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This article considers what teacher education candidates can show their
instructors as evidence that they are learning what they are supposed to learn,
and how that might be described as like what happens in mathematics classrooms
in compulsory settings. To support this effort, the article extends the use of the
construct of instructional exchanges from the analysis of mathematics instruction
to the analysis of mathematics teacher education. We describe four ways in which
teacher candidates exchange their work for teacher educators’ assessments of
their learning of mathematics teaching and illustrate how such exchanges are a
subset of a more general kind of activity, a transaction of practice. Section 4 looks
at ways in which the theorizing in the study might have practical implications. The
examination of teacher education closes by looking back at what the attention
to the transaction of practice might suggest as ways to develop a greater range
of tasks for use in mathematics teaching in compulsory settings; the use of a
wider range of tasks might allow mathematics teachers in compulsory settings
to make a wider variety of claims about what it is that their students have learned.
The article also highlights ways in which technological tools can be considered
as an important infrastructure to develop to support instructional exchanges in
mathematics teacher education.

KEYWORDS

instruction, teacher noticing, teacher reflection, teacher moves, instructional exchanges,
practical rationality

1. Introduction

Throughout their careers, many mathematics educators have had opportunities to teach
mathematics in formal institutions of schooling when working as a schoolteacher. Many have
also had opportunities to teach prospective teachers when working as mathematics teacher
educators. On rare occasions, some of us have served in both of these capacities in the same
period. Regardless of the timing, the career pathway from teaching to teacher education is
common enough that experience as teacher is often conceptualized as an extremely useful
resource for mathematics teacher educators working in universities (Reys and Dossey, 2008).

In this section, we begin this article by informally calling on the first author’s
conversations with two instructors, with much experience teaching mathematics at both
school and university, about their first forays into teacher education. We use the descriptions
of these experiences to generate a rough description of some differences in the dynamics
present in these two teaching contexts, against the backdrop of similarities in instruction.
We then use those differences to justify theoretical work that aims to give descriptive
purchase on differences between teaching mathematics and teaching mathematics teaching.
Ultimately, the article aims to consider tasks posed by teacher educators that ask
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teacher candidates to do work that can function as evidence that
teacher candidates are learning what they are supposed to learn
about teaching, and how that might be described as similar to and
different from what happens in classrooms in compulsory settings
where mathematics is the knowledge at stake.

1.1. How do teaching mathematics and
teaching mathematics teaching feel similar
and different?

In talking to colleagues familiar with teaching mathematics
but new to teacher education, the first author has noticed that
grading often comes up as a topic of conversation. In both kinds
of instruction, the goals of grading student work included both
feedback to students and distinguishing student performances
one from another in some way that is deemed fair. Yet, having
experience with the teaching of mathematics did not seem to
immediately provide the first author’s colleagues with resources for
their work as teacher educators. As one colleague defines it, when
teaching mathematics, they could write a test, give it to students,
assign point totals to responses comparatively easily, add up the
points to assign grades, and then use the resulting grades to indicate
to students how their performances differed; the work proceeded
relatively efficiently and students typically seemed satisfied with the
process; though, on occasion, there might be a question about a
particular element of the scoring.

By contrast, as new teacher educators, the process of grading
student work was, for the first author’s two colleagues, far more
time-consuming and often seemed fraught with potential for
conflict. The instructions for the assignments in the teacher
education context did not seem as self-explanatory as in the
mathematics classroom and often required much clarification and
negotiation with the students (indeed such negotiation was often
a site for substantial learning). Scoring responses did not seem
straightforward, often felt difficult to warrant, and took much
thought. These instructors often wrestled with justifying ranking
different responses. Once grades were shared, students seemed to
have many questions about how the grading was done, and whether
it was fair or not.

Perhaps some part of an explanation for these experiences
of novice teacher educators might lie in public perceptions of
knowledge of mathematics and mathematics teaching. Public
perceptions of mathematics include a description of mathematics
as a hard science where the answers to questions are correct or
incorrect. Indeed, the correct answers to mathematical questions
are so certain that mathematics is sometimes suggested as a way to
communicate with sentient beings elsewhere in the universe (see,
e.g., Lakoff and Nufez, 2000, for what they call “The Romance of
Mathematics”). Knowledge of mathematics teaching, by contrast, is
not typically deemed a hard science, and perhaps not even a science
at all at this stage. Instead, teacher education is a context in which
hard truths are thought to be less prevalent and where individuals
might have a good reason for holding different opinions based on
different experiences, differing commitments, different contexts, or
even simply personal style (Fenstermacher, 2007).
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Like many mathematics education researchers, we consider
this descriptive contrast between mathematical knowledge and
knowledge of teaching that we have just offered insufficiently
nuanced and a misrepresentation both of mathematical knowledge
and of knowledge about mathematics teaching. However, we
value consideration of the question of how teacher educators
create contexts where teacher candidates can show what they
are learning from their instructors. In this study, we consider
what teacher education candidates can show their instructors
as evidence that they are learning what they are supposed
to learn, and how that might be described as similar to and
different from what happens in mathematics classrooms in
compulsory settings. This theoretical article extends the construct
of instructional exchanges from the analysis of the work of
mathematics teaching (Herbst and Chazan, 2012) to mathematics
teacher education. Our aim was to understand better the
differences between teaching mathematics to students and teaching
mathematics teaching to teacher candidates by extending the
use of theorizing about one aspect of mathematics instruction
to the instruction about mathematics teacher education (see
Figure 1).

