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Introduction: Prior research has documented students’ struggles in conceiving
of angle and angle measurement, which may stem from textbook and
curriculum representations of angles as static. In this study, we examined grade
3-5 students’ mathematical thinking of angle during an educational robotics
task implemented within a making space learning environment in a school
setting (i.e., hybrid making space).

Methods: Our analysis included 19 video recordings of six groups of students
in grades 3-5.

Results: Results from this study demonstrate how students negotiated a shared
understanding of angle through multiple epistemic tools (e.g., gestures, bodily
actions, language) that were situated and contextualized within the task. This
included developing a shared language, conceptualizing angle as a dynamic
entity, and perceiving angle through directionality and degree measures.

Discussion: We contend that learning experiences within a hybrid making space
provide young students with opportunities to engage in mathematics as a social
phenomenon and human activity.

KEYWORDS
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1 Introduction

Mathematics classrooms are often environments that marginalize learners who are not
able to express their mathematical thinking and reasoning with precision or accuracy (Civil
and Hunter, 2015; de Araujo et al., 2018; Ryan and Chronaki, 2020). This in return leads to
feelings of isolation and an underdeveloped STEM identity, loss of confidence and efficacy,
reduced access to advanced mathematics courses, and limited exposure to non-traditional
instructional strategies (Danielak et al., 2014; Berry, 2015; Collins et al., 2020; Rittle-Johnson
etal., 2021). With an increase of making spaces in formal school settings on an international
scale (Hynes and Hynes, 2018), it is worth considering the potential of these learning
environments for supporting students’ growth as mathematics learners. Making spaces are
broadly defined as a physical environment that provides a variety of materials and tools to
support individuals or groups to collaborate, to make things, to create new knowledge, or to
solve problems” (Mersand, 2021, p. 175). Recent research highlights how making spaces can
serve as sites to engage students in mathematical practices (e.g., problem solving) and cultural
and intuitive approaches to mathematics (e.g., informal measurement) that are foundational
for students’ thinking about and understanding of mathematical concepts (Doorman et al.,
2019; Komarudin et al., 2021; Simpson and Kastberg, 2022).
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As such, our initial analysis of students’ mathematical participation
in a making space focused on examining student’s mathematical play
through failure and feedback loops in making space contexts (Shokeen
etal., 2020). However, through our ongoing analysis, we observed other
mathematical phenomenon such as students’ language and perception
around angle, their intuitive ideas of length measurements as long and
short, and algorithmic thinking through trial and error experiences.
Prior research has documented students struggles in conceiving of angle
and angle measurement (Tanguay and Venant, 2016; Rahayu and Jupri,
2021), which may be due to the static definition of angle more commonly
introduced in textbooks and curriculum (Keiser, 2004; Alyami, 2020).
Therefore, we revisited the video data to address the following research
question: How do students in grades 3-5 utilize epistemic tools to
negotiate a shared understanding of the concept of angle within a
non-formal learning environment?

In this study, epistemic tools include a variety of representations and
models (e.g., symbolic, gestures, tangible objects) utilized by students for
knowledge construction (Kelly and Cunningham, 2019; Mathayas et al.,
2019; Ke et al., 2020). Results from this study demonstrate how students
negotiated a shared understanding of a complex mathematical concept
(Alyami, 2020) - angle -through multiple epistemic tools that were
situated and contextualized within an educational robotics task.
We argue that learning experiences within a hybrid making space’
provide young students with opportunities to engage in mathematics as
a social phenomenon and human activity. Students should be provided
with joint opportunities and a range of tools and manipulatives, including
their bodies, to support and facilitate their understanding of
mathematical concepts. Moreover, we contend that such mathematics is
likely hidden within the process of the task as it differs from most school
classrooms that are bounded by academic assessments and void of
authentic problems (Nemirovsky et al., 2017). Therefore, the significance
of this study lies in the potential for hybrid making spaces to support the
learning of mathematics in school environments.

2 Relevant literature

To situate this study, we considered prior scholarship on
educational robots, the complex nature of angle, and various ways to
think about epistemic tools to facilitate knowledge-building practices.

2.1 Educational robots

Educational robots in this study are defined as the conception and
implementation of robots as a pedagogical tool for the development
of students’ understanding of disciplinary content, skills, and practices
(Mufoz et al., 2020), and a common feature of making spaces (Oliver,
2016). Research has highlighted the potential for educational robots
to develop K-8 students understanding of a variety of mathematical
concepts and practices including proportional reasoning (Alfieri et al.,

1 We define a hybrid making space as a third space (Gutiérrez et al., 1999)
where the norms and expectations of a formal learning environment (e.g.,
school) and the norms and expectations of a non-formal learning environment

(e.g., summer camp) co-exist (Simpson and Feyerabend, 2022).
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2015), algebra concepts (Ardito et al., 2014), computational thinking
(Angeli and Valanides, 2020), and spatial, measurement, and number
concepts (Shumway et al., 2023). Research regarding educational
robots and students’ understanding of angle can be traced back to
LOGO, a programming language designed for young learners to
control the movement of a turtle (Filippaki and Papamichael, 1997;
Clements and Burns, 2000). This research highlighted the benefits of
LOGO in the development of students understanding of turn concepts
(e.g., rotation and direction) and turn or angle measurements
(Clements and Battista, 1989). For example, Clements and Burns
(2000) described students’ ability to transition from physical
movements to represent rotations to a mental image. More recently,
Min-Chi et al. (1996) and Kim et al. (2021) has argued for the
inclusion of educational robots to support students’ development of
angle as a mathematical concept. The inclusion of a hands-on
approach of manipulating a robot, as well as using a digital
measurement compass to program the robot, afforded students the
ability to understand special angle pairs (e.g., complementary angles;
Kim etal,, 2021) and angle as a dynamic entity (Min-Chi et al., 1996).

