

[image: image1]
ChatGPT's perspectives on real numbers, straight lines, and probability—A quantitative study on the influence of prompting












	
	ORIGINAL RESEARCH
published: 17 July 2025
doi: 10.3389/feduc.2025.1577322






[image: image2]

ChatGPT's perspectives on real numbers, straight lines, and probability—A quantitative study on the influence of prompting

Frederik Dilling*

Mathematics Education, University of Siegen, Siegen, Germany

Edited by
Thorsten Scheiner, Australian Catholic University, Australia

Reviewed by
Maurice H. T. Ling, University of Newcastle, Singapore
 Hanan Almarashdi, Yarmouk University, Jordan

*Correspondence
 Frederik Dilling, dilling@mathematik.uni-siegen.de

Received 15 February 2025
 Accepted 23 June 2025
 Published 17 July 2025

Citation
 Dilling F (2025) ChatGPT's perspectives on real numbers, straight lines, and probability—A quantitative study on the influence of prompting. Front. Educ. 10:1577322. doi: 10.3389/feduc.2025.1577322



Large language models like ChatGPT are currently a hot topic in mathematics education research. Various analyses are available on the correctness of mathematical responses and on performance in problem solving or proving contexts. However, the adequate representation of mathematical content in the responses has not yet been sufficiently considered in research. This article addresses this desideratum using the approach of belief systems about mathematics. For this purpose, four perspectives on mathematics are distinguished—the formal-abstract, the empirical-concrete, the application and the toolbox perspective. A qualitative content analysis of 450 ChatGPT responses to the mathematical concepts of real numbers, straight lines and probability and the subsequent quantitative evaluation with chi-square tests showed that the empirical-concrete perspective occurs much more frequently than the other perspectives and the formal-abstract perspective is found very rarely in comparison. The use of appropriate prompts can significantly increase or decrease the occurrence of perspectives. There are also significant differences between the mathematical concepts. The concept of a straight line is significantly more often defined in terms of the empirical-concrete and less often in terms of the formal-abstract perspective compared to the other concepts.

Keywords
artificial intelligence, beliefs about mathematics, ChatGPT, generative AI, large language models, prompting


1 Introduction

The use of generative artificial intelligence (AI) in education is currently a hotly debated topic. In particular, large language models (LLMs) such as ChatGPT, Google Gemini or Microsoft Copilot are the focus of attention. LLMs are linguistic models that have been trained with a huge amount of text data and are intended to simulate natural communication via text. With the help of probability trees, answers (so-called responses) to user requests (so-called prompts) are generated. For this purpose, probabilities are assigned to the various words and smaller text parts, which describe the relation to the other words and text parts from the prompt and the responses already generated. Although the system was trained for linguistic knowledge, it can also contain rational knowledge from the training data (Petroni et al., 2019). Nevertheless, knowledge databases are not accessed directly for the responses; the knowledge comes solely from the trained linguistic model, which can also result in the output of incorrect information.

The AI-technology is expected to have a significant impact on education, with some authors even predicting a revolution (Wardat et al., 2023; Vandamme and Kaczmarski, 2023). Kasneci et al. (2023) describe the opportunities and challenges that they see arising from the new technology. On the one hand, there is the enhancement of assessment and evaluation, lesson planning, language learning, research and writing, and professional development of teachers. On the other hand, there are challenges such as copyright issues, bias and fairness, and the possibility that teachers and students become too reliant on generative AI. The use of generative AI is also being considered in mathematics education research, although the research is still in its early stages. However, it has been shown in various tests and studies that LLMs can generate mathematically correct responses in many cases and that this can be influenced by prompting (e.g., Wei, 2024; Schorcht et al., 2024). The rapid technical development in this sector suggests that mathematical errors will further decrease in future.

The mathematical correctness of the responses is certainly a prerequisite for LLMs to become an adequate tool for teaching mathematics. This issue did not need to be addressed at all with previous tools such as computer algebra systems, calculators, spreadsheets or dynamic geometry software. It was obvious, that these deterministic systems always provide a unique and mathematically correct solution. In addition to the generation of potentially incorrect answers, another aspect distinguishes LLMs from classic digital mathematics tools. The response does not only provide a solution given in the form of a number, a formula or a geometric drawing, but it is also interpreted, analyzed, explained or classified in the context of the prompt. LLMs are not limited to performing simple calculations or construction tasks; rather, they can also answer conceptual questions about mathematical concepts and situations. This means that they are not just a tool, but also a resource that can teach students new and already known knowledge, like a schoolbook, online learning videos or learning websites. In this context, it is also important to always check whether the information presented is mathematically correct. However, another crucial component is added with the adequate presentation of the mathematical situation. The same mathematical content can be presented quite differently in different contexts, for example, in a rather formal and abstract way in a university textbook, with a strong reference to the real world in a school textbook, or prototypically by emphasizing schematic aspects in an online learning video. All these forms of presentation can be mathematically correct and yet offer a different perspective on mathematics. These different perspectives can be described using the theoretical framework of belief systems about mathematics (e.g., Schoenfeld, 1985; see Section 2.2).

From this point of view, this article aims to investigate the perspectives on mathematics provided by the responses of the well-known LLM ChatGPT. To answer this, the next section first provides an insight into research on LLMs in mathematics education and belief systems about mathematics. Subsequently, an empirical study is presented in which responses to the three mathematical concepts real numbers, straight line, and probability are coded with regard to four previously defined perspectives on mathematics. A quantitative analysis of the codings reveals the influence of the used prompts and the mathematical concepts, as well as general differences in the occurrence of the four perspectives on mathematics. The results are discussed in the context of the state of research and a conclusion and an outlook are formulated.



2 Theoretical background


2.1 Large language models in mathematics education

Research on LLMs in mathematics education is still in its infancy and has largely emerged in the wake of the release of ChatGPT 3.5 and the resulting societal hype. However, the use of AI for mathematical learning has been discussed for several years, albeit more from the perspective of learning analytics or machine learning and with a strong developmental focus (Chen et al., 2020; bin Mohamed et al., 2022). The following discussion is focused on the use of LLMs and not AI in general. The discussion will be structured along the familiar model of the didactic tetrahedron. The didactic tetrahedron has been described in a similar way by many different authors and used to analyze empirical data (see the literature review in Ruthven, 2012). It consists of four corners, which stand for the fundamental elements of mathematics teaching: teacher, learner, mathematics and technology. Between these elements, there are many relationships, which are represented by the edges and triangular surfaces of the tetrahedron.

The theoretical discussions and empirical studies on LLMs in mathematics education that have been found so far relate to the use of LLMs by teachers (Technology-Mathematics-Teacher), the use of LLMs by students (Technology-Mathematics-Learner) and the analysis of LLMs with regard to mathematical capabilities (Technology-Mathematics).