We seek purchase on the exchange between teacher candidates’
(as students) work and teacher educators (as instructors)
judgments of what their candidates have learned about teaching.
In Section 3, we begin with instructional exchanges that seem easily
analogous to instructional exchanges in mathematics instruction,
exchanges where teacher educators provide teacher candidates
with tasks that allow teacher candidates to demonstrate that
they have learned to carry out certain actions (teacher moves)
expected of teachers. We then move on to tasks where teacher
candidates are asked to identify such actions in teaching that either
they observed or they have enacted. Such exchanges allow the
teacher educator to claim that teacher candidates have learned
to notice aspects of teaching (Chieu et al., 2015; Ghousseini and
Herbst, 2016) within the enormous number of stimuli that are
present in classroom life (Jackson, 1968/1990). Finally, we move
to instructional exchanges where teacher educators expect teacher
candidates to reflect on their own instruction and identify room
for growth and development. Teacher candidate reflections allow
teacher educators to argue that their candidates are becoming
reflective practitioners who will continue to learn and to grow and
change by reflecting on their experiences as teachers.

In Section 4, we consider ways in which the use of instructional
exchanges analytically in the contexts of mathematics teaching
and mathematics teacher education generates insights into each
context. Stimulated in part by our understanding of the role
of student work formats central to instructional exchanges
in mathematics classroom instruction (e.g., two-column proofs
Herbst, 2002), in the teacher education context, we consider how
students and teachers transact practice through representations
of teaching (Herbst and Chazan, 2023). In the context of teacher
education and exchanges between teacher candidates or practicing
teachers and teacher educators or professional development
providers, this focus on formats of student work leads us to
argue for the importance of developing infrastructure to support
the transaction of instructional practice using the variety of
representations of practice now available.
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FIGURE 1
Relating teaching mathematics and teaching to teach mathematics.
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Similarly, we look back at what the extension of instructional
exchanges to the analysis of teacher education might suggest as
ways to develop a greater range of tasks for use in mathematics
teaching in compulsory settings. We suggest that a wider range of
tasks in the mathematics classroom, beyond having students work
on mathematics problems, could allow mathematics teachers in
compulsory settings to make a wider variety of claims about what it
is that their students have learned.

2. Instruction in mathematics teaching
from the perspective of practical
rationality

Since 2003, under the label of Practical Rationality (Herbst
and Chazan, 2003, 2012, 2020; Chazan et al., 2016), we have
been engaged in a process of building a middle-range theory of
mathematics teaching as a practice (Herbst and Chazan, 2023).
Our theory is meant to provide a language for the description
of teaching that captures the work of the teacher, as well as
teachers’ perspectives on this work, from an observer’s perspective.
In the development of this theory, we have used as resources
accounts of dynamics of teaching that are familiar or credible
to mathematics teachers and patterns in mathematics teachers
responses to scenario-based surveys.

This theory views teaching as accountable to the interests
and agendas of a variety of stakeholders (students and parents,
administrators, the disciplines that are the source of the content
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taught, the societies in which schooling exist, and the institutions
in which mathematics instruction is deployed) and sees the norms
that describe the kind of teaching done in school as representing a
point of equilibrium in the complex space created by the competing
agendas of stakeholders (see Figure 2).

Within this complex space, a notion central to Practical
Rationality is that a key aspect of the work of the teacher
in instruction is that of managing instructional exchanges.
Instructional exchanges are processes particularly easy to notice
when considering formative and summative assessment, though
these processes are not limited only to assessment. These processes
are present regardless of whether a teacher is interacting with an
individual student, a small group, or the whole class and regardless
of whether the judgments they make are about the progress of an
individual student, a group, or the whole class.

Instructional exchanges involving judgments about the
progress of the whole class are particularly useful for understanding
formative assessment in the context of teacher decision-making
about when and why to deviate from plans. The notion of an
instructional exchange captures both how teachers make the
accomplishment of instructional goals possible through posing
mathematics problems to students and how examination of
students’ work on these problems is a performance that can
indicate whether and how a goal has been met or is on its way
to being met. In other words, teachers operationalize the content
they are to teach in tasks through which students can show that
they have learned the content teachers are supposed to teach; and
students work on tasks and submit the results of their work to their
teacher who then has ways of conveying the value that they see in
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FIGURE 2
Instruction has obligations to stakeholders of schooling.
Does the requested work
represent the mathematical
ideas at stake?
-4
Instruction
at stake
4,
Should the work students
have done count as knowing
the mathematical ideas?
FIGURE 3
Teachers manage instructional exchanges related to mathematical knowledge.

this work (Doyle, 1988). In instruction, for example when teachers
are monitoring students’ actual responses to tasks (Stein et al,
2008), teachers monitor what the class has done and manage the
exchange of the results of student work for their judgments that
the class has learned, or is learning, the mathematics at stake, or
not. The results of these teacher judgments are then used to make
instructional decisions; if the class is not learning the mathematics
it is supposed to learn, then reteaching or additional tasks may be
called for (see Figure 3 above).

