierarchy implies a relation of dependence and inclusion between the levels: First, children need the knowledge of lower levels to develop successive levels (dependence). Second, children who have developed a certain level are supposed to have developed the prior levels, too (inclusion) (Battista, 2011). The levels of the model are not distinct classes of place value understanding that suddenly change. Rather, higher levels are elaborations and advancements of lower levels (Clements and Sarama, 2004). By interacting with tasks and materials based on the place value system (e.g., multi-digit arithmetic, base-ten blocks, standard algorithms), children develop a more elaborated understanding of how numbers are composed of place values and how decimal bundling units are related. As children’s place value understanding does not change suddenly, but gradually over time, the levels are interrelated in form of overlapping waves (Siegler and Alibali, 2005; Clements and Sarama, 2014). Each level can be described by typical ideas of the place value system, strategies used to solve tasks, and errors made by the children at the respective level. The gradual development of children along the levels implies that a child can be located at a certain level of which the child can solve most items; however, this child might also be able to solve single items of higher levels (e.g., by applying a specific strategy) and, vice versa, make single errors on items of lower levels (e.g., due to careless mistakes).
The model is theoretically based on a broad literature review and content analysis. The most relevant literature for the construction of the model are earlier models on place value understanding (Cobb and Wheatley, 1988; Ross, 1989; Fuson, et al., 1997b). The influence of the earlier models gets visible in the description of the levels below. However, the earlier models cover only two-digit numbers, in contrast to the model by Herzog et al. (2019). The significance of the relation between bigger bundling units such as hundreds and thousands is highlighted in the literature (Scherer and Moser Opitz, 2010; Houdement and Tempier, 2019). While the earlier models are based on classroom observations, single cases and empirical studies, there is little a posteriori evidence for their validity (Chan et al., 2014). To the best of our knowledge there are no longitudinal studies supporting the validity of the earlier models for describing learning trajectories. Longitudinal studies are especially necessary for developmental models that describe children’s typical learning trajectories (Reiss and Obersteiner, 2019). The content analysis of the place value system during the construction of the model stressed the relevance of both the identification of the place values (Nuerk et al., 2015) and the relation of the bundling units (Houdement and Tempier, 2019).
The model construction followed a four-step circle as suggested by Battista (2011). The first step was the literature review and content analysis described above. The second step was the construction of a provisory model and designing items corresponding to the levels of the provisory level. In a third step, the model was tested empirically in several piloting studies. Step four was the evaluation of the provisory model and the empirical results. In the few cases where the provisory model and the empirical findings of the piloting studies did not match, the model was slightly revised and tested again. The adaptation process of the model involved only few items that were carefully adapted to the revised models.
The final model was validated in a cross-sectional and a longitudinal study in Germany employing a one-dimensional Rasch-Analysis with a new sample (Herzog and Fritz, 2019). In the cross-sectional study, the item difficulties of the Rasch-Analysis followed the predictions of the level hierarchy in two ways: First, items operationalizing the same level showed similar difficulties; second, items of lower levels were systematically easier than items of higher levels. In the longitudinal study, students from Grade 3 and 4 showed significant increase in place value understanding as described by the model over the course of 1 year. A cross-sectional study in a different cultural and educational environment (South Africa) provides similar empirical evidence in support of the model validity (Herzog et al., 2017).
Pre-decadic Level: Initially, children perceive multi-digit numbers as entities without any decimal structure (Cobb and Wheatley, 1988; Ross, 1989; Fuson et al., 1997a). Children might be able to decompose numbers in general (e.g., 24 into 12 and 12). However, canonical decompositions into tens and units (e.g., 2 tens and 4 units) have no specific base-ten related quality to these children. The canonical decomposition as fundamental construction principle of numbers within the decimal place value system is only one of many possible decompositions and children are unlikely to recognize tens and units in this decomposition at the Pre-decadic Level.
Place Values (Level I): At first, children understand that the digits in numbers can be mapped to decimal bundling units such as units, tens, etc. (Cobb and Wheatley, 1988; Ross, 1989; Fuson, et al., 1997b). Based on this place value understanding, children at this level can map digits to corresponding bundling units. However, they do not yet understand, how the bundling units are related. That means that children at Level I can handle canonical decompositions (e.g., 2 tens and 4 units) based on the place value understanding of this level, but struggle with so-called non-canonical decompositions (e.g., 1 ten and 14 units).