Research on teachers' use of LLMs in mathematics (Technology-Mathematics-Teacher) focuses on LLMs as a tool for designing mathematics lessons. It can also be seen that pre-service teachers have been the focus of attention so far, rather than in-service teachers. Buchholtz and Huget (2024) have investigated how pre-service teachers use ChatGPT to develop mathematics lesson plans. For this purpose, the pre-service teachers were given initial prompts, which included a framework for planning lessons in five steps and specific instructions for the interaction between ChatGPT and the user. The results show that the pre-service teachers used ChatGPT in very different ways. The spectrum ranged from simply accepting the generated suggestions to consciously adapting them and making theoretically well-founded decisions. The quality of the developed lesson plans depended in particular on the adaptations made by the pre-service teachers, since the suggestions generated by ChatGPT mostly corresponded to a rather standardized teaching approach. The planning dialogue with ChatGPT was able to trigger reflection processes among the pre-service teachers in which they reconsidered their planning decisions.

Baumanns and Pohl (2024) address problem posing as a specific aspect of lesson planning. In a qualitative study, they examined the interaction processes of five pre-service teachers when creating a simple, a moderate and a difficult math problem based on a given problem on Hasse diagrams. The pre-service teachers worked with a special megaprompt, so that ChatGPT functioned more as an assistant and asked targeted impulse questions to the pre-service teachers. Baumanns and Pohl were able to reconstruct three ways of using ChatGPT. First, the pre-service teachers used ChatGPT as a collaboration partner to jointly develop ideas and reflect on them. A second way of using it was in discussions in the area of pedagogical content knowledge, in which ChatGPT asked for subject-specific justifications. The last reconstructed way of using ChatGPT was to support the linguistic formulation of the problems, for example by rephrasing them in simpler language.

Noster et al. (2024a) also studied pre-service teachers creating tasks. However, their study specifically focused on developing tasks in which ChatGPT is used as a tool. Although the results show that different ways of using ChatGPT appear in the tasks (e.g., generation of data sets, comparison of fractions, mathematical modeling), overall, the specific characteristics of the technology are not adequately considered by the pre-service teachers, e.g., that the responses of ChatGPT are not always correct.

Research on students' use of LLMs (Technology-Mathematics-Learner) tends to focus on university students and examines how they use technology in mathematical activities such as proving. Yoon et al. (2024) conducted three clinical interviews with undergraduate mathematics students in which the students were asked to prove six selected mathematical statements using ChatGPT. They found that the students' engagement with ChatGPT was significantly influenced by three factors: the students' different conceptions of mathematical proofs had particular effects on the evaluation of the responses and their integration into the final proof. The conceptions of ChatGPT influenced how ChatGPT was used (e.g., the revision of prompts). Finally, ethical considerations were relevant in determining whether and how ChatGPT should be integrated into the students' learning process.

Park and Manley (2024) have examined the proof-checking of university students with the help of ChatGPT. A sample of 29 students first independently developed statements and arguments to determine the area of a triangle from its side lengths. After that, the arguments were revised with the help of ChatGPT. By comparing the original and final arguments and analyzing the students' statements about using ChatGPT as a proof assistant, Park and Manley were able to show that the students mostly agreed with ChatGPT's suggestions and revised the arguments accordingly to improve clarity, provide additional justifications, and show the generality of their arguments.

Dilling and Herrmann (2024) have also investigated the use of ChatGPT as a proof assistant in geometry at university. By analyzing 162 chats of students on the proof of two well-known geometric theorems, nine different prompting types could be identified. Most commonly, students asked directly for the proof or asked follow-up questions to the previous responses. Other prompts included questions about specific mathematical concepts or theorems, requests for feedback on their own proof ideas, requests for a different proof, questions about the premises of the proof, or the output of a graphic visualization.

Noster et al. (2024b) also came to similar conclusions, observing 11 pre-service mathematics teachers while they worked on four mathematical tasks from the fields of arithmetic and probability theory with ChatGPT. They identified six different prompting techniques: the students most often formulated zero-shot prompts, frequently also by directly copying the task as a prompt. The repeating of prompts (regeneration of a response or using the same prompt again), the use of ChatGPT as a calculator for performing simple calculations, and the change of languages between German and English were also found quite frequently. Only occasionally, students used few-shot prompts (e.g., similar tasks with solutions) or asked for feedback on their own solution.

Dilling et al. (2024a) examined the use of ChatGPT by middle school students when proving the theorem of the sum of interior angles in a teaching experiment. They were able to determine various forms of communication and interaction with and about the LLM. The interaction with the LLM was used by the students to verify their own conclusions and to ask for visualizations, and typical for this form of communication was the regeneration of prompts and the reviewing of previous responses. The communication between the students about ChatGPT included reading out of the response, questioning the response, identifying errors, discussing responses and comparing the response to previous solutions. The role of the teacher was also considered in the teaching experiment. He particularly attracted attention by checking the ChatGPT responses for correctness and adequacy, highlighting incorrect aspects, and excluding too difficult mathematical topics that occurred in the chats. Overall, the teaching experiment showed that although ChatGPT produced many logical errors in the argumentation, this nevertheless provided an engaging learning opportunity for the students.

Most of the studies on Large Language Models in the field of mathematics directly examine the systems' mathematical capabilities without involving students or teachers (Technology-Mathematics). Many of these studies use publicly available tasks from well-known tests such as national or international final exams, comparative tests, or admission tests. As an example, the relatively current study by Wei (2024) should be mentioned here, which assessed the capabilities of ChatGPT-4 and ChatGPT-4o in solving mathematics problems from the National Assessment of Educational Progress (NAEP) in grades 4, 8, and 12. The results show that ChatGPT-4o performs slightly better overall than ChatGPT-4, and both systems perform better than the average U.S. student in the respective grades. Furthermore, the author notes that the LLMs perform significantly worse in geometry and measurement than in algebra and that more difficult mathematical tasks are generally solved worse by the LLMs.

In a systematic evaluation, Dilling (2024a) examined the potential of ChatGPT-4 as an assessment and feedback tool from a mathematics education perspective. The analysis of different sample tasks and solutions in the context of linear algebra and analytic geometry showed that ChatGPT offers a remarkable amount of potential for formative assessment and feedback in this field. All operations that can be performed by a computer algebra system can also be performed by ChatGPT by connecting to Python or Wolfram Alpha. Furthermore, the used prompt largely determines the form and content of the feedback, the correctness of the assessment and the extent to which the response is adapted to the feedback receiver. In general, the system was able to provide correct and didactically useful feedback in many but not all cases.

However, LLMs still have difficulty with more complex mathematical problem-solving, as can be seen, for example, from the studies by Getenet (2024) and Schorcht et al. (2024). However, the process-related and content-related quality could be increased in the study by Schorcht et al. (2024) by using appropriate prompting techniques (e.g., chain-of-thought prompting) and by using a suitable LLM version (ChatGPT-4 performed better than ChatGPT-3.5). Beside problem-solving, mathematical proofs generated by ChatGPT are not reliable and often contain logical errors (Dilling et al., 2024a; Dilling and Herrmann, 2024).

