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In this exploratory case study, the teaching practices of two secondary level mathematics teachers are examined within the framework of a sequential multi-method design. To this end, data on the teachers’ recurrent patterns of action were collected using video-based classroom observations in problem-solving lessons, semi-structured interviews and video-stimulated recalls. The qualitative analyses of the respective data allowed a differentiated description of the self-reported, observable, and articulable elements of their teaching practices. This includes the requirement situations to which the teachers respond with recurrent patterns of actions, their cognitive and affective dispositions on which they rely, and their situation-specific skills that enable them to adaptively orchestrate their problem-solving lessons. An empirical reconstruction of a selected practice, including a description of its constitutive elements, followed from a superordinate integration of the data by triangulation. This study contributes to the discourse on mathematics teacher education by providing an innovative study design for the empirical reconstruction of teaching practices. Moreover, its findings validate the theoretical assumption that teaching practices are an expression of mathematics teachers’ professional competence and expertise.
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Introduction

Teachers’ professional practices play a central role in the teaching of mathematics: For example, when teaching problem solving, experienced teachers draw back on routinized actions and recurrently create conditions conducive to the learning for problem solving, provide problems appropriate to the students’ level of knowledge and support them during their problem-solving process, e.g. by fostering their heuristic skills (Cai and Hwang, 2020; Lester, 2013; Schoenfeld, 2015). The focus of this study is therefore on the analysis of these routinized action patterns of teachers that they use to cope with recurrent requirement situations in problem-solving lessons. Although there are already a number of studies on teaching practices in mathematics teacher professional research (for those that focus on problem solving: Bailey and Taylor, 2015; Schoenfeld, 2015; Schoenfeld, 2020), some of these studies originate from different research perspectives (Da Ponte and Chapman, 2006), each of which emphasizes different elements of practices. On the one hand, this is due to the complexity and elusiveness of this research object and, on the other hand, due to the conceptual vagueness of the term “practices” (Brungs et al., 2023; Hirsch and Buchholtz, 2023; Charalambous and Delaney, 2020; Lampert, 2010). On a methodological level these various research approaches can also be located in different research traditions (Brungs et al., 2023; Hirsch and Buchholtz, 2023). Examples include practice-theoretically oriented classroom research (e.g. Häsel-Weide and Nührenbörger, 2022; Lave and Wenger, 1991), whereby Lave and Wenger’s socio-cultural perspective on learning as participation in communities of practice can be seen as conceptually adjacent to practice-theoretical approaches. Other examples include research on teachers’ expertise and professional competence (Baumert and Kunter, 2006; Bromme, 2001; Hiebert et al., 2002; McDonough and Clarke, 2003; Prediger, 2019; Simon and Tzur, 1997). They each imply different assumptions about the empirical accessibility and decomposition of practices into their integral elements, such as their articulability or observability (Brungs et al., 2023; Hirsch and Buchholtz, 2023). This results in various study findings that relate only to certain elements of practices and can hardly be linked to each other, which makes an empirical reconstruction of teaching practices very challenging in general. In qualitative social research, empirical reconstruction means that a particular social or professional process is reconstructed on the basis of the collected empirical data (e.g. observations, interviews, video analyses) in order to understand its structure and dynamics. The focus is not only on description, but also on understanding how certain practices are constituted and which elements constitute them (cf. Bohnsack, 1999). A central goal of empirical reconstruction is to uncover the implicit knowledge and rules of social action that the actors themselves are often not fully aware of.

In this study, we empirically reconstruct selected teaching practices of two secondary level mathematics teachers by triangulating data from video-based classroom observations, semi-structured interviews, and video-stimulated recalls (Muir, 2010; Powell, 2005; Radišić and Baucal, 2016). In doing so, different methodological approaches were combined in a sequential multi-method design (Buchholtz, 2021; Creswell and Plano Clark, 2011; Hunter and Brewer, 2003), which proves to be a coherent and effective strategy (Buchholtz, 2019; Even and Schwarz, 2002). This exploratory and innovative design enables a detailed analysis of teaching practices, allowing for a deeper understanding of their structure and dynamics. In doing so, it addresses a research gap, as previous studies have focused on fewer elements of teaching practices and did not integrate multiple methodical approaches in their investigation. Moreover, the theoretical conceptualization of teaching practices as described below can be empirically validated, which is another aim of the present study. This contributes to the clarification of the concept of practice which remains a contested and ambiguous construct in mathematics teacher professional research (Charalambous and Delaney, 2020).



Theoretical background

In the first subsection, teaching practices are conceptualized from the perspective of teacher professional research. In this respect, one important element of teaching practices is the (recurrent) requirement situation in a specific teaching context. To this requirement situation, a teacher reacts, as it poses a professional demand that requires situational judgment and adaptive action. Therefore, the requirement situations in problem-solving lessons will be addressed in the second subsection. These can serve as a starting point for the empirical reconstruction of selected teaching practices in problem-solving lessons.


Teaching practices and their empirical reconstructability

Teaching practices as part of the professional activities of mathematics teachers have become a central subject of mathematics teacher professional research in recent years (Charalambous and Delaney, 2020; Grossman, 2018). Despite its central importance, however, the concept of practices is often not used consistently and is rarely conceptualized or defined comprehensively (Brungs et al., 2023; Hirsch and Buchholtz, 2023). In the literature on the professional development of teachers, Lampert (2010) identified four conceptualizations of the term “practice” (see also Charalambous and Delaney, 2020). Practice can be understood in contrast to theory, as a synonym for rehearse, as an exercise of a profession and as a habitual action. The latter understanding of practices, which are understood here as recurrent patterns of actions, plays a special role in research on teaching and learning (Bromme, 2001; Grossman, 2018; Häsel-Weide and Nührenbörger, 2022; Kolbe et al., 2008; Moschkovich, 2004; Prediger, 2019; Rabenstein, 2020). Here, practices are ascribed a specific function, which is understood differently depending on the research perspective or tradition. From a practice-theoretical perspective, practices serve social interaction within a specific (socio-cultural) context (Breidenstein, 2023; Häsel-Weide and Nührenbörger, 2022; Kolbe et al., 2008; Lave and Wenger, 1991; Saxe, 1999; Schatzki, 2012). Students and teachers are equally involved in a practice and, conversely, are influenced by it in their actions. The empirical reconstruction of practices therefore seems particularly useful through (video-based) classroom observations or ethnographic approaches (Breidenstein, 2023; Häsel-Weide and Nührenbörger, 2022; Lave and Wenger, 1991).

