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Development and initial validation
of a mathematics-specific spatial
vocabulary scale
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This study describes the development and initial validation of a mathematics-
specific spatial vocabularymeasure for upper elementary school students. Reviews
of spatial vocabulary items, mathematics textbooks, and Mathematics Common
Core State Standards identified 720 mathematical terms, 148 of which had spatial
content (e.g., edge). In total, 29 of these items were appropriate for elementary
students, and a pilot study (59 fourth graders) indicated that nine of them were
too di�cult (< 50% correct) or too easy (> 95% correct). The remaining 20 items
were retained as a spatial vocabulary measure and administered to 181 (75 girls,
mean age = 119.73 months, SD =4.01) fourth graders, along with measures
of geometry, arithmetic, spatial abilities, verbal memory span, and mathematics
attitudes and anxiety. A Rasch model indicated that all 20 items assessed an
underlying spatial vocabulary latent construct. The convergent and discriminant
validity of the vocabulary measure was supported by stronger correlations
with theoretically related (i.e., geometry) than with more distantly related (i.e.,
arithmetic) mathematics content and stronger relations with spatial abilities than
with verbal memory span or mathematics attitudes and anxiety. Simultaneous
regression analyses and structural equation models, including all measures,
confirmed this pattern, whereby spatial vocabulary was predicted by geometry
knowledge and spatial abilities but not by verbal memory span, mathematics
attitudes and anxiety. Thus, the measure developed in this study helps in assessing
upper elementary students’ mathematics-specific spatial vocabulary.

KEYWORDS

mathematics vocabulary, spatial vocabulary, mathematics achievement, elementary

school, spatial abilities

Introduction

The development of mathematical competencies is a critical part of children’s schooling

and sets the foundation for future educational and occupational opportunities and

contributes to functioning (e.g., financial decision-making) in other aspects of life in the

modern world (National Mathematics Advisory Panel, 2008; Joensen and Nielsen, 2009;

Kroedel and Tyhurst, 2012; Ritchie and Bates, 2013). There are many factors that influence

children’s mathematical development, including spatial abilities. In fact, the relation between

some areas of mathematics and conceptions of space can be traced back to the early

emergence of mathematics as an academic discipline (Dantiz, 1954). Modern cognitive

scientists define spatial abilities as the capacity to perceive, retain, retrieve, and mentally

transform the static and dynamic visual information of objects and their relationships (Wai

et al., 2009; Uttal et al., 2013a; Verdine et al., 2014). Related studies confirm the relationship

Frontiers in Education 01 frontiersin.org

https://www.frontiersin.org/journals/education
https://www.frontiersin.org/journals/education#editorial-board
https://www.frontiersin.org/journals/education#editorial-board
https://www.frontiersin.org/journals/education#editorial-board
https://www.frontiersin.org/journals/education#editorial-board
https://doi.org/10.3389/feduc.2023.1189674
http://crossmark.crossref.org/dialog/?doi=10.3389/feduc.2023.1189674&domain=pdf&date_stamp=2023-06-20
mailto:zeuqq6@mail.missouri.edu
mailto:zehrae.unal@icloud.com
mailto:gearyd@missouri.edu
https://doi.org/10.3389/feduc.2023.1189674
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/articles/10.3389/feduc.2023.1189674/full
https://www.frontiersin.org/journals/education
https://www.frontiersin.org


Ünal et al. 10.3389/feduc.2023.1189674

between spatial abilities, various aspects of mathematical

development (Lachance and Mazzocco, 2006; Li and Geary,

2013, 2017; Gilligan et al., 2017; Verdine et al., 2017; Zhang

and Lin, 2017; Geer et al., 2019; Mix, 2019; Hawes and Ansari,

2020; Attit et al., 2021; Geary et al., 2023), innovation in science,

technology, engineering, and mathematics (STEM) fields (Wai

et al., 2009; Kell et al., 2013; Uttal et al., 2013b) and competence in

technical–mechanical blue-collar occupations (Humphreys et al.,

1993; Gohm et al., 1998).

Although the relation between general spatial abilities and

mathematics is well established, the more specific relations between

different aspects of spatial abilities and mathematical learning

and knowledge are not well understood. For example, mental

rotation abilities predicted standardized mathematics achievement

and accuracy of placing whole numbers on a number line for 6-

and 7-year-olds but not for older students (Gilligan et al., 2019).

For older students, in contrast, visuospatial attention, not mental

rotation skills, predicted the accuracy of fractions placements on a

number line task (Geary et al., 2021a). Other studies suggest that

spatial abilities may be particularly important for learning some

types of newly presented mathematical material and may become

less important as students become familiar with this material

(Casey et al., 1997; Mix et al., 2016).

Most of what we know about these relations is based on

measures of spatial abilities, with comparatively less known

about the contributions of students’ developing spatial vocabulary

(below) to their mathematical competencies. Mathematics-specific

spatial vocabulary represents explicit statements about the

intersection between spatial abilities and mathematical concepts.

