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Note on the radical inflation in
the estimates of error variance in
measurement models
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This note discusses the radical technical inflation in error variance and the
related standard error of test scores from both conceptual and empirical
viewpoints. This technical inflation arises as a direct consequence of the
technical underestimation of item-score correlation by the product-
moment coefficient of correlation (PMC), which is embedded in the
traditional estimators of reliability such as coefficients alpha, theta, omega,
or rho (maximal reliability). Specifically, in educational settings where
compilations usually include both easy and difficult items, the estimate by
PMC may substantially deviate from the true association between an item
and the score. Consequently, the use of traditional estimators of reliability
leads to technically inflated estimates of standard errors, as the error
variance related to these traditional measurement models is significantly
inflated, resulting in deflated reliability estimates. In educational testing,
employing deflation-corrected standard errors, calculated using deflation-
corrected reliability estimators, would provide a more accurate measure of
the test score’s true precision.

KEYWORDS

item-score correlation, error variance, standard errors, deflation-corrected error
variance, deflation-corrected standard errors

1 Introduction

This note focuses on a consequential outcome concerning significant deflation
observed in the primary reliability estimators used within classical test theory, namely,
coefficients alpha, theta, omega, and rho (maximal reliability), as previously discussed
by researchers such as Zumbo and colleagues (e.g., Zumbo et al., 2007; Gadermann
et al.,, 2012) and more recently by Metsamuuronen (2022a,b,c,d,e,f, 2023). The reader is
led to the concepts and literature from four perspectives. Section 1.1 discusses the
general phenomena of deflation in reliability and inflation in error variance. Section 1.2
explores the phenomenon where correlation estimates serve as the primary cause of
deflation in reliability estimates and inflation in error variance. Section 1.3 briefly
examines conceptual aspects related to error variance inflation. Section 1.4 provides a
hypothetical example illustrating the magnitude of error variance, inflation, and
standard error. The empirical section investigates the extent of error variance, inflation,
and standard errors, aiming to elucidate the circumstances under which notable effects
are expected.
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1.1 Deflation in reliability and inflation in
error variance as phenomena

In certain kinds of tests, which typically include items of
extreme difficulty levels, as is common in educational testing
settings (see discussion in Metsimuuronen, 2023), the technical
deflation in the estimates of reliability has been reported to range
from 0.40 to 0.70 units of the reliability coefficient. In these types
of tests, the standard errors related to the score are significantly
inflated. For extremely easy or difficult tests, standard errors can
be more than ten times higher when using traditional reliability
estimators compared to deflation-corrected reliability estimators
(DCER) (Metsamuuronen and Ukkola, 2019; Metsamuuronen,
2022b; for DCER details, see Metsamuuronen, 2022¢,d,e). When
tests include easy, medium, and difficult items, the standard
errors can be two to three times higher with traditional estimators
(Metsamuuronen, 2022f). This indicates that the estimated error
variance related to the measurement model is radically inflated.

The deflation of 0.40-0.70 units of reliability discussed above
related to the artificial technical or mechanical errors in the
estimation of correlation needs to be separated from attenuation
related to the violations against the measurement model. The
attenuation related to estimators of reliability and, consequently, in
the estimated standard errors has been discussed widely, especially
the challenges related to coefficient alpha (Kuder and Richardson,
1937; Jackson and Ferguson, 1941; Guttman, 1945; Cronbach,
1951), which are well known (see discussions and literature in, e.g.,
Sijtsma, 2009; Cho and Kim, 2015; Hoekstra et al., 2019;
Metsamuuronen, 2022b,d).

Guttman (1945) was the first to show that the coefficient we know
today as coefficient alpha always gives estimates that are lower in
magnitude than true population reliability. The magnitude of the
attenuation related to the violations against the assumption related to
coefficient alpha has been reported to vary from 1% (Raykov, 1997) to
11% (Green and Yang, 2009). However, it is commonly accepted that
if the assumptions for the coefficient alpha are met, the items are
(essentially) tau-equivalent, the phenomenon is unidimensional, and
the measurement errors related to test items do not correlate. Alpha
would give unattenuated estimates (see Novick and Lewis, 1967;
Raykov and Marcoulides, 2017; see the discussion also in, e.g., Green
and Yang, 2009, 2015; Davenport et al, 2015, 2016; Trizano-
Hermosilla and Alvarado, 2016; McNeish, 2017). However, there is an
ongoing debate among scholars about whether we could continue to
use coefficient alpha as one of the lower boundaries of reliability or not
at all (see a positive view in, e.g., Bentler, 2009; Falk and Savalei, 2011;
Raykov et al., 2015; Metsimuuronen, 2017; Raykov and Marcoulides,
2017; and a negative view in, e.g., Sijtsma, 2009; Yang and Green, 2011;
Dunn et al, 2013; Trizano-Hermosilla and Alvarado, 2016;
McNeish, 2017).

Notably, the underestimation in the estimates of reliability is only
partly related to attenuation, as discussed above. Metsiamuuronen
(2016) shows algebraically that the radical deflation in the estimates
of reliability is directly related to technical or mechanical errors in the
estimates of correlation by item-score correlation (Rit). This issue
affects not only coefficient alpha but also other reliability coefficients
such as theta, omega, and rho, which also incorporate item-score
2022b,c,d).
Metsamuuronen (2022b,d) identifies several other estimators of

correlation in some form (see Metsimuuronen,

Frontiers in Education

10.3389/feduc.2024.1248770

reliability with the same challenge. The role of Rit in the deflation is
discussed later.

Deflation in reliability has a direct effect on the traditional
standard error of measurement (S.E.m) related to the test score (see
Metsdamuuronen, 2023). The standard error is a concept used in
quantifying the average amount of random measurement error in a
score variable generated by a compilation of multiple test items; the
technicalities are discussed in Section 1.3. Notably, in large-scale
testing settings such as Program of International Student Assessment
(PISA) and Trends in International Mathematics and Science Study
(TIMSS), the focus is mainly on the standard errors across different
parts of the ability scale, referred to as conditional standard errors,
rather than the average S.E.m. (see, e.g., Schult and Sparfeldt, 2016;
Foy and LaRoche, 2019). In this note, however, the traditional S.E.m.
is discussed because it has a direct relationship with the traditional
estimate of reliability (REL), thatis, S.E.m.=op =o xyv1— REL (e.g.,
Gulliksen, 1950), based on the classical test theory definition
of reliability:

RELZG%/G}(Zl—GE’/G}( (1)

where 612~, G%{, and 6125 refer to the variances of the observed score
variable (X), unobserved true score (T), and error element (E) related
to the profound idea in measurement modeling: X="T+E.

Because of the simplicity of the definition of reliability in
Equation (1), the technical reason for the observed radical deflation
in the estimates of reliability can be traced to two sources: either the
population variance (0-)2() is deflated, or the error variance (0',%;) is
inflated—or both may happen at the same time. Metsimuuronen
(2022h) specifically studies the magnitude and limits of the deflation
in the population variance. The deflation in the population variance is
an obvious reason for the deflation in the estimates by coefficients
alpha and theta and related coefficients from the extended family (see
the discussion in, e.g., Metsamuuronen, 2016, 2022b,d). The reason is
obvious because the element 9X embedded in the reliability formulae

B 2
embeds the item-score correlation (Rit = Pix; O )2( = [ZO' i X Pix J ; see
i=1
also Equation 8), and Rit is known to give radical underestimates
when the scales of two variables differ. This is always the case with an
item and a score. This is deepened and illustrated in Section 1.2.