The mathematical correctness of LLM responses is thus being examined in detail in research and is also a key concern in the further development of the established LLMs. For example, in September 2024, OpenAI released the GPT-4o1 model, which was specifically trained for complex reasoning and implemented a chain-of-thought approach (OpenAI, 2024). However, the adequate presentation of (at best correct) mathematical content in LLM responses has only been considered in a few studies so far. Dilling (2024a) considered this aspect as briefly described above from the perspective of appropriate and individualized feedback. Another study that addresses appropriate presentation comes from Peters and Schorcht (2024). They examined how given mathematical tasks can be improved with the help of appropriately prompted ChatGPT agents. They considered the aspects of mathematical content, linguistic sensitivity, competence orientation, and differentiation. The tasks created with ChatGPT were evaluated by in-service teachers as human experts. It was found that AI-generated problem-based tasks were rated better than the original tasks in 61% of all cases, while tasks requiring basic competencies were rated better in only 28% of the cases. An important reason why teachers decided on the original tasks was their short length and concise presentation of information. Reasons for selecting the AI-generated tasks included the concrete call for action, the presentation of solution approaches and the motivational context.

Despite these initial studies, which consider the presentation of mathematical content in specific contexts such as giving feedback or generating tasks, there is a research gap in terms of which perspectives on mathematics and mathematical concepts are opened up by LLMs. This article aims to approach this fundamental question from the position of belief systems about mathematics.



2.2 Belief systems about mathematics

In this article, LLMs are analyzed in the context of the approach of beliefs systems about mathematics. Belief systems can be defined according to Schoenfeld (1985) as follows:

Belief systems are one's mathematical world view, the perspective with which one approaches mathematics and mathematical tasks. One's beliefs about mathematics can determine how one chooses to approach a problem, which techniques will be used or avoided, how long and how hard one will work on it, and so on. Beliefs establish the context within which resources, heuristics and control operate. (Schoenfeld, 1985, p. 45)

Beliefs and belief systems are a central subject of investigation in mathematics education research and they are assumed to have a significant influence on mathematical teaching and learning processes (Goldin et al., 2009). In a normative sense, Green (1971) considers the shaping of students' mathematical belief systems to be one of the key goals of teaching:

Teaching is an activity which has to do, among other things, with the modification and formation of belief systems. If belief systems were impervious to change, then teaching, as a fundamental method of education, would be a fruitful activity. (Green, 1971, p. 48)

The research literature often emphasizes the importance of teachers' beliefs, which significantly influence the development of students' beliefs (e.g., Grigutsch et al., 1998). The influence of teachers' beliefs on students' beliefs has been empirically proven in a number of empirical studies (e.g., Carter and Norwood, 2010; Muis and Foy, 2010). Other factors, such as the design of teaching materials, are less easy to measure directly in empirical studies—nevertheless, a long-term influence can be assumed. If LLMs will have a significant influence on the learning of mathematics in and outside the classroom in the future, it is also important to have a look on the perspectives on mathematics presented by this technology.

A basic assumption of research on belief systems about mathematics is that the belief systems of different individuals can be described as sufficiently similar and can therefore be categorized accordingly. Goldin (2002) uses the phrase “socially or culturally shared belief systems” (p. 64). Based on this assumption, theoretical and empirical approaches have been developed to categorize possible types of mathematical belief systems, each of which focuses on different characteristics.

Building on the research on the categorization of prototypical belief systems about mathematics, four perspectives will be described in more detail here (Dilling et al., 2024b; Dilling, 2024b). This is explicitly not an exhaustive description—many other belief systems or perspectives can be described by looking at other characteristics. Furthermore, the belief systems and perspectives are not mutually exclusive and combinations can occur.

The formal-abstract perspective (FA) corresponds to the commonly accepted scientific way of practicing and understanding mathematics. It is characterized by a strictly deductive and abstract approach. In addition, there is a complete separation of mathematics and reality, which can be achieved through the formulation of axioms as propositional patterns. The formal-abstract perspective can be found in particular at universities and was established with the work of David Hilbert on the foundations of geometry. A similar characterization of a formal-abstract belief system can be found in various places in the literature. For example, Schoenfeld (1985) compared the beliefs of mathematicians and students when solving problems, whereby the belief system of the mathematician describes the formal-abstract perspective. Grigutsch et al. (1998) characterized the formalism aspect with 12 different items and identified it as a frequently encountered perspective in a survey of teachers. Dionne (1984) distinguishes three views of mathematics on a theoretical basis, including the formalistic view, in which doing mathematics means developing rigorous proofs, using precise and exact terminology and standardizing concepts. In his framework of the three worlds of mathematics, Tall (2013) describes the world of axiomatic-formalism as “building formal knowledge in axiomatic systems specified by set-theoretic definition, whose properties are deduced by mathematical proof” (p. 133). Dilling (2022), Stoffels (2020), and Witzke and Spies (2016) emphasize the separation of mathematics from reality as a characteristic feature of a formal-abstract belief system.

The empirical-concrete perspective (EC) is a kind of opposite to the formal-abstract perspective. In this perspective, the objects of investigation in mathematics originate from empiricism (e.g., function graphs, drawing sheet figures, dice experiments) and the mathematical theory is ontologically bound to these. Mathematical propositions can be described within a theory, but the axioms and definitions refer directly to empirical objects. According to recent studies (e.g., Witzke and Spies, 2016), students at school and at the beginning of their university studies often hold such a belief system about mathematics, which can be attributed to the way mathematics is taught at school. In Schoenfeld's (1985) problem-solving case studies, the students' belief system corresponds to an empirical perspective on mathematics. However, Schoenfeld speaks of “pure empiricists,” as he did not observe any logical deductions or genuine theorizations. In Tall's (2013) three worlds framework, there is a world of conceptual embodiment, which describes the development of mathematical knowledge “building on human perceptions and actions” (p. 133). Dilling (2022), Stoffels (2020), and Witzke and Spies (2016) also describe an empirical-concrete belief system, which is about substantial mathematical theory development based on empirical objects.

The application perspective (A) is about the application of mathematical concepts and theorems in reality. This takes place, for instance, in applied sciences, but also in everyday life. Grigutsch et al. (1998) describe this in the so-called application aspect with items such as “Mathematics helps to solve everyday tasks and problems” or “Mathematics has a general, fundamental benefit for society” (p. 17). Witzke and Spies (2016) describe the application orientation, which focuses on extra-mathematical applications and mathematical modeling. As an anchor example, they cite the answer of a student who describes the concept of the inflection point in calculus with reference to the water level in a reservoir.

The toolbox perspective emphasizes the application of rules, formulas and procedures in a schematic way. Ernest (1989) describes this as the instrumentalist view (“mathematics is a useful but unrelated collection of facts, rules and skills”, p. 21)—Dionne (1984) uses the term traditional view. In the study by Grigutsch et al. (1998), the schema aspect is characterized, for example, with the item “Mathematics is a collection of procedures and rules that specify exactly how to solve tasks” (p. 19). Witzke and Spies (2016) cite the derivation of functions using derivation rules as an example of the toolbox orientation.