For instance, spatial ability includes the inherent brain and

cognitive systems for processing information about objects which

is eventually applied to geometric shapes (Izard and Spelke,

2009); the intersection is represented with, for instance, an

understanding of the meaning of edge and face for geometric

solids. A full understanding of the spatial-mathematics relation will

require tracking developing the spatial vocabulary of students and

examining how vocabulary contributes to this relation. To facilitate

the study of this relation, we developed and provided the initial

validation of a mathematics-focused spatial vocabulary measure for

elementary school students.

Mathematics vocabulary and achievement

There is a misconception that early mathematical development

largely involves learning symbolic arithmetic and associated

concepts and procedural rules (Crosson et al., 2020). It does,

of course, involve these but also includes the development

of a mathematical language, including a specific mathematics

vocabulary (Toll and Van Luit, 2014; Purpura and Logan, 2015;

Hornburg et al., 2018). Even though there is no agreed-upon

definition, in the most general sense, mathematical language is

defined as keywords and concepts representing mathematical

activities (for a review, see Turan et al., 2022). Sistla and Feng (2014)

highlighted that mathematical language often differs from general

language, stating that “In Math, there are many words used for the

same operation, for example, ‘add them up, ‘the sum,’ ‘the total,’ ‘in

all,’ and ‘altogether’ are phrases used to mean to use the addition

operation, but these are not terms used in everyday language”

(p. 4).

A recent meta-analysis, including 40 studies with 55

independent samples, revealed that mathematics vocabulary

is moderately but consistently associated with mathematics

achievement (Lin et al., 2021). However, the association is nuanced,

depending on students’ age and achievement levels, the novelty of

topics, and the domain of mathematics (Powell et al., 2017; Peng

and Lin, 2019; Lin et al., 2021; Ünal et al., 2021; Espinas and Fuchs,

2022). More specifically, mathematics vocabulary appears to play

a more substantial role during the initial learning of mathematics

subdomains (e.g., arithmetic) and needs to become increasingly

nuanced with the introduction of more complex mathematics

across grades (Lin et al., 2021; Ünal et al., 2021). Furthermore,

depending on the topic, some aspects of mathematics vocabulary

seem more critical than others. For instance, Peng and Lin

(2019) found that word problem performance was more strongly

associated with measurement and geometry-related vocabulary

than with numerical operations-related vocabulary.

The importance of a strong mathematics vocabulary is

illustrated by Hughes et al. (2020) finding that seventh-grade

mathematics books contained over 450 mathematics vocabulary

words. The measurement of mathematics vocabulary is thus

an essential component of tracking students’ mathematical

development, but the content of these measures varies across

studies. Some measures combine different areas (e.g., comparative

terms, such as combine and take away, and spatial terms, such as

near and far; Purpura et al., 2017), whereas others focus on specific

areas (e.g., measurement vocabulary, such as decimeter; geometry

vocabulary, such as parallelogram; and numerical operations

vocabulary, such as fraction) (Peng and Lin, 2019). Although

general mathematics vocabulary measures are useful, measures

that assess content-specific vocabulary (e.g., geometry related) are

important for tracking students’ development in specific areas of

mathematics (Peng and Lin, 2019).

Mathematics-specific spatial vocabulary is one such area.

To be sure, there are mathematics vocabulary assessments

that include spatial terms, and these are sometimes found to

mediate the relation between spatial abilities and mathematics

outcomes for younger students (Purpura and Logan, 2015; Georges

et al., 2021; Gilligan-Lee et al., 2021). For instance, Gilligan-

Lee et al. (2021) showed that spatial vocabulary was predictive

of overall mathematics achievement, controlling spatial abilities,

and general vocabulary. However, their measure was composed

of items that were focused on spatial direction (e.g., to the

right) and location (e.g., above) and not spatial terms that

have specific mathematical meanings (e.g., edge of a cube).

Moreover, most of these studies have focused on students in

early elementary school, kindergarten, or preschool (e.g., Toll and

Van Luit, 2014; Purpura and Logan, 2015; Powell and Nelson,

2017; Vanluydt et al., 2020), although there are a few studies

focusing on older students (e.g., Peng and Lin, 2019; Ünal et al.,

2021).

Hence, there is a need for a mathematics vocabulary

assessment explicitly focusing on mathematics-specific spatial

terms for upper-elementary school students, hereafter, referred
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to as spatial vocabulary. This is important because some

aspects of spatial-related mathematics vocabulary are not typically

included in mathematics vocabulary measures. Some of these

measures include terms associated with shape (e.g., cube and

parallelogram), operation (e.g., quotient and sum), geometry (e.g.,

line, angle, and edge), or number (e.g., odd and even) (Powell

et al., 2020), but less often include more specific key spatial

concepts. For example, “edge” may be a spatial term included

in mathematical vocabulary scales; however, those scales may

not include terms that represent relationships between objects

in space, such as “perpendicular,” “parallel,” “intersecting,” or

“adjacent.” The same is true for geometry terms, which may

include types of angles and lines and properties of shapes but

may be less likely to include words representing relationships

between them.