On the other hand, from the perspective of subject-specific research on teachers’ expertise and professional competence, teachers employ routinized action patterns to address recurrent instructional requirement situations—professional demands that are specified concerning the concrete content and contexts of mathematics lessons (Bromme, 2001; Krauss, 2020; Prediger, 2019). When teachers effectively manage these specific requirement situations, considering the temporal contingency and complexity of the classroom, they provide students with various learning opportunities from which they can benefit. This deliberate and targeted exercise of practice reflects a teacher’s expertise (Stigler and Miller, 2018). To achieve this, teachers utilize pedagogical tools (Llinares, 2002). These are, for example, digital and analog artifacts in the form of worksheets, tasks or digital resources (Prediger, 2019; Ruthven, 2014). Furthermore, it is often assumed that there is an interdependent relationship between the human body and practices, which thus contain a strong performative component (Kolbe et al., 2008; Moschkovich, 2004; Rabenstein, 2020). Pedagogical tools therefore also include verbal impulses (see also Llinares, 2002).

In order to adequately identify and reflect on requirement situations and address them with specific action patterns, teachers draw on certain cognitive dispositions in the form of professional knowledge, which they activate and utilize in situ as they engage with the dynamics of the classroom (Kolbe et al., 2008; Ball and Forzani, 2009; Moschkovich, 2004; Prediger, 2019; Rabenstein, 2020; Simon and Tzur, 1997). In a teaching situation, this happens to a certain extent unconsciously and implicitly (cf. e.g. Polyani, 1966), but through subsequent reflection on a situation, a teacher can become aware of both implicit and explicit knowledge (Schoenfeld, 2011; Cianciolo and Sternberg, 2018) and then transfer this awareness to other, similar situations. Teachers can also become aware of parts of the affective dispositions that come into play in such situations (Kolbe et al., 2008; Moschkovich, 2004; Prediger, 2019) by reflecting on a situation. For the empirical investigation of practices, this means that they can also be methodically determined through self-reports and can be articulated to a certain extent (Prediger, 2019).

The importance of the cognitive and affective dispositions that teachers draw on when carrying out their practices is weighted differently depending on the research perspective. The role of situation-specific skills, commonly known as perception, interpretation and decision-making, is less frequently addressed in this context (Blömeke et al., 2015). Nevertheless, these skills play an important role in coping with requirement situations (Carlson et al., 2020; Schoenfeld, 2015), as they mediate between a teacher’s dispositions and their teaching actions (Blömeke et al., 2015; Blömeke et al., 2022). When repeatedly performing a practice, a teacher must always make minor adjustments to their established practices due to the situation-specific nature of these requirement situations, so that although these are recognizably repeated as recurrent patterns of action, they always appear slightly different in detail and develop and refine further on the basis of experience (Rabenstein, 2020; Alonzo et al., 2020). In this way, the teacher develops their expertise over time, as they can react adequately and adaptively to every structurally similar situation (Alonzo et al., 2020). Methodologically, these often-unconscious cognitive processes shaped by experience can be investigated in teacher professional research using video-stimulated recalls (Muir, 2010; Powell, 2005; Radišić and Baucal, 2016), in which teachers observe their own or others’ lessons and reflect on them using targeted prompts (Kersting et al., 2010).

In the review study by Brungs et al. (2023), these and other theoretical descriptions as well as constitutive elements of teaching practices from different research perspectives were collected and linked in a preliminary conceptualization of this complex research object. Afterwards, it was discussed with respect to important findings of mathematics teacher professional research. The central result of this review study was an integrative theoretical conceptualization of teaching practices which acknowledges their complexity. According to this, teaching practices are “routinized, recurrent patterns of utterances and actions by teachers to cope with certain requirement situations in a specific teaching context. They are constituted by the adaptive planning, enacting and reflecting of pedagogical decisions that serve to cope with the respective requirement situation. The conscious and unconscious affective and cognitive dispositions of teachers and their situation-specific skills play a key role in this. When performing practices, a teacher also draws on their own body and suitable pedagogical tools. Practices are part of a teacher’s expertise and can be learned in the long term through deliberate repetition and adaptation in similar requirement situations, for example when available routines or (action) patterns are gradually internalized” (Brungs et al., 2023, p. 60, translated by the first author).

Figure 2 shows an adapted model developed in Brungs et al. (2023) to visualize corresponding teaching practices.

This model is grounded in teacher expertise research and is suitable for analyzing and reconstructing teaching practices in a differentiated way. It is also based on the well-known model of competence as a continuum by Blömeke et al. (2015) and integrates central elements of the Refined Consensus Model of PCK grounded in science education (Carlson et al., 2020), such as planning, enacting and reflecting, in order to reflect the complexity of teaching actions in a practical way. As this model and the underlying theoretical conceptualization of teachings practices has not yet been empirically validated, the present study aims to do so using the example of problem-solving lessons.



Requirement situations for teaching problem solving

A recurrent requirement situation for teaching problem solving is the adequate selection and preparation of a problem for mathematics lessons (Cai and Jiang, 2017). Mathematical problems are “(usually open) situations that can be roughly divided into an initial and final state, as well as the path between these two states, and which cannot (easily) be solved by the respective processor with a standard procedure (an algorithm), as there is a ‘barrier’ ” (Rott, 2015, p. 31, translated by the first author). Accordingly, problem-based tasks are designed to be open, i.e. there are different possible solutions that cannot be worked out using facts and procedures that are already known, and the solution process provides students with numerous learning opportunities (Clarke and Sullivan, 1992). When teachers select and prepare a mathematical problem for their lessons, they need specific problem-related knowledge (Chapman, 2015).