2.2 Angle

Angle is a prominent feature of two-dimensional figures, which
make it important to provide students with opportunities to carefully
explore the idea of angle prior to beginning elementary grades. As
suggested by Mitchelmore and White (1998), understanding angle as a
concept involves three stages: (a) situated angle concepts developed
through play and social experiences prior to formal schooling (e.g.,
walking up and down inclines), (b) contextual angle concepts in which
children notice commonalities of an angle concept in a variety of contexts
(e.g., sloping situations), and (c) abstract angle concepts that involves
developing a standard general angle concept that represents more than
one context (e.g., recognizing right angles in several angle contexts).

However, developing the understanding of angle concept is
complex (Keiser, 2004; Tanguay and Venant, 2016; Alyami, 2020).
Common Core State Standards Initiative, 2021 in the United States
places ‘angle’ measure in fourth grade. Students are expected to
recognize angle measure in degrees as “the fraction of the circular arc
between the points where two rays intersect the circle” (p. 31).
Students are then expected to measure angles using a protractor
(Common Core State Standards). Similar standards can be found in
other countries such as Year 5 in Australia (Australian Curriculum,
Assessment and Reporting Authority, 2024) and England
(Government Digital Services, 2021). But many upper-elementary
students struggle in understanding the concept of angle (Browning
et al., 2007). For instance, if only sharpness is considered as the
quality of angle, then students may consider an obtuse angle as “less
of an angle” (Keiser, 2004, p. 292). Or focusing on the rays of an angle
lead students to perceive the size of the angle as affected by the rays’
length (Mitchelmore and White, 1998; Tanguay and Venant, 2016).
Or students have a difficult time conceptualizing turning within
rotation and hinge situations as features of the angle concept
(Michtelmore, 1998). Further, students’ misconceptions and struggles
with angle as a mathematical concept may stem from textbook
representations and presentations of angle (Keiser, 2004; Alyami,
2020). For example, Tanguay and Venant (2016) noted the obscurity
between angle as a static geometric figure and angle as a magnitude
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of a rotational motion in their analysis of two textbook collections
from primary schooling in Quebec (grades K-6).

Due to students’ misunderstandings of angle, as well as students
lack of understanding regarding how angle is represented in everyday
situations, researchers have developed and/or implemented different
approaches to support the development of students’ understanding of
angle such as visual field activities and spatial representations (Bustang
etal,, 2013), variations in a teaching sequence — one dynamic and one
static (Devichi and Munier, 2013), an on-line Logo programming
environment (Latsi and Kynigos, 2022), and a body-based angle task
(Smith et al., 2014). Results from these studies indicated how student-
centered and/or authentic tasks that utilize different modalities or
representation, such as movement of onée’s body (Clements and Burns,
2000) and/or the manipulation of materials (e.g., rope; Devichi and
Munier, 2013), have positive impacts in terms of students
understanding of angle. In particular, findings highlight students’
ability to understand that the length of the rays do not influence the
angle measure (Devichi and Munier, 2013; Crompton, 2015) - a
common misconception as noted above (Tanguay and Venant, 2016)
— as well as develop dynamic and flexible mental images of angle
through multiple modalities such as body movements and manipulation
of digital objects (Clements and Burns, 2000; Latsi and Kynigos, 2022).
Further, Smith et al. (2014) found that third and fourth grade students’
engagement in a motion-controlled angle task improved their ability to
estimate the size of an angle and draw angles of specified measures.

2.3 Epistemic tools

Broadly speaking, epistemic tools encompass artifacts, resources,
and processes that support and facilitate learners in knowledge-
building practices, making learners’ thinking visible for shared
discourse and collaborative knowledge production as situated within
specific physical, cultural, and social contexts (Wendell et al., 2019).
Prior research in science and engineering contexts underscore the role
of epistemic tools to engage learners in sense-making and decision-
making (Tan et al.,, 2019; Wendell et al., 2019), increase learners’
proficiency in engineering practices (e.g., define a problem) and
content knowledge (Bernhard et al., 2019; Kelly and Cunningham,
2019; Tan et al.,, 2019), and systems thinking (Ke et al., 2020). In this
study, the epistemic tools include a variety representations and artifacts
that learners use to express and negotiate their mathematical thinking
of angle - objects, drawings, oral and written language, and our bodies,
to name a few (Abrahamson and Bakker, 2016; Fonger, 2019; Kelly and
Cunningham, 2019; Mathayas et al, 2019). In addition, these
representations and artifacts emerge as knowledge construction tools,
as opposed to being supplied (e.g., digital design notebooks; Wendell
et al.,, 2019), through their collaborative interactions and negotiated
discourse around an educational robotics tasks in an informal learning
environment (Radford, 2016a; Settlage and Southerland, 2019).

3 Theoretical grounding

3.1 Joint labor

In this study, we employed Radford’s (2016a, 2016b) notion of
joint labor, which highlights the teaching and learning process as a
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single and same activity, one where teachers and students “.. engage
together, intellectually and emotionally, toward the production of
common work. Common work is the sensuous appearance of
knowledge” (Radford, 2016b, pp. 1412-1413) expressed through
actions, language, gestures, perception, and tools. As implied, students
are not viewed as passive learners receiving information from a
teacher who possess all the knowledge to transmit to students. Joint
labor allows for the creation, negotiation, and production of
knowledge (i.e., processes of objectification), as well as the
development of individuals as subjects in education (i.e., processes of
subjectification). Nakawa et al. (2023) utilized this perspective to
understand the role of finger gestures in learning addition of two
numbers. These researchers highlighted the joint labor of a teacher
and 15 children aged 5-6years to perceive their fingers as a tool for
solving addition problems, particularly through an episode of struggle
when a child proposed adding the numbers 12 and 5 and realized that
they could not represent 12 using their 10 fingers. In our study,
we adopted this idea to consider the joint labor among students
working together on a robotics task within a hybrid making space.
Through their joint labor, we consider how they engaged with
historically constituted knowledge specific to the concept of angle.