Current study

This study aimed to develop an easy-to-administer measure of

elementary students’ mathematics-specific spatial vocabulary. We

developed the measure by compiling items from multiple existing

sources and then assessed its convergent and discriminant

validity (Campbell and Fiske, 1959). Convergent validity

is established when spatial vocabulary scores are strongly

correlated with mathematics and cognitive measures that have

a clear spatial component to them, specifically geometry and

spatial abilities. Discriminant validity is established when the

correlations between spatial vocabulary and geometry and

spatial abilities are significantly stronger than the correlations

with mathematics and ability domains that do not have a clear

spatial component to them, specifically arithmetic and verbal

memory span. We also assessed the relation between spatial

vocabulary and mathematics attitudes and anxiety as a further

control. The latter is often related to concurrent mathematics

achievement and longitudinal gains in achievement (Eccles and

Wang, 2016; Geary et al., 2021b). Discriminant validity would

be further supported when scores on the spatial vocabulary

measure are not strongly related to mathematics attitudes

and anxiety.

Method

Participants

Participants included 181 fourth graders (mean age = 119.73

months, SD=4.01). In total, 96 students identified as boys, with 75

identified as girls, 1 preferred not to identify their gender, and the

remaining did not complete this item. Students were asked whether

they preferred to speak a language other than English at home,

and 39 students indicated that they did (predominantly Spanish).

Students were recruited through advertisements and through

schools in several large urban districts in California; specifically,

teachers shared information on the project with students in their

classrooms, and students within these classrooms volunteered for

the study.

Measures

Mathematics measures
The mathematics measures assessed fluency at solving whole

number and fractions arithmetic problems, the accuracy of whole

and fractions number line placements, accuracy at solving non-

standard arithmetic problems, and geometry. The tests were

administered in small groups on the students’ computers using

Qualtrics (Qualtrics, Provo, UT).

Arithmetic fluency
The test included 24 whole-number addition (e.g., 87 + 5),

subtraction (e.g., 35–8), and multiplication (e.g., 48 x 2) problems.

The problems were presented with an answer, and the student

responded Yes (correct) or No (incorrect). Half the problems

were incorrect, with the answer +1 or 2 from the correct answer.

Students had 2min to solve as many problems as possible. A

composite arithmetic fluency score was based on the correct answer

selected across the three operations (M = 9.79, SD = 4.63; α

= 0.90).

Fractions arithmetic
The test included 24 fractions addition (e.g., ¼ + 1/8 =

3/8) and fractions multiplication problems (e.g., 2½ x ¼ = 5/8).

The problems were presented with an answer, and the student

responded Yes (correct) or No (incorrect). Half the problems were

incorrect, with error foils based on common fractions errors (e.g.,

¼ + 2/4 = 3/8). A composite fractions arithmetic score was based

on the correct number selected (M = 6.55, SD= 4.21; α = 0.80).

Whole number line
The student was asked to place 26 target numbers on a

0-1000 number line. The placements were made by moving a

slider to the chosen location on the number line with 0 to 1000

endpoints. Following Siegler and Booth (2004), the accuracy of

number line estimation was determined by calculating their mean

percent absolute error [PAE = (|Estimate – Target Number|)/1000,

M = 7.98%, SD = 4.52%, α = 0.89]. For the analyses, these

scores were multiplied by −1 so that positive scores represent

better performance.

Fractions number line
The student was asked to place 10 target fractions on a 0–

5 number line (10/3, 1/19, 7/5, 9/2, 13/9, 4/7, 8/3, 7/2, 17/4, and

11/4). The placements were made by moving a slider to the chosen

location on a number line with 0 to 5 endpoints. Following Siegler

et al. (2011), accuracy was determined by calculating their mean

percent absolute error [PAE = (|Estimate – Target Number|)/5,

M = 27.17%, SD = 10.70%, α = 0.67]. For the analyses, these

scores were multiplied by −1 so that positive scores represent

better performance.

Equality problems
Students’ understanding of mathematical equality (i.e., the

meaning of =) can be assessed using problems in non-standard

formats, such as 8 = __ + 2 – 3 (Alibali et al., 2007; McNeil et al.,

2019). We used the 10-item measure developed by Scofield et al.

(2021), where items are presented in a multiple-choice format (4
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options). The score was the mean percent correct for the 10 items

(M = 70.0, SD= 28.71, α = 0.88).

Geometry
In total, 20 items were from the released item pool from the

4th grade National Assessment of Educational Progress (NAEP;

https://nces.ed.gov/nationsreportcard/). The items assess students’

knowledge of shapes and solids, including identification (e.g.,

rectangle and cylinder) and their properties (e.g., number of sides,

faces, the diameter of a circle, and angles in a triangle), as well as

knowledge of lines (e.g., parallel). The students were given 10min

to complete the test.

The items were submitted to a Rasch model, grounded on an

IRT analysis for the core sample of students (n = 170, scores for

the remaining students were imputed, below), following Hughes

et al. (2020). Three types of fit statistics were used: item difficulty,

infit, and outfit statistics. The item difficulty metric provided

information about whether the difficulty of each item is suitable

to the person’s ability levels on the latent trait (Van Zile-Tamsen,

2017). The items within the range of−3.0 to 3.0 were kept in the

measure. The infit statistics show unanticipated response patterns

based on items targeted to the individuals’ imputed latent ability

based on prior responses. The outfit statistics are more susceptible

to guessing or mistakes, such as when the individual guesses

correctly on an item that is well above their imputed ability level

or misses an item that should be relatively easy (Runnels, 2012).