We offer three observations about the instructional exchange
construct. First, instructional exchanges do not describe exchanges
of things of the same kind (as in a currency exchange where one
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currency is changed for another); students cannot offer the teacher
the knowledge the teacher seeks to teach students; instructional
exchanges always deal in exchanges of things of different kinds
(like the purchasing of food with currency, or the barter of food
for services).

Relatedly, these exchanges are meant to describe the nature
of interaction in terms of what is being exchanged, not just a
moment of physical exchange or the way an exchange takes place.
Instructional exchanges are interpretive processes the teacher does
based on curricular, behavioral, cognitive, and discursive evidence;
as such they may be elicited from classroom interaction but
are not reducible to moment-to-moment analysis of classroom
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interaction. Thus, using this construct to describe teaching is a
more subtle matter of interpretation than describing transactions
one might observe in a marketplace; particularly, we are interested
in considerations that engage a teacher as they teach that may not be
directly accessible to an observer, but whose impact may be seen in
instructional decisions. For example, as a teacher monitors groups
of students doing mathematical work, it may not be obvious to the
observer exactly what aspects of students’ work are being monitored
which lead to an instructional decision then taken by the teacher.

In other circumstances, however, instructional exchanges may
be easier to observe because they have been standardized in
some way. There may be aspects of instructional interactions that
signal the transactional dimension of instruction and communicate
that certain behaviors and actions are expected in what we call
instructional situations (For example, we have explored doing
proofs, Herbst et al, 2009, and solving equations, Chazan and
Lueke, 2009). For example, the canonical method for solving
equations’ format (Buchbinder et al.,, 2015) and the two-column
proof format (Herbst, 2002) are formats for student work that help
teachers manage instructional exchanges by standardizing student
work and making it less time-consuming for teachers to judge
that students’ work can be taken as evidence that students have
learned, or are learning, the mathematics at stake. Such student
work formats are one piece of evidence for the existence of an
instruction situation with normative expectations and can help
make instructional exchanges evident to observers. Other evidence
for the construct of instructional situation, and for classroom
norms related to the particular mathematics at stake, can be found
in our empirical examinations of teachers’ expectations about the
nature of classroom activity in the context of the teaching of the
solving of equations and the doing of proofs (e.g., Herbst et al.,
2009, 2010; Buchbinder et al., 2019).

Our second observation about instructional exchanges is that
managing these exchanges is part of what teachers are expected
to do. Within the context of schooling, teachers must be ready
to justify both in what ways the tasks they have chosen to give
students represent the mathematics at stake and in what ways
student’s work should count as evidence that students have learned
this mathematics (Herbst and Chazan, 2011, 2012). Principals, lead
teachers, parents, and students may all have reasons to ask for such
justifications. In addition, in reflecting on their own work, some of
that need for justification may be internal. For example, teachers
may feel that students have not produced work that exchanges for
the claim of having learned the mathematics at stake, because the
tasks offered by the teacher do not provide students with sufficient
opportunities to learn, and to show they have learned, that content.

The construct of instructional exchanges is helpful to us as
researchers of mathematics instruction for two main reasons.
First, this construct captures that teachers are responsible to teach
students particular mathematics and have institutional obligations
to do so as a part of their role as teachers. The construct
assumes the institutional embeddedness of instruction; teachers
and students have obligations to the institution that shapes the
work that students can do and how teachers can call for that work
and interpret its meanings. The notion of instructional exchanges
captures that teachers as employees of educational institutions must
pursue instructional goals through which they are accountable to
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stakeholders and why teachers feel obligations to achieve those
goals (e.g., what teachers often call “covering the curriculum” and
Lampert, 2001, reifies as an important component of the work
of teaching).

Our third observation about instructional exchanges is that
this construct allows analysts of teaching to focus on patterned
ways in which instructional exchanges go forward. For instance,
instructional exchanges help capture ways in which the content
of instruction is related to ways in which teaching differs across
the content of school mathematics (e.g., how high school geometry
and algebra instruction differ). For example, the two-column proof
student work format supports exchanges between students’ proving
particular mathematical assertions and the claim that they are
learning how to do proofs (Herbst, 2002). Similarly, students’
work showing their use of the canonical solution method for
linear equations supports exchanges for the claim that students are
learning to solve equations (Buchbinder et al., 2019). These formats
help students know what they must do and ease the instructor’s
burden when assessing what students have done. Much like the use
of standardized coins, rather than barter, these formats grease the
wheels of instructional exchanges. The ways in which these work
formats differ for the different mathematical content being taught
in Euclidean geometry and introductory algebra illustrate that
instructional exchanges are a mechanism that allows researchers
to describe how teaching is responsive to the particular content
being taught.