3.2 Embodied cognition

Embodied cognition is based on the radical hypothesis that
human cognition is deeply intertwined between body and brain
(Kirsh, 2013; Nathan, 2022), i.e., to solve problems humans use their
brain as well as their body. Bodily actions, such as gestures, are critical
components to shape an individual’s thinking. Research on embodied
cognition has highlighted the role of gestures in shaping and
representing student’s thinking, reasoning, and understanding of
concepts (Kirsh, 2013), as well as supporting their ability to
communicate ideas that may be challenging for students to describe
through other forms of representations such as spoken language
(Katirci et al., 2022). Prior research in formal classrooms has shown
that gestures play an integral role in interpersonal communication,
especially in the case where core problem domain concepts may
be difficult to explicate verbally (Reynolds and Reeve, 2001; Nathan
et al,, 2013). Further, gestures disclose how a student orients to and
utilizes concrete and symbolic representations from their environment
while communicating their mathematical thinking to another (Bieda
and Nathan, 2009). For example, Alibali and Nathan (2012) included
an example of a student using pointing gestures to explain or
communicate their thinking regarding how they solved the problem
6+3+4=___ +4 (i.e, symbolic representation). Beyond gestures,
actions of the body matter for cognitive performance and learning of
mathematical concepts (Alibali and Nathan, 2018). For example,
elementary students were tasked with walking the sides and interior
angles of a Euclidean triangle to experience and understand that the
sum of the interior angles is 180° (Soto, 2022).

4 Methods

The data for this study was collected from the TinkerLab, a
making space within an intermediate school (i.e., grades 3-5, ages
9-11) located in the northeast region of the United States. At the time
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of the study (May 2019), this local school district provided access to
making activities for every student in grades K-5 as part of their
school curriculum, which included exposure to educational robotics.
The making activity in this study was designed by the TinkerLab
educator to engage students in the integration of collaboration,
communication, computational practices, and mathematical concepts
during a free period during the school day. It was presented in two
phases. The goal of Phase 1 was to make a path for Dash (Figure 1A),
an educational robot, by placing tape on the floor from one side of the
room to the other. This path was to be traversed by another group in
Phase 2. To accomplish this goal, the group was provided with a roll
of wide yellow tape. With the broad goal of Phase 1, members of the
group had to negotiate how to create a path that was often framed by
groups as “challenging, but doable” The goal of Phase 2 was for each
group to program Dash (Figure 1A) to stay on the path (Figure 1 —
PATH) placed by another group. This was completed through
composing a series of block codes on the iPad app Blockly (Figure 1B).
In addition, groups were provided with two other tools - a pencil
(Figure 1C) and a measuring tape (Figure 1D). Unlike prior research
that highlights the use of educational robots within an authentic and
worldly context that would elicit students’ participation in
mathematics (Doorman et al., 2019; Komarudin et al., 2021), this task
was not designed with an intent of developing and/or engaging
students in the mathematical concept angle.

The students’ mathematical thinking about angle was void of a
physical protractor as this tool was not provided by the teacher.
However, the Blockly app included what we referred to as a digital
protractor in which students were able to program Dash to rotate
between left 90-degrees and right 90-degrees in 15-degree increments.
Yet, this feature did not use formal notation and/or mathematical
language such as degree or angle. As seen in Figure 2, Dash was
programmed to turn right at a 90-degree angle.

4.1 Data source

The data source for this study included video data from a wide-
angle camera, as well as Go-Pro™ cameras worn on the chest of

10.3389/feduc.2024.1425307

randomly chosen two students per group. Researchers that gather
data through go-pro cameras extend the advantages of video data
through enabling a more subjective, collaborative, and
participatory approach (Pink, 2015; Burbank et al., 2018), as well
as opportunities to enter spaces that might otherwise be difficult
to follow (Burris, 2017). The utilization of multiple cameras for any
one group afforded the research team an opportunity to “see”
different perspectives to form a larger possibility space of an event
(Kastberg et al., 2023). As this data was collected for each of six
groups, we collected 19 videos. Each video lasted the length of the
activity, approximately 20 min. Similar to Nakawa et al. (2023), our
data and analysis included short observations of one activity as
opposed to longitudinal research recommended by Radford (2015)
when utilizing a joint labor perspective. Table 1 includes
demographic information of each group and the total duration of

videos analyzed per group.

4.2 Data analysis

The video data was analyzed using five possible forms of
representations developed and described by Lesh et al. (1987): (a)
concrete, (b) pictorial, (c) symbolic, (d) language, and (e)
realistic. Lesh et al. (1987) emphasized the understanding of
concepts through student’s ability to represent their thinking and
activity through the five different representations, as well as their
ability to move and translate between and within these forms of
representations (Lesh et al., 1987; Moore et al., 2013). In addition,
as argued by Katirci et al. (2022) and Moore et al. (2020),
we included gestures and the body as an additional representation
as they too serve as a tool to shape students’ reasoning, as well as
allow students to convey their mathematical thinking to others.

In this study, we modified the six forms of representations to
align with the educational robotics task (see Table 2). For
example, we included digital diagrams and models as a pictorial
representation and the various block or lines of code as a
symbolic representation. These were refined through our
ongoing analysis.

FIGURE 1

Illustration of the tools used in both phases of the task. Image was originally published in Shokeen et al. (2020).
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Analysis began with the first two authors independently analyzing
a video from Grade 4 — Group A. One of the common disagreements
was between symbolic representation and language representation as
an epistemic tool. For example, one author coded the use of “zig-zag”
(e.g., “Just make a zig-zag”) as symbolic while the other author coded
this a language representation. While we have argued elsewhere how

FIGURE 2
Digital protractor.

TABLE 1 Participant demographics and video data collected from each group.

10.3389/feduc.2024.1425307

the use of informal terminology to form and communicate ideas and
reasoning regarding the use of angles and length of rays (Shokeen
et al, 2021), it is not considered as a formal notation of angles in
mathematics (Alyami, 2020). Therefore, we distinguished oral
communication that included mathematical notation (i.e., symbolic)
from oral communication that did not (i.e., language). As
we continued to independently analyze and collectively discuss videos
from Grade 4 - Group A, additional questions regarding forms of
representation was raised such as how to categorize a student who
used a strip a tape to point in a particular direction as opposed to
using their finger, which we agreed was a gesture representation as
opposed to a concrete representation as holding the tape served as a
pointing mechanism and limited the student’s ability to actually point
using their finger.