Based on their selection and preparation of mathematical problems, teachers need to plan their problem-solving lessons accordingly. In doing so, they can use various models that structure the students’ problem-solving process (cf. Fernandez et al., 1994; Jacinto and Carreira, 2017; Mason et al., 2006; Pólya, 1949; Rott et al., 2021; Schoenfeld, 1985; Yimer and Ellerton, 2010), which can provide some orientation. If teachers are guided by these models, the exposition of the mathematical problem at the beginning of the lesson, for example, is one of the structuring features of problem-solving lessons. It is generally agreed that students need to engage with the problem in order to understand it (cf. e.g. Jacinto and Carreira, 2017; Pólya, 1949; Rott et al., 2021; Schoenfeld, 1985). This engagement must be facilitated and, if necessary, encouraged by the teacher. Other phases of the lesson relate to the individual or collaborative development and implementation of a plan for the solution (cf. e.g. Fernandez et al., 1994; Jacinto and Carreira, 2017; Mason et al., 2006, Rott et al., 2021; Yimer and Ellerton, 2010). Finally, the compilation and comparison of solution approaches as well as joint reflection in the context of a review are also central to the planning of problem-solving lessons (Jacinto and Carreira, 2017; Mason et al., 2006; Pólya, 1949; Rott et al., 2021). Especially when reflecting on solution processes, it is important to address strategic (so-called heuristic) aspects that could be used again in other contexts or when transferring to other tasks, and not just to focus on content-related aspects in the solution process (Heinrich et al., 2013).

Although this description of the common ideas in various models on problem-solving processes indicates a specific order of the different phases a problem-solver experiences, the researchers above have “different understandings of how these phases are related and sequenced” (Rott et al., 2021, p. 740). For teachers who have to plan a problem-solving lesson, this means they need to maintain a certain level of flexibility regarding the conduction of their lesson. When conducting the lesson—another recurrent requirement situation—it is of central importance for the teacher to analyze the students’ problem-solving processes in order to diagnose possible ways of thinking and difficulties. For this analysis, teachers might draw on the descriptive model by Rott et al. (2021), which provides “valuable insights into problems solving processes of students” and enables “to compare, contrast, and characterize the idiosyncratic characteristics of the students’ PS [problem-solving] processes” (Rott et al., 2021, p. 751). Based on the outcomes of this analysis, the teachers have to react accordingly through scaffolding and feedback. Thereby, teachers should always encourage their students to engage in self-reflection and metacognitive regulation, to ask questions and to explore their own solutions. This requires specific (content) knowledge of mathematical concepts and procedures, but above all also of specific heurisms of problem solving and (meta-) cognitive strategies (Chapman, 2015; Kilpatrick et al., 2001; Mayer and Wittrock, 2006; Schoenfeld, 1985; Schoenfeld, 2015). In addition, certain beliefs are also involved in teaching problem solving in the classroom (Dougherty, 1990; Mayer and Wittrock, 2006; Rott, 2016), such as beliefs about mathematics, problem solving itself and one’s own problem-solving skills (Chapman, 2015).



Research questions

Our research questions relate to the elements of teaching practices in problem-solving lessons that can be reconstructed using different empirical methodological approaches. This can expand our current understanding of the complex research object of teaching practices, as they to our knowledge have not been studied this way before. Furthermore, the present study might help to gain more insights in currently performed teaching practices and instructional decisions in problem-solving lessons, which serves as an exemplary context for the empirical reconstruction.







	

	
RQ1) What elements of teaching practices do teachers report in semi-structured interviews directly following their problem-solving lessons?












	

	
RQ2) What elements of teaching practices for problem solving can be captured through video-based classroom observations?












	

	
RQ3) Which elements of selected teaching practices do teachers articulate in the context of video-stimulated recalls?












	

	
RQ4) How do the three different approaches in RQ1–RQ3 complement each other on a methodological level with regard to the empirical reconstruction of selected teaching practices?






After approaching different elements of teaching practices more broadly with RQ1 and RQ2, the focus of RQ3 and RQ4 lies on selected teaching practices due to a methodological orientation and corresponding decisions.




Methodology


Study design

To answer our research questions, a case study with a multi-method design was chosen (Figure 1), in which various qualitative data collection and evaluation approaches were linked and integrated sequentially (Buchholtz, 2019; Creswell and Plano Clark, 2011; Hunter and Brewer, 2003).


[image: image]

FIGURE 1
Professional-theoretical understanding of teaching practices (Brungs et al., 2023).


The upper section of Figure 1 describes two time periods for the data collection in this study: First, in December 2023 two problem-solving lessons per teacher were recorded using video-based classroom observations. Each was followed by a semi-structured interview referring to the observed lesson directly after each lesson. Additional data were collected through video-stimulated recalls. This data collection took place in January 2024 because, by that point, the analysis of the first data had to be completed in order to use two video clips per teacher in the video-stimulated recalls. The respective data evaluations are described in the middle section of Figure 1. All collected data were analyzed using qualitative content analysis in order to answer RQ1–RQ3. The results feed the methodical integration of findings during the triangulation of our various data sources into a joint display, which serves to answer RQ4. This is illustrated in the lower section of Figure 1.



Data collection

Two teachers from (North Rhine-Westphalia, Germany), both with many years of professional experience, participated in the study (Table 1). They were selected, among other reasons, because teaching experience is considered a key indicator for the development of teaching practices and professional expertise (Palmer et al., 2005). Furthermore, both teachers showed a particular commitment to problem-solving instruction, suggesting that their practices are potentially well-developed and indicative of long-term expertise. Given the time-consuming and resource-intensive nature of empirically reconstructing teaching practices, the sample size had to be kept small.


TABLE 1 Information about the teachers.

[image: Table 1]

In the first data collection, a video-based classroom observation took place (Klette, 2023). It was carried out for each teacher in two consecutive lessons of 45 min each, in which the teachers focused on problem solving. The planning and methodical design of the lessons were largely up to them; they were only required to use a mathematical problem from a predefined task catalog which was based on problem-solving literature. The tasks were compiled appropriately for the grades the teachers were teaching in (grades 5 and 9 in a secondary school). According to the individual requirements of their students, the teachers selected the following tasks (Table 2).


TABLE 2 Selection of mathematical problems from the task catalog.

[image: Table 2]

In order to answer RQ2, one portable camera (GoPro) and two permanently installed cameras were used in every lesson for the video-based classroom observations (Klette, 2023). After each lesson, the teachers participated in a semi-structured interview which aimed to answer RQ1. In each interview a theoretically based interview guide was used (see Supplementary Appendix A), which was designed by using research literature on the development of interview guides (Helfferich, 2011). The first question was a narration-generating one which focused on the problem-solving lesson itself. Follow-up questions focused on deviations from the teachers’ lesson plan. This transitioned to an information question targeting recurrent requirement situations: “Was there a situation today during the problem-solving lesson that you managed routinely or required actions you perform regularly?” This aimed to direct the teachers’ attention to situations they routinely handled. Additional prompts helped the teachers to identify these specific situations. Once identified, teachers were asked how they responded to them and what actions were required.