The acceptable range of mean-square values (MNSQ) is from 0.7 to

1.3 (Linacre, 2007); items with infit–outfit values within that range

were retained.

The analyses were conducted using the mirt package in R

(Chalmers, 2012; R Core Team, 2022). The results indicated that

one item (Item 3) was not contributing to the measurement of

geometry knowledge and was dropped, leaving 19 items for the final

measure. The IRT-based scores and the total correct from the 19

items were highly correlated (r = 0.99, p < 0.001), and thus total

correct was used in the analyses (M = 9.43, SD= 4.09, α = 0.88).

Spatial measures
The spatial measures assessed a range of competencies,

including visuospatial attention, mental rotation abilities, and

spatial visualization. The measures were administered on the

students’ computers in small groups. In addition to the measures

mentioned below, we also administered the Corsi Block Tapping

Task (Corsi, 1972; Kessels et al., 2000), but the scores were not

reliable for this sample, and thus the measure was dropped.

Visual spatial attention
Visuospatial attention was assessed using the Judgment of Line

Angle and Position test (Collaer and Nelson, 2002; Collaer et al.,

2007; JLAP). The task requires students to match the angle of a

single line to one of the 15-line options in an array below the target

line. There were 20 sequentially presented test items, with students

selecting the item that matched the angle of the target. Each trial

began immediately after the student’s response, or at the 10 s time

limit. The score was the number of correct trials (M = 7.72, SD =

3.35, α = 0.88).

FIGURE 1

Practice item from the spatial transformation test.

Mental rotation
Ganis and Kievit (2015) software was used to generate 24

mental rotation items. The items included a three-dimensional

baseline object (constructed from cubes) and a target stimulus that

was either the same or different from the baseline object but rotated

0 to 150 degrees (the baseline and target objects were the same for

12 items and different for 12 items). The task was to determine

whether the objects were the same or different, and the score was

the number of correct trials (M = 15.93, SD= 4.28, α = 0.94).

Spatial visualization
Ekstrom and Harman (1976) Paper Folding Test assessed

visualization abilities. Students were asked to imagine a paper being

folded and a hole punched through the folds. They were then asked

to select the image that represents what that same paper would look

like if it were unfolded. Students were shown one example problem

with an explanation of the correct answer. Students completed 10

items, and the score was the total correct across items (M = 3.88,

SD= 2.28, α = 0.70).

Spatial transformation
This measure was developed for this project and included items

that required students to identify the shape corresponding to two-

dimensional representations of the front, right, and top of a figure,

as shown in Figure 1. In total, 22 of these items were created and

administered to 59 fourth graders in two classrooms. Performance

on six items was poorly correlated (rs < 0.20) with performance on

the other items and was therefore dropped. The resulting 16-item

measure was administered to the current sample, and the score was

the number correct (M = 8.58, SD = 3.80, α = 0.72). The measure

loaded on the same spatial factor as the other spatial measures

(below), confirming it is tapping spatial ability.
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FIGURE 2

Response options for the anxiety measure.

Beery
Visuomotor skills were assessed with the Beery-Buktenica

Developmental Test of Visual-Motor Integration (Beery et al.,

2010). The measure includes 30 geometric forms that are arranged

from simple to more complex. The task is to draw the figures,

which are then scored as correct (1) or not (0) based on standard

procedures (M = 23.65, SD= 4.09).

Memory span measures
Digit span

Both forward and backward verbal digit spans were assessed.

The former started with three digits and the latter with two. For

each trial, students heard a sequence of digits at 1 s intervals.

The task was to recall the digit list by tapping on a circle of

digits displayed on the student’s computer screen. The student

advanced to the next level if the response was correct (in digits

and presentation order). If the response was incorrect, the same

level was presented a second time. If a consecutive error occurred,

the student regressed one level. Each direction (forward and then

backward) ended after 14 trials. The student’s score was the highest

digit span correctly recalled before making two consecutive errors

at the same span length.

Mathematics attitudes
Interest

The 10 items were from the student attitudes assessment of the

Trends in International Mathematics and Science Study (TIMSS;

Martin et al., 2015). The items assessed interest in mathematics

(e.g., “I learn many interesting things in mathematics,” “I like

mathematics”). The items were on a 1 (Disagree a lot) to 4 (Agree

a lot) scale, with negatively worded items (e.g., “Mathematics is

boring”) reverse coded. The score was the mean across items (M

= 3.12, SD= 0.85, α = 0.90).

Self-e�cacy
The 9 items were from the student attitudes assessment of the

TIMSS (Martin et al., 2015). The items assessed mathematics self-

efficacy (e.g., “I usually do well in mathematics,” “I learn things

quickly in mathematics”). The items were on a 1 (Disagree a lot)

to 4 (Agree a lot) scale, with negatively worded items (e.g., “I am

just not good at mathematics”) reverse coded. The score was the

mean across items (M = 3.04, SD= 0.81, α = 0.72).