In the more advanced estimators of reliability, such as coefficients
omega and rho, the reason for the deflation is partly the overestimated
error variance observed in the form of (1 - 212 )in the formulae (see
later Equation 4), where A; refers to factor loading. Notably, factor
loadings are essentially correlations between an item and a factor score
(e.g., Cramer and Howitt, 2004; Yang, 2010). The consequences and
magnitude of the deflation in reliability are discussed in the empirical
part of this article.

1.2 Deflation in estimates of correlation
due to inflation in error variance

Due to being the oldest estimator of association still in use—with
over a century of research on and with the product-moment
coefficient of correlation (PMC)—most of its weaknesses are well-
known. General challenges are extensively covered in standard
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textbooks (e.g., Salkind, 2010; Tabachnick and Fidell, 2021). Two
specific challenges strictly related to the topic of the article are
discussed here.

First, scholars have extensively discussed a particular challenge
of the product-moment coefficient of correlation (PMC) under the
topic of “restriction of range” or “range restriction” (RR) for over a
century, starting from the works of Pearson (1903) and Spearman
(1904) onward. More recent discussions are summarized by Sackett
and Yang (2000), Sackett et al. (2007), Meade (2010), Walk and
Rupp (2010) and Metsamuuronen (2022d). This phenomenon refers
to situations where only a portion of the range of values of a variable
is realized in the sample, leading to inaccurate correlation estimates
by PMC. These estimates are attenuated, meaning they are lower
than the true correlation (see various patterns of RR in Sackett and
Yang, 2000). Pearson (1903) and Spearman (1904) proposed initial
solutions to correct this attenuation, and numerous solutions have
been suggested since then (see typologies in Mendoza and
Mumford, 1987; Sackett et al., 2007). This characteristic of PMC has
been investigated and addressed, particularly within meta-analytic
studies (see, e.g., Schmidt and Hunter, 2003, 2015; Schmidt
et al., 2008).

The other challenge the PMC poses, closely related to the
inflation in error variance, is its inaccurate estimation in item
analysis settings. This is considered the primary reason for the
deflation of reliability because PMC is embedded in the most
widely used reliability estimators (see compiled in Metsimuuronen,
2022d). Through simulations, Metsimuuronen (2021a, 2022a); also
partly observed in simulations by Martin (1973, 1978) and Olsson
(1980) has identified seven cumulative and partly interrelated
conditions where deflation in estimates by PMC is anticipated.

Based on these simulations, the item-score correlation (Rif) tends
to consistently and systematically underestimate the true association
between an item and a score variable under the following conditions:

1 The deflation approximates 100% the greater the extremity of
the item difficulty is.

2 Scale discrepancy: The greater the discrepancy between the
item’s scale and the score.

3 Fewer item categories: The fewer categories present in the item.

4 Fewer score categories: The fewer categories present in the score.

5 Number of items: The smaller the number of items comprising
the score. This is closely linked to the number of categories in
the score’s scale.

6 Non-uniform tied cases: The greater the presence of
non-uniformly distributed tied cases in the score. This a
consequence of having a small number of items.

7 Distribution: If the distribution of the latent variable (and
score) deviates from a uniform distribution.

Consequently, if the test contains items with extreme difficulty
levels, a small number of items, and items with a narrow scale,
resulting in a score with a narrow scale, we anticipate obtaining
significantly deflated item-total correlations. This leads to markedly
inflated measurement errors, substantially deflated reliability
estimates, and inflated standard errors. The extent of this inflation is
illustrated in Section 1.4 with a numerical example.
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The phenomenon of technical or mechanical deflation in the
estimates of correlation can be easily illustrated with two identical
(latent) variables that have an obvious perfect correlation pgg=1. If
one of these identical variables is dichotomized (item) and the other
polytomized into several categories (score), Rit cannot reach the
perfect (latent) correlation. This is unlike other measures, such as
polychoric correlation (Rp; Pearson, 1900, 1913), Goodman-
Kruskal gamma (G; Goodman and Kruskal, 1954), dimension-
corrected G (Gp Metsimuuronen, 2021a), and attenuation-
corrected Rit and eta (Ryc and E,¢; Metsamuuronen, 2022¢,g) (see
simulations in Metsimuuronen, 2021a, 2022a). Some estimators,
such as r-bireg and r-polyreg correlation (Rggg; Livingston and
Dorans, 2004; Moses, 2017), Somers delta directed so that “score
dependent” (D; Somers, 1962), and dimension-corrected D (D
Metsamuuronen, 2020b, 2021a) come close to a deflation-
free outcome.

As an example of the radical technical deflation in PMC, let us
take the vector of n=1,000 cases from a normally distributed
population and double it. Of these identical variables, one (item g) is
divided into a binary form [df(g) = 1] by using a cut-off of p=0.90; that
is, 90% of the hypothetical test-takers give the correct answer, and the
other (score X) is divided into seven categories [df(X)=6] with an
average difficulty level of [p(X) =0.50]; this could be a latent reflection
of a short subtest (e.g., “geometry”) amid a longer test (“mathematical
achievement”). The difference between the latent correlation (pgg=1)
and the observed correlation (p;y = p; = Rit) indicates the magnitude
of technical deflation in the estimates, even without attenuation,
which may add some additional deflation to the outcome. Figure 1
illustrates the magnitudes of the technical deflation in selected
estimators of association.

Notably, the estimates by such known estimators of item-score
association based on the mechanics of PMC as Henrysson’s item-rest
correlation Rir (Henrysson, 1963), Spearman’s rank-order correlation
Rgan (Spearman, 1904), Rit, and eta cannot detect the obvious perfect
latent correlation, and the magnitude of deflation is notable (>
0.47 units of correlation).! Moreover, Kendall’s tau-b (Kendall, 1948)
gives a deflated estimate because the values are always lower than
those by PMC (see the reasons in, e.g., Metsaimuuronen, 2021b). Such
estimators as Rpe, G, Gy, Ry ¢ and E,¢ are found deflation-free in this
kind of comparison. However, they may have some other challenges
in fully reaching the true association (see Metsamuuronen, 2022a).
Rgic is almost deflation-free, and, in D and D,, the magnitude of
deflation may be nominal, depending on the number of tied pairs in
the items and score as well as the widths of the scales in item and
score (see Metsamuuronen, 2021a). Hence, based on an analysis of
11 sources of deflation, Metsimuuronen (2022a) lifts coefficients Ry,
Riee> G, D, Gy, Dy, Ry, and E i as superior options for Rit to be used
in estimators of reliability to reach deflation-corrected estimates of
reliability. Some of these estimators are used as benchmarks in the
numerical example and empirical section to assess the magnitude of
the inflation in error variance and standard errors.