Tens-Units Relation with Visual Support (Level II): At Level II, children develop an understanding of the relation of tens and units that is based on visual support (Cobb and Wheatley, 1988; Steffe, 1992). They can bundle and unbundle tens and units, but rely on counting processes to verify the equivalence of ten units and one ten. It takes decimally structured material such as base-ten blocks for them to reliably employ these counting processes (Fuson, et al., 1997a; Nührenbörger and Steinbring, 2008). Non-canonical representations that are given abstractly cannot be handled based on this place value understanding. Therefore, children might identify “ten” rather with the corresponding visualization (e.g., a tens stick, Van de Walle et al., 2016) than with a composition of ten units. Children at this level understand the relation of the bundling units only for units and tens, while bigger bundling units (e.g., hundreds) are not yet integrated (Scherer and Moser Opitz, 2010).
Tens-Units Relations without Visual Support (Level III): Level III is characterized by two developmental changes in place value understanding. First, children detach from visual representations for two-digit numbers which enables them to handle non-canonical representations of tens and units. Based on an interiorized understanding of the tens-units relation, they do not necessarily need counting routines to verify that ten units make up one ten. Second, children extend the representation-based understanding of the relation between the bundling units onto bigger units such as hundreds, thousands, etc. Like on Level II for two-digit numbers, children need decimally structured material to employ the iterative bundling principle for multi-digit numbers in general. Scherer and Moser Opitz, (2010) emphasize the necessity of bundling tens to hundreds to understand the iterative bundling principle.
General Bundling Units Relations (Level IV): At the fourth and final level of the model, children have successfully established an abstract concept of the relation between the bundling units. Similar to the transition from Level II to Level III for the relation between tens and units, children now detach from concrete representations for multi-digit numbers. As children established a profound understanding of the positional principle as well as the iterative bundling principle with this learning step, their place value understanding development is considered completed.
The Current Study
According to the ADAPT model, the rules employed during transcoding are asemantic, procedural, and developmental. The asemantic characteristic means that transcoding processes are not necessarily bound to the numerical meaning of the number words. The procedural characteristic refers to the transcoding rules. As children follow algorithms during transcoding processes, they may not actually understand the structure behind the processes. The developmental characteristic highlights that children actively develop the numerical lexicon for number words. With increasing experience, children gain routine in employing the transcoding rules. Thus, their increasing transcoding proficiency in primary school is an outcome of learning processes (Barrouillet et al., 2004; Moura et al., 2015).
Research mostly focused on working memory and phonological awareness as influencing factors on transcoding. However, given the interrelation of procedural and conceptual knowledge, the assumptions of the ADAPT model also rise questions regarding the conceptual fundaments of transcoding processes (Rittle-Johnson and Schneider, 2015). As the process of transcoding itself is asemantic, the numerical meaning of a number is not activated during transcoding. However, there has to be some kind of meaning that numbers have to children. It is unclear, to what extent children’s understanding of numbers and decimal bundling units–although not activated during transcoding–are related to their transcoding skills. Transcoding is also procedural, which means that the transcoding rules are employed by routine. Thus, the ADAPT model makes no predictions on the influence of children’s conceptual understanding on transcoding. As procedural and conceptual knowledge are interrelated, we cannot exclude an influence of conceptual place value understanding on transcoding. Finally, the ADAPT model describes transcoding as developmental. This implies that children gain knowledge that is relevant for transcoding during primary school. What knowledge is relevant for transcoding, and in particular the role of conceptual knowledge in this regard, is not finally investigated. To sum up, this study aims at investigating the role of conceptual place value understanding for transcoding skills to better understand the cognitive prerequisites of transcoding processes.
To address these questions at least partially, we investigated transcoding abilities in relation with place value understanding as described by the Herzog et al. (2019) model in German second and third graders. As place value understanding usually develops in Grades 3 to 5 (Herzog et al., 2019; Houdement and Tempier, 2019), and transcoding abilities substantially improve during Grades 1 to 3 (Moura et al., 2015), children in Grade 2 and 3 are of particular interest regarding this research question. The model allows assessing and localizing children’s individual status of place value understanding within the developmental level sequence. This approach facilitates to investigate differences in transcoding performance between children with more or less elaborated place value understanding. As the model provides qualitative descriptions of children’s place value understanding, differences in transcoding abilities might not only be explained in terms of task performance, but also in terms of children’s ideas of the place value system. The qualitative description of children’s place value understanding based on the model by Herzog et al. (2019) in relation to transcoding abilities might give insights into the conceptual underpinnings of transcoding.