Brief descriptions of the four perspectives on mathematics, which also appear as definitions of the categories in the later analysis, can be seen in Table 1.

TABLE 1  Definition of the four perspectives on mathematics considered in the empirical study.


	Perspective
	Definition





	Formal-abstract
	Mathematical concepts are based solely on axioms and are strictly separated from reality.

 
	Empirical-concrete
	Mathematical concepts are defined with reference to empirical mathematical objects, e.g., function graphs or drawing sheet figures.

 
	Application
	Mathematical concepts are used to describe real world phenomena, e.g., in applied sciences or in everyday life.

 
	Toolbox
	Mathematics is about applying rules, formulas, and procedures in a schematic way.






At first glance, it may seem somewhat unusual to apply a psychological concept such as that of beliefs to the study of a technology like LLMs. It is not assumed that an LLM—such as ChatGPT in the present case—possesses human characteristics or an actual belief system. Rather, the premise is that certain perspectives are conveyed through its responses: the LLM represents mathematical concepts in a specific manner, for example by formulating axioms or referencing real-world situations. Whether this representation is consistent is one of the key questions addressed in this study.

This gives rise to the hypothesis that individuals who interact with the LLM in mathematical contexts (e.g., students in mathematics education) may develop or be supported in developing certain conceptions of mathematics. These, in turn, form the basis for the development or further development of their belief systems about mathematics. The concept of beliefs—extensively studied and well-established in mathematics education research—provides a useful framework for distinguishing between different perspectives on mathematics and for making them accessible to empirical investigation.



2.3 Research questions

On the basis of the literature review on LLMs in mathematics education, a research gap was identified with regard to the presentation of mathematical content, which can be addressed with the approach of belief systems about mathematics (see Table 1). Against this background, the following main research question is explored in this article:

Main RQ: Which perspectives on mathematics are presented in ChatGPT responses?

This research question can be subdivided into three sub-questions. First, differences in the occurrence of the four perspectives should be identified:

RQ 1: Are there significant differences in the occurrence of the perspectives on mathematics in ChatGPT responses?

This question is interesting because various empirical studies have examined the occurrence of typical belief systems in certain groups of individuals. For example, Grigutsch et al. (1998) found that teachers on average identify more strongly with the application perspective (or application aspect) and less with the toolbox perspective (or schema aspect). At the same time, they found that the toolbox perspective is often associated with a formalistic approach to mathematics, while the application perspective is associated with a process-oriented approach. Concerning students in school and early university studies, Dilling (2022), Stoffels (2020), and Witzke and Spies (2016) primarily identified the presence of the empirical-concrete perspective.

Another aspect to be investigated in this study is the influence of prompting on the occurrence of perspectives:

RQ 2: What influence do different prompt formulations have on the occurrence of perspectives on mathematics?

The literature review in Section 2.1 showed that prompting and the use of prompting techniques have a decisive influence on the responses generated by an LLM, for example in terms of mathematical correctness (e.g., Schorcht et al., 2024; Dilling, 2024a). In addition, research to date shows that students have so far only used very simple prompting strategies and that there is a great need for the development of meaningful prompting strategies for mathematics education (e.g., Dilling and Herrmann, 2024; Noster et al., 2024b).

Finally, the extent to which perspectives on mathematics differ in responses to different mathematical concepts will also be investigated:

RQ 3: What influence do different mathematical concepts have on the occurrence of perspectives on mathematics?

Since LLMs were primarily developed for communication in text form and are also mainly based on text data, it can be hypothesized that symbolically represented mathematical content can be processed more easily by LLMs. Actually, the study by Wei (2024) shows that ChatGPT performs significantly better on tasks in the field of algebra than in geometry and measurement. Therefore, with regard to perspectives on mathematics, one could also assume that these differ in different mathematical fields or for different mathematical concepts.




3 Methodology


3.1 Data sampling

A systematic analysis of the LLM ChatGPT-4 was carried out in February 2024 in order to investigate the above research questions. For data collection, a total of 450 inputs were made in English using 15 different prompts. The prompts were sent to ChatGPT within 3 days using three different ChatGPT accounts—no information was stored as metaprompts in the settings of the accounts. Each prompt was sent in a separate chat to avoid references to previous input. At the time the data was collected, ChatGPT was unable to reference or link information across separate chat sessions.

The 15 different prompts referred to three different mathematical concepts—real numbers, straight lines and probability. The use of basic concepts is a common approach in beliefs research, as these are particularly suitable for distinguishing between belief systems (see, e.g., Witzke and Spies, 2016). Furthermore, the three concepts come from different mathematical fields and thus represent a certain range of mathematics. The three basic prompts were formed by the questions: “What are/is a real number/straight line/probability in mathematics?” In subsequent entries, the basic prompts were expanded with four distinct additions, each designed to evoke one of the perspectives on mathematics, e.g., “rigorously formal” or “graphically.” The complete list of prompts can be seen in Table 2. Each of these prompts was entered 10 times by each account, which corresponds to 450 prompts. In the chats, there are 450 ChatGPT responses as answers to these prompts, which formed the database for the analysis. However, due to data losses, only 446 responses were accessible for the analysis.

TABLE 2  List of prompts used for data collection.


	0.1: What are real numbers in mathematics?



	0.2: What is a straight line in mathematics?

 
	0.3: What is a probability in mathematics?

 
	1.1: How can real numbers be defined rigorously formal in mathematics?

 
	1.2: How can straight lines be defined rigorously formal in mathematics?

 
	1.3: How can probability be defined rigorously formal in mathematics?

 
	2.1: How can real numbers be defined graphically in mathematics?

 
	2.2: How can straight lines be defined graphically in mathematics?

 
	2.3: How can probability be defined graphically in mathematics?

 
	3.1: How can real numbers from mathematics be applied in reality?

 
	3.2: How can straight lines from mathematics be applied in reality?

 
	3.3: How can probability from mathematics be applied in reality?

 
	4.1: What are formulas and rules for real numbers in mathematics?

 
	4.2: What are formulas and rules for straight lines in mathematics?

 
	4.3: What are formulas and rules for probabilities in mathematics?








3.2 Data evaluation

The data was analyzed using the deductive qualitative content analysis according to Mayring (2000). This method starts with the definition of research questions and the context of the study. This also includes the definition of the unit of analysis, which in the study presented here is a complete response. Based on the theoretical considerations, categories are distinguished and defined (see Sections 2.2, 2.3, and 3.1). Subsequently, characterizing examples are selected from the data material and, if necessary, further coding rules are developed to specify them. The examination of the data material can also lead to fundamental changes in the categories, but this was not the case in the presented study. With the final category system, the entire data material is coded once again.