Anxiety
Ramirez et al. (2013) 8-item measure was used to assess

students’ mathematics anxiety (e.g., “How do you feel when taking a

big test in math class?”, “How do you feel when you have to solve 27

+ 15?”). Students responded by clicking on one of the three options

in Figure 2, and thus higher scores (1 to 3) reflected lower anxiety

(M = 2.90, SD= 0.32, α = 0.83).

Spatial vocabulary
Scale development

We began with four main mathematics education resources:

(1) Cannon et al. (2007) Spatial Language Coding Manual; (2) the

Quantile Framework for Mathematics (a standardized measure of

mathematical skills and concepts based on the Lexile Framework

for Reading; Cuberis, 2021); (3) the Mathematics Common Core

State Standards (focusing on grades third through fifth; http://

www.corestandards.org/Math/); and (4) a mathematics vocabulary

measure developed by Powell et al. (2017) based on three common

third and fifth-grade mathematics textbooks.

A total of 720 mathematical terms were extracted from these

resources, and three independent researchers determined that 148

of them were spatially relevant. Two independent researchers

then assessed whether the items were appropriate for elementary

school children, which yielded 29 words for the initial version

of the measure. This version contained seven parts that focused

on position, direction, pattern, dimension, orientation, action,

and geometry-relevant vocabulary. An electronic version of the

assessment was created using Qualtrics.

The assessment was piloted on 36 incoming 5th-grade students

through a virtual STEAM course that provided hands-on learning

experiences related to spatial reasoning and problem-solving

through origami. Students were asked to complete the Qualtrics

version of the assessment before and after completion of the virtual

course. An item-level analysis was conducted to determine internal

consistency and level of difficulty. Items were determined to be

too easy if >95% of students answered correctly before the lessons.

Words were considered too difficult if <50% of students answered

correctly before the lessons. Based on these criteria, nine words

were excluded.

The remaining 20 items were submitted to an IRT analysis,

following the same procedures described for the geometry test for

the core sample of students (n = 170, scores for the remaining

students were imputed, see below). The results indicated that all

items contributed to the measurement of spatial vocabulary and

were retained for the final measure. The items, along with an

Item Person Map (Supplementary Figure A1), are shown in the

Supplementary material. The IRT-based scores and the total correct

from the 20 items were highly correlated (r = 0.99, p < 0.001), and

thus total correct was used in the analyses (M = 12.72, SD = 4.16,

α = 0.81).

Procedures

After receiving parent consent and student assent, students

completed a battery of assessments online on the students’

computer, including the spatial vocabulary, mathematics, and
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spatial ability measures. Students completed measures in virtual

groups of 6–8 students that were proctored by trained researchers.

Assessments were given once a week over the course of 3 weeks.

Sessions were approximately 1 h long. Students were scheduled to

meet at the same time and day of the week over the 3 weeks with

the same proctor. Most of the measures were assessed through a

Qualtrics survey, but the spatial and verbal memory span measures

were administered using customized programs developed through

Inquisit by Millisecond (https://www.millisecond.com).

During the first session, students were provided a Qualtrics

link and were asked about their sex, preferred language, and

attitudes toward math. After completing these assessments, they

completed the digit span and the JLAP, mental rotation, and Corsi

measures on the Inquisit platform. During the second session,

students completed the Beery assessment and a second battery of

assessments on Qualtrics. Each student was sent a Beery assessment

to their homes. The assessment was sealed in a manila envelope

with instructions not to open it until instructed to do so, along

with a pre-addressed mailer to return the test. Once students were

ready to begin, the researcher gave explicit instructions on how

to proceed. Once a student had completed the Beery form, the

researcher would watch as they placed the form into the pre-

addressed mailer and sealed the envelope. Students were then sent

a battery of assessments on Qualtrics. The assessments included

arithmetic fluency, fractions arithmetic, spatial transformation, and

the two number line estimation tasks. At the end of the second

session, the researchers then gave students instructions to leave

the mailer with the Beery assessment outside their homes for

UPS pickup or to drop it off at their nearest post office. During

the third session, students were provided a final Qualtrics link

that included the spatial vocabulary assessment, Paper Folding,

geometry assessment, and equality problems.

Analyses

The 11% of missing values were estimated using the multiple

imputations procedure in SAS (2014). The imputations were

based on all key variables and were the average across five

imputations. Scores were then standardized (M = 0, SD = 1).

The first goal was to reduce the number of variables by creating

composite measures. The five arithmetic measures were submitted

to principal components factor analyses with Promax rotation

(allowing correlated factors) using proc factor (SAS, 2014), as were

the seven cognitive (i.e., spatial, verbal memory span) measures

and three attitude measures. Factors with Eigenvalues > 1 were

retained; the next lowest Eigenvalue was 0.77 for the arithmetic

measures and cognitive measures and 0.38 for the attitudes

measures. The composite measures were then used to assess the

convergent and discriminant validity of the spatial measure.