Once consensus was reached, Author 1 coded the videos for
Grade 3 - Group A, Grade 3 - Group B, and Grade 4 - Group B while
Author 2 analyzed Grade 5 - Group A and Grade 5 - Group
B. We placed our analysis in an excel sheet in 15-s increments
(Figure 3). This allowed us to examine students’ shared understanding
of mathematical thinking of angle through six different representations
(i.e., epistemic tools; Kelly and Cunningham, 2019). The alignment of
the text within each cell was also used to indicate when representations
occurred simultaneously or in a linear fashion. In addition, we were
able to examine students’ use of epistemic tools to develop a shared
understanding of the concept of angle across the videos of any one
group (i.e., joint labor).

# Of girls # Of boys # Of videos Duration (min:sec)
Grade 3 - Group A 3 2 3 58:02
Grade 3 - Group B 1 4 4 58:20
Grade 4 - Group A 2 3 3 54:59
Grade 4 - Group B 1 4 3 57:35
Grade 5 - Group A 2 4 4 73:50
Grade 5 - Group B 4 2 2 49:03
Total 13 19 19 352:20
TABLE 2 Six forms of epistemic tools with definitions and examples from this study.
Epistemic tools Definition Example
Phase 1: Student hold a strip of tape at the end of the path and
Concrete and physical models and tools to convey any mathematical
Concrete turn the piece of tape about 90-degrees before laying it at end of
idea or concept
the path.
b A 2-D representations of physical and digital models, diagrams, graphs, Phase 2: Student program dash to turn right 45-degrees by
ictori
etc. moving the dial on a virtual protractor.
Mathematical notation in written or oral forms of communication;
Symbolic Phase 2: “Move forward 10 centimeters.”
Algorithms as represented through lines of code
Oral forms of communication that do not include mathematical
Language Phase 1: “That’s a strict turn.
notation
Phase 1: “It [tape path] is like one of the crazy roads that you see
Realistic Realistic, real-world, experienced contexts and metaphors
in movies.”
Bodily actions, including iconic and metaphoric gestures (Alibali and
Phase 2: Student stood along the path and moved her right arm
Gesture Nathan, 2012), to communicate ideas and/or position oneself as the
b out-in-out-in, indicating that Dash should turn right.
robot.
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Image of analysis in an excel sheet similar to Moore et al. (2013).

G3_6.4.19_G1 CONCRETE PICTORIAL SYMBOLIC LANGAUGE REALISTIC GESTURE
Plaid: "And then we go this way." Again, plaid pointed from the end
of the tape to the other side of the
room, indicating adding a line that
is perpendicular to the last piece
. of tape. This mirrored the move
o D done previously. (What does it
mean when language and
gestures are repeated?)
Black shirt: "Wait, let me make
this line longer”
Black shirt: “I cannot put tape
And black shirt adds a piece of straight.”
tape onto the last piece of tape
on the path This was the same
piece of tape that plaid just
indicated "this way.” Laying the
tape to make it longer counters
what plaid said to do.
Plaid: "It doesn't really matter if
the tape is straight "
Khaki: “Now turn it.” (Statement Khaki indicates this too with
made to Greenie as she is about moving his hand in the direction
. to lay the next piece of tape.) he is referring
1:00 1:15
Plaid: "Yeah, let's slant it" ?2:
"Yeah, let's do it like that.”
Greenie laid the piece of tape on
the floor and runs her hand over Plaid again stated, "slant it."
it
Plaid: "Maybe put another Plaid indicates his meaning of
zig-zag." zig-zag by moving this hand from
the end of the piece of tape laid
out towards the other group (and
not the other side of the room as
following directions of laying tape
from one side to the other).
FIGURE 3

5 Results

5.1 Frequency of epistemic tools across
grades and phases

Before addressing how students negotiated an understanding of
angle through their joint labor, we provide a visual overview of the
epistemic tools used during two phases by different grades students
(see Figure 3). For readability, we only included the frequency of those
that were observed within each phase and grade. As an example of how
to read the different images, consider Phase 2, Grade 3. Through our
analysis, we observed eight instances in which a student communicated
their thinking of angle through language (e.g., “turn left 45”). This is
represented in the arrow below Language. Further, the bi-directional
arrows between two epistemic tools are included to note instances
when more than one tool was employed within the joint labor process.
Continuing with the example from Phase 2, Grade 3, we observed six
instances of language-pictorial. This is seen on the arrow connecting
Language and Pictorial tools. This indicates that third grade students
in this study negotiated their understanding of angle through moving
between non-symbolic oral and 2-D representations, particularly
digital representations as they were programming Dash using the
Blockly app. The dashed arrows indicate the joint tool use that we did
not observe (e.g., pictorial-realistic).

Language was a common tool as phrases such as “turn 45,
“drive left,” “tight angle,” “try 20,” and “it does not turn enough”
were utilized in creating and traversing the path. Beyond language
as a common epistemic tool, we observed students across the three
grade bands commonly utilize epistemic tools through moving
back and forth between representations, or even layered as
simultaneous representations — (a) language-gesture, (b) language-
concrete, and (c) language-pictorial. Examples of these will
be included throughout the results.

When looking across phases, symbolic representation was not
a common epistemic tool in Phase 1, but more prevalent in Phase
2. We hypothesize this was by nature of programming Dash’s
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movement to traverse the path in Phase 2. The Blockly app, used
in Phase 2 to program Dash, has a drive command that includes
“turn left” or “turn right” and students are required to enter the
degree amount for Dash to turn left or right. Therefore, students
were more likely to negotiate Dash’s movements through symbolic
tools such as “turn left 90 degrees” or “180 degrees. We need to
do 180 degrees.” In Phase 1, students rarely used the word degree
when negotiating the path. In the few instances (n=3) in which
students communicated about angle through a symbolic tool in
Phase 1, it was still in reference to Dash’s potential to traverse the
path. For example, “Dash cannot do a ten-degree angle.”