Besides variance in error rates across children at different levels of place value understanding, we expect variance in error types to provide substantial information on conceptual underpinnings of transcoding. At least two aspects are highlighted in research. First, lexical and syntactical errors might differ in the way they are related to place value understanding. As lexical errors are mostly mapping errors between digits and numbers, they might be less related to place value understanding than syntactical errors (Zuber et al., 2009; 215; Moura et al., 2013). Second, the German sample allows investigating inversion related errors. Regarding the cognitive foundation of inversion errors, two competing approaches can be found in the literature. While mathematics education research considers inversion related errors as an indicator for low place value understanding (e.g., Schulz, 2014), (neuro-) psychological studies stress the influence of working memory on inversion related errors (Bahnmueller et al., 2015; Pixner et al., 2016). This study aims at contributing to this debate by investigating the influence of place value understanding and inversion related errors.
Two main research questions (RQ) will structure the investigation of cognitive underpinnings of transcoding of this study. The qualitative level description of the model of place value understanding allows making testable predictions regarding the differences in transcoding performance between children at different levels.
RQ1: To what extent does transcoding performance vary between children at different levels of place value understanding as described by the model by Herzog et al. (2019)? We expect that children at higher levels of place value do fewer transcoding errors in general. More specifically, the concept described in Level I (identification of place values) is supposed to support transcoding processes (Bahnmueller et al., 2018; Herzog et al., 2019). Thus, especially children at the Pre-decadic Level are expected to show lower transcoding performance, while children at higher levels are expected to differ only slightly regarding transcoding performance.
RQ2: How are different transcoding error categories such as lexical and syntactical as well as inversion related errors interrelated with place value understanding? Based on the underlying processes in transcoding as described in the ADAPT model, we hypothesize that syntactical errors are negatively associated with place value understanding, while lexical errors may not or only slightly be associated with place value understanding. In particular children, who do not have a conceptual basis for the identification of place values (Pre-decadic Level) are expected to make syntactical errors. The study design allows to investigate the effect of place value understanding on inversion related errors, which might contribute to the debate on the cognitive foundation of inversion-related errors.
MATERIALS AND METHODS
Sample
In total 266 students participated in the study. Of the total sample, 135 students (69 female, Mage = 91.4 months, SDage = 5.7 months) were in Grade 2 and 131 (57 female, Mage = 104.3 months, SDage = 6.4 months) were in Grade 3. In both grades, data was collected during the first 3 months of the school year. Children were acquired from three schools of which one was located in an upper-class, one in a middle-class, and one in a lower-middle-class suburb. Written consent to participate in the study was acquired in advance from the parents. The study was approved by the local ethics committee of the authors’ university.
The sample was selected based on the contents of the mathematics curriculum. In Grade 1, mathematics classes cover the number range up to 20, in Grade 2 up to 100, and in Grade 3 up to 1,000. Thus, children, who just entered Grade 2 or Grade 3 are appropriate for the aims of this study. As no inclusion criteria were applied, all second- and third-graders from the selected schools participated in the study, if consent was obtained.
Instruments
Transcoding
Transcoding performance was assessed by a writing-numbers-test. Children were given 28 single-to four-digit numbers verbally. The stimuli were identical with Moura et al. (2015) and can be found in Figure 1. Transcoding errors were categorized similar to Moura et al. (2015). Incorrect mappings of numbers and digits (e.g., 961 for 951) were coded as lexical errors. Errors violating the procedural rules (e.g., 90051 for 951) were coded as syntactical errors. As a specific type of syntactical errors, inverted tens and units (e.g., 915 for 951) were coded as inversion-related errors. Based on the rules of the ADAPT model involved in the transcoding process, the numbers were categorized in numbers with null, low, medium, and high complexity (Moura et al., 2015).
[image: Figure 1]FIGURE 1 | Example items from the place value understanding assessment for Levels (I–IV)(A–D).
Place value Understanding
Based on the model by Herzog et al. (2019), two item collections were used to assess children’s place value understanding. Because children in Grade 2 are not yet introduced to numbers bigger than hundred and nearly no child had developed the concept of Level IV in a piloting study, we omitted Level IV items in Grade 2. The items for both Grades were based on the item collection which had been used in another study to validate the model in Germany. A one-dimensional Rasch analysis confirmed that the item difficulties were coherent with the assumptions of the theoretical model (Herzog and Fritz, 2019). Example items from the place value understanding assessment are presented in Figure 1. The full item collections are available by request to the corresponding author.