3. Theorizing instructional exchanges
in the context of mathematics teacher
education

Teacher education takes place in different institutional contexts
than compulsory schooling. There can be a range of settings where
this work takes place (e.g., in the US, a common distinction
is between university-based and alternative certification settings).
Typically, teacher candidates (also known as prospective or
preservice teachers), unlike students of mathematics in compulsory
settings, choose to follow teacher education as a course of studies
(in some countries, teacher candidates pay for their professional
education) and are free to leave programs whenever they like,
and teacher education has different stakeholders. For example,
in the context of university-based teacher education, there are
norms related to academic freedom of concern to particular
stakeholders (e.g., members of the faculty) that are often in
tension with expectations of attention to program accreditation
and certification of graduates of deep concern to other stakeholders
(e.g., accreditation agencies).

While we are conscious of these differences between
mathematics teaching and mathematics teacher education,
and of the differences alluded to in the introduction between the
societal status of the knowledge that is the source of the curriculum
of compulsory schooling and teacher education, in this section,
we seek to identify some similarities. One aspect of the similarity
we will build on is the presence of didactical contracts (Brousseau,
1997) in both contexts. In both contexts, some instructors seek
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to teach their clients some expected knowledge and skills. In
both contexts, at least in principle, students are supposed to learn
what it is that their instructors teach. Building on the presence of
didactical contracts in these two contexts, we extend the use of the
construct of instructional exchanges from mathematics instruction
to the context of mathematics teacher education.

We start with academic tasks in teacher education that might be
considered analogous to the mathematics problems (whether they
be familiar tasks, e.g., Doyle, 1988, or novel tasks, e.g., Herbst, 2003)
that are so ubiquitous in mathematics classrooms. In the same
way that mathematics problems ask students to do mathematics,
we begin with academic tasks that ask teacher candidates to teach
and consider examples where teaching done by candidates trades
as having achieved some particular curricular goal for teacher
educators (e.g., competence in doing some aspect of the work
of teaching).

An activity of long-standing in teacher education involves
asking teacher candidates to engage in instruction, albeit often
in contexts at a distance from settings of compulsory schooling.
In what has been called microteaching (McKnight, 1971), teacher
candidates are asked to instruct their peers in the university
classroom; a related practice, in which teacher candidates enact
student-centered practices that have been documented under the
name of rehearsals (Lampert et al., 2013) or enactments; various
forms of simulations exist, including having teacher candidates
interact with avatars that represent students, or some other digital
representation of students, and teach a lesson (Amador et al., 2021);
or teacher candidates may actually instruct children in schools in
the context of a methods course that takes place in a school (Kazemi
and Weege, 2015), an early field experience (Hughes et al., 2020), or
in the context of student teaching, an internship, or a residency.

These various contexts are created to help teacher candidates
have an opportunity to practice some components of the work
of instruction that their instructors seek to have them learn. Let
us consider, for a moment, the work of one individual teacher
candidate. The work the teacher candidate does is an actual
instruction on a specific topic to a specific group in a specific
context. This work is then offered in exchange for a claim that
the teacher candidate is learning some aspect of teaching that
has generality beyond the particulars of that content and that
context. When the teacher educator can see the instruction take
place, the work the student is exchanging is the instruction itself;
when the teacher educator cannot experience the instruction in
person, the teacher candidate may need to submit their work in
some proxy format, for example, with an annotated video record
of their instruction, but, regardless, the candidate is offering the
instruction as their work and the teacher educator seeks evidence
in the instruction, or its representation, that the teacher candidate
has learned to carry out the aspects of the work of teaching that are
at stake, typically some sort of teacher moves [e.g., the discourse
moves described in Herbel-Eisenmann et al. (2013)] or practices.

In teacher education, teacher candidates are also given
opportunities to engage in preparation for instruction, rather than
simply instruction itself. For example, many methods courses
provide the opportunity for teacher candidates to practice the work
of planning for instruction. Whether or not teacher candidates
are going to engage in instruction on a particular topic, teacher
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candidates may be asked by teacher educators to plan a lesson
and to prepare a lesson plan to capture their plans. Such lesson
plans are very much like two-column proofs in that they are an
artificial work format created for instruction, not work formats that
exist in this way either in the practice of doing mathematics or the
practice of teaching mathematics. The lesson plans that a teacher
candidate offers their instructor are meant to exchange as evidence
that teacher candidates are learning, or have learned, to plan for
instruction in particular desirable ways, for example, considering
the types of responses students of mathematics in compulsory
settings may give to a particular question or task. The assumption is
that if teacher candidates have learned to plan for instruction, then
when they work as teachers, they will plan in ways that will allow
their instruction to be supportive of their student’s learning.