1 Notably, although coefficient eta uses different information in comparison
with Rit, in the binary case, their formulae are identical (see Wherry and Taylor,

1946; see also Metsamuuronen, 2022g).
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N = 1000; df(g) = 1, df(X) = 6, p = 0.90, p(X)= 0.50
.021 0
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FIGURE 1
Magnitude of deflation in the selected estimators of association.
Rir, Henrysson item—rest correlation (= PMC); Tau-b, Kendall tau-b; RRank, Spearman rank-order correlation (= PMC); Rit, ltem-total correlation (= PMC); eta,
Coefficient eta (X dependent) (= PMC in the binary case); D, Somers delta (X dependent); D2, Dimension-corrected D; RReg, r-bireg correlation; RPC,
Polychoric correlation; G, Goodman-Kruskal gamma; G2, Dimension-corrected G; RAC, Attenuation-corrected Rit; EAC, Attenuation-corrected eta.

1.3 Briefly on the basic concepts related to
inflation in error variance

Section 1.4 gives a practical, hypothetical example of the
phenomenon of inflation. Some concepts are needed to understand the
notation in that section. However, the conceptual discussion is minimal
in this section (see in detail in Supplementary Appendix 1).

Let us assume a congeneric measurement model with one
latent variable (0):

X =wib+e¢ )

where x; denotes the observed values of an item g; and w; denotes a
weight factor that links 6 with x; (e.g., Metsamuuronen, 2022a,c,d). This
congeneric measurement model is generalized from the traditional
model (e.g., McDonald, 1999; Cheng et al., 2012). In the traditional
model, the weight factor w; is usually assumed to be a factor loading (Ai),
and the factor score variable is assumed to reflect the most accurately the
latent variable. In the general model, the weight factor w; is a coefficient
of association in some form, also including principal component and
factor loadings. The unobservable 6 may manifest as a varying type of
relevantly formed compilation of items such as a raw score (6y),
standardized raw score (Oxspr), principal component score (B5c), factor
score (Op,), theta’ score formed by the item response theory (IRT) or

2 It may cause some confusion that the tradition within IRT and Rasch
modeling uses “theta” as a general name for the observed score variable. While
logically consistent, it creates a tension between the notation used within the
article, where "theta” refers to the latent variable rather than the observed
variable. To resolve this tension, “theta” is written with a subscript when referring
to the manifestation of the latent variable (e.g., 6x or Bk), while the latent

variable itself is denoted by the Greek letter 6.
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Rasch modeling (6;z7), or various non-linear combinations of the items
(eNon—Linear) .

If we assume that errors in the individual items do not correlate
with each other, the error variance related to the compilation of the
items is as follows:

k
VAR| D ei

i=1

2 ‘ 2 k 2
ZGEZZ(I—W,')ZIC—ZW,'. (3)
i=1 i=1

In practical terms, the traditional measurement model takes the
factor loading as the weight factor, and this leads to the following error
variance related to the score variable:

k k
o'%=2(1_)42):k_zl’2' (4)
i=1

i=1

Notably, the traditional model assumes that the weight factor w;, i.e.,
factor loading being a correlation coefficient, always gives accurate
estimates. This assumption is too optimistic, as observed above, and the
deflation in the estimate may be remarkable. However, if we select the
correlation w wisely so that the magnitude of the mechanical error is as
small as possible, that is, if we use some of the deflation-free or deflation-
corrected estimators of correlation (w; pc), the outcome is deflation-
free or near. The magnitude of the error component related to
deflation may be near zero. This leads us to a deflation-corrected
measurement model and, consequently, to deflation-corrected error
variance as follows:

2 £ 2 5o
%F pC ZZ(I_WifDC):k_ZWLDC' (5)
i=1 i=1

In practical terms, if using Ry, G, and D as the deflation-corrected
estimators of association between an item i and the (undefined) latent
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variable 0, a theoretical deflation-corrected error variance based on
Ry is as follows (Metsimuuronen, 2023):

k

K
2 _ 2\ 2
OF DC RO = Z(l - RPCie) =k=2 Rpci (6)
i=1 i=1

and, based on G, it is as follows:

k

k
GE‘_DC_GG = Z(l - Gi29) =k=>G 7)
i=l1 i=1

and based on D, it is as follows:

k

k
2 2 2
SE_DC_DO ZZ(I_DiG):k_ Dio- (®)
i=1 i=1

These estimators are used later in the hypothetical example
and in the empirical section—except that instead of G and D, G,
and D, are used in Equations (7) and (8) because they suit better
polytomous settings; their computing is discussed later. Of these
better-behaving estimators of association, Rpc refers to a
theoretical association in that it refers to theoretical (latent) items
and scores that a researcher is not privy to (see the critique in
Chalmers, 2017). G and D and the derivatives G, and D, refer to
observed items and scores with a practical interpretation: the
estimates strictly indicate the proportion of the test takers that
are logically (ascending) ordered after they are ordered by the
score variable; p=0.5xG+0.5 and p=0.5xD+0.5 (see
Metsamuuronen, 20221 based on Metsimuuronen, 2021b). Of G
and D, the estimates by D are more conservative in comparison
with G because G omits the tied pairs in the computing
proportions while D uses them (see Metsdamuuronen, 2021b). In
polytomous settings, the magnitude of the estimates by G, tends
to follow close to those by Ry and the estimates by D, close to
those by Rz (Metsamuuronen, 20221).

1.4 A hypothetical numerical example of
the inflation in estimates of error variance

Assume a hypothetical dataset, as in Table 1 with k=5 items and
incremental difficulty levels in items (p =0.083-0.917) and n =12 test
takers. This could be a short subtest of “Sets” amid a larger
mathematics achievement test given to a small group of students.
Relevant indicators related to the traditional and deflation-corrected
error variances are collected in Table 1. Four score variables are used:
a raw score (0y), a standardized raw score (Oysrp), a factor score (Op,),
and a theta score formed by the one-parameter logistic item response
theory (1PL IRT) modeling or, factually, Rasch modeling (7). The
ML estimate is not optimal for the score variables because of the
small sample size. However, it serves as an example of the
computing process.

As an indicator of reliability, the coefficient omega total (p,, later,
just omega) based on the works of Heise and Bohrnstedt (1970) and
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McDonald (1970, 1999) also known as McDonald’s omega, is used.
Omegas can be expressed as follows:

Pl

&)

In the example of the possible outperforming estimators of
correlation, RPC, G, and D and related deflation-corrected estimates of
error variance are used as benchmarks for traditional factor loadings.
Using G and D is justified because the items are binary (Metsimuuronen,
2020a,b, 2021a). From the viewpoint of the benchmarking estimators
(Equations 6-8), using the raw score, standardized raw score, and 1PL
model in IRT modeling leads to identical results because the order of the
test takers
logistic transformation.

does not change in the standardization and
From the viewpoint of reliability estimates, the estimate by the

traditional coefficient omega (Equation 8) is notably deflated as being
A 2 2
P =(1.485)/ ((1485) + 3-600) =0.380. It appears that the factor

score is not the best reflection of the true ability in the case. Namely,
the related deflation-corrected estimate is based on the form of omega,
and using Rpc gives a deflated estimate of Pw¢Rc n =

(1'544)2 /((1544)2 + 2550): 0.483. In the hypothetical example, the
estimates related to the raw score (and IRT score) appear more credible
in comparison with the factor score, because items g;, g;, and g; can
deterministically distinguish test takers from each other when tied
cases are not considered (Rpc= G = 1). The estimates are quite close
when the tied cases are considered (D=0.889-0.909). Factor analysis
can detect this phenomenon only in g; (A4, ,, =0.999) but fails notably
in g (A, ,, =0.091) and g, (4, , =0.522). Hence, we obtain the
deflation in reliability by omega and inflation in the error variance.