Excerpts from ChatGPT responses to the three mathematical concepts, which are examples of the four perspectives on mathematics, can be seen in Table 3. The qualitative content analysis showed that all four perspectives occurred in relation to all three mathematical concepts in the data (Dilling, 2024b).

TABLE 3  Examples from the ChatGPT responses for the four perspectives and the three mathematical concepts.


	Formal-abstract (FA)
	Empirical-concrete (EC)
	Application (A)
	Toolbox (T)





	“In mathematics, real numbers are defined rigorously through several formal constructions, with the most common being the Dedekind Cuts and the Cauchy Sequences approaches. Both methods provide a foundation for the real numbers (R) in terms of more primitive notions such as rational numbers (Q).”
	“Real numbers can be thought of as points on an infinitely long line called the real number line, where each point corresponds to a unique real number.”
	“This set of numbers is important because it provides a way to describe and understand quantities and measurements in the physical world, such as distance, area, volume, and temperature.”
	“Here are some of the key formulas and rules that govern real numbers: Addition: Commutative: a+b = b+a Associative: (a+b)+c = a+(b+c) Identity element: a+0 = a”

 
	“In Hilbert's formalistic theory, a straight line is not defined by its properties or by a visual or physical representation, as might be common in classical geometry. Instead, it is defined through a set of axioms that describe how lines behave and interact with other geometric entities such as points and planes.”
	“A straight line is the shortest path between two points. This definition aligns with the intuitive notion of a line you might draw with a ruler on a piece of paper.”
	“They serve as the basis for defining shapes, plotting graphs, and modeling physical phenomena.”
	“Ax+By = C, where A, B, and C are constants. This form is useful for analyzing lines in a more general context and can easily be manipulated to find the slope and intercepts.”

 
	“In this framework, probabilities are assigned to sets in a way that satisfies certain properties or axioms, such as non-negativity, normalization (the probability of the whole sample space is 1), and countable additivity.”
	“Empirical probability (or relative frequency probability): based on observations or experiments.”
	“Have applications in various fields including finance, insurance, science, engineering, and everyday decision-making”
	“The probability of an event is calculated as the ratio of the number of favorable outcomes to the total number of possible outcomes.”






As described earlier, the perspectives are not mutually exclusive and combinations can occur within one response. Therefore, in the deductive qualitative content analysis, a separate rating was made for each response in relation to each of the four perspectives. An example in which all four perspectives occur and which was rated accordingly for the data set can be seen in Figure 1.


[image: Text discussing probability, which measures the likelihood of an event occurring, expressed between 0 and 1. It includes definitions and concepts like the Classical Definition, Frequency Approach, and Axiomatic Approach, with mathematical formulas for each. These concepts help analyze and predict outcomes in various fields dealing with uncertainty.]
FIGURE 1
 ChatGPT response to the prompt “What is a probability in mathematics?”.


The entire data material consisting of 446 responses was coded independently by two experienced and specifically trained raters. The inter-rater reliabilities for the different perspectives range from substantial to almost perfect agreement (FA: κ = 0.92; EC: κ = 0.69; A: κ = 0.82; T: κ = 0.93). Based on these ratings, a quantitative study was conducted to examine the research questions. For this purpose, a code was only included in the analysis if both raters had evaluated a response with regard to one of the perspectives in the same way, i.e., either both decided that the perspective occurs or does not occur. As an illustrative example, the response to the prompt “How can real numbers be defined rigorously formal in mathematics?” from Figure 2 is considered. Both raters assigned the response to the formal-abstract and empirical-concrete perspectives. They also concurred that the application perspective was not present. Thus, the response was included in the analysis for these three perspectives. However, there was a discrepancy regarding the toolbox perspective: Rater 1 identified it—perhaps due to the explicit construction rule for a decimal number in point 3—while Rater 2 did not consider it applicable. Consequently, the response from Figure 2 was excluded from the analysis of the toolbox perspective.


[image: Text discussing four rigorous methods of defining real numbers in mathematics: Dedekind Cuts, Cauchy Sequences, Construction via Decimal Expansions, and Completion of Rational Numbers. Each method provides a foundation for the properties and operations of real numbers and ensures they form a complete ordered field, supporting arithmetic operations and calculus development.]
FIGURE 2
 ChatGPT response to the prompt “How can real numbers be defined rigorously formal in mathematics?” as an example for intercoder disagreement.


This procedure was adopted to minimize subjective interpretations and potential coding errors, especially in light of the large number of ChatGPT responses analyzed. This leads to different frequencies of coded responses in the four perspectives (Table 4 and following) although the number of inputs have been the same. The resulting frequency tables were then analyzed using a chi-square test. A significance level of p < 0.01 was selected for the chi-square tests. Cohen's ω was determined using the observed relative frequencies bi,j and the expected relative frequencies ei,j as a measure of the effect size:

ω=∑i,j(bi,j-ei,j)2ei,j

According to Cohen (1988), ω ≥ 0.5 characterize large effects, 0.5 > ω ≥ 0.3 medium effects, and 0.3 > ω ≥ 0.1 small effects. These thresholds are adopted for the present study, as there are no context-related recommendations for interpretation.

TABLE 4  Frequencies of occurrence of the four perspectives on mathematics.


	Perspectives
	Observed
	Not observed
	Sum





	Formal-abstract (FA)
	163
	267
	430

 
	Empirical-concrete (EC)
	373
	41
	414

 
	Application (A)
	260
	148
	408

 
	Toolbox (T)
	240
	190
	430

 
	Sum
	1,036
	646
	1,682









4 Results of the study

RQ 1: Perspectives on mathematics

The first research question deals with differences in the occurrence of the four perspectives on mathematics. A total of 1682 codings was found in the study that were rated identically by both raters and that referred to the totality of the prompts used and the responses obtained from them. The number of identical ratings is highest for the formal-abstract and toolbox perspective with 430, while it is slightly lower for the empirical-concrete and application perspective with 414 and 408 identical ratings, respectively, which also explains the different interrater reliabilities.

Looking at the individual categories in more detail, it is striking that the empirical-concrete perspective appears in 90% of the responses. The application perspective (64%) and the toolbox perspective (56%) are represented much less frequently, but still in a majority of the responses. By contrast, the formal-abstract perspective is not represented in most of the responses (only 37%). The chi-square test for the contingency table (Table 4) shows a significant difference in the occurrence of the perspectives with a medium effect size (ω = 0.39, p < 0.01).

In addition to the occurrence of the individual perspectives on mathematics, it should also be examined at this point which perspectives occur together particularly frequently in a response. For this purpose, only the portion of responses could be used in which all four perspectives were assessed equally by both raters. This reduced the number of evaluable responses to 356, with the frequencies of occurrence remaining largely the same in the reduced data set (FA: 35%, EC: 90%, A: 64%, T: 56%). Combinations of different perspectives within a response occur very frequently. Only 12 responses were assigned to a single perspective (Table 5), of which 5 were only assigned to the formal-abstract perspective and 7 only to the empirical-concrete perspective. Combinations of two perspectives occur most frequently with a total of 195 responses (Table 5), whereby these are largely combinations of the empirical-concrete perspective with the application perspective (97) or the toolbox perspective (55). Figure 3 provides an example from the data illustrating the frequent combination of the empirical-concrete perspective and the application perspective. The example illustrates that when fields of application of a mathematical concept are described, this is usually accompanied by a definition of the concept that refers to real-world contexts, thereby aligning with the empirical-concrete perspective. Combinations of the formal-abstract perspective with one of the other perspectives can each be found in the low double digits. No response contains a combination exclusively of the application and toolbox perspectives.