Mathematics instruction is routinely organized around
mathematical problems that ask students to engage in mathematical
activity, even if it is reported in a work format designed for
instruction in mathematical practice (say doing proofs as a part
of the school subject of mathematics) that is at odds with how
that practice is carried out in the discipline of mathematics
(Popkewitz, 2004). By contrast, besides instruction and planning
for instruction, other varieties of teachers’ work come to the fore in
teacher education. These are varieties of work that are not directly
dictated by occupying the instructional role of teacher, but instead,
ancillary practices required by teachers institutional position
within schools and that indirectly support teachers’ instructional
roles. Much in the way that writing formal lesson plans is not a
common practice of practicing teachers, there are other practices
requested of teacher candidates by teacher educators that focus
on learning habits that are intended to make teachers better
instructors, even if those habits are less directly specified by the
nature of instruction itself.

For example, increasingly over the last two decades, researchers
on teacher learning have focused on what it is that teachers
notice when they watch teaching, either live or as recorded on
videotape (Sherin and Han, 2004). More recently, this research
has sought to find ways to increase teachers attention to the
mathematics thinking of their students (van Es and Sherin, 2008).
Put more generally, building on Goodwin’s (1994) construct of
Professional Vision, researchers on teacher learning have come to
articulate the importance of noticing aspects of teaching within
classroom life, not just student thinking (Walkoe and Luna, 2020).
As this noticing work comes to influence the curriculum of teacher
education, in the words of Grossman et al. (2009), teacher educators
aim to teach teacher candidates a particular way of decomposing
practice as one way to understand key constituent parts of the
work. This development is reflected in the increasing prevalence of
instructional exchanges in teacher education where the work that
teacher candidates do is to comment on or annotate representations
of practice in some way: teacher candidates can be asked to say
what they see in a classroom video of their own, or someone else’s,
teaching. Teacher candidate comments or annotations then can
be taken as evidence that they are learning, or are not learning,
to view teaching in the ways that their instructors seek to teach
them to view it. The hope is that being able to decompose teaching
in this particular way will help teacher candidates as practitioners
then act in particular ways in classrooms, for example, by paying
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greater attention to students’ algebraic thinking (Walkoe and Levin,
2018).

In the context of teacher education, there is another kind of
student work that has been central to descriptions of aims of teacher
education: to produce reflective practitioners, teacher candidates
are asked to reflect on practice (Falk, 2006). Once again, with this
kind of work, students are asked to consider practice; in this case,
teacher candidates are often asked to consider their own practice
and to reflect on how particular actions in particular contexts do
or do not represent the particular commitments that guide their
image of how they seek to teach. However, what is at stake here
for the teacher educator in this sort of interaction is not evidence
that teacher candidates have learned to decompose practice in a
particular way, or to carry out specific instructional moves, but
rather that teacher candidates are able to stand back from the
particulars of instruction to identify ways in which their instruction
in an examined instance does or does not represent teaching that
the candidate seeks to do. Students whose reflections do not address
aspects of an interaction that a teacher educator sees as in conflict
with the commitments articulated by a teacher candidate would
therefore have a lower trade value than reflections that address
those aspects of an interaction, even should they lead to a teacher
candidate’s harsh self-assessment. A harsh self-assessment, after all,
maybe an accurate judgment of the instruction a candidate has
carried out and will thus trade as a good example of the capacity
to engage in reflection.

In sum, what we have begun to sketch in this section are
instructional exchanges that can be found in the context of
teacher preparation (see Figure 4) and have identified four types of
instructional exchanges.

Each of these kinds of instructional exchanges can be
instantiated by a range of exchanges that are specific to the
particular instructional goals of a teacher educator. Thus, exchanges
focused on the enactment of teaching can be focused on a range
of practices of teaching: e.g., giving instructional explanations,
responding to student ideas, launching a task, and supporting
students’ sense of competence. Similarly, instructional exchanges
related to planning can focus on the choice of tasks, planning for
interaction with students’ ideas, and more. Instructional exchanges
focused on enlarging teacher candidates’ professional vision may
direct teacher candidates’ attention to a student’s thinking of
particular kinds, on patterns of who it is who speaks in mathematics
classrooms, on racial inequities in classroom interaction, and more.
Finally, teacher candidates can be asked to reflect on, and critique,
a variety of aspects of their teaching.

4. Using an instructional exchange
lens to cross-fertilize understandings
of mathematics teaching and
mathematics teacher education

Section 2 of this article laid out prior work using the
construct of instructional exchanges as part of a descriptive
theory of mathematics teaching. Building on this earlier work,
Section 3 worked on extending the use of instructional exchanges
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to mathematics teacher education and articulated instructional
exchanges built around four initial sorts of teacher candidate work.
Further efforts may identify other such instructional exchanges in
teacher education.

Section 4 moves away from this theoretical focus and explores
the practical ramifications of the extension of the construct of
instructional exchanges to mathematics teacher education. In
this section, we consider mathematics teaching and mathematics
teacher education both as instances of teaching in institutional
contexts. We use contrasts between mathematics teaching and
mathematics teacher education brought to the surface by the
extension of instructional exchanges to mathematics teacher
education to shed further light on each instructional context. While
many have considered what the practice of mathematics teaching
can suggest for the practice of mathematics teacher education,
we begin with the practice of mathematics teacher education that
might suggest for the practice of mathematics teaching.