Similarly, pictorial representation as an epistemic tool, as well
as the movement between pictorial-language and pictorial-
symbolic, was only observed in Phase 2. Again, we contend this
was by nature of the Blockly app as the angle measure Dash turned
was selected through manipulating the digital protractor as
described above. As an example, after testing Dash’s movement
along the path, Travis stated, “Nope, that’s not enough of a turn
right there” Travis’s language triggered Fawn, who was in
possession of the iPad, to select line of code that noted, “turn right
60. Travis then stated, “90 degrees. We need to do 90 degrees.” This
symbolic representation was next taken up by Fawn as she used the
digital protractor (i.e., pictorial representation) to rotate the dial
from 60-degrees to 90-degrees.

Lastly, realistic representations as an epistemic tool were only
used in Phase 1 when describing the path. For example, a group of
fourth graders used real-world metaphors (e.g., wire, crazy roads)
to express their understanding of angle as alternating left and right
turns in the path. Gabby noted, “This is starting to look like some
crazy shape”
Ryan added, “It is like one of the crazy roads that you see in

It’s like a machine. It’s like a wire,” stated Almond.

movies.” Alex agreed, “yeah, there’s like all these different roads.”
In this episode, students demonstrated their mathematical thinking
of angle by connecting their observation of angle as reflected in
real-life scenarios to their creation of angle in the making of
the path.
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5.2 Utilization of epistemic tools through little wider”) and gestural (i.e., moved her hands wider; expanding
joint labor one hand up and one hand down in front of her body)
representations (see Figure 4B). This was taken up by Billie, as she
In considering how students used different epistemic tools as part ~ ripped up one strip of tape forming the “too tight” angle and
of their joint labor, we observed three ways in which they developed  rotated the strip of tape to form a larger or “wider” angle measure
a shared understanding of angle: (a) language, (b) dynamic  (see Figure 4C). As implied, Gabby and Billie are negotiating the
representations, and (c) directionality and degree measure. For each, = meaning of a wide angle, particularly within the context of Dash
we include a range of examples and images from videos from across  being able to rotate its body when the angle formed between two
the data set. Pseudonyms are used throughout to maintain the  strips of tape is too tight.
anonymity of the participants. As a second example, when negotiating laying strips of tape
for the next part of the path, Kelley suggested the following to his
5.2.1 Shared language third-grade peers. “I thought we would go wide. Wide” He moved
We observed several instances in which students utilized  his arms out from the middle of his body forming what Kelley
gestures as an epistemic tool to exemplify the meaning of a  perceived to be a wide angle. Kelley’s arms served as the two rays
particular word used to describe angles such as strict or tight or  and his chest as the common endpoint. Grace took up this idea
wide. We provide two examples of students using different  (i.e., “Yeah?”) but seemed to think about it differently than a wide
gestures as a way to share their mathematical thinking of the word ~ angle. “Yeah, we should make one that goes in two directions. Like
“wide” within the context of laying a taped path. First, after laying  one goes this way ... and one goes that way.” Using the piece of
a strip a tape to form an acute angle with another piece of tape, a  tape between her hands, Grace pointed in one direction for “this
fourth-grade group decided that the angle formed was too small ~ way” and another direction for “that way” (see Figure 5). When
or too tight for Dash to traverse the path (see Figure 4A). Gabby  the tape was laid in two directions, we observed the creation of an
suggested they make the angle wider through both verbal (i.e,, “a  obtuse angle (see Figure 5).

FIGURE 4

Images of joint labor around creating a wide angle. (A) shows the angle formed was too small or tight for Dash to traverse the path. (B) shows Gabby's
suggestion of making the angle wider. (C) illustrates Billie rotating the strip of tape to make the angle wider. (A-C) Image was originally published in
Shokeen et al. (2020).

Like one goes And one goes
this way...

FIGURE 5
Grace's understanding of wide angle.
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Zigzag was a “special” case of their joint labor around angle,
particularly in laying the path from one side of the room to the
other. There are different colloquial descriptions associated with
the term zigzag, such as “one of a series of short sharp turns,
angles, or alterations in a course” (Merriam-Webster, 2021) or “a
line, course, or progression characterized by sharp turns first to
one side and then to the other” (LLC, 2024). These descriptions
use words (e.g., short, sharp, turn) that are often closely aligned
to angles (Clements and Burns, 2000). We found that students in
each group used ‘zig-zag' at multiple times to share their
perceptions of angles and lengths. Students used the term both in
reference to a single angle and to the broader patterns in a path
composed of multiple angles and lengths. In order to develop and
negotiate an understanding around this non-formal word,
students used varying epistemic tools of language, gesture, and
action (e.g., ripping tape).

Students were observed regularly communicating about a
specific angle between two adjacent section of tapes. In order to
form an angle, students negotiated about two parameters - the
length of the tape (i.e., length of rays) and direction of connection
between two section of tape (i.e., the angle between the rays). For
example, in the Grade 5 group, Olivia used colloquial language
to communicate about rays and an angle, beginning by saying
“No, make it jagged. That’s way too long.” In order to explain
what she meant and perceived, she performed an action of pulling
up the last tape section from the floor, ripping it into two parts
and laid one piece of the ripped tape back down. She then stated,
“keep doing that pattern,” and pointed toward a specific angle on
the path (see Figure 6). Olivia pointed toward that specific angle
to illustrate what she meant by ‘jagged, as the group had not
understood what she was trying to communicate. In other words,
her perception of a desirable angle composed by two rays, was not
being communicated accurately through language. Later, Olivia
changed her suggestion from ‘jagged’ to ‘zigzag), saying “We can
do zigzags,” Sahil agreed with her and added, “Make it zigzag.”
Sahil repeating the term ‘zigzag’ demonstrated that he had now
aligned with Olivia’s perception of desirable angles and rays and
was able to follow the meaning of zigzag. This example describes
how the Grade 5 group used a specific angle to develop a shared
perceptual understanding of ‘zigzag’ to guide their activity.