TABLE 5  Number of responses with exactly one (diagonal) or exactly two identified perspectives.


	Perspectives
	FA
	EC
	A
	T





	FA
	5
	14
	16
	13

 
	EC
	
	7
	97
	55

 
	A
	
	
	0
	0

 
	T
	
	
	
	0







[image: Text explaining the applications of straight lines from mathematics in reality across various fields: engineering, architecture, computer graphics, navigation, and art. Each field utilizes straight lines for specific tasks like constructing buildings, rendering images, plotting navigation paths, and creating art layouts.]
FIGURE 3
 Example for the combination of the application perspective and the empirical-concrete perspective in a ChatGPT response.


The data clearly shows that the application and toolbox perspectives never occur alone but always in combination with the formal-abstract or empirical-concrete perspective. This is not really surprising, since a concept is either defined with an empirical reference (empirical-concrete) or without it (formal-abstract).

Combinations of three perspectives can also be found frequently in the data material. Of the 126 responses with three identified perspectives, 71 are without the formal-abstract, 35 without the application, 19 without the toolbox and one without the empirical-concrete perspective. In addition, further 23 responses show all four perspectives on mathematics, like the one that can be seen in Figure 1.

RQ 2: Influence of prompt formulations

The second research question was to examine the influence of the prompt formulations, i.e., the additions to the standard prompt. These were (1) the question of a rigorously formal definition, (2) a graphical definition, (3) the applications of the concept and (4) formulas and rules for the concept.

First, the effects of the prompt formulations on the formal-abstract perspective (FA) are to be examined (Table 6). It can be seen that the formal-abstract perspective occurs only very rarely (12% of responses) with the standard prompt (0), and with a significantly lower relative frequency than in the totality of all responses (see Section 4.1). The rigorously-formal prompt (1) leads to a significant increase in the frequency of occurrence to 72% of all responses, which corresponds to a significant difference with a large effect size (ω = 0.60, p < 0.01). An example of the differences in the responses using the standard and the rigorously-formal prompt can be seen in Figures 4, 5. Both responses address the concept of real numbers. In the standard prompt (Figure 4), there is a clear reference to the didactic model of the number line—an abstract definition of real numbers without reference to this visualization cannot be found. In contrast, the rigorously-formal prompt (Figure 5) clearly leads to an axiomatic definition without any connection to empirical aspects—in the section under consideration, this is done using Dedekind cuts.

TABLE 6  Frequency of the formal-abstract perspective (FA) with different prompt formulations.


	Prompts
	FA
	Not FA
	Sum





	0: Standard prompt
	11
	78
	89

 
	1: Rigorously formal prompt
	64
	25
	89

 
	2: Graphically prompt
	27
	57
	84

 
	3: Applied prompt
	7
	74
	81

 
	4: Formulas prompt
	54
	33
	87

 
	Sum
	163
	267
	430







[image: Text explains real numbers in mathematics, including rational numbers (integers and fractions) and irrational numbers (non-repeating, non-terminating decimals like square root of 2, pi, and Euler's number). Real numbers are represented on the number line and are essential for measuring physical quantities like distance, area, volume, and temperature.]
FIGURE 4
 Part of a response on the standard prompt on real numbers (formal-abstract perspective not coded).



[image: Text explaining how real numbers can be rigorously defined in mathematics using formal constructions, with emphasis on forming a complete ordered field. It highlights the Dedekind Cuts method, introduced by Richard Dedekind in 1872, which partitions rational numbers into two sets to define real numbers.]
FIGURE 5
 Part of a response on the rigorously-formal prompt on real numbers (formal-abstract perspective coded).


The appearance of the response was also significantly increased to 62% with the formulas prompt (ω = 0.51, p < 0.01). Even with the graphically prompt (2), the frequency of occurrence can still be increased to 32%, although this is only a small effect (ω = 0.24, p < 0.01). The applied prompt (3) slightly reduces the frequency to 9%, although this is not a significant difference compared to the frequency in the standard prompt.

The empirical-concrete perspective (EC) is clearly different (Table 7). This occurs in almost all responses (98%) with the standard prompt (0). Accordingly, the frequency of occurrence can no longer be significantly increased, which leads to very similar percentages for the graphically prompt (100% of responses) and for the applied prompt (97% of responses). For the other two prompt formulations, the proportion of empirical-concrete responses is reduced, although in both cases it remains well above half. With the rigorously-formal prompt (1), the proportion is 72%, and with the formulas prompt it is 82%, which corresponds to significant differences with a medium effect (ω = 0.36, p < 0.01) and a small effect (ω = 0.26, p < 0.01).

TABLE 7  Frequency of the empirical-concrete perspective (EC) with different prompt formulations.


	Prompts
	EC
	Not EC
	Sum





	0: Standard prompt
	86
	2
	88

 
	1: Rigorously formal prompt
	61
	24
	85

 
	2: Graphically prompt
	90
	0
	90

 
	3: Applied prompt
	75
	2
	77

 
	4: Formulas prompt
	61
	13
	74

 
	Sum
	373
	41
	414






The application perspective (A) is represented in 81% of the responses when the standard prompt (0) is used, and is therefore present in a large proportion of responses, but not in all of them (Table 8). Accordingly, it is entirely possible to significantly increase the frequency of occurrence here. For example, the applied prompt (3) leads to a proportion of 100%, which means that in this case the application perspective was rated in all tests. This corresponds to a significant increase with a medium effect (ω = 0.32, p < 0.01). The other prompt formulations lead to a reduction in the occurrence of the application perspective. The effect (ω = 0.58, p < 0.01) is greatest for the formulas prompt (4), which leads to a proportion of 23%. For the rigorously-formal prompt (1) and the graphically prompt (2), the application perspective occurs in about half of the responses (52% and 54% of the responses, respectively), which is at the threshold from a small to a medium effect (ω = 0.31 and ω = 0.29, p < 0.01).

TABLE 8  Frequency of the application perspective (A) in different prompt formulations.