We then ran follow-up structural equation models (SEM) in

Proc Calis (SAS, 2014). The goal was to isolate variance common

to all measures (composites for arithmetic, spatial, verbal memory

span, and mathematics attitudes), which included general cognitive

ability (e.g., top-down attentional control; Ünal et al., 2023) and any

method variance (Campbell and Fiske, 1959). All variables defined

a general factor for the baseline model. For Model 2, paths from

geometry and spatial abilities were added to the baseline model.

For Model 3, paths from the alternative measures (i.e., arithmetic,

verbal memory span, and mathematics attitudes) were added to

the baseline model. Convergent validity would be supported by the

finding of significant geometry to spatial vocabulary and spatial

abilities to spatial vocabulary paths in Model 2, and discriminant

validity by non-significant paths from alternative measures to

spatial vocabulary in Model 3.

We estimated the fit of the various models using standard

measures, that is, χ2 (non-significant effects indicate better model

fit), root mean square error approximation (RMSEA), standardized

root mean square residual (SRMR values < 0.06 indicate good

model fit), and the comparative fit index (CFI). The χ2 value varies

directly with the sample size and thus is not always a good measure

of model fit. The combination of absolute (RMSEA, SRMR) and

comparative (CFI) measures reduces the overall proportion of Type

I and Type II errors (Hu and Bentler, 1999). Hu and Bentler

suggested that good fit is obtained when CFI > 0.95 and RMSEA

< 0.06. However, others have recommended a more graded set of

guidelines for RMSEA, such that an RMSEA < 0.05 is considered

good, values between 0.05 and 0.08 are considered acceptable, and

values between 0.08 and 0.10 are considered marginal (Fabrigar

et al., 1999).

Results

Mean unstandardized scores for all the measures are shown

in Table 1.

Factor structure

Two components emerged from the correlation matrix among

the arithmetic measures (standardized loadings > 0.50). The first

had an Eigenvalue of 2.01 and explained 40% of the covariance

between measures and the second had an Eigenvalue of 1.15 and

explained 23% of the covariance. The standardized regressions

from the rotated factor pattern are shown in the top section of

Table 2. The first factor, hereafter simple arithmetic, was defined

by the mean of the arithmetic fluency, fractions arithmetic, and

fractions number line measures. The second factor, hereafter

complex arithmetic, was defined by the mean of the equality and

whole number line measures.

As shown in the second section in Table 2, two components

emerged for the cognitive measures. The first had an Eigenvalue

of 3.26 and explained 47% of the covariance among measures,

whereas the second had an Eigenvalue of 1.02 and explained 15%

of the covariance. The first factor, hereafter spatial abilities, was

defined by means of paper folding, spatial transformation, JLAP,

MRT, and Berry measures. The second factor, hereafter memory

span, was defined by the mean of the digit span forward and digit

span backward measures.

As shown in the third section of Table 2, the mathematics

attitudes measures defined a single factor that explained 80% of the

covariance among them (Eigenvalue= 2.41). The score was defined

by means of the three attitude and anxiety measures. The spatial

vocabulary and geometry measures were not included in the factors
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TABLE 1 Mean scores.

Measure Overall M (SD) Minimum
score

Maximum
score

Spatial
vocabulary

12.72 (4.16) 1 20

Geometry 9.43 (4.09) 1 19

Arithmetic
fluency

9.79 (4.63) 2 24

Fractions
arithmetic

6.55 (4.21) 0 18

Equality 7.00 (2.87) 0 10

Whole
number line

7.98 (4.52) 2.6 33.7

Fractions
number line

27.17 (10.70) 3.5 66.7

Digit span
forward

4.86 (1.35) 2 11

Digit span
backward

3.92 (1.53) 0 10

JLAP 7.72 (3.35) 0 15

Mental
Rotations Test

15.93 (4.28) 8 24

Spatial
transformation

8.58 (3.80) 0 16

Paper folding 3.88 (2.28) 0 10

Berry 23.65 (4.09) 13 30

Mathematics
interests

3.09 (0.70) 1 4

Mathematics
anxiety

2.55 (0.37) 1 3

Mathematics
self-efficacy

3.08 (0.64) 1 4

analyses because the former is the core dependent measure in the

analyses, and the latter is a core measure for the assessment of the

convergent validity of the spatial vocabulary measure.

Convergent and discriminant validity

Correlational and regression analyses
As noted, the convergent and discriminant validity of the spatial

vocabulary measure can be assessed by the pattern of correlations

with mathematics measures that have a clear spatial component

to them (i.e., the geometry test) and those that do not (i.e.,

the arithmetic tests; Campbell and Fiske, 1959). Similarly, if the

development of spatial vocabulary is influenced by spatial abilities,

then the measure should be more strongly correlated with spatial

ability than memory span.

As shown in Table 3, both patterns emerged. The table presents

correlations among the measures and reliabilities (alphas) on the

diagonal. The key correlations are in bold, and all are higher than

other correlations in the matrix. Spatial vocabulary is more strongly

related to geometry (r = 0.73, p < 0.001) than simple (r = 0.32,

TABLE 2 Factor pattern for arithmetic, cognitive, and attitudes measures.