In Grade 2, 40 items aligned to the Levels I to III were employed. 16 items were aligned to Level I, while 12 items corresponded to the Levels II and III each. As items were presented in random order, more items on the first level were included in the assessment to prevent frustration and tiring in the children. 20 items (Level I: 6, Level II: 8, Level III: 6) were original items of the validation study and all additional items were variations of these items. The internal consistency of the 40 items was good (Crombach’s α =0.934).
The item collection for Grade 3 contained 48 items. Of the 48 items, 16 were aligned to Level I, 12 items were aligned to Level II and III, and 8 items were aligned to Level IV. Lower levels were overrepresented for the same reasons as in Grade 2.30 items (Level I: 7, Level II: 8, Level III: 7, Level IV: 8) were identical with the version of the validation study. The additional items on Levels I to III were identical to those included in the assessments for Grade 2. Internal consistency for the Grade 3 item collection was good (Crombach’s α =0.947).
Children’s individual level of place value development was assessed based on percentage of correct answers per level. If children solved at least 75% of the items of a level, they were assigned to the corresponding level. The highest achieved level was recorded as the current conceptual level of place value understanding (for similar approaches see Lee and Sarnecka, 2009; Ricken et al., 2013; Fritz et al., 2017; Balt et al., 2020). To address lucky guesses and mistakes, children did not have to solve all items of a level to be considered having developed the concept of the level. Determining individual level achievement by a criterion of 75% also visualizes the assumption of the levels as overlapping waves, as the development of place value understanding is not considered disruptive (i.e., replacing prior knowledge at once), but as a progressive elaboration (Siegler and Alibali, 2005; Clements and Sarama, 2014). The internal hierarchy of the levels showed in this analysis, too. In all cases, children also fulfilled the 75% criterion for lower levels than the achieved level. For example, a child that solved 75% of the items at Level III also met this benchmark for Levels I and II.
Data Collection
The data collection was conducted in the classrooms during usual lesson hours. Teachers were informed and received place value training material as an incentive for participation. Two trained undergraduate students helped with the data collection. Both received an intensive training on data collection beforehand and were supervised by the authors.
Besides the presented instruments, number line estimation and early arithmetic concepts were also assessed (but not included in this study). To minimize cognitive load, the tests were split into two sections. The tests analyzed in this study—transcoding and place value understanding—were in the same section and thus assessed on the same day. In all assessments, transcoding was assessed first, as children needed to write down numbers synchronously. The item order in the transcoding test was aligned to Moura et al. (2013; see also Figure 2). Place value understanding was assessed subsequently, because children could solve these tasks individually and in their own speed. All children had enough time to finish the place value assessment. The order of the items in the place value test were randomized across the levels. Thus, easier and more difficult items alternated. The items from the place value assessment were arranged into two sets to avoid position effects.
[image: Figure 2]FIGURE 2 | Error rates for children at different levels of place value understanding in Grade 2 and Grade 3 for the stimuli of the transcoding tasks. Numbers ordered by level of complexity (background shades).
RESULTS
In Grade 2, half of the children were assessed at the Pre-decadic Level. The other half of the second-graders and all third-graders were nearly equally distributed across the levels of place value understanding. One-factorial ANOVAs validated the differences in place value performance between the children at different place value levels in Grade 2 (F(3, 131) = 132.064, p<.001, η2 = 0.752) and Grade 3 (F(4, 126) = 77.839, p<.001, η2 = 0.712). With two exceptions—Level I vs. II in Grade 2 (p = 0.058) and Level III vs. IV in Grade 3 (p=.112)—Bonferroni-corrected post-hoc tests showed significant differences in place value understanding between the level-subgroups in both grades. Thus, the classification of the participating children appears appropriate. The distribution of children to the levels and the corresponding descriptive statistics are summarized in Table 1.
TABLE 1 | Descriptive analysis of the place value understanding.