	Prompts
	A
	Not A
	Sum





	0: Standard prompt
	72
	17
	89

 
	1: Rigorously formal prompt
	38
	35
	73

 
	2: Graphically prompt
	43
	37
	80

 
	3: Applied prompt
	89
	0
	89

 
	4: Formulas prompt
	18
	59
	77

 
	Sum
	260
	148
	408






The toolbox perspective (P) occurs in 66% of responses to the standard prompt (0) (Table 9). Accordingly, the occurrence can be both increased and reduced by prompt formulations. The formulas prompt ensures a significant increase to 100%, which corresponds to a medium effect (ω = 0.45 p < 0.01). The graphically prompt also ensures a moderate increase, although the difference is not significant. The occurrence of the toolbox perspective can be reduced to 35% with the rigorously-formal prompt and to 0% with the applied prompt, which corresponds to a medium (ω = 0.30, p < 0.01) and a large effect (ω = 0.69, p < 0.01).

TABLE 9  Frequency of the toolbox perspective (T) in different prompt formulations.


	Prompts
	T
	Not T
	Sum





	0: Standard prompt
	59
	31
	90

 
	1: Rigorously formal prompt
	29
	53
	82

 
	2: Graphically prompt
	65
	21
	86

 
	3: Applied prompt
	0
	85
	85

 
	4: Formulas prompt
	87
	0
	87

 
	Sum
	240
	190
	430






RQ 3: Influence of mathematical concepts

The third research question focuses on differences between the three mathematical concepts real numbers, straight lines and probability. Regarding the formal-abstract perspective, some differences arise (Table 10). Most of the attributions of the formal-abstract perspective occur with a relative frequency of 57% for probability. The formal-abstract perspective could also be identified in about half of the responses to real numbers. Almost no formal-abstract definitions occur with straight lines (only 7%). The chi-square test showed a significant difference between the mathematical concepts with a medium effect (ω = 0.46; p < 0.01).

TABLE 10  Frequency of the formal-abstract perspective (FA) for different mathematical concepts.


	Concepts
	FA
	not FA
	Total





	Real numbers
	72
	73
	145

 
	Straight line
	10
	134
	144

 
	Probability
	81
	60
	141

 
	
	163
	267
	430






The empirical-concrete perspective is strongly represented in the responses on all three concepts (Table 11). The relative frequencies range from 85% and 87% for real numbers and probability to 98% for straight lines. The value for the term straight line is exceptionally high—the perspective was not identified in only two responses. The difference between the mathematical concepts is significant with a small effect (ω = 0.19; p < 0.01).

TABLE 11  Frequency of the empirical-concrete perspective (EC) for different mathematical concepts.


	Concepts
	EC
	not EC
	Total





	Real numbers
	116
	20
	136

 
	Straight line
	131
	2
	133

 
	Probability
	126
	19
	145

 
	
	373
	41
	414






The application perspective occurs in a very similar way for the three mathematical concepts (Table 12). For responses on straight lines, there is a relative frequency of 59%, for real numbers this is 65% and for probability it is 67%. The chi-square test could not find any significant difference.

TABLE 12  Frequency of the application perspective (A) for different mathematical concepts.


	Concepts
	A
	not A
	Total





	Real numbers
	86
	46
	132

 
	Straight line
	82
	56
	138

 
	Probability
	92
	46
	138

 
	
	260
	148
	408






The frequencies of the toolbox perspective are also quite different between the three concepts (Table 13). For straight lines, the toolbox perspective occurs quite frequently with 79% of responses. The percentage for the concept of probability is also quite large at 63%. The toolbox perspective occurs rather rarely with 24% for real numbers. The result of the chi-square test is a significant difference with a medium effect (ω = 0.46; p < 0.01). The variation in responses depending on the mathematical concept addressed is also illustrated in Figures 6, 7, both of which are based on the standard prompt. In Figure 6, the definition of a straight line highlights the formulation of linear equations in multiple forms. This response reflects not only the empirical-concrete and application perspectives but also includes the toolbox perspective. In contrast, the response on real numbers in Figure 7, while it similarly includes a definition aligned with the empirical-concrete perspective and references fields of application, contains no specific indications of rules or schemata related to real numbers—thus, the toolbox perspective is absent.

TABLE 13  Frequency of the toolbox perspective (T) for different mathematical concepts.


	Concepts
	T
	not T
	Total





	Real numbers
	34
	106
	140

 
	Straight line
	116
	30
	146

 
	Probability
	90
	54
	144

 
	
	240
	190
	430







[image: The image is a detailed explanation of straight lines in mathematics, highlighting key properties: definition in Euclidean geometry, equation in coordinate geometry with slope-intercept, standard, and point-slope forms, geometric properties emphasizing infinite length, and angles and intersections, including parallel and perpendicular lines. It underscores the importance of straight lines in geometry and other mathematical applications.]
FIGURE 6
 Response on the standard prompt on straight lines (toolbox perspective coded).



[image: Text detailing real numbers in mathematics, comprising rational numbers (expressible as fractions of integers) and irrational numbers (non-repeating, non-terminating decimals like square root two, pi, and e). Real numbers are ordered, complete, and vital in various mathematical applications, including calculus and scientific measurements.]
FIGURE 7
 Response on the standard prompt on real numbers (toolbox perspective not coded).




5 Discussion of the results

The results presented above allow us to answer the research questions posed at the beginning and thus contribute to our understanding of how mathematics is presented in LLMs. Research question 1 examined differences in the occurrence of the four perspectives on mathematics. Based on the quantitative analysis, significant differences with a medium effect size can be found. The empirical-concrete perspective occurs in almost every response, while the formal-abstract perspective was coded for only a few responses. The analysis of the combinations of perspectives showed that the application and toolbox perspectives never occur alone, but always in combination with the empirical-concrete or formal-abstract perspective. This is not surprising, since a concept is always defined either by reference to empiricism (empirical-concrete) or on an abstract level (formal-abstract); an application or the presentation of formulas and rules is not a complete and independent definition and more an addition.

The frequencies of the perspectives found in the study are not surprising in light of research on belief systems about mathematics. For example, Dilling (2022), Stoffels (2020), and Witzke and Spies (2016) have found in particular empirical-concrete belief systems among students at school and freshmen at university. The mathematics teaching at school is predominantly characterized by an empirical-concrete perspective with many references to empiricism. The formal-abstract perspective is largely restricted to university mathematics studies (Grigutsch et al., 1998; Schoenfeld, 1985) and is therefore presumably less common. The results could indicate that the version of ChatGPT tested is based in particular on mathematical training data, in which the empirical-concrete and not the formal-abstract perspective appears. This would not be surprising, because if you search in the internet for the mathematical concepts of real numbers, straight lines and probability, you will find mostly empirical-concrete definitions.

Research question 2 investigated differences in the occurrence of perspectives between the different prompt formulations. The effects of the prompts vary greatly depending on the perspective on mathematics. Since the formal-abstract perspective is only found in a small number of responses using the basic prompt, prompting (e.g., rigorously-formal prompt) can significantly increase its frequency. In contrast, the empirical-concrete perspective already occurs very frequently when using the standard prompt, and a significant change can only be made by a reduction with certain prompts (e.g., with the rigorously-formal prompt), whereby the empirical-concrete perspective remains very present in all cases. The frequencies of the application perspective and the toolbox perspective can be increased or decreased depending on the prompt formulation. Overall, the respective prompts lead to the expected change in perspectives on mathematics presented in the responses, for example an increase in the formal-abstract perspective with the rigorously-formal prompt or an increase in the application perspective with the application prompt. However, even with appropriate prompting, not all responses contain the respective perspective, as is particularly evident with the formal-abstract perspective, in which the proportion with the rigorously-formal prompt is still only 72%.