Measure First component Second
component

Arithmetic measures

Arithmetic fluency 0.710 0.291

Fractions arithmetic 0.860 −0.251

Fractions number line 0.602 0.129

Equality −0.034 0.842

Whole number line 0.046 0.801

Cognitive measures

JLAP 0.515 0.300

Mental Rotations Test 0.832 0.002

Spatial transformation 0.727 0.173

Paper folding 0.683 0.160

Berry 0.841 −0.224

Digit span forward −0.099 0.913

Digit span backward 0.139 0.649

Attitudes measures

Mathematics interests 0.861 —

Mathematics anxiety 0.901 —

Mathematics self-efficacy 0.919 —

The bold values indicate that associated variables belong to the same factor.

p < 0.001) or complex (r = 0.52, p < 0.001) arithmetic, and

more strongly related to spatial abilities (r =0.65, p < 0.001) than

Memory Span (r =0.35, p < 0.001). Table 4 shows the results of a

simultaneous regression analysis, whereby spatial vocabulary was

regressed on the geometry, simple arithmetic, complex arithmetic,

spatial abilities, memory span, andmathematics attitudesmeasures.

The results revealed that only geometry (p < 0.001) and spatial

abilities (p< 0.001) were significant predictors of spatial vocabulary

(all other ps > 0.283); R2 = 0.57, F(6,174) = 39.04, p < 0.001.

Structural equation models
As noted, the baseline model involved estimating paths

from a general factor to spatial vocabulary, spatial abilities,

geometry, simple arithmetic, complex arithmetic, memory span,

and mathematics attitudes. As can be seen in Table 5, the fit

statistics for the baseline model were acceptable for CFI, SRMR,

and marginal for RMSEA. The standardized path estimates for

this model are shown in Figure 3, all of which were significant (ps

< 0.001).

Estimating paths from spatial abilities and geometry to spatial

vocabulary (Model 2) resulted in an improvement in overall model

fit, 1χ2(2) = 5.56, p = 0.062, relative to the baseline model, and

improvements in all fit statistics. Examination of the paths from

this model indicated that the path from the general factor to spatial

vocabulary was no longer significant (p = 0.597) and thus was

dropped, creating Model 2b. The overall fit of Model 2b, 1χ2(1)
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= 5.26, p= 0.022, was improved relative to the baseline model, and

all fit indices were acceptable.

Estimating paths from simple and complex arithmetic, memory

span, andmathematics attitudes to spatial vocabulary (Model 3) did

not improve overall model fit, 1χ2(4) = 7.26, p = 0.123, relative

to the baseline model. Moreover, only the path from mathematics

attitudes to spatial vocabulary was significant, but the coefficient

was negative, β = −0.11, se= 0.058, t = −1.98, p= 0.047.

The results indicate that Model 2b is the best representation

of the covariance among the variables. The associated standardized

path coefficients are shown in Figure 4.

TABLE 3 Correlation matrix.

1 2 3 4 5 6 7

1. Spatial
vocabulary

(0.81)

2.
Geometry

0.73 (0.88)

3. Spatial
abilities

0.65 0.71 (0.81)

4.
Arithmetic:
simple

0.32 0.43 0.26 (0.59)

5.
Arithmetic:
complex

0.52 0.61 0.56 0.28 (0.58)

6.
Memory
span

0.34 0.40 0.44 0.36 0.31 (0.52)

7.
Mathematics
attitudes

0.24 0.37 0.29 0.20 0.34 0.32 (0.88)

The bold values indicate that associated variables belong to the same factor.

TABLE 4 Regression model predicting spatial vocabulary.

Parameter Beta (SE) t-value p

Spatial abilities 0.33 (0.10) 3.37 0.001

Geometry 0.52 (0.08) 6.45 0.000

Simple arithmetic 0.03 (0.08) 0.40 0.690

Complex arithmetic 0.08 (0.08) 1.08 0.284

Memory span 0.00 (0.07) 0.05 0.960

Mathematics attitudes −0.06 (0.06) −0.93 0.354

Discussion

The goal of this study was to develop and provide the

initial validation for a mathematics-specific spatial vocabulary

measure for late elementary school students. The goal stemmed

from the contribution of mathematics vocabulary to students’

mathematical development (Toll and Van Luit, 2014; Purpura

and Logan, 2015; Hornburg et al., 2018), and its correlation with

FIGURE 3

Standardized estimates for baseline model.

FIGURE 4

Standardized estimates for model 2b.

TABLE 5 Fit indices for structural equation models.