In the second data collection, which aimed to answer RQ3, two video clips were selected per teacher, each showing a pattern of action for coping with the same requirement situation in the first and second lesson. These patterns had also been described by the teachers in the semi-structured interviews, so that the triangulation of data was possible in further analyses. For T1, video clips about instructing a retrospective review of the students’ problem-solving process was selected, for T2, the video clips focused on guiding the problem-solving process. The corresponding video clips were used as part of video-stimulated recalls (Muir, 2010; Radišić and Baucal, 2016) to examine articulable elements of teaching practices (i.e. reflective thoughts and feelings) (Powell, 2005). Each teacher was first shown a video clip on which they were then asked to comment in a semi-structured interview. The questions from the interview guide (see Supplementary Appendix B) relied on the conceptualization of practices on which this study is based (Brungs et al., 2023). Because of that, they can be assigned to the following main themes: (1) requirement situation and performance, (2) Pedagogical decisions, (3) cognitive and affective dispositions, (4) situation-specific skills, and (5) development of practices and expertise. To ensure the accuracy of the questions in the second interview guide as well, research literature on the development of interview guides was revisited again (Helfferich, 2011). After answering these questions, each teacher was shown a second video clip. Afterwards they were asked to compare both video clips and formulate any similarities and differences they perceived. In this way, they articulated situation-specific adaptive aspects of the presented practices.



Data evaluation

When evaluating the data from the first data collection, the interviews were transcribed and then analyzed using qualitative content analysis according to Mayring (2022). The aim of this analysis was, in the sense of RQ1, the identification of self-reported elements of practices which were further processed into an inductive category system (see Supplementary Appendix C). The development of this category system was inspired by the research on teaching practices (cf. e.g. Brungs et al., 2023) and on recurrent requirement situations in problem-solving lessons (cf. Cai and Jiang, 2017; Rott et al., 2021). One example of an inductive category in this system is guiding the problem-solving process, which is defined as a report of a recurrent requirement situation to which the teacher responds with a pattern of action in which he or she guides the problem-solving process of all students. More details about this category and others will be provided in the results section for RQ1.

Next, the video data was evaluated, again using qualitative content analysis (RQ2). In a first step, the recurrent patterns of actions were coded in the performance, i.e. the observable behavior of the teachers. The findings were processed in another inductive category system, which was again inspired by the research on teaching practices and on recurrent requirement situations in problem-solving lessons (see Supplementary Appendix D for the category system). An example for one inductive category in this system is the activation of students’ prior knowledge, which is defined as observable behavior of a teacher in which they react to a recurrent requirement situation with a pattern of action that activates the students’ prior knowledge. For more details about this and other categories, see the results section for RQ2. The corresponding video sequences for each category were provided with time stamps and then subjected to a second step of analysis. Its aim was to determine the pedagogical tools which the teachers used to shape their practices (Llinares, 2002; Prediger, 2019). The deductive categories used for this second analysis of the video were (1) analog artifacts, defined as the intentional use of objects or materials in physical form to facilitate problem-solving instruction, (2) digital artifacts, defined as the intentional use of objects or materials in digital form to facilitate problem-solving instruction, (3) body language, defined as the intentional use of the teacher’s physical gestures and movements to facilitate problem-solving instruction, and (4) verbal impulses, defined as the intentional use of verbal cues by the teacher to facilitate problem-solving instruction. Afterward, the interview data from the second data collection (video-stimulated recalls) were transcribed and analyzed qualitatively. The deductive category system used to answer RQ3 was as well based on the conceptualization of practices in this study (Brungs et al., 2023). Therefore, it contains main categories that relate to the main themes of the interview guide used for the second data collection. For each main category, multiple subcategories were formulated. These reflect the elements of teaching practices as described in Figure 2. The main category situation-specific skills, for instance, had the subcategories perception, interpretation, and decision making.
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FIGURE 2
Sequential multi-method design of the study.


Finally, to answer RQ4, selected findings and information regarding RQ1–RQ3 were integrated within a joint display, i.e. a structured representation (Creswell and Plano Clark, 2011). It’s overarching goal is to represent the triangulation of various data and to provide a deeper understanding of the overall findings (Guetterman et al., 2015). By doing so, we demonstrate how the methodological approaches to the empirical reconstruction of teaching practices complement each other.




Results

We first present the results in relation to the self-reported elements of teaching practices (RQ1). As an example, the self-reported elements of a selected teaching practice are presented, which was used in both lessons by T2 to cope with the same requirement situation. This practice is repeatedly taken up in the following sections on RQ2 and RQ3 in order to present the respective findings in a coherent form. Moreover, this enables to integrate all data for one teaching practice in a joint display to answer RQ4.


RQ1: self-reported elements of teaching practices

In the semi-structured interviews, the teachers commented on six recurrent requirement situations to which they reacted in their lessons with routinized patterns of action (see Supplementary Appendix C). These requirement situations align with research on teaching problem solving (see chapter 2.2). For T1, one such situation is the encouragement to deal with a mathematical problem. He reports that he has to motivate his students “again and again frequently” (translated by authors, T1, R1, 4). T2 reports a second requirement situation, describing that he is able to guide the problem-solving process of his students through repeated “intermediate checks for understanding” (translated by authors, T2, R1, 4) in the sense of a focused intervention. In addition, both teachers report the recurrent requirement situation of instructing a retrospective review of the students’ problem-solving process, in which they collect the results of their students. Both teachers also reported routinized support for their students in the problem-solving process. On the one hand, this support refers to individual students (Individual support in the problem-solving process), to whom they “give hints for self-discovery” (translated by authors, T2, R1, 8), for example, in the form of feedback, and on the other hand to groups of students, to whom they provide helping cards as a scaffold (Group-related support in the problem-solving process) (T1, R1, 4). Finally, one teacher reported repeatedly promoting the mathematical language (T2, R2, 8) of his students (Language promotion in the problem-solving process).

Overall, the analysis of the semi-structured interviews revealed that there are some recurrent requirement situations and patterns of actions that both teachers reported after conducting their problem-solving lessons. Some other elements of practices were specific for the self-report of either T1 or T2. The recurrent guidance of the problem-solving process described by T2 in the first interview is one specific example and will be discussed in more detail below in order to illustrate the correspondence between the requirement situation and the teacher’s routinized pattern of action.