If the raw score, standardized raw score, or IRT score are used
as a justified reflection of the latent ability, the estimates of
reliability higher by

Rpc as the weight factor, ﬁw_Rm-X = ﬁm_RP(:Xsrn = ﬁa}_RP(,IRT =

would be  notably using

2 2
(4.089) /((4.089) +1.389) = 0.923, mildly higher if G was used

(Po_GX = Pw_GXy, =Po_GIRT =0.932), and mildly lower if D
was used ( Po_DX = Pw_ DX, = Po_DIRT =0.869).

When comparing the standardized score variables in the
hypothetical example, the deflation in the estimate by the
traditional omega is 56% [=(0.869-0.380)/0.869 x 100] if the
conservative D is taken as the benchmarking weight factor and
59% if Rpc or G are taken as the benchmarks. The inflation in the
traditional error variance based on the factor loadings is 30-41%
when the factor score is considered and up to 76-182%,
depending on the weight factor when the standardized raw score
is considered. The magnitude of both deflation and inflation is
notable and worth further investigation.

More in-depth analysis is discussed in Section 5, where a set of
1,440 real-life tests with various characteristics is used to explore the
boundaries of the inflation in error variance.
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TABLE 1 A hypothetic dataset related to inflation in the estimated error variance.

10.3389/feduc.2024.1248770

Items
Test taker gl
1 1 0 0 0 0 —1.567 —0.28873 -1.976
2 0 1 0 0 0 —1.567 —0.28865 —-1.976
3 1 1 0 0 0 —0.522 —0.28834 —0.642
4 1 0 1 0 0 —0.522 —0.28937 —0.642
5 1 1 0 0 0 —0.522 —0.28834 —-0.642
6 1 1 0 0 0 —0.522 —0.28834 —0.642
7 1 0 1 1 0 0.522 —0.28778 0.642
8 1 1 1 0 0 0.522 —0.28897 0.642
9 1 1 1 0 0 0.522 —0.28897 0.642
10 1 1 1 0 0 0.522 —0.28897 0.642
11 1 1 0 1 1 1.567 3.17384 1.976
12 1 1 1 1 0 1.567 3.17384 1.976
) 0.917 0.750 0.500 0.250 0.083
B (IRT) —2.482 -1.238 0 1.238 2.482
Score FA SUM Omega
Aip,, 0.091 0.174 —0.301 0.522 0.999 1.485 0.380
1- /11% 0.992 0.970 0.909 0.728 0.002 3.600
o
RPCip,, -0.302 0.339 —0.493 1 1 1.544 0.483
1- RPC?e 0.909 0.885 0.757 0 0 2.550
o
Gip,, 0.091 0.259 —0.444 1 1 1.906 0.571
1- G,.ze 0.992 0.933 0.803 0 0 2728
Dip,, 0.091 0.174 —0.444 1 1 1.821 0.545
1- Dize 0.992 0.970 0.802 0 0 2.764
»
Score X=Score XSTD =Score IRT
RPCip, 1 0.449 0.640 1 1 4.089 0.923
5 0 0.798 0.591 0 0 1.389
1- RPC:
i0,
Gio, 1 0.500 0.688 1 1 4,188 0.932
5 0 0.750 0.527 0 0 1277
1-G*
0,
Dio 0.909 0.370 0.611 0.889 0.909 3.688 0.869
B
D2 0.174 0.863 0.627 0.210 0.174 2.047
e,
(Continued)
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ltems Scores
Test taker gl Ox
SUM Deflation %'
2
Inflation in 1 ~ Aj@ﬂwhen the factor score is considered
dRPCjg 0.083 0.085 0.153 0.728 0.002 1.050 41.2
dGig 0.000 0.037 0.107 0.728 0.002 0.873 32.0
dDjg 0.000 0.000 0.107 0.728 0.002 0.836 30.3
SUM Deflation %’
Inflation 1 — )'1‘29 when the (standardized) raw score is considered
dRPCjg 0.992 0.171 0.319 0.728 0.002 2211 159.2
dGjg 0.992 0.220 0.383 0.728 0.002 2.324 182.0
dDjg 0.818 0.107 0.283 0.518 -0.172 1.553 75.9

1.5 Summary of the discussion by far

From earlier studies, it is known that the traditional estimates of
reliability tend to be deflated. The deflation may be radical (up to 0.40-
0.70units of reliability), and the reason for this deflation is the poor
behavior of the product-moment coefficient of correlation in the case
that the widths of the scales of the variables are far from each other. This
is always the case in measurement modeling settings, and it is often
exacerbated in achievement testing, where we are willing to use both very
easy, medium, and very demanding tasks to cover the full range of ability
scales in one test. In these types of tests, the standard errors related to the
score are radically inflated; in some extremely easy or difficult tests, the
standard errors have been reported to be more than 10 times higher than
they should be.

Because the relationship between reliability and error variance and the
standard error of the score can be easily observed from the formulae, the
technical reasons for the observed radical deflation in the estimates of
reliability can be traced to three sources: either the population variance (& %
) is deflated, or the error variance (c'%) is inflated—or both may happen at
the same time. This article focuses on error variance, which is strictly
embedded in widely used reliability estimators such as omega and maximal
reliability (see Supplementary Appendix 1). In some empirical settings, it
has been noted that the estimates of reliability may be deflated by 0.40-
0.70units, and this can be directly connected to mechanical errors in the
estimation of correlation, which needs to be separated from attenuation
related to violations against the measurement model. From this viewpoint,
it appears that the phenomenon of radical inflation in error variance and
measurement error caused by technical error during the estimation process
is discussed sparsely in literature, if at all, considering its possible
consequences (see, however, discussion in Metsimuuronen, 2023 related
to achievement testing, and Metsamuuronen, 2022b,f, related to inflation
in conditional standard errors). Hence, it seems justified to further discuss
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the reasons, mechanisms, and consequences of the deflation observed in
the estimates of reliability and the inflation in error variance.

2 Research questions

This note examines the magnitude and consequences of inflation in
error variance estimates. The conceptual matters and reasons behind
them are discussed in Section 1.3. The inflation in the error variance begs
three key questions: (1) What is the magnitude of the inflation in the
estimated error variance and the related standard errors in real-life testing
settings? (2) How can the magnitude of inflation be predicted? and (3)
How do deflation-corrected estimators of error variance and standard
errors compare to traditional ones in real-life datasets? These questions
are studied and discussed in the empirical section (Section 4) using a
simulation dataset based on real-life settings.