4.1. From mathematics teacher education
to mathematics teaching: revisiting
instructional exchanges in mathematics
teaching

Extension of the use of instructional exchanges from
mathematics teaching to mathematics teacher education suggests
that, in the context of teacher education, there is a widespread
use of exchanges that involve different kinds of instructional
goals on the part of the teacher educator and different kinds
of student interactive work being exchanged for those goals.
In some cases, like learning to enact instruction by practicing
teacher moves or learning to plan instruction by writing lesson
plans, the work that is exchanged between teacher candidates
and teacher educators is connected directly to accomplishing
instruction. However, in other cases, like achieving facility with
a particular decomposition of practice or learning to reflect on
one’s own teaching, what it is that teacher candidates learn in
teacher education does not teach them to do instruction directly,
but instead involves work that seeks to improve their capacity
to notice and reflect on aspects of teaching practice. By contrast,
mathematics problems seem central to work that mathematics
students offer most typically in the context of the instructional
exchanges that take place in schools (even with novel tasks; Herbst,
2003).

Having noticed this difference between mathematics teacher
education and mathematics teaching, we highlight how this
contrast raises useful questions. For example, are there, perhaps
less common, instructional exchanges in which student work does
not consist of solving mathematics problems? One of those can
be located in what Herbst (2010) called installing a definition
or installing a theorem (see also Herbst et al., 2011): when the
teacher formally enables a new item of knowledge as part of
what the class can use, students are expected to do some work,
albeit not work that involves solving problems. This work might
be described behaviorally as paying attention, but we know that
the work might be described mathematically as well, even if
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FIGURE 4

Teacher educators manage instructional exchanges related to mathematics teaching that involve different kinds of student work.

Should the work teacher
candidates have done count as
knowing how to teach math?

—

aspirationally. For example, the statement of a theorem could
be engaged by translating it mentally into what it says about
an instance; the statement of a definition could be engaged
by thinking of examples and non-examples. The installation
of theorems and definitions could demand from students at
least a mental production of questions, and if the questions
were uttered, they could indicate to the teacher whether the
students are on their way to understanding the item of knowledge
being installed.

Beyond this particular kind of exchange, the question
of exchanges, when students are not doing problems,
might also draw our attention to academic tasks in which
students assess the work of other students, either grading
the work as correct or incorrect or indicating whether
they agree or disagree with assertions attributed to another
With it can be a difficult call to

determine what precisely is different in the exchange: has

student. such tasks,
the content at stake changed, or is the same mathematical
knowledge still at stake and there is simply a different kind
of interactive student work being requested? How about
if the assessments are self-assessments of a students own
work? Do such academic tasks shift the knowledge at stake
from the mathematics itself to a students learning to assess
their own understanding of the mathematics at stake? Is
this sort of capacity to assess their own understanding
perhaps analogous to a teacher candidate’s capacity to reflect
on instruction?

Moving to another kind of academic task that also feels
different from the typical mathematics problem: how about
academic tasks, alluded to above, that ask students to submit
examples (e.g., of the equations of lines that are tangent to
the graph of a given function) and defend that what they
have submitted is an appropriate example [Yerushalmy and
Olsher (2020) call these example eliciting tasks]? With such
tasks, has the instructional exchange remained anchored in
understandings of tangency or has the mathematics at stake
become instead something else about coordinating examples
and non-examples? If the instructional exchange remains about
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tangency, is there nonetheless a difference in the mathematics
at stake in exchanges around such tasks and exercises involving
the use of a computational method initially demonstrated
by a teacher for identifying the equations of such lines?
These questions seem like useful ones to push the further
development of the construction of instructional exchanges in
mathematics instruction.

Beyond tasks that are already present within mathematics
classrooms, even if infrequently, could there be tasks designed
to support instructional exchanges that are closer analogs
to those sketched for mathematics teacher education and
that would be new to mathematics teaching? For example,
could students of mathematics in compulsory settings
be presented with animations or storyboards that depict
with  the

request that mathematics students learn to decompose such

interactive mathematical work in classrooms

classroom mathematical practice (e.g., using the Common
Standards for
evidence of such learning by annotating these animations

Core’s Mathematical Practice) and provide
or storyboards? Or could tasks be developed for students of
mathematics in compulsory settings that would engage them
in creating alternatives to an existing storyboard that would
demonstrate particular mathematical practices? Thinking about
the instructional goals of mathematics teaching: Could such
tasks help students of mathematics develop and strengthen
their capacity to engage in the sorts of mathematical practices
outlined in policy documents such as the US Common Core
Standards

for Mathematical Practice? With such academic

tasks, would such work trade as learning mathematics,
or not?