T2 selected a variation of the task “Straight lines and areas” (Table 2) in his first lesson. After the teacher has mentioned the “intermediate checks for understanding” (translated by authors, T2, R1, 4) as a routinized pattern of action, he reports in the interview on how exactly he coped with the situation of guiding the problem-solving process:







	

	
“I wanted to transfer the two straight lines to the blackboard and […] put the idea into words […] that it could have something to do with intersections of the […] straight lines.” (translated by authors, T2, R1, 4).






The teacher reports that he discusses an idea for the mathematical solution to the task with the students in a focused intervention, concentrating on its structural nature and the change of mathematical representations. Using an inductive approach, he also initially chooses an example that is easy to solve as part of the problem-solving task (investigating the number of areas that are created with initially only two straight lines), which he works out together with the students. By doing so, the teacher draws on heuristic strategies, namely informative figures and working forward step by step, which are crucial for problem-solving lessons (Rott, 2015). Moreover, the teacher wants to provide his students mathematical and verbal support in their problem-solving process, as he assumes that the students may have difficulties finding their own approach. This is suggested by the following quote, in which the teacher retrospectively evaluates his actions as successful:







	

	
“Many children discussed this, but were unable to name it, that it was due to the intersections. […] When this then became a topic, the [students] were much more focused on intersections in the second phase with the three [straight lines].” (translated by authors, T2, R1, 4).






After the second lesson, in which a variation of the task “Marco’s number line” (Table 2) was worked on, the teacher reported the same routinized action pattern that he drew on to intervene in guiding the problem-solving process of his students:







	

	
“Yes, introducing the type of task [is an action pattern]. Adding up the numbers from 1 to 5 [and asking:] Has a square number now resulted? I think that was the first time some students understood what it was all about. That was the common setting. Um, that wasn’t actually planned, but it was necessary after about 10 min in order to work in a targeted way.” (translated by authors, T2, R2, 4).






The teacher’s comments again illustrate the correspondence between the routinized action pattern and the perceived requirement situation. He noticed some students not yet working in a goal-oriented manner and assumed that this was due to a lack of understanding of the task. He therefore interrupts his students’ problem-solving process with a focused intervention in which the structure of the task is discussed again using a simple minimal example. The teacher discusses with the students what the solution to the task requires of them, with the intention of enabling them to continue working on the task and take the necessary steps to generalize the minimal example by setting clearer goals.



RQ2: observable elements of teaching practices

In a first step, a total of 126 sequences were identified in the video data in which the teachers reacted to requirement situations they perceived by means of recurrent patterns of action. Thereby, 66 sequences were identified for T1 and 60 sequences for T2. While T1 performed most of his patterns of actions in order to provide group-related support in the problem-solving process of his students (47 sequences), T2 focused more on individual support throughout the problem-solving lesson (43 sequences). The inductively determined categories that describe these patterns can be found in Supplementary Appendix D. Thereby, five of the six self-reported elements of practices could be retrieved in the observation. In addition, two further elements of practices were observed: T1 activated his students’ prior knowledge in both lessons by addressing previously known content at the beginning of each of his lessons (Activation of students’ prior knowledge). In both lessons, T1 and T2 also referred to future lessons by means of an announcement and a homework assignment (Giving an outlook).

The identified sequences in the data were then analyzed in a second step with regard to the pedagogical tools that the teachers used to perform their patterns of actions. In sum, T1 and T2 both drew on their body language, verbal impulses as well as on digital and analog artifacts, although not every action contained all of these tools. In the following, we present the correspondingly identified observable elements within the action pattern of “intermediate checks for understanding” (T2, R1, 4), which T2 used in his first lesson to guide the problem-solving process. Table 3 shows the relevant sequence from the video and provides a description of the interaction that could be observed around these scenes.


TABLE 3 Analysis of the action pattern for guiding the problem-solving process in the first lesson.

[image: Table 3]

In the first scene, the teacher uses his body language to attract the attention of his students. Then, he interrupts his students’ problem-solving processes by announcing a short break and asking for a possible solution to a specific simple case of the problem (minimal example) (verbal impulse). Therefore, the teacher starts to perform his practice using his own body and voice, which emphasized the physical dimension of practices as assumed in the theoretical background of this study (Kolbe et al., 2008; Moschkovich, 2004; Rabenstein, 2020). The projection of the worksheet visible at this point (digital artifact), on which the solution to the problem for a pattern with one straight line has already been drawn, serves as a possible orientation for the students in the subsequent discussion. The worksheet is also available to the students in physical form (analog artifact). In the second scene, the teacher uses a tablet and a pen that are connected to the whiteboard (digital artifacts) so that solutions become visible to all students in the class. So, the teacher combines both, digital and analog artifacts as it is reported in research literature on teaching practices (Prediger, 2019; Ruthven, 2014). Finally, in the third scene, the teacher again uses his body language to direct the students’ attention in the classroom discussion: He makes it clear who he is asking to take a turn by looking at the student and, when she does not respond, by mentioning her name (verbal impulse). After the student has responded, the teacher draws the class’s attention back to the board by asking them (verbal impulse) to enter the number on the tablet, where the corresponding entry becomes visible. In this way, the teacher interlinks the mathematical problem and the iconic representation on the worksheet. At this point, the close interaction between the teacher’s dispositions and skills as well as the pedagogical tools he uses to guide students problem-solving process becomes visible (Brungs et al., 2023). When the teacher asks for a second solution for a different number of people, he implicitly offers the students a scaffold for generalizing the procedure already discussed. The teacher thus uses the systematic collection and reflection of his students’ results in a targeted manner and continues the action pattern (Table 4).


TABLE 4 Further analysis of the action pattern for guiding the problem-solving process in the first lesson.
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In this scene, it can be observed that the teacher uses his body language and verbal impulses again when discussing the differences between the two solutions with two straight lines. He then releases the students back into the problem-solving process.

This teacher’s pattern of action is routinized to the extent that he uses it again in a similar form to cope with the situation when the requirement situation arises again. In the second lesson, the same observable elements could be identified when guiding the problem-solving process (Table 5). Thus, we can see again that the teacher combines different pedagogical tools to perform his practice in this second lesson, as it was assumed by Brungs et al. (2023).