3 Methods
3.1 Dataset

A dataset of 4,023 nationally representative test-takers of a
mathematics test with 30 binary items (FINEEC, 2018) is used as the
“population” From the original dataset, 10 samples with finite sample
sizes of n = 25, 50, 100, and 200 test-takers were drawn. These samples
imitate different real-life sample sizes, ranging from tests for a large
student group (n=200) to classroom settings (1 =25). In each of the
10 x 4 datasets, 36 tests were produced by varying the number of items
in the tests, the difficulty levels of the items, and the length of the
scales of the score [df(X) =number of categories in the score scale - 1]
and the item [df(g)=number of categories in the item scale — 1].
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Polytomous items were produced as a combination of binary items. In
the final dataset, both the tests with the original items and the tests
with fewer items but wider scales are mixed. Datasets comprising the
traditional and deflation-corrected estimates of reliability, the
estimates of error variance and standard errors and estimated
population variances, and related derivatives and background
information of the 1,440 tests are available at doi: 10.13140/
RG.2.2.25390.79687 in CSV format and at doi: 10.13140/
RG.2.2.33779.40481 in IBM SPSS format.

3.2 Estimators of association

Because we are using both binary and polytomous items, instead
of G and D, their dimension-corrected modifications (G, and D,) are
used. It is known that when the number of categories in the item
exceeds 3 (D) or 4 (G), G and D tend to underestimate the item-score
association (see, e.g., Metsémuuronen, 2020a,b, 2021 a). Hence,
Metsdamuuronen (2021a) suggests modifications specific to the
measurement modeling settings as follows:
Gy = Gx(l +(1 —abs(G))xA)andD2 = Dx(l+(l—abs(D))><A),
where G and D are the observed values of G and D and

3
A= [1 - 1} . With binary items, df(g) =1, and A =0, and, hence,

df ()
G,=G and D,=D. Moreover, when G=D=1, G,=G, and D,=D.

For the note, the estimates by G, and D, were computed manually
from the values of G and D being standard outputs of a statistical
software package (in the case of IBM SPSS; see syntaxes with some
generally known packages in Supplementary Appendix 2).

3.3 Variables and statistics

In assessing the magnitude of the inflation in the estimates of
error variance, a simple statistic is used: the difference between the
traditional estimate and the deflation-corrected estimates. The

traditional estimates are denoted dd—é or “VAR(E)_LFA” as an
_AFA

abbreviation of “error variance based on factor loadings as the linking
factor and the factor score variable as the manifestation of the latent
score estimated by using the maximum likelihood extraction method.”
Correspondingly, the deflation-corrected estimators are denoted

~2 A A « » « »
Gk Rux > 0% Gx» O px OF “VAR(E) RecX) “VAR(E)_G.X;
and «

VAR(E)_D,X, respectively as abbreviations of “error variance
based on Ry/G,/D, as the linking factor and the raw score as the
manifestation of the latent score” The “written” version is seen,
specifically in Figures to come. While traditional estimates are based
on factor score variables, the latter estimates are based on raw scores.
We may also note that the result would be equal if the standardized
raw scores or IRT scores were used because the estimates of the item-
score association by the deflation-corrected estimators of correlation
are equal with the raw scores, standardized scores, and IRT scores
because the order of the test takers does not change in
these transformations.

A difference (“d”) between the sample estimates of the traditional
estimate of error variance and the deflation-corrected estimate reflects
the magnitude of inflation. This difference is noted as follows:
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d&IZE, R.x OF “dVAR(E)_R,cX” refers to inflation in 6‘27 . when
6’2 r..y is used as the benchmark. Similarly, “dVAR(E)_G2X” or
“dVAR(E)_D2X” refers to the inflation in the case G, or D, have been
used as the deflation-corrected estimator of weight factor w;.
Technically,

52 _s2 a2
dSp Ry =CF 4, "OF Rex

k k
2 2
= (k -2, j - [k -2 Rpcip,, ] (10)
i=1 i=1
k 2
-2,

£ 2
= ZRPCiem
i=1 i=1
Then, if the magnitude of 62 is positive, the traditional
E7 RP(‘ XSTD
estimated error variance of the score is overestimated. In some cases,
this is expressed as percentages, which are notated using “dp” such as

in dp&é R, X,, - 1he percentages are computed so that the deflation-
corrected estimate is the base; the percentage indicates the deflation
in the traditional estimate, assuming that the deflation-corrected

estimate represents the true value.
However, using the percentages is not necessarily wise to connect

to the phenomenon because the magnitude of the error variance
appears to vary radically depending on the number of items in the
compilation. With two or three items, the magnitude of the error

~2
variances could be 0.2 and 0.6, leading to deE7 Roc Xy = 200; that

i, the error variance seems to be inflated by 200%. If the difference is
notably greater, such as 20 or 30, inflation would be only 50%.

3.4 Methods in analysis

The magnitude of the inflation is illustrated by using visual tools.
The explaining factors are studied using standard linear regression
modeling, and linear and non-linear graphical modeling is used with
two variables. Decision tree analysis (DTA; IBM, 2017), a data mining
tool with the CHAID algorithm (Chi-square Automatic Interaction
Detector; Kass, 1980), explores the variables and groups the categories.
In DTA, the outcome is a non-linear hierarchical model based on
maximizing the F-test (or x?) statistics; all possible combinations of
the explaining factors are computed, and the statistically best
combination is selected. This tool is used when the number of items
in the compilation explaining the error variance is of interest. A
paired-sample t-test is used to compare mean differences in standard
errors, and Cohen’s d (Cohen, 1988) is used to indicate effect size.

4 Results

4.1 The magnitude of the error variance in
real-life settings

Four lifts are made regarding the magnitude of the error variance in
real-life settings. First, with the smallest sample size in the simulation (#
= 25), it was not possible to produce all the factor models. While it was
possible to produce 360 estimates of error variance related to the
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number of items in the compilation (k) grouped by DTA
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)
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Error variance

FIGURE 2

Magnitude of the error variance by the number of items in the
compilation (sample sizes n =50, 100, and 200) in groups suggested
by DTA.

VAR(E)_LFA = error variance based on factor loading (L) as the linking
factor and a one-factor factor score variable (FA) estimated by using
maximum likelihood estimation as the manifestation of the latent
score. VAR(E)_RPCX, VAR(E)_G2X, and VAR(E)_D2X = error variance
based on Ryxc/G,/D; as the linking factor and the raw score (X) as the
manifestation of the latent score.

deflation-corrected correlation estimators, the factor solution was found
only in 314 out of 360 tests. This loss of 12.5% in the group of the smallest
sample size is systematic in that the error variances were missing with
binary items and tests with more than 24 items; that is, in the settings
where the inflation was the greatest (see Figure 2). Hence, in Figure 2,
only estimates with sample sizes of 7> 50 (n=1,080 tests out of 1,440) can
be observed. Later, all possible estimates are used, that is, n=1,394 for the
traditional estimates and n= 1,440 for the deflation-corrected estimates.
In the pairwise comparisons, only 1,394 pairs are available.