The term ‘zigzag’ was also used to communicate about a
broader pattern and was particularly powerful and useful for
discussing multiple twists and turns (i.e., angles and rays). In this
situation, unlike the example of Olivia, the use of ‘zig-zag’ did not
require all of them to be talking about the same piece of tape. It
allowed students to communicate about the path without referring
to a particular section of tape as a base arc for the angle or about
a particular angle composed of rays. For instance, in the Grade 4
group, students were engaged in joint labor as they examined the
path from different directions while discussing how to continue
the path (see Figure 7); thus, indicating angle is directional based
on one’s position relative to the strip of tape being referred to.
Ryan introduced the term zig-zag’ by suggesting, “Go forward a
little longer and then we can do a couple of zig-zags” Here, Ryan
is not talking about a single angle, but he was describing his
strategy of laying a broader pattern of tape. Alex responded, “Just
do zig-zag” and he moved his foot to indicate a zig-zag pattern
(Figure 7C), using gesture to illustrate what he means by zig-zag’
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Paul followed with a more specific suggestion, saying, “Yeah,
45-degree angle(s)” and made a zig-zag pattern with his right arm
(Figure 7B). Adding to the discussion Ryan suggested, “Dude, go
one more backward and then start doing zig-zag,” moving his
finger rapidly back and forth (Figure 7A). In this discussion Alex,
Paul, and Ryan each used the epistemic tools of language and
gestures, but in different ways, to communicate about the same
pattern of ‘zig-zag’ without restraining their discussion to any
specific angle or ray within the path. Their discussion illustrates
the use of ‘zig-zag’ to discuss a broader pattern, rather than a
single angle or piece of tape.

5.2.2 Dynamic representation of angle

As exemplified in our findings, students considered the
rotation of the angle, often in reference to a common point where
two rays meet to form an angle, but further considering angle as
a dynamic figure (Alyami, 2020). In these instances, students
sought out clarification of how and where to lay a strip of tape on
the path using a variety of epistemic tools, such as the concrete
nature of the tape. For example, Page encouraged his third-grade
peers to make a zigzag pattern, “Make it a zigzag” This meaning
of zigzag was indicated by Page pointing to the end of the path
and moving his finger across the floor towards his body, forming

FIGURE 6
A representation of zig-zag. Image was originally published in
Shokeen et al. (2021).

FIGURE 7
Negotiation of zig-zag as a broader pattern. Image was originally
published in Shokeen et al. (2021).
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what we observed to be about a 90-degree angle. Yet Page’s
mathematical thinking was either not heard/witnessed or not
understood by Penny as she expressed uncertainty. Penny was
observed dynamically manipulating the strip of tape along the arc
of a circle before she stopped and asked, “like that?” In Figure 8,
Penny’s left hand remained as the center of a circle, while her
right hand moved along the arc as she considered how to lay the
tape as to form a zig-zag pattern. Page disapproved by stating,
“No, no, no. Like diagonal...diagonal rate” Page’s gesture
indicated that the strip of tape laid by Penny should form a
smaller angle measure. In this example, Penny and Page are
engaged in joint activity as they develop a dynamic understanding
of angle through manipulating (and observing) a strip of tape to
create a zig-zag pattern.

As and Alex
communicating and negotiating about adding a strip of tape at

another example, we observed Paul
some angle measure through concrete and symbolic tools. Alex
was hovering a piece of tape above the floor that would form an
obtuse angle with the piece of tape already on the floor. Paul stated
from a distance, “Make it more complex, right there. Make it like
a...” Alex rotated the tape with his left arm to form a smaller angle

with the piece of tape, using the strip of tape as a dynamic tool to

10.3389/feduc.2024.1425307

form a shared understanding of angle. Paul confirmed this change
in the angle through a verbal, symbolic statement: “Yeah, like a
45-degree angle like that”

5.2.3 Directionality and degree measure

One way we observed students developing a shared
understanding of angle was through Dash’s movement along the
path, both in terms of the direction (e.g., “turn left”) and
magnitude (e.g., “try 45 degrees”). But unlike above, students were
observed substituting their body in place of Dash to consider
Dash’s perspective along the path, as well as through physically
rotating Dash. In other words, they utilized their bodies and the
physical nature of Dash as knowledge building tools. For example,
in determining the direction that Dash needed to turn to navigate
the second strip of tape, Addie, a third-grade student, considered
the perspective of Dash through positioning her body at the end
of the first strip of tape (i.e., parallel with the second strip of tape).
She pointed to the path and swung her arms back-and-forth along
the strip of tape (see Figure 9). Addie determined that the next
line of code should indicate the direction that Dash should turn,
namely right. “This is right. He has to turn right” This countered
one of her group member’s earlier statement that Dash should

FIGURE 8
Seeking clarification through dynamically manipulating the strip of tape.

FIGURE 9

arm.

Addie’s position on the path from two different cameras. Image on the left is from Addie’s perspective. The arrow is to illustrate the movement of her
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turn left. In this instance, Samuel did not position his body as
Addie, but only pointed in the direction of the second strip of tape
with his left hand from where he stood in the classroom. This
indicated how taking on the perspective of Dash may help in
determining directionality of the angle in this situation.

Another example exemplifies a student’s mathematical thinking
after not programming Dash to successfully turn an appropriate
amount to be positioned to traverse the next strip of tape or path.
Paul and Alex discussed the angle size and direction in which Dash
should be programmed when Alex created a border of the path with
his hands (see Figure 10A), then next placed his body/head over
Dash as if he trying to get the perspective of Dash in relation to
Dash’s body position on the path (see Figure 10B). From his
perspective and estimation, Alex stated through language, “So let
us do like 35, 35”

There were also instances in which students physically
manipulated Dash to clarify their meaning regarding angle. In the
physical manipulation of Dash, they were able to consider Dash’s
perspective. For example, Alex rotated Dash as he stated, “We only
have to do like a tiny turn” This indicated that Dash was
positioned appropriately along the path and a tiny turn was the

10.3389/feduc.2024.1425307

next line to enter into the program. As another example, one
group of fourth grade students noted after a test that Dash “did
not turn all the way;” indicating that the angle measure entered
into the program was less than the angle measure between two
strips of tape on the floor. Billie suggested 90-degrees. Jackie bent
down and moved Dash left to right and right to left at the angle
formed by the two strips of tape and stated, “I feel like it’s less than
that. Try 60 or 75 In this case, Jackie used Dash and her
perspective of what constitutes a 90-degree angle to determine
that Dash should turn at a 60- or 75-degree angle.