TABLE 5 Analysis of the action pattern for guiding the problem-solving process in the second lesson.
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In the first scene of the sequence, the teacher uses a bell (analog artifact) to draw the attention of his students. The projection of the mathematical problem behind him (digital artifact), serves as an orientation and memory aid for the students. The teacher now explains to his students why he has interrupted their problem-solving process and asks for an explanation of the given task (verbal impulse). In the second scene, the teacher interrupts the student’s answer with a shake of the head and a raised index finger (body language). He gives a hint (verbal impulse) and the student corrects herself. In the third scene, however, no one responds to the new verbal impulse. The teacher therefore provides the students again with a minimal example, which he writes on the board (analog artifacts). When solving the example, the teacher integrates the students’ solutions and then continues the sequence as follows (Table 6).


TABLE 6 Further analysis of the action pattern for guiding the problem-solving process in the second lesson.

[image: Table 6]

In this fourth scene, the teacher again uses verbal impulses and his body language to focus his students’ attention in the plenary discussion. The teacher pays attention to appropriate formulations in order to avoid misunderstandings in the mathematical language.

Overall, the routinized pattern of action that can be observed in both problem-solving lessons can be described as follows: The teacher interrupts his students’ problem-solving process after a certain time and initiates a teacher-centered plenary discussion in which he works out the generalization of mathematical ideas step by step/inductively together with the students. Depending on the problem-solving task, he draws on a minimal example and works out the structural nature of a mathematical solution approach. His focused intervention is based on the students’ previous results and he uses various stimuli in the form of language, body language and artifacts to focus his students’ attention. He integrates the students’ interim results into the development process in an activating way, placing particular emphasis on the use of mathematical terminology and also intervening to correct this. After he has verbally ensured the students’ understanding, he gives them an impulse for further work, in which the students generalize the solution approach independently and then releases them back into their problem-solving process.



RQ3: articulable elements of teaching practices

The video-stimulated recall lasted 27:40 min for T1, while T2 took 33:09 min. Both teachers were able to reflect in detail on their patterns of actions they were shown as a stimulus. In the following section, the results of T2 are discussed in order to provide a comprehensive insight into the nature of the routinized action pattern described above. After watching the first video sequence [the “intermediate checks for understanding” (translated by authors, T2, R1, 4)], the teacher was asked about the reason for his routinized actions in this situation. He answered this question as follows:







	

	
“[…] many students made […] the same portion size in different patterns. So they placed the two parallel straight lines then diagonally parallel, almost parallel or something else, um, and not […] provided with an intersection […]. And that were just too many for me at that point.” (translated by authors, T2, VSR, 14).






The teacher therefore noticed in the sequence that many students did not take any further, goal-oriented solution steps after initially approaching the solution to the problem (perception), and he assessed the number of students with problems as too high (interpretation). In his opinion, it was therefore necessary to guide his students’ problem-solving process (decision making). So, in this turn T2 drew back on his situation-specific skills that were theoretically described by Blömeke et al. (2015).

He coped with this requirement with a focused, planned intervention (correspondence). In the lesson, he pursued the goal “that the [students] get a bit of a grip on the intersections for themselves” (translated by authors, T2, VRS, 14). The teacher goes on to specify this goal as follows:







	

	
“So […] that the number of sections could have something to do with the number of intersections, yes, I wanted to share that with them on the journey.” (translated by authors, T2, VRS, 18).






He therefore deliberately wanted the students to discover the connection between the number of sections and the number of intersections that arise when an object is divided by a straight line “until the bell rings” (translated by authors, T2, VRS, 18). T2 adaptively planned the corresponding intervention to achieve his goal based on his ad hoc perception in the lesson (plan). This becomes clear in his answer to the question about the degree of planning of his action, in which he describes the goal-oriented implementation of his action (enact).







	

	
“So […] the idea that it’s about the intersection actually only emerged at that point, um, to actually make it clear to the students that these different patterns [exist]. So it was more or less [a] reaction to what they brought.” (translated by authors, T2, VSR, 18).






However, in the video-stimulated recall, T2 initially reacted with laughter when asked whether he had achieved the goal he had pursued at the end of the lesson. He reflected that the students who had already drawn different patterns in the lesson were confirmed in their own approach by his intervention (reflect). The teacher went on to say that all the other students had probably realized that the straight lines could intersect, as they had “clearly corrected and supplemented” their initial work results with two or three intersections (translated by authors, T2, VSR, 24). By doing so, the teacher commented on all aspects of pedagogical reasoning, i.e. planning, enacting and reflecting (Carlson et al., 2020). Nevertheless, T2 limited the success of his practice in retrospect:







	

	
“But whether everyone really went out [with the realization of the connection between the number of intersections and the number of pieces] […] I don’t think so.” (translated by authors, T2, VSR, 22).






Thereby, T2 provides an example for the difference between reflection-in-action and reflection-on-action as described by Schön (1983).

Next, the teacher was asked about his cognitive dispositions, i.e. his professional knowledge (cf. Shulman, 1987) that he drew on in the situation presented. Instead of answering the relevant question directly, the teacher commented on various alternative courses of action that would have been available to him in this situation. For example, he described the question he asked his students as “completely improperly posed” and suggested “that it could be done better” (translated by authors, T2, VSR, 28). Accordingly, he has general pedagogical knowledge about the appropriate formulation of discussion impulses. He continues:







	

	
“And perhaps a demonstration of a perfect cut would certainly be useful at this point […]. You could also put an original object at the back [of the room], a perfectly cut one, then at least you have ok, how four [cuts] […] can look like.” (translated by authors, T2, VSR, 28).






This quote points to his pedagogical content knowledge present in the sequence, which refers to learning from the model or to the use of illustrative material figures and the change of representations (Bruner, 1967). Furthermore, the teacher showed at various points in the interview that he was able to draw on his mathematical content knowledge in the situation, as he was constantly aware that the solution to the problem had to do with the “intersection points” of the straight lines (cf. e.g. translated by authors, T2, VSR, 14, 28). This knowledge was also reflected in the explanation of the pattern of action that the teacher ultimately used to guide his students’ problem-solving process:







	

	
“[…] it’s […] about collecting together and trying to verbalize together what they [the students] actually have in their notebooks. And […] on the children’s side […] the mathematical terms are often missing or if they know them, they […] have not securely understood [them].” (translated by authors, T2, VSR, 28).