These  questions  suggest  that  the  constructs
in the descriptive theory of teaching that we are

exploring can be a tool for considering new kinds of

development for mathematics teaching in compulsory
settings. In the next section, we outline ways in which
consideration of the extension of this descriptive theory
to instruction on mathematics teaching sheds new light on

teacher education.
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4.2. From mathematics teaching to
mathematics teacher education:
considering infrastructure to support
instructional exchanges in teacher
education

Problems in Teaching Secondary-School Mathematics (Breslich,
1931) is an artifact from a time when compulsory schooling at
the elementary school level was already widely established in the
United States, there were increasing enrollments at the secondary
school level, and the need to educate high school mathematics
teachers was also understood as a corollary of a broader education
for members of the society. The book is the second volume of two
focusing on the teaching of mathematics in Grades 7-12 in the
United States. Both books are based on the work of the author
at the Laboratory Schools of the University of Chicago; while the
first volume examined general issues, the second volume discusses
issues that arise in the teaching of specific topics and principles.

In the second volume, the author reports on a variety of
student work formats that were under development at the time,
for example, the development of systematic arrangements of the
facts in word problems (p. 195-199), such as motion problems (see
Figure 5).

Although student work formats can be critiqued for many
reasons, and though this sort of arrangement of the information
provided in a word problem seems to have fallen out of
favor (see Chazan et al, 2012), we find such work formats
an illuminating artifact for understanding teaching. From our
theoretical orientation, we consider student work formats as
infrastructure that supports the work of teachers in managing
particular instructional exchanges. Student work formats are
intended both to support students in doing their work (in this
case, to write equations to show how students use algebra to solve
a word problem) and articulating it in a way that makes it easy
for the teacher to monitor students’ work and consider students’
progress (in this case, toward learning to use algebra to solve
word problems). We view the active engagement of mathematics
teacher educators, like Breslich, in the production of student work
formats as a contribution to the development of supports for
instruction by providing teachers with tools to help them manage
instructional exchanges.

Mathematics teacher education is an even newer societal
phenomenon than mathematics teaching in compulsory schooling.
Over slightly more than the last 100 years, teacher education has
grown, and mathematics teaching itself has become the content
of formal instruction within teacher education. Reflecting on the
potential role of student work formats in helping teachers manage

10.3389/feduc.2023.1163396

instructional exchanges in the mathematics classroom, in this
section, we seek to use our understandings of the role of student
work formats in mathematics instruction to raise questions about
analogous infrastructure for instruction in mathematics teacher
education. Specifically, we ask here the following: what kinds
of resources might be useful infrastructure that could support
teacher educators in managing the instructional exchanges that
have developed in teacher education? We bring to this question
experience designing technology to support teacher educators with
the use of rich media in teacher education.

Considering where to start, in Figure 4 in Section 3, we outlined
four different kinds of instructional exchanges in which teacher
candidates offer their work to teacher educators. One of the
four involves planning. Teacher educators create circumstances
where teacher educators offer teacher candidates contexts in which
teacher candidates can do work that will demonstrate that they
have learned to plan for instruction. Any of the many forms used
for creating lesson plans is an example of a work format in some
ways analogous to student work formats in mathematics teaching.
However, other than the forms for lesson planning, we are less
aware of commonly used standardized student work formats in the
context of teacher education.

Therefore, instead of maintaining a focus on student work
formats, we now consider other instructional artifacts that support
instructional exchanges by providing ways for learners to create
work. Considering the kinds of technology that have been
developed for mathematics instruction, like graphing calculators
and interactive whiteboards, we describe technologies that can
be considered as providing elements of infrastructure for teacher
education by supporting teacher candidates in creating work to
share with their instructors. Given the increasing centrality of
representations of practice, like video records (Brophy, 2004),
in teacher education, we focus on infrastructure for supporting
interaction between teacher educators and teacher candidates
around representations of practice. In this section, we describe
technological tools that form the infrastructure for exchanging
meanings around representations of practice and for authoring
multimedia representations of teaching and learning that show,
rather than tell (e.g., as written cases do), what happens in
classrooms. For each of these elements of infrastructure, we will
illustrate how they can support the sorts of teacher education
instructional exchanges we outlined in Section 3.

Herbst
et al,, 2019), a collaborative software application for annotating

We begin with Anotemos (www.anotemos.org;
representations of classroom interaction, such as video clips, that
supports exchanges of meaning around such representations.
With this software application, client users can put pins at various
moments in a timeline that represents the video clip and also

Rate Time Distance = r*t
Short road
Long road
FIGURE 5
A format for student work on word problems.
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FIGURE 6
A screenshot of Anotemos.

select intervals on the timeline. In a collaborative commentary,
each participant has their own timeline, and participants can see
all the timelines and their markings for a single video clip. Each
pin or interval is linked to a text field that can be used to house
comments about that moment or interval. The application has
a range of functionalities for supporting threaded discussion for
each tagged moment or interval. We consider a commentary
of a representation of classroom interaction to be the full set of
annotations (including markings and comments associated with
moments and intervals) in the video clip (see Figure 6).