In addition, we observed one instance in which a group of
third-grade students physically manipulated Dash to negotiate the
direction in which Dash should turn next as it is positioned at the
end of the first strip of tape along the path (see Figure 11A).
Before entering the next line of code, Kelley asked, “Should he go
right or left?” Bella and Grace both shifted or rotated Dash on the
path while simultaneously noting the direction Dash should
rotate - “right turn” (see Figure 11B). Grace added, “This way is
right...that he is turning himself” In this instance, rotating Dash
some amount was a dynamic representation or a “process of
change of direction” (Freudenthal, 1983, p. 327).

FIGURE 10

(A) illustrates Alex creating a border of the path with his hands. (B) highlights Alex's embodying Dash's perspective by placing his body/head over Dash.

FIGURE 11

(A) illustrates students physically manipulating Dash to negotiate the direction of the next turn on the path. (B) shows students rotating Dash right.
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6 Discussion

In this study, we illustrated how students in grades 3-5
negotiated a shared understanding of angle through multiple
epistemic tools that were situated and contextualized through the
use of an educational robot within a hybrid making space. This
included developing a shared language, conceptualizing angle as
a dynamic entity, and perceiving angle through directionality and
degree measures. Our examples further highlighted specific
moments in which students communicated their thinking and
negotiated an understanding about angle through either a single
tool or through coordinating and building upon their
mathematical thinking about angle simultaneously and
collaboratively. As such, the results of this study highlight the
potential for hybrid making spaces to serve as sites to engage
students in complex mathematical concepts (e.g., angle) that are
foundational to students’ thinking and conceptual understanding
(Alyami, 2020), but not privileged in school settings (e.g., “tight
angle”) (Nemirovsky et al., 2017; Simpson and Kastberg, 2022).
The results further underscored how the different phases of the
activity, as well as the available tools (i.e., roll of tape, Dash, and
the app/iPad), afforded the use of different epistemic tools. For
example, the app in Phase 2 created opportunities for students to
use their body as a substitute for Dash that were non-existent in
Phase 1. As another example, students were more likely to use
of
communication (i.e., symbolic representations) in Phase 2 than
Phase 1, which we attribute to Dash.

Formal (e.g., 45-degrees) and informal (e.g., turn 45)

more formal mathematical notation in oral forms

language was a common tool used to generate a shared knowledge
base about angles. We contend that the flexibility of the hybrid
making space allowed students the opportunity to discuss their
ideas using language that was not only familiar, but situational.
For example, “turn” was used in relation to Dash’s movement
along the path as if driving a car. This is in contrast to standards
documents that uses the term “turn” to indicate the measure an
angle rotates through n one-degree angles of a circle (Common
Core State Standards Initiative, 2021), which children do not
readily understand (Mitchelmore and White, 1998). The use of
zig-zag also emerged within the context of laying the path for
Dash to traverse. Sometimes the word zig-zag was used to refer
to a single sharp angle, whereas other times the focus was on the
tape that created the arc of the angle. Thus, the use of ‘zig-zag’
also involved co-creating situated understandings about the
meaning of angle within the activity. This particular finding adds
to our understanding of possible ways elementary students may
communicate and think about angle as prior research on this
notion of zig-zag is scant, if non-existent.

The results from this study also highlighted the different uses
of bodily movements (e.g., gestures) as a knowledge-building tool
among students. As noted in prior research (Alibali and Nathan,
2012; Nathan et al., 2013), students in this study used gestures
such as pointing gestures and representational gestures to clarify
vague language (e.g., “this”) and exemplify the meaning of a
particular word used to describe angles such as “tight” As
described by Nathan et al. (2013), the use of gestures may have
supported these students in communicating their thinking

Frontiers in Education

11

10.3389/feduc.2024.1425307

around a mathematical concept that may be difficult to explain
verbally. In Phase 2, students were observed using more of their
entire bodies to take the perspective and position of Dash along
the path, and use their bodies to then verbally communicate the
direction and amount of turn to enter into the app (e.g., turn left
45-degrees). The use of their body may have supported students
in developing an understanding of angle as turn, including
direction (Freudenthal, 1983; Clements et al., 1996; Kaur, 2020),
and in this case, was supported through the use of an educational
robot. According to Clements and Burns (2000) this is done
through the synthesis of two schemes.

To conceptualize a turn and its measure, students have to
maintain a record of both the initial heading and final heading of
an object, using a frame of reference to fix these headings. They
have to analyze motor activity of rotation of the object from the
former to the latter, and compare that rotation to internalized
benchmarks or to iterations of an internalized image of a unit of
turn. As they develop this ability, students curtail physical
movements that fix the headings and represent the rotation from
one to the other (p. 42).

In addition, the use of the tape afforded students the
opportunity to physically rotate the strip of tape about a point
and along the arc of a circle. Similarly, physically rotating Dash
left and right provided students an opportunity to internalize the
intended rotation of Dash. Viewing the dynamic feature of angles
was more than likely cognitively “hidden” from students, but
embodied within their bodily movement of the strip of tape and
rotation of Dash. As such, through their joint labor, students
conceptualized and reasoned about angle within a frame of
reference (Joshua et al., 2015); first by thinking of the measure as
degrees and trying to assign a value to the angle in relation to too
much or too little (i.e., committing to the unit), second by
committing to a direction in relation to Dash’s movement on the
path, and lastly through rotating the strip of tape or Dash about
a point (i.e., commitment to a reference point).