[image: Table 1]As expected, transcoding performance was positively associated with place value understanding in both grades (RQ1). Raw scores of correct answers in transcoding tasks and place value understanding tasks correlated substantially in Grade 2 (r = 0.638, p < 0.001) and Grade 3 (r=.585, p < 0.001). Table 2 shows mean correct answers in the transcoding test for children at different levels. A one-way ANOVA confirmed that the group differences were significant in Grade 2 (F(3, 130) = 25.223, p<.001, η2 = 0.368) and Grade 3 (F(4, 125) = 12.476, p < 0.001, η2 = 0.285). Post-hoc tests (Bonferroni) revealed consistent significant lower performance only in children at the Pre-decadic Level (p < 0.019 for all comparisons).
TABLE 2 | Means and standard deviations of transcoding performance in children at different levels in Grade 2 and 3.
[image: Table 2]An analysis of the performance regarding numbers of different complexity provides deeper insights in the associations of transcoding and place value understanding. Transcoding complexity of stimuli was determined by the number of procedural rules in terms of the ADAPT model that have to be applied to the particular number as described by Moura et al. (2015). Regarding the numbers with the lowest complexity (Null), there were no significant differences between children at different levels (I to III or IV) of place value understanding. We found ceiling effects in all subgroups of place value understanding for the least complex numbers. With increasing number complexity, differences between the children with different place value understanding got bigger in Grade 2. In Grade 3, transcoding performance in children at the Pre-decadic Level dropped with increasing complexity of numbers. However, ceiling effects were found in children at Levels I to IV for numbers of null, low, and medium complexity. Children at Levels III and IV showed ceiling effects even for the most complex numbers. In summary, the effect of place value understanding on transcoding applied primarily for complex numbers and children at the Pre-decadic Level.
In line with Moura et al. (2015), children in Grade 3 performed better in the transcoding tasks than the second graders, even when they were at the same level of place value understanding. As for place value understanding, the effect of the Grade increases with number complexity. Within the Grade-specific subgroups, no significant correlation of chronological age and transcoding performance was found (Grade 2: r = −0.071, p = 421; Grade 3: r = −0.055, p = 0.533). We therefore conclude that, besides place value understanding, transcoding is influenced by schooling, as children in Grade 3 have been introduced to three-digit numbers.
A comparison of the error rates regarding the 28 numbers used in the transcoding tasks across children at different levels of place value understanding (Figure 2) with a comparable analysis regarding children in different grades (Moura et al., 2015) reveals similar patterns. Different Grade-levels and levels of place value understanding have nearly identical effects on the error rates. The similarities can even be found regarding the individual stimuli used in the transcoding tasks.
In line with previous research, children made substantially more syntactical errors than lexical errors (Moura et al., 2015). An analysis of the error types revealed the same significant effects of grade and place value understanding for all error types (RQ2). As comprised in Table 3, individual error rates decreased with increasing level of place value understanding, and children in Grade 3 made less errors than second graders. However, these effects did not apply to all error types to the same extent. The individual rates of syntactical errors were stronger affected by place value understanding and Grade level than lexical error rates. Different sensitivity to place value understanding is visualized by effect sizes of one-way ANOVAs, which were higher for syntactical errors (Grade 2: η2 = 0.233, Grade 3: η2 = 0.198) than for lexical errors (Grade 2: η2 = 0.097, Grade 3: η2 = 0.137).
TABLE 3 | Means and standard deviations of lexical, syntactical and inversion related errors in children at different levels in Grade 2 and 3.
[image: Table 3]Inversion related errors are a specific subtype of syntactical errors found in German. Pure inversion related errors only made up a small percentage (Grade 2: 10.7%, Grade 3: 6.1%) of the syntactical errors. Most syntactical errors were not inversion related, but were related to incorrect integration of hundreds (e.g., 90051) or thousands (e.g., 10002 for 1002). As for lexical errors, the effect of place value understanding on inversion related errors was rather low (Grade 2: η2 = 0.103, Grade 3: η2 = 0.073). This finding indicates that inversion related transcoding errors are only partially dependent on missing place value understanding. In contrast to place value understanding, Grade level had a bigger effect on inversion related errors, as the rate for inversion related errors in Grade 3 was only one sixth of the rate in Grade 2 for the whole sample. Only in children at the Pre-decadic Level there was no effect of the grade level.