This explanation shows that the teacher is aware of the particular importance of mathematical language for learning mathematics in the situation, as emphasized by Haag et al. (2013) and Prediger (2019) (pedagogical content knowledge). According to him, it was important in the situation that as many students as possible took part in the whole-class discussion. This became clear in his answer to the question about his beliefs, which guided him in the presented situation:







	

	
“[…] I believe that the students pay more attention or pay better attention when more of their [results] are involved.” (translated by authors, T2, VSR, 30).






At other points in the video-stimulated recall, it became clear that the teacher was also guided by other aspects of his affect (Philipp, 2007), i.e. his emotions and attitudes. For example, he explains the degree of awareness and spontaneity of his actions like this:







	

	
“I would like to finish by the bell, at least with one result. And I would have been highly dissatisfied if […] most of the class […] had drawn the same thing six times in different ways. That would not have been an acceptable goal for me.” (translated by authors, T2, VSR, 18).






In addition, the teacher was asked about his development of expertise, i.e. the (structural) changes that he had observed in himself in relation to this pattern of action over time. The teacher replied that after 30 years of professional experience he had noticed a “strong emphasis on […] system-steps or structures” (translated by authors, T2, VSR, 38) in a problem’s solution. He claimed this is “the decisive factor” in teaching (translated by authors, T2, VSR, 40) and explained:







	

	
“More children succeed in synthesizing [the individual steps] into a solution than if you only tell them that there is this solution. […] These [system-steps] are […] partly […] calculation tools, but partly just really structural steps [of the solution]. And that’s why I’ve become more of a fan of this.” (translated by authors, T2, VSR, 40).






The teacher reported that, as part of his professional activity, he had learned to concentrate on the structural nature of a task or a (multi-step) solution when guiding the problem-solving process. Proceeding inductively using minimal examples is particularly suitable for this. In this way, his students learn heuristic strategies that they can also transfer to other problems (Rott, 2015). According to the teacher, this was “in contrast” to what he had learned in teacher education (translated by authors, T2, VSR, 40). He therefore pays “rather more” attention to this aspect of the practice today compared to the past (translated by authors, T2, VSR, 40).

After this report, the teacher was shown the video clip from his second lesson on problem solving. When the teacher was then asked about the similarities and differences between the two video clips, he replied:







	

	
“They are […] totally different, because in the first lesson many [students] have grasped a large part of the problem, but not in its entirety in order to progress. […] In the [second] lesson [.…] the term ‘square number’ […] is not explained […] [and] many numbers were simply used twice. […] So that wasn’t the basic idea of the task at all.” (translated by authors, T2, VSR, 46).






The teacher therefore notices clear differences between the two lessons: In the first lesson, the students have already successfully completed the first phase of the problem-solving process, i.e. understanding the problem (cf. e.g. Pólya, 1949; Schoenfeld, 1985). The teacher therefore only had to offer them a mathematical stimulus for solving the problem. This was not the case in the second lesson: Here, the teacher first had to give the students access to the understanding of the problem. Nevertheless, at the end of both situations, the students “went in the direction” (translated by authors, T2, VSR, 48) that the teacher had intended.



RQ4: empirical reconstruction of teaching practices

For the empirical reconstruction of a specific teaching practice in the step of data triangulation, the so far gained findings regarding RQ1–RQ3 were integrated into a joint display (Figure 3). Thereby, this informative figure also related to the theoretical model of practices as presented in Figure 2 (cf. Brungs et al., 2023).


[image: image]

FIGURE 3
Reconstructed practice of guiding the problem-solving process.


On the left-hand side of Figure 3, the specific elements of teaching practices addressed by RQ1–RQ3 are listed. They represent the different perspectives on teaching practices in teacher professional research and also reflect on the different ways to approach (elements of) practices empirically. Therefore, right next to it, the qualitative methods used to collect and evaluate data in order to answer RQ1–RQ3 are presented. In the middle of Figure 3, exemplary results for the specific teaching practice T2 used to guide the problem-solving process of his students are illustrated. These results are described in more detail above, but seeing parts of it in this joint display shows another important thing: The theoretical model for practices (Figure 2) was validated in this study, as for every constitutive element of a teaching practice empirical evidence was found. This means, the different approaches to answer RQ1-RQ3 complement each other on a methodological level.

However, it is also important to look at complementary findings regarding the different approaches: At the methodological level, the reconstruction of the above practice showed that the teachers’ self-reports could complement the analysis of the video-based classroom observations: T2, for instance, described the promotion of mathematical language as a recurrent pattern of action, but this turned out to be an immanent part of other practices, such as guiding the problem-solving process, when analyzing the video data. Comparing the video data with the video-stimulated recall data, more differences could be identified. For example, in the case of T2, a discrepancy between the reflection in the situation and the reflection after the lesson is recognizable: In the situation, the teacher classified his practice of guiding the problem-solving process as successful, as he continued his lesson without further interruptions. In the video-stimulated recall, he explains that in the moment after his intervention he noticed a clear revision of his students’ products, which in his opinion no longer required any further guidance. Now, the teacher expressed doubts as to whether he had actually brought his students closer to solving the problem.




Discussion

In this study, a sequential multi-method design was chosen to empirically reconstruct teachers’ practices using the example of teaching problem solving. The methodical approaches of video-based classroom observations, interviews and video-stimulated recalls were combined in order to illuminate practices from different research perspectives (Escudero and Sánchez, 2002; Even and Schwarz, 2002). In this way, differentiated insights into the self-reported, observable and articulable elements of practices could be gained and integrated into an interconnected whole at a superordinate level (Simon and Tzur, 1997). The similarities and differences between the various data sets were also analyzed, which increased the validity of the results and provided a holistic understanding of teaching practices.

Despite the advantages of a multi-method design, we are confronted with limitations in this study. Practices are an extremely complex research topic, and even with a multi-method approach, it is not certain that the numerous variables involved will result in a coherent picture. Furthermore, the brevity of the observed lesson only ever reflects a moment of the professional expertise of teachers, and it is difficult to draw generalizable conclusions from only two observed lessons. Finally, practices are also linked to years of professional experience, a teacher’s personality and the cultural context, which we were unable to take into account. Additionally, there can also occur some methodological limitations. For example, the integration of different data sources can lead to conflicts of interpretation that require careful and transparent analysis. Thereby, social desirability and retrospective biases should be taken into account as well, as teachers in the moment reflections might be different from the rationalizations and reflections teachers make in an interview situation. In our example of a reconstructed practice we also discovered complementary results that require a differentiated analysis of practices. In addition, the implementation and evaluation of such a multi-method design is time-consuming and resource-intensive, which limits the number of cases examined. In our case study we only analyzed a small sample of two mathematics teachers. This makes it difficult to generalize our findings across diverse educational contexts. However, this was not the primary aim of our study. Instead, we focused on an exploratory study design that enables an empirical reconstruction of teaching practices by using multiple methodical approaches.