In addition, as the strip of tape was laid on the floor, it
became a static representation. Alyami (2020) differentiates the
qualitative view of angle (i.e., attending to properties of an angle)
from the quantitative view of angle (i.e., attending to a quality
that is measurable), which we argue aligns with the static and
dynamic representation of the tape. Therefore, students were
engaged with two representations of angle that are both needed
to understanding angle concepts, but often a source of struggle
when learning about angles (Scally, 1986; Alyami, 2020). This is
important as prior research has shown textbooks often provide a
static definition of angle (Keiser, 2004; Alyami, 2020) and that
teachers too lack a clear and thorough understanding of angles to
support the dynamic view of angle (Browning et al., 2007;
Thanheiser et al., 2010).

6.1 Implications

Broadly, the significance of this study lies in the potential for
hybrid making spaces and/or educational robots to support
students’ mathematical development. In particular, the use of
educational robots, such as Dash, may promote and/or reinforce
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students’ conceptual understanding of angle as both a static and
dynamic representation. The results from this study also shed
light on how the design of activities and the tools that are made
available may foster the use of multiple representations for
students to communicate with one another around a particular
mathematical concept, as well as develop their own understanding
of the mathematical concept. In this study, the activity had a goal
to accomplish in each phase (e.g., create a path to Dash to traverse
from one end of the room to other) but allowed for students’
agency and creativity in how they met this goal. It was designed
to promote teamwork or joint labor while the teacher sat on the
peripheral as an observer. The tools - roll of tape, Dash, and an
iPad - afforded opportunities to think and build a shared
understanding about angle within the context of the activity and
hybrid making space. We argue that providing a protractor would
have changed the way students negotiated their understanding of
angle through the various epistemic tools. Collectively, these
design elements highlight how an educator’s decisions regarding
what to include (or not), how to structure (e.g., individual or small
group), what tools and materials to provide (or not), whether
students should be using mathematical notation (or not), and so
forth has the potential to shape how students communicate their
mathematical thinking with one another and develop a shared
understanding. This line of educational design thinking can
inform professional development opportunities around making
spaces, as well as pedagogical courses involving
prospective teachers.

Further, the goal of the activity presented in this paper was not
to engage students in mathematical activity, which illustrates the
“hidden” nature of mathematics within hybrid making spaces, and
through educational robots, as a humanistic and authentic
approach to mathematics (Simpson and Kastberg, 2022). Being
able to “see,” name, and make sense of the mathematics that is
happening in hybrid making spaces can become a powerful
formative assessment for educators to make sense of student
thinking and learning. The question becomes, how do we support
educators in observing students’ mathematical thinking and
learning that is not a focus of early mathematics standards and
benchmarks (e.g., spatial reasoning, Uttal et al., 2013) or
potentially not age- or grade appropriate (e.g., inverse proportional
relationships, Simpson et al., 2021)? How might we make sense of
and/or build upon the mathematics as conceptualized by the three
stages of angle as a concept developed by Mitchelmore and White
(1998)2 Future research endeavors can begin to explore
these questions.

Methodologically, we included the body as an epistemic tool,
an important component that has gained traction in recent years
in terms of student’s thinking and learning (Shapiro and Stolz,
2019). Gestures, in particular, are not only a tool to shape students’
thinking or reasoning, but it is an important representation to
communicate about ideas which are challenging for youth to
describe through other forms of representation. As we have
discussed in the empirical evidence from the study, during both
phases of the activity, students relied on their bodies and bodily
gestures to negotiate their thinking about angle, as well as gain a
perspective of an inanimate object, Dash. Hence, we argue for the
inclusion of the body (e.g., gestures) as a representation to prior
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models (e.g., representational fluency, Lesh et al., 1987) as it adds
a deeper and more nuanced understanding of students’
communication, thinking and reasoning within activities that
encourage joint labor. Additionally, we adapted the definitions,
such as symbolic representation, to meet the digital workspace of
the Blockly app. As digital mathematical environments continue
to be a part of our learning, research may need to consider
additional and/or alternative representations.

6.2 Limitations and future research

The findings from this study are grounded in a particular
educational robot, Dash. Therefore, generalizing the influence of
different
understanding of angle across hybrid making spaces is beyond the

educational robots for supporting students’
scope of this study. However, we contend this is a ripe area of
research to continue to build upon, particularly with a variety of
educational robots (e.g., Sphero, Ozobot) that are being utilized
in classrooms, making spaces in out-of-school contexts, and
hybrid making spaces. Future research could also replicate the
activity within a similar context as a way to consider transferability
of results (Lincoln and Guba, 1985). Individuals may also argue
that another limitation was our approach to the analysis in that
the first two authors did not establish inter-rater agreement. As
described by Denzin (1984), we rather employed investigator
triangulation as we examined the same phenomenon from
different backgrounds and experiences. We found this to be a
more useful approach to analyzing multiple forms of
representations within interactions among five students.

Lastly, as observed in Figure 12, there are differences in terms
of the different forms of representations used by children in
different grade bands. For example, in Phase 1, 5th grade students
use more language representation than 3rd and 4th grade students
in our study. As another example, in Phase 2, 4th grade students
used less gesture-language representations, but more pictorial-
symbolic representations, than the other two grade levels. Future
research could focus on where differences exist in terms of
representations, but more specifically, why and the implications
this may have on their shared understanding of angle (or other

mathematical concepts).

7 Conclusion

Our findings highlight how the use of an educational robot within
a hybrid making space afforded students an opportunity to negotiate
an understanding of angle through multiple epistemic tools. As such,
the utilization of such tools was situated and contextualized in the
nature of the making activity, and was often done as part of their joint
labor. We argue that attending to the nature of different epistemic tools
used by students in hybrid making spaces have the potential to
highlight their understanding about the static and dynamic nature of
angles. The flexible nature of hybrid making space activities can
provide students an opportunity to apply the mathematical concepts
that they read about in their textbook; sometimes it even prepares
students to learn about the formal notations of a concept.
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