Second, the dataset used in the simulation did not include tests with
16-19 items or tests longer than 30 items. Technicalities in forming the
dataset used in simulation led to practicalities such as the test with 20-30
items being based on binary items and the test with 2-15 items being
polytomous items (Figure 2). Notably, some categories of k in Figure 2
are combined, as suggested by DTA with the CHAID algorithm; using
these groups, the difference between the categories is the most statistically
significant [for the traditional estimates, F(13, 1,066)=14,768.58,
p<0.001]. In Figure 2, n refers to the number of tests; n=60 indicates that
the dataset consists of 60 tests compiled of 28-30 items.

Third, the magnitude of the error variance increases systematically
with the number of items comprising the test (k). This is known from
Egs. (3) to (5), and it [ie., the phenomenon in Eqs 3-5], is
understandable because the error variance of the test is a cumulative
sum of error variances of the single items. While the traditional error
variance (“VAR(E)_LFA”) is approximately 0.5-2.2 units with tests
with few items (k=2-5), with 20-30 binary items, it is 15.9-23.4 units.
The number of items in the compilation explains almost all error
variance variability; using the linear regression model, R*>0.99 for the
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FIGURE 3

Models of the magnitude of the error variance by the number of items in
the compilation (all tests).

VAR(E)_LFA=the traditional error variance based on factor loading (L) as
the weight factor and factor score variable (FA) from a one-factor
solution estimated by using maximum likelihood estimation as the
manifestation of the latent ability. VAR(E)_RPCX, Deflation-corrected
error variance based on Rec as the weight factor and the raw score (X) as
the manifestation of the latent ability.

traditional error variance, and if using the deflation-corrected
estimators of association, R*>0.98 (Figure 3).

Fourth, all the estimators of deflation-corrected error variance
give estimates that are systematically smaller in magnitude than
traditional estimates. While, in the given dataset, the traditional
estimates related to the factor score variable and factor loadings tend
to range from 0.5 to 23.4 units, depending on the number of items in
the compilation, the deflation-corrected estimates related to the raw
score range from 0.2 to 17.8 units. It may be possible that the lower
magnitude of the error variance related to the deflation-corrected
estimates could be partly explained by the difference in the score
variable; after all, the score variables differ between the estimators.
However, traditionally, factor score variable has been taken as one of
the “optimal linear combinations” discussed over years by,
chronologically, e.g., Thompson (1940), Guttman (1941), Stouffer
(1950), Lord (1958), and Bentler (1968) and later, for example, Li
et al. (1996) and Li (1997); the “optimal” combination should be,
logically, better than the raw score and, hence, it should include less
error in comparison with the raw score. However, the studies with
deflation-corrected estimators of reliability have shown that the
reason for the deflation is mainly in estimates of the association
between the item and score variable (see the discussion above) rather
than in the (see
Metsimuuronen, 2022b of the effects of different sources of

difference between the score variables

underestimation of reliability).

4.2 The magnitude of the inflation of the
error variance in the real-life datasets

As shown in Figures 2 and 3, the inflation in the error variance
tends to become greater the more items there are in the compilation.
Figures 4A,B and 5 further exploit the same finding: Figures 4A,B use
factual estimates, and Figure 5 uses the means of error variance in the
compiled groups of the number of items in the compilation suggested
by DTA. Three major points are highlighted.
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FIGURE 4
(A) Magnitude of the inflation in the error variance based on RPC (linear and non-linear models); all tests (left) and separated by the type of the
tests (right). dVAR(E)_RPCX=VAR(E)_RPCX—-VAR(E)_LFA, i.e., the difference (d) between the error variance based on the deflation-corrected and
traditional estimates of error variance, that is, error variance based on Rpc as the weight factor and raw sum (X) as the manifestation of the latent
ability and error variance based on the factor loading (L) as the weight factor and factor score variable (FA) from a one-factor solution as the
manifestation of the latent ability. (B) The magnitude of the inflation in the error variance based on G2 and D2 (linear and non-linear models); all
tests. dVAR(E)_G2X=VAR(E)_G2X—VAR(E)_LFA, i.e., the difference (d) between the error variance based on the deflation-corrected and traditional
estimates of error variance, that is, error variance based on G, as the weight factor and raw sum (X) as the manifestation of the latent ability and
error variance based on the factor loading (L) as the weight factor and factor score variable (FA) from a one-factor solution as the manifestation of
the latent ability. Similarly, dVAR(E)_D2X=VAR(E)_D2X—-VAR(E)_LFA based on D, as the weight factor.

First, the models of the magnitude of the inflation may
be different for binary items and polytomous items. This is illustrated
in Figure 4A with Rpe: the magnitude of the slope parameter with
binary items is 0.209, and with the polytomous items, it is 0.155. In
the dataset used in the simulation, the polytomous items were
dependent on the binary items; after all, the polytomous items were
formed as combinations of binary items. Systematic studies with
independent polytomous and binary items would be valuable in
confirming this phenomenon.

Second, in the simulation dataset, a linear model of
inflation=0.2x k - 0.3 explains well the magnitude of inflation when
the benchmarking estimator is based on Ry and inflation=0.2x k -
0.2 when G, is the benchmark; that is, the estimates tend to
be somewhat higher when using G, than Ry (Figure 4B). The model
for the conservative estimates by D, have a smaller magnitudes in the
slope parameter and constant (inflation=0.17 x k — 0.25). In all cases,

the explaining power for a linear model is high (R*=0.94-0.97),

Frontiers in Education

although the models with a second power give slightly better
explaining powers (R*=0.96-0.98) (Figure 4B).

Third, not only is the error variance cumulative by the number
of items (see Figures 4A,B), but the inflation in the error variance is
also cumulative by the number of items. With 2-4 items, the error
variance ranges from 0.3 to 0.5 regardless of the benchmarking
deflation-corrected estimator, while with 30 binary items, the
inflation in the error variance ranges 4.7-5.4 units depending on the
benchmarking estimator (Figure 5). The technical reason for the
phenomenon is that they tend to give estimates with a higher
magnitude than PMC because of the better behavior of the deflation-
corrected estimators of association. This is understood by the
common characteristics of the deflation-corrected estimators of
correlation, which give higher estimates than the traditional
deflation-prone estimators. Because the error variance is cumulative,
the more items we have in the compilation, the more cumulative
error we obtain.
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FIGURE 5
Magnitude of the inflation in the error variance by the number of items (n refers to the number of tests).
dVAR(E)_RPCX = VAR(E)_RPCX — VAR(E)_LFA, dVAR(E)_G2X = VAR(E)_G2X — VAR(E)_LFA, and dVAR(E)_D2X = VAR(E)_D2X — VAR(E)_LFA, i.e., the
difference (d) between the error variance based on the deflation-corrected and traditional estimates of error variance, that is, error variance based on
Rpc/G,/D; as the weight factor and raw sum (X) as the manifestation of the latent ability and error variance based on the factor loading (L) as the weight
factor and factor score variable (FA) from a one-factor solution as the manifestation of the latent ability.