A teacher educator using the application can view the work of
all of the client users on their timelines in real-time and can thus
monitor that work in a way that is analogous to walking around
a classroom. Thus, teacher educators can use the application to
manage instructional exchanges at the level of an individual teacher
candidate or the whole class. When interested in seeing whether
a teacher education class has learned teaching moves associated
with a particular decomposition of practice (e.g., launching a
task; Wieman and Webel, 2019), the teacher educator can provide
labeled pins of different colors and can monitor what moments
or intervals are pinned as examples of particular component
moves of the practice being taught. When interested in learning
whether their students have incorporated taught decompositions
of practice into their professional vision, teacher educators can
leave the naming of the pins more open to interpretation and ask
students simply to pin moments that they notice. The moments
then noticed in a video by a class of students may indicate whether
a particular decomposition has been taken on board. Finally, when
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teacher educators seek insight into teacher candidates’ professional
judgment, another use of pins might be to ask students to identify
teacher actions in a video and then to comment on the pros and
cons of each action. The exchange of such meanings may help a
teacher educator develop a sense of the capacity of a class of teacher
candidates to reflect on practice.

In contrast to Anotemos, LessonDepict (www.lessondepict.org;
Herbst et al., 2020) is a software application designed to support the
authoring of multimedia representations of teaching and learning
using non-descript cartoon characters. LessonDepict asks users
to utilize conventions (e.g., like how to order the placement of
speech bubbles in a frame) from the world of comics (McCloud,
2000) to represent key elements of the enactment of a lesson
in school by producing a storyboard of the lesson. LessonDepict
supports collaborative storyboarding and the creation of alternative
developments within a storyboard.

A storyboard produced with LessonDepict is a set of frames
that represent a classroom scenario as an interaction among non-
descript, but customizable, cartoon characters. When creating a
storyboard, the user begins by choosing a classroom template and
dragging it onto a frame. All of the elements on the frame can
be dragged and tweaked to create desired effects. For example,
once chosen, the template can be customized by personalizing a
character’s facial expression, skin color, and what the character
holds in its hands. Finally, the user can add dialogue by positioning
and filling speech bubbles and zooming into specific parts of
the frame that they have created. To reduce the overhead in
making storyboards, frames can be copied and then edited to create
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FIGURE 7
A storyboard of instruction.

continuity between consecutive frames. A storyboard consists of a
sequence of frames that can be shown, one frame at a time, as a
slideshow or exported as a storyboard (see Figure 7).

As suggested by the description above, LessonDepict supports
both teacher educators and teacher candidates in authoring, rather
than recording, representations of practice (either of their practice
or some other teacher’s practice). Storyboards produced with
LessonDepict show, rather than tell, what happened in classroom
interaction with little reliance on descriptions. Thus, like videos
of teaching that focus on classroom interaction and do not have
interviews with teachers about what they were doing superimposed
over the classroom footage, speech bubbles feature the kinds of
words that capture talk in mathematics classrooms and do not rely
heavily on a shared technical descriptive vocabulary about teaching.

Teacher educators and teacher candidates can use LessonDepict
to author storyboards with different sorts of purposes. For
example, teacher candidates can represent what they did in
classroom instruction in compulsory settings, perhaps highlighting
instructional moves that they made. Or teacher candidates can use
storyboards to represent what they saw in classroom placement.
Rather than showing what happened, as part of learning to plan
to teach, teacher candidates could also represent what they think
would happen in future. Such predictions can then be compared
with storyboards of what did happen, and teacher candidates can
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reflect on differences between the prediction and the actual event
(e.g., see Amidon et al,, 2017). Alternatively, teacher educators can
use storyboards to represent how they decompose instruction into
particular practices (see Wieman and Webel, 2019).

In sum, we see these two applications as offering teacher
educators ways to have students author representations of
practice and annotations of representations of practice that
can be used in the context of the sorts of instructional
exchanges we have outlined in teacher education. Beyond
supporting instructional exchanges in teacher education, in
our view, these technological tools are an important part
of an infrastructure for supporting transaction of practice
more generally [Herbst et al. (2023) outline other elements
of such an infrastructure], including, for example, between
researcher on instruction and practicing teachers [see Herbst
and Chazan (2015) for use of storyboards in survey research
on teaching].

5. Concluding thoughts

This article has ranged crosses between mathematics
instruction and mathematics teacher education in an exploration
of the utility of the construct of instructional exchanges to
understand both similarities and differences between these
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two practices. For us, and we hope for readers as well, this
exploration has underscored ways in which teacher education
does not have one single analog to the mathematics problem
within instruction in mathematics classrooms, at least on the
surface. Similarly, teacher education does not seem to have
as many widely used student work formats as high school
mathematics teaching, but, as the examples of Anotemos and
LessonDepict suggest, teacher education may benefit from
technological tools that support the transaction of practice.
We suggest that investment in such infrastructure could be
valuable for the mathematics teacher education community.
Finally, we also hope that this article illustrates how the
theory might contribute to practice by helping us understand
why particular work formats and technologies can be useful
for instruction.
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