DISCUSSION
The results of this study show that transcoding abilities are associated with place value understanding in general (RQ1). This association was slightly stronger for second graders than for third graders and for more complex numbers. However, the differences between second- and third-graders were not significant. Especially children who have not yet developed a conceptual basis for identifying place values (Pre-decadic Level) showed lower transcoding performance than children at higher levels. The association between place value understanding and transcoding did not apply to all types of errors in the same way (RQ2). The biggest effect of place value understanding was found regarding syntactical errors. In contrast to findings reported in the literature, inversion related errors occurred only rarely (Zuber et al., 2009; van der Ven et al., 2017). As well as inversion related errors, lexical errors were only little affected by differences in place value understanding. Children at the Pre-decadic Level showed a smaller difference in error rates between Grade 2 and Grade 3. At the same time, these children performed significantly lower in the transcoding tasks than children at higher levels. We suspect that this group might be most likely to develop persistent difficulties with transcoding and even mathematical learning difficulties.
Cognitive Foundations of Transcoding
Independently from the level of place value understanding, children in Grade 3 showed higher transcoding proficiency than children in Grade 2. Thus, place value understanding may explain transcoding performance only partially. Experience with writing numbers due to exposure and formal instruction in school have to be considered another basis for children’s development of transcoding abilities, too. As age did not correlate with transcoding proficiency, transcoding abilities appear not as a result of maturing, but rather a result of education. These findings indicate that transcoding abilities are supported by, but not completely bound to an elaborated place value understanding.
Based on the data gained in this study, we can only speculate which learning contents of formal schooling promote transcoding during Grades 2 and 3. Informed by the curriculum, decimal arithmetic strategies such as break-down (27 + 15 = 20 + 10 + 7 + 5 = 30 + 12 = 42) or decompositions (27 + 15 = 27 + 3+ 12 = 30 + 12 = 42) seem reasonable contents that support children’s transcoding abilities. It is also likely that children gain experience during primary school when asked to write, read, and compare numbers. The better transcoding performance regarding more complex numbers in third graders supports this suggestion, as they have been introduced to three-digit numbers in school. More insight in schooling effects might be obtained by targeted intervention studies in Grade 2 in which the different contents can be taught separately. In addition, longitudinal single case studies over a longer time period can align the development of transcoding abilities to the development of place value understanding on the one hand and formal schooling contents on the other hand.
The findings of this study regarding the error types can be brought in line with the ADAPT model. First, the association of place value understanding and transcoding was dominantly caused by syntactical errors. Syntactical errors occur when children incorrectly apply the procedural rules of the ADAPT model. Knowledge of these rules partially corresponds with place value understanding as described by the Herzog et al. (2019) model. For instance, the knowledge of the place values (Level I) can be identified as conceptual underpinning of the P2/P3-rules. Second, lexical errors were less associated with place value understanding. Lexical errors are supposed to stem from incorrect mappings of number words and Arabic symbol. Mapping errors—may they be due to falsely learned number words or mistakes when deriving from the long-term memory—are based rather on access difficulties to the numerical lexicon than on the procedural rules described in the ADAPT model. Third, a possible reason for inversion errors highlighted in research are working memory capacities (Zuber et al., 2009): When presented an inverted two-digit number word (e.g., five-and-twenty [25 in German]), children have to keep the units part (five) in mind while waiting for and writing down the tens part (twenty). Thus, the ten-unit-inversion draws on the verbal working memory and the central executive (storage of the unit), inhibition (not writing the unit) and visual-spatial working memory (coordinating left and right when writing down the digits). The small association of place value understanding and inversion errors suggests that inversion errors are mostly bound to working memory, but only slightly on place value understanding (Bahnmueller et al., 2015; Pixner et al., 2016). Further studies in which the influence of place value understanding and working memory can be compared directly, for example in a multiple regression model, are needed in this regard.
In both grades and all levels of place value understanding, more complex numbers had higher error rates. However, the effect of number complexity did not apply to all numbers in the same way. For instance, the numbers 200, 700, and 8000 (so-called X00 and X000 numbers; Zuber et al., 2009) were not affected by the number complexity effect. These number words are directly composed by a single digit number word (e.g., seven) and the decimal bundling unit word (e.g., hundred). Obviously, children struggled less with X00 and X000 numbers than with other numbers in the same number range and the same level of complexity. This is especially interesting, as error rates rise very fast for the first numbers of low complexity (150 and 190, so-called XX0 numbers; Zuber et al., 2009). It seems as if X00 and X000 number words are more intuitive to children. The unexpected low error rate on these numbers even in children at the Pre-decadic Level—who do not have any understanding of the decimal place value system yet—underpins this explanation. In terms of the ADAPT model, the different error rates for XX0 numbers and X00/X000 numbers partially contradict the assumption that a number like 700 is transcoded by applying the rules P1 (seven: fact retrieval), P2 (hundred: open three-digit frame), and P4 (end of number word: fill in the empty slots with zeros). Given the error rates in this study, X00/X000 number words are likely to be retrieved from long-term memory just as one- and two-digit numbers in children in Grade 2 and 3. Comparable findings from Moura et al. (2015) support this hypothesis.