Overall, the sequential multi-method design provided a valuable framework for the empirical reconstruction of teaching practices as a complex construct in teacher professional research (Charalambous and Delaney, 2020; Lampert, 2010; Brungs et al., 2023). By combining different methodical approaches, this study empirically validated our conceptual model and enabled a nuanced description of teaching practices as manifestations of teachers’ professional competencies—such as their professional knowledge, beliefs, and decision-making processes (Kunter et al., 2013; Blömeke et al., 2015), —and contributed to a sharper conceptual understanding of practice as a central dimension of teacher expertise (Brungs et al., 2023; Prediger, 2019). More specifically, our findings offer empirical insight into how experienced teachers orchestrate problem-solving instruction and flexibly adapt their practices. This differentiation provides a starting point for characterizing teaching practices not just by their surface structure, but by the underlying pedagogical intentions and responsiveness. It also points to the importance of reflective teaching, as articulated in Schön’s theory of the reflective practitioner (Schön, 1983), and underscores the role of situated expertise in complex teaching environments (Hiebert et al., 2002; Carlson et al., 2020).

These findings have also implications for mathematics teacher education. By using the empirically grounded model of teaching practices developed in this study, it becomes possible to describe and analyze teaching practices—especially those related to problem-solving lessons—in more detail. Based on this model, a catalog of well-understood, research-based practices could be compiled in future research.

Such a catalog could be used in the professional development of (prospective) mathematics teachers, like it is already done e.g. in the U.S. (Grossman and McDonald, 2008). With this, (prospective) mathematics teachers get the chance to approximate teaching practices in less complex settings than real mathematics lessons (Grossman and McDonald, 2008). For example, they can rehearse a specific teaching practice in a role play and get individual feedback on their performance. By doing so, they can develop new practices over a longer period of time or they can improve their practices. This could mean that they learn how to possibly adapt their already developed teaching practices to the specific needs of a certain students or to a specific situation in their problem-solving lesson.

Future research could build on this study and expand it by including a larger sample of teachers and exploring how different levels of teaching experience influence the development and refinement of teaching practices. In doing so, the theoretical model used here could be further validated and differentiated.
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Descriptions

1.4

(Min 24:35-28:14)

After collecting two different
solutions, the teacher asks the
students about the difference
between them using pointing
gestures. A plenary
discussion develops until the
teacher puts the central idea
into words. He then
motivates his students to
continue working with the
words: “All right? Ok, here
we go!”
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Descriptions

1.1

(Min. 22:31-23:00)

After 20 min, the teacher
initiates a “short pause for
reflection” by looking at the
time and clapping his hands.
He stands in front of a
projection of the students’
worksheet with the solution
for a pattern with one
straight line drawn on it. The
eacher asks: “Who can draw
me a possible pattern with
two straight lines?”

1.2

Some students come forward.
The teacher hands a student a
pen and a tablet and she
draws a pattern on it, which

is digitally transferred to the

board at the same time.

1.3

(Min 23:21-24:34)

The teacher asks by looking
at the student and saying her
name, how many people

would get enough to eat. She

answers “four;” writes it on
the tablet and the solution
appears on the board. After
praising her, the teacher takes
another student’s turn to
enter a pattern for a different

number of people.
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2.4

(Min 17:44-19:40)

Description

Next, the teacher asks
about the square
numbers on the board
and another plenary
discussion develops.
Then, he underlines a
correct answer on the
board and asks which
numbers can be placed
next to each other
according to this. After
the correct answer was
given, the teacher works
out the difference
between his minimal
example and “Marco’s
number line.” As one
student points out that
there are different
numbers available, the
teacher ends the whole
class discussion and
releases the students back
into their
problem-solving process
by saying: “Here we go!”
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2.1

Descriptions

After 15 min, the teacher
rings a bell standing next to
the blackboard and a
projection of the students’
problem. He says: “I'd like to
give you some help because I
think you’re thinking all
wrong.” Then he asks his
students for a task

explanation.

2.2

Some students come forward.
The teacher takes on a
student and she explains that
the task is about finding the
number of squares. After an
immediate interruption by

the teacher, the student
corrects herself and describes
t!

he search for an order of the

@

quare numbers. The teacher

nods, but then asks for a

different explanation.

2.3

(Min 16:59-17:43)

‘When no one answers, the

teacher turns to the board
saying: “T’ll give you an
example.” He starts writing
down a solution for the
number series 1-2-3-4-5.
Meanwhile, he involves the
class by providing
accompanying explanations
and allowing them to
contribute to the solution.
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Cube melting task: Two metal

cubes with a given integer edge
length, e.g. 2 cm and 4 cm are
melted together to a cuboid.
Which integer dimensions
could have such a cuboid? Find
all the possibilities.

Straight lines and areas: You
have a rectangle. If you draw
a straight line through the
rectangle, you get two areas.
If you draw two straight lines
hrough the rectangle, you
get three or four areas (see
he following pictures):

[ 4

Try to get as many areas as

possible if you have three and

four straight lines!

(Bruder, 2003)

(Hodnik Cade? and Kolar,
2016)

Rabbits and chickens: A small
animal breeder has a total of 37
animals, rabbits and chickens.
The total number of legs is 114.
How many rabbits and how

many chickens are there?

Marco’s number line: Marco
wants to write all the
numbers from 1 to 15 in the
15 boxes so that the sum of
each pair of adjacent
numbers results in a square
number: If, for example, the
numbers 10, 6 and 3 are in
hree consecutive boxes, the 6
ogether with both the 10 in
he neighboring box on the
eft (10+6 = 16) and the 3 in
he neighboring box on the

right make a square number
(6+3 =9). How can Marco fill
his 15 boxes?

Hint: 16 and 9 are square
numbers, as 16 =4 x 4 and
9=3x3.

(Arbinger, 1997)

(Rott, 2015)
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Characteristics

Teacher 1 (T1)

Teacher 2 (T2)

Sex Male Male
Age 39 years old 55 years old
Experience as a teacher 13 years 30 years