4.3 Note on the factors explaining the
inflation in error variance

The magnitude of inflation was studied with linear regression
analysis by using five factors related to the tests: the sample size
(n), the test difficulty assessed by the average item difficulty (p),
the number of items (k), the number of categories in the score
[df(g)], and the score [df(X)]. However, because the number of
items alone explains 96.4-97.5% of the variability in inflation by
the quadratic model (R2 =0.964-0.975), the other factors cannot
add much information to the model. Factually, in all conjoint
models, different combinations of other elements increase the
explaining power statistically significantly, but the final
explaining power of the more complicated linear model after
Wherry’s adjustment is lower (R,24dj = 0.952-0.974) than in the
models with only one explaining factor without a need for the
adjustment. Hence, these models are not included in this note.
However, Table 2 condenses an example of the impact of different
factors in a conjoint linear model where Ry is used as a deflation-
corrected estimator of association. By using Ry in the correction,
a number of items alone explain 97.7% (by quadratic model) or
96.8% (by linear model) of the variability in inflation. The whole
linear model explains 97.4%. Notably, the relationship is not
linear (see Figure 5).

4.4 Inflation in the standard errors

As discussed above, inflation in the error variance is strictly
linked to the deflation of reliability. Another direct consequence
is that the estimated standard errors are inflated. The more the
item-score correlations deflated, the the

are more
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reliability estimates are deflated, and, consequently, because of
Equation (1), the more the standard errors are inflated (see the
discussion in Metsamuuronen, 2023). The relation between the
inflated error variance and inflated standard errors is somewhat
more complicated than the inflation in error variance itself.

Taking the form of coefficient omega (Equation 9) as an
example, the deflation in reliability depends not only on the inflated

2
error variance Z}(l B /11.6“ ) but also on the other component related
i=

to
, which is deflated when the traditional

& 2
“true variance” Zﬂwm

i=1
factor loadings are considered; these two elements are
intertwined. If using the basic formula for the S.E.m. (based on
Equation 1) with deflation-corrected estimators of correlation in

k
) and [ZRPC,@] ) and related
i=1

estimation (e.g.,
>(1-rpCy
deflation-correctéd!
of (DCER;
Metsimuuronen, 2022c¢,d,e), we obtain deflation-corrected
standard errors (S.E.m._DC).

The inflation in the standard errors is studied by using the

estimators reliability

coefficient omega as an example of an estimator of reliability. The
traditional omega is used to estimate the reliability of a factor score,
which is a standardized variable with G}( =1, and, hence, the
traditional estimator of S.E.m using omega is S.E.m. = /(1 - py, ). The
corresponding DCERs, “OmegaRy.,” “OmegaG,,” and “OmegaD,” use
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TABLE 2 Conjoint model of relevant factors explaining the inflation on error variance; dependent variable: dVAR(E)_RPCX.

Unstandardized

Standardized

coefficients coefficients
B Std. Error Beta

Constant —0.793 0.094 —8.471 < 0,001
Number of cases in the sample (1) 0.001 0 0.042 6.573 < 0,001
Test difficulty (mean of item difficulty) 0.635 0.141 0.02 4.513 < 0,001
Number of items (k) 0.216 0.001 1.083 148.834 < 0,001
(Average) number of categories in the item minus 1 (df(g)) 0.057 0.003 0.122 16.851 < 0,001
Number of categories in the score minus 1 (df(X)) —0.027 0.003 —0.063 -9.356 < 0,001
R R Ry Std. Error of the Estimate

0.987 0.974 0.974 0.264

the form of Equation (6) as the base and Rp¢, G,, and D, as the weight
factors (see, e.g., Metsimuuronen, 2022d). However, the score variable
in the datasets used in the simulation was originally the raw score. To
compare estimated standard errors, without losing generalizability,
we can assume that the raw scores were standardized; a correlation
between an item and a raw score is identical to the correlation between
an unstandardized item and a standardized raw score. Then, the
deflation-corrected standard errors based on Rpc are computed as
follows: S Em. DC_Rpc = (1 ~Po_ RO ) ,  which is
abbreviated in the figures to come as “SEM_RPC_STD,” referring to
“standard error based on the formula of omega and using Ry as the
weight factor and standardized raw score (STD) as the manifestation
of the latent ability”

Similarly, the deflation-corrected standard errors based on G, are
computed as follows: S.E.m. DC_G, =, /(1 ~Po_G0ssm ) Ctis
abbreviated as “SEM_G2_STD”

The deflation-corrected standard errors based on D, are computed
asfollows: S.E.m. DC D, =, /(1 ~Po_ DBy ) . It is abbreviated as
“SEM_G2_STD? 'The notations Pwo_R.8y, (“OmegaRpSTD”),
Po_G,0,u, (“OmegaG,STD”), and Po_D.0.y (“OmegaD,STD”)
indicate that the base of the estimator of reliability is omega
(Equation 9), the weight factor w; is operationalized as Ry, G,, or D,,
and the latent score variable is manifested as the standardized raw
score (Oxsrp). Hence, the standard errors related to the factor score
variables and the standard errors of standardized raw scores are
compared. Understandably, the outcome is not exact, but it gives us a
rough idea of the magnitude of the inflation in standard errors.

In the datasets used in the simulation, the average S.E.m by using
the traditional omega is 0.38 standard units, while the deflation-
corrected standard errors using the deflation-corrected estimators of
association with the formula of omega vary by 0.26-0.28, depending
on the weight factor. Hence, on average, the traditional standard errors
are inflated by 35-48% (Figure 6). The difference is statistically
significant (paired-samples t-test, =112.39-128.40; p<0.001) and
remarkable or “huge” (Cohen’s d=3.20-3.40; see Sawilowsky, 2009).
The modest inflation in comparison with the datasets by
Metsdamuuronen (2022b,f) is caused by the fact that the dataset used
does not contain many items with extreme difficulty levels, and, hence,
the deflation in the estimates of reliability is modest: p,,=0.85 by using
the traditional omega vs. p,, ,io=0.92-0.93 by using DCERs, that is,
7-8%. Notably, in the extremely easy dataset discussed by
Metsamuuronen (2022b) (originally in Metsamuuronen and Ukkola,
2019), the deflation in the estimates by omega was 53-57% (p,,=0.42
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by omega vs. p,, io=0.87-0.97 by DCERs). In a real-life setting by
Metsamuuronen (2022f), the deflation in reliability with easy items
was 68-69% (p,=0.29 by omega vs. 0.86-0.90 by DCERs using
Gand D).

Even though the error variance by Equations (4, 6-8) is directly
related to the number of items in the compilation, the magnitude of
the standard error by Equation (1) is not systematically related to the
number of items in the compilation, although it tends to become
smaller the wider the scales of the item and score (Figure 7). In
Figure 7, the abbreviations “SEM L_FA, “SEM RPC_STD; “SEM
G2_STD; and “SEM D2_STD” refer to standard errors (SEM)
estimated either by the traditional way by using coefficient omega with
factor loadings (L_FA) or by using the formula of omega with
deflation-corrected estimators of association (RPC/G2/D2) and
standardized raw scores (STD). Formally, the DCERs are Pw_ Rnc0,sm
Po_G0ym , and Pw_D,0,y, , where the base of the estimator of
reliability is omega (Equation 9), the weight factor w; is operationalized
as Rye, G,, or D,, and the latent score variable is manifested as the
standardized raw score (Oxsrp).