Transcoding is a Part of Place Value Understanding
While children at the lower levels of place value understanding performed lower in the transcoding tasks in general, 32.4% of the third graders up to Level II solved all transcoding tasks correctly. Although lacking a profound conceptual understanding of the place value system, these children did not struggle even with the most complex transcoding tasks. In Grade 3, children up to Level II showed ceiling effects except for the most complex numbers. Moura et al. (2015) reported that the vast majority of the children at the end of Grade 4 can perform transcoding tasks even when numbers are complex, while Herzog et al. (2019) showed that about half of the children at this age have not yet developed the concepts of Level III and IV. Obviously, a profound understanding of the place value system includes transcoding abilities. But against the background of the findings listed up above, we suggest that place value understanding covers more knowledge than transcoding alone. Especially an automatized understanding of the relation of the bundling units (Level III and IV) goes beyond transcoding.
Place value understanding can be differentiated into procedural and conceptual aspects (Rittle-Johnson and Schneider, 2015; Van de Walle et al., 2016; Herzog et al., 2019): While procedural place value understanding refers to the knowledge how the elements of the place value system interact, conceptual place value understanding covers the knowledge why they interact. Following the models of transcoding and place value understanding that formed the basis of this study, transcoding has to be considered a rather procedural aspect of place value understanding. This notion of transcoding is in line with the ADAPT model being a procedural model. But procedural aspects usually have a conceptual underpinning, too. Knowledge of the bundling units (Level I) appears as a reasonable conceptual basis for transcoding by theoretical considerations and the empirical results of this study. This idea was also the hypothesis for both research questions. The results of this study support this assumption partially. Children at the Pre-decadic Level performed significantly lower in the transcoding tasks than children at higher levels. At the same time, transcoding performance increased with higher level of place value understanding. Comparable group differences were found in regard to the error types. Thus, knowledge of Level I coincides with better transcoding performance as hypothesized, but the association of place value understanding with transcoding performance is not limited to the knowledge of Level I.
Research has given examples, how children can solve tasks procedurally without having a profound conceptual foundation (Selter, 2001). This might explain that 18.5% of the third graders at the Pre-decadic Level could solve all transcoding tasks in this study. These results of the study underpin the notion of transcoding as a rather procedural aspect of the model of place value understanding. An analysis of procedural and conceptual aspects of place value understanding supports the claim that place value understanding covers skills and knowledge beyond transcoding, while transcoding is an integral part but not totally incremented in place value understanding (Herzog et al., 2019).
As transcoding is a basal component of place value understanding, difficulties with transcoding tasks may be an easy to use screening tool to identify children who struggle severely with developing a profound place value understanding (Moura et al., 2015). Especially complex numbers can be helpful to find children at-risk for difficulties with place value understanding. Keeping in mind the effect of formal schooling, transcoding seems to be most useful in early primary school. Given the low prevalence of children who lack transcoding abilities, transcoding tasks may only identify children with severe difficulties within the range of mathematical learning difficulties. However, transcoding appears not as a useful screening for children with mild math difficulties which are limited to distinct aspects of mathematics.
The Role of Place Value Relations in Place Value Processing
The proposed notion of place value understanding and transcoding as overlapping domains of knowledge that are neither included nor disjunct has implications for the taxonomy of place value processing (Nuerk et al., 2015). If, as the results of this study suggest, transcoding conceptually relies both on place value identification (Level I) and an understanding of the relations between the bundling units (Levels II-IV), the latter might be added to the Nuerk et al. (2015) taxonomy. Place value relations could specify the conceptually grounded knowledge, how decimal bundling units are related and how they can be traded. This level of place value processing would especially cover the handling of non-canonical number representations with and without visualizations.