Model χ2 df 1χ2 p CFI SRMR RMSEA

1. Baseline 30.70 14 — – 0.965 0.049 0.081 [0.042, 0.121]

2. Spatial/geometry to vocabulary 25.14 12 5.56 0.062 0.973 0.043 0.078 [0.034, 0.121]

2b. Model 2, drop path 25.44 13 5.26 0.022 0.974 0.043 0.073 [0.028, 0.115]

3. Alternative to vocabulary 23.44 10 7.26 0.123 0.972 0.042 0.086 [0.041, 0.132]

CFI, comparative fit index; SRMR, standardized root mean square residual; RMSEA, root mean square error of approximation. For the latter, parenthetical values are lower and upper 90%

confidence interval.
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mathematics achievement (Lin et al., 2021). The goal was also based

on the relationship between spatial abilities and mathematical

development and innovation in STEM fields (Kell et al., 2013;

Geary et al., 2023), as well as its importance for performance in

technical-mechanical blue-collar fields (Humphreys et al., 1993;

Gohm et al., 1998). The latter is a critical but underappreciated

occupation that are particularly attractive to adolescent boys and

men from blue-collar backgrounds (Stoet and Geary, 2022), and

the cognitive abilities associated with success in them include

spatial and mechanical abilities (Gohm et al., 1998). In any case,

the study builds on prior studies that have largely focused on

younger students and typically include vocabulary items that cover

different mathematics topics (Toll and Van Luit, 2014; Purpura

and Logan, 2015; Powell and Nelson, 2017; Vanluydt et al., 2020;

e.g., measurement, number) or include spatial items that are not

mathematics specific (Gilligan-Lee et al., 2021).

As an example of the latter, Gilligan-Lee et al. (2021) developed

a spatial vocabulary measure for elementary school students that

focused on spatial-specific terms (e.g., under, over, to the right

of). Performance on this measure was correlated with spatial

abilities and was predictive of overall mathematics achievement,

controlling spatial abilities. Our focus, in contrast, was on

spatial terms that have a specific mathematics meaning and are

frequently used in mathematics textbooks (Powell et al., 2017)

and included in the Mathematics Common Core State Standards

for upper elementary school students (http://www.corestandards.

org/Math/). The utility of our spatial vocabulary measure was

evaluated following a combination of Hughes et al.’s (2020). Rasch

model procedure for developing a mathematic vocabulary measure

and Campbell and Fiske’s (1959) convergent and discriminant

validity approach.

Convergent validity requires the measure to be more strongly
related to conceptually similar than dissimilar measures. Thus,
our inclusion of a geometry measure composed of items from
the high-stakes NAEP and standard spatial ability measures.
Much of geometry has a spatial component to it (Clements and
Battista, 1992), and prior research shows that the development of
spatial abilities and spatial vocabulary co-occurs (e.g., Gilligan-Lee
et al., 2021). Although spatial abilities and spatial vocabulary

are correlated with aspects of arithmetic performance and

may contribute to development in these areas (Geary and

Burlingham-Dubree, 1989; Gilligan et al., 2019; Geary et al., 2021a;

Gilligan-Lee et al., 2021), these correlations should, in theory,

be weaker than those between spatial vocabulary and geometry.

This is what we found: a result that supports the convergent

and discriminant validity of the measure within mathematics. If

the spatial vocabulary measure is simply a reflection of general

cognitive ability, which is correlated with vocabulary and academic

achievement broadly (Roth et al., 2015), then it should show

similar relations to spatial abilities and verbal memory span, but

it did not. In keeping with the convergent and discriminant

validity within the cognitive domain, spatial vocabulary

was more strongly related to spatial abilities than to verbal

memory span.

Moreover, mathematics outcomes are often related to

mathematics attitudes and anxiety (Eccles and Wang, 2016; Geary

et al., 2021a), and they were significantly correlated with geometry

and arithmetic scores, as well as with spatial vocabulary, in this

study (Table 3). The key finding here is that spatial vocabulary

was unrelated to mathematics attitudes (combined attitudes and

anxiety) once spatial abilities and geometry performance were

controlled. In total, the results suggest that our spatial vocabulary

measure is capturing aspects of mathematical competencies that

have a strong spatial component to them (geometry in this case;

Clements and Battista, 1992), and are related to spatial abilities, as

expected (Gilligan-Lee et al., 2021) and, critically, is only weakly

related to performance in mathematical and cognitive domains

that are not strongly spatial and is not influenced by students’

mathematics attitudes and anxiety.

Limitations

The primary limitation is the correlational nature of the

data. In the regression analyses, we used mathematics, cognitive,

and attitudes measures to predict spatial vocabulary scores

but we could have just as easily used spatial vocabulary

to predict performance on these measures. The regressions,

however, were not used to imply some type of causal relation

between geometry and spatial abilities and students’ emerging

spatial vocabulary but to show that the latter was not tapping

individual differences in non-spatial arithmetic abilities, verbal

memory span, or attitudes. In other words, the regression

results and the correlations show that spatial vocabulary is

more strongly related to spatial-related mathematics and abilities

than to alternative constructs that are related to children’s

mathematical development.

Another potential limitation is that we did not have a more

general mathematics vocabulary measure. The assessment of our

spatial vocabulary measure would have been strengthened with a

demonstration that it is related to geometry and spatial abilities

above and beyond the relation between general mathematics

vocabulary and these constructs. Despite these limitations, this

study provides a first step in the development of a mathematics-

specific spatial vocabulary measure for older elementary school

students, adding to prior studies that have largely focused

on younger students, general mathematics, and spatial-specific

vocabulary measures.
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