4.5 Note on the standard errors and
“standard errors”

We have presented two approaches to computing the average
standard error. On the one hand, we have the traditional S.E.m. based
on the definition of reliability of the score (Equation 1), that is,

o =+Jo% (1- REL)

(11)

This implies and determines that the standard error cannot
exceed the magnitude of the standard deviation (o y) related to
the score because REL < 1. With a standardized score with G}(=
1, according to Equation (11), the variance of the score can
be divided into reliable variance (reliability, REL) and unreliable
variance (0'1%;), which together do not exceed the value 1, that is,
REL +6% = 1.

3 Sincere thanks to PhD Christian Geiser from QuantFish LLC for reminding

me of this in a private discussion concerning the matter.
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FIGURE 6

General tendencies of the traditional and deflation-corrected standard errors.

SEM omega_L_FA traditional, Traditional standard errors based on the estimates of reliability by coefficient omega using factor loadings (L) as weight
factors in estimation. SEM omega_RPC_STD deflation-corrected, Deflation-corrected standard errors based on the estimates of reliability by
coefficient omega using Rpc between items and the standardized raw score as weight factors in estimation; SEM omega_G2_STD deflation-corrected,
Deflation-corrected standard errors based on the estimates of reliability by coefficient omega using G, between items and the standardized raw score
as weight factors in estimation; SEM omega_D2_STD deflation-corrected, Deflation-corrected standard errors based on the estimates of reliability by
coefficient omega using D, between items and the standardized raw score as weight factors in estimation.
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FIGURE 7
Selected factors explaining the inflation in standard errors.

SEM L_FA, Traditional standard errors (SEM) estimated using coefficient omega with factor loadings (L_FA). SEM RPC_STD, SEM G2_STD, SEM D2_STD,
Deflation-corrected standard errors (SEM) estimated using the formula of omega with deflation-corrected estimators of association (RPC/G2/D2) and
standardized raw scores (STD).

Frontiers in Education 13 frontiersin.org

10.3389/feduc.2024.1248770



https://doi.org/10.3389/feduc.2024.1248770
https://www.frontiersin.org/journals/education
https://www.frontiersin.org

Metsamuuronen

On the other hand, we can compute the “standard errors” based
on the measurement model related to factor models by using
Equation (3), that is,

(12)

Even if this statistic is based on standardized score variables,
it does not produce “standard errors” in the same metric as does
the traditional formula (Equation 1), and the outcomes may
differ radically from each other (see Figure 7). For example, with
100 items of w;=0.4 in each, the latter form leads to o= 7.7
regardless of the reliability. The standard errors by Equation (11)
and the “standard errors” by Equation (12) do not speak of the
same thing.

5 Conclusion and limitations
5.1 Conclusion in a nutshell

The starting point of this note was the deflation in the reliability
estimates. The term error variance related to the general one-factor

d 2
2(1 - W )) is embedded in
i=1

k
measurement model (0'125 =k- ZWIZ

i=1
classical reliability estimators such as coefficient omega and rho
(maximal reliability). The traditional measurement model
assumes that the weight factor w; does not include technical or
mechanical error. However, previous studies related to deflation
in correlation estimates indicate that this is not true. If factor
loadings are used as the weight coefficient w; as they are with the
traditional omega and rho, the error variance is always
overestimated because factor loading is essentially a product-
moment coefficient of correlation between the item and the
score, and PMC is one of those estimators of correlation that are
especially prone to deflation. Deflation-corrected estimators are
obtained when, instead of PMC, some alternative, a better-
behaving correlation estimator, such as polychoric correlation,
Goodman-Kruskal gamma, or Somers delta, is used in
the estimation.

Under the assumption of the one-factor measurement model,
the error variance tends to be overestimated as the number of
items on the test increases. This can also be derived from the
error variance formula. Moreover, the inflation in the traditional
error variance tends to grow by the number of items in relation
to deflation-corrected estimators of error variance. The technical
reason for the phenomenon is that, because of the better behavior
of the deflation-corrected estimators of association, they tend to
give estimates with a higher magnitude than PMC. The common
characteristic of the deflation-corrected correlation estimators is
that they give higher estimates than the traditional deflation-
prone estimators. Because the error variance is cumulative, the
more items we have in the compilation, the more cumulative
error we obtain.
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An obvious consequence of the inflated error variance is that the
standard errors of the measurement are also inflated when the
traditional reliability estimators are used. If the deflation-corrected
reliability estimators are used, the consequent deflation-corrected
standard errors may be notably lower. In the dataset used in the
empirical section, the inflation was 35-48%, depending on the
benchmarking coeflicient of association. However, the deflation may
be radically greater in magnitude if the difficulty levels of the items
were extreme. This is typical in the tests within educational settings
with achievement testing because, usually, the tests include both easy,
medium, and difficult items.

5.2 Known limitations and suggestions for
further studies

An obvious limitation in the empirical section is that the treatment
was based on one real-world dataset with certain limitations: the latent
reliability was not controlled, only small sample sizes were used, tests
with more than 30 and less than 10 categories in the score were
missing, and no tests with extreme difficulty levels or very short tests
were included in the dataset used in the simulation. Systematic studies
of the phenomenon would enrich our understanding of the nature of
inflation in terms of error variance and standard error.

The theoretical basis for the deflation-corrected standard errors is
somewhat underdeveloped. The estimators discussed in this article are
mainly short-cuts where the poorly behaved Rit is replaced by better-
behaving coefficients. However, these deflation-corrected estimators
are theoretical because no such factor analysis routine currently exists
that would yield some of the deflation-corrected estimators of
association between an item and a score instead of the traditional
product-moment coefficient of correlation (PMC). Of the alternative
estimators of association, using Rpc and Rggs leads to theoretical
standard errors because the outcome of deflation-corrected reliability
by using Rpc or Ry instead of the traditional estimator would lead us
to infer something from the theoretical score that researchers do not
have access to (see Chalmers, 2017; Metsamuuronen, 2022d). The
other alternatives suggested by Metsamuuronen (2022a), G, G,, D, D,,
R, and E,, refer to observed scores and items.

This note is restricted to classical estimators of reliability.
Consequently, we do not know much about how applicable the results
would be with estimators of reliability within generalizability theory,
confirmatory factor analysis (CFA), structural equation modeling
(SEM), or IRT and Rasch modeling (see related discussion and
literature in Metsaimuuronen, 2022d).

Finally, this article aims to explore the reasons for, implications of,
and factors related to the empirical finding discussed by Metsimuuronen
(2023) that certain types of test settings, common in educational testing
settings with widely varying levels of item difficulty, are prone to
producing standard errors that may be vastly overestimated. The results
of this note enrich our understanding of the factors associated with this
phenomenon. Since inflation in the standard error tends to increase
with the number of items and the traditional tenet in testing settings is
that reliability increases with the number of items, there may be an
apparent tension between these tendencies. Since the deflation-
corrected estimates of reliability could be used to assess the magnitude

frontiersin.org


https://doi.org/10.3389/feduc.2024.1248770
https://www.frontiersin.org/journals/education
https://www.frontiersin.org

Metsamuuronen

of inflation, it is strongly suggested that the estimates of the DCERs
be reported alongside traditional reliability estimates for a more
comprehensive evaluation.
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