The results show that prompting can be used to control not only the correctness of mathematical responses (e.g., Schorcht et al., 2024; Dilling, 2024a), but also the presentation of mathematical content, considered in this study in terms of perspectives on mathematics. However, it also becomes clear that the LLMs do not always react the same way to the same mathematical prompt. LLMs are probabilistic systems, so that the responses are generated differently for each new input. There is no certainty that a given perspective will appear in the response for a given prompt. This is quite challenging for the design and implementation of learning scenarios using LLMs and emphasizes the role of the teacher as a learning guide who has to check the correctness and adequacy of the LLM responses (Dilling et al., 2024a).

Research question 3 examines differences in the occurrence of perspectives between the mathematical concepts of real numbers, straight lines and probability. When looking at the results, it becomes clear that the concept of a straight line is only rarely represented in formal-abstract terms in the responses compared to the other concepts, and very often in empirical-concrete terms. The toolbox perspective also occurs most frequently for the concept of a straight line and very rarely for real numbers. The application perspective is represented similarly frequently for all three concepts.

These results are in line with the results of the analysis by Wei (2024), who found significant differences between the fields of geometry and algebra regarding mathematical correctness. These differences also appear to exist with regard to the perspectives on mathematics. In addition, the strong presence of the empirical-concrete perspective in geometry can be well-explained by the fact that, outside of the university, geometry is usually associated with concrete operations on figures as objects of empiricism (Struve, 1990), while stochastics and calculus are usually described in a much more symbolic way.



6 Conclusion and outlook

This article has dealt with the presentation of mathematical content in responses of LLMs. An analysis of the current state of research on LLMs in mathematics education has shown that the mathematical correctness of responses and the possible way of controlling this via prompting has already been investigated in various places, but that the adequate presentation of mathematics has so far played a minor role. In view of the implementation of LLMs in mathematical learning processes, this is a clear desideratum, which the present article has approached with the notion of belief systems about mathematics. Based on research on belief systems, four perspectives on mathematics were distinguished. In the formal-abstract perspective, mathematical concepts are based exclusively on axioms and are strictly separated from reality. In contrast, the empirical-concrete perspective defines mathematical concepts with reference to empirical mathematical objects. The application perspective occurs when mathematical concepts are used to describe reality. The toolbox perspective involves the schematic application of rules, formulas, and procedures. These four perspectives on mathematics are neither exhaustive nor strictly separable, but they provide a good overview of different approaches to mathematics and mathematical learning.

The empirical study in this article examined ChatGPT-4 responses to 15 different mathematical prompts. Coding and subsequent quantitative analysis revealed that all four perspectives on mathematics were found in responses. This is not surprising, since ChatGPT is based on a wide range of different training data and is a conglomeration of the perspectives on mathematics described in it. The empirical-concrete perspective occurs particularly frequently, while the formal-abstract perspective is rather rare. The different perspectives can be effectively created or avoided by using suitable prompts—but there is no 100% certainty in the control, so that unexpected perspectives on mathematics can also appear for relatively targeted prompts. The study also revealed differences in the emergence of perspectives between different mathematical concepts. The concept of a straight line, which was used as an example in the study for the field of geometry, is more often defined in empirical-concrete terms and less often in formal-abstract terms in the responses compared to the concepts of real numbers and probability.

These results represent important initial findings on how mathematics is represented in LLM responses and how it can be controlled by prompting. For mathematics teaching, it is particularly noteworthy that ChatGPT responses to minimally specified prompts often offer multiple perspectives on mathematics. In this way, students are made aware of the breadth of aspects that mathematics encompasses. The strong presence of the empirical-concrete perspective suggests that mathematics, as represented in LLMs, is closely tied to real-world representations and concrete experiences—an alignment that resonates especially well with the goals of mathematics education in the early learning stages. At more advanced levels, however, students should also be introduced to a formal-abstract perspective. The findings show that in order to achieve this, educators must use LLMs strategically by crafting prompts that deliberately elicit the formal-abstract perspective. This can support the implementation of meta-level discussions about the nature of mathematics in the classroom and foster the development of more balanced belief systems about the discipline. From a curricular standpoint, the results suggest that explicit discussions and reflections on multiple mathematical perspectives should be embedded into instruction. This enables students to explore the potentials and limitations of different definitions of concepts such as real numbers, straight lines, or probability as they appear in AI-generated responses but also other mathematical resources. Teacher education programs should prepare pre-service teachers to identify and interpret the nature of mathematical conceptualizations and provide them with effective prompting strategies to guide AI tools toward responses that align with specific learning goals. Another crucial aspect is the ability to engage in reflective discussions about the epistemic framing of AI-generated content, in order to promote a critical and more strategic use of generative AI in mathematics classrooms by the students.

However, the study has several limitations, which should be reflected at this point. First, only three different mathematical concepts were considered in the study. To conduct a comprehensive study of ChatGPT's mathematical understanding, further mathematical concepts should also be included. A second limitation is that the current methodology does not allow for any conclusions to be drawn about the consistency and mathematical correctness of responses when the same prompt is used—an important factor for both the informative value of the results and their applicability in teaching. For example, Ling (2023) identified numerous inconsistencies and mathematical errors in ChatGPT responses. The third limitation is the restriction to the LLM ChatGPT-4. Although this was the most common LLM at the time of the survey and the other common LLMs are based on similar fundamental mechanisms, differences in the responses in terms of perspectives on mathematics cannot be ruled out. Furthermore, due to the rapid developments of large language models (LLMs), results may quickly become outdated. Another limitation lies in cultural and linguistic biases—mathematical terms may carry different connotations across languages or cultures, and diverse conceptualizations and procedures may be used. These differences could be reflected in the training data and, consequently, in the generated responses. Moreover, the analysis was limited to textual responses, even though generative AI is now capable of producing other forms of representation. This is a relevant restriction, as the multimodality of mathematical representations is a core principle of mathematics education, especially from an empirical-concrete perspective. Probably the most crucial limitation lies in the very simple design of the prompts used. Only one-shot prompts were used in separate chats, and there were no variations of prompt techniques or multi-step dialogues, which actually characterize LLM technology. This issue will be addressed in further studies by developing a survey tool that incorporates more complex and appropriate prompting. Moreover, the further studies will not only consider perspectives that occur indirectly in descriptions of mathematical concepts, but will also compare these with explicit descriptions of different perspectives on mathematics by LLMs. These explicit descriptions also provide students with an engaging learning opportunity in the sense of a mathematical nature of science education (see Lederman, 2013).
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