Place value relations can be distinguished from the three other levels (place value identification, place value activation, and place value computation). Place value identification can be identified with Level I (Nuerk et al., 2015; Herzog et al., 2019). The hierarchy of the developmental model of place value understanding shows that place value relations exceed place value identification (Herzog and Fritz, 2019). Place value activation refers to the numerical value of the positions in multi-digit numbers. The automatic activation of the numerical information of place values gets visible for example in number comparison (Nuerk et al., 2015). Nuerk et al., (2001) have shown that numerical information is activated separately for tens and units. The compatibility effect in number comparison, which leads to higher reaction times in comparing incongruent number pairs (e.g., 72 and 58) than congruent pairs (e.g., 72 and 61) visualizes this automatic information: The (unnecessary) information regarding the units is activated automatically and independently from the information of the tens. As place value activation affects the decimal bundling units separately, it is unlikely that this level of place value processing can be identified with place value relations. Place value computation specifies the processing of place value information when solving arithmetic tasks. Studies have shown that tasks involving carries (e.g., 27 + 18) are more difficult than tasks without carries (Imbo et al., 2007; Klein et al., 2010; Moeller et al., 2011b). In particular children with mathematical learning difficulties struggle with tasks involving carries (Lambert and Moeller, 2019). As carry tasks require to coordinate tens and units while computing, one might suspect that place value computation could be identified with place value relations. However, results from the validation studies in Germany and South Africa of the Herzog et al. (2019) model show that solving addition and subtraction tasks with carries does not necessarily imply a profound and abstract understanding of the relation of the bundling units (Herzog et al., 2017; Herzog and Fritz, 2019).
While place value relations as described here are not precisely covered by the existing levels of place value identification, there are possible interactions. As underpinned by the model hierarchy, place value identification (Level I) is a basis for place value relations. Place value computation correlates with general mathematical skills which include place value relations (Lambert and Moeller, 2019; Herzog and Fritz, 2020). These findings rise the question, how place value relations can be conceptualized within the framework of place value processing (Nuerk et al., 2015). At least two conceptualizations seem reasonable (see Figure 3): First, place value relations might be an additional fourth level of number processing. In this case, variance in place value relations would lead to different proficiency for example when handling non-canonical number representations, but not interact with effects associated with place value identification, activation, or computation. Second, place value relations could be a cross-sectional level that interacts with place value identification, activation, and computation to some extent. Such a conceptualization would imply that place value relations cannot completely be disentangled from the other levels of place value processing. Empirical research might provide evidence to decide which conceptualization is more accurate.
[image: Figure 3]FIGURE 3 | Possible conceptualizations of place value relations within the framework of levels of place value processing (Nuerk et al., 2015).
Limitations and Future Perspectives
At least three limitations of this study have to be considered. Each of them might inform future research on the association of place value understanding and transcoding. First, this study included no cognitive or mathematical control variables. Given the body of research on the relation between transcoding and working memory, the above made hypotheses on error types and their varying foundation on place value understanding on the one hand and working memory on the other hand deserve more detailed investigation. While transcoding and place value understanding individually predict later arithmetic performance (Moeller et al., 2011a; Herzog and Fritz, 2020), their interaction remains unclear. Based on the claim that place value understanding covers and exceeds transcoding, one might speculate that place value understanding mediates the influence of transcoding on arithmetic performance to some extent.
Second, the ADAPT model and the Herzog et al. (2019) model are supposed to be developmental. That means that children show substantial progress over time in the skills described in these models (e.g., Herzog and Fritz, 2019). The interaction of developmental trajectories in place value understanding and transcoding skills can only be evaluated validly in a longitudinal study. Results from such a longitudinal study could provide valuable insights in the development of transcoding abilities. While the ADAPT model gives a clear description on the cognitive processes in transcoding, the trajectories children follow while learning how to apply these processes remain vague. For example, the structure of the Herzog et al. (2019) model suggests that P2 (two-digit numbers) and P3 (three-digit numbers) rules are learned successively. A developmental progression of transcoding that could be derived from a longitudinal study could answer this question. Additionally, such a developmental progression would help to structure transcoding instruction for children struggling with writing numbers (Clements and Sarama, 2004).
Third, in this study transcoding was only operationalized in form of writing numbers. Against the theoretical background of the ADAPT model (reading numbers) and the Triple Code Model (magnitude representations), substantial transcoding paths have not yet been investigated regarding their association with place value understanding. For reading numbers, similar effects as found in this study seem likely, as transcoding processes specified in the ADAPT model hold for both directions. Predictions on the conceptual basis of magnitude representations such as number line estimation appear more difficult and require